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Abstract

For a steady-state heat conduction problem in a poligonal domain 2 C R", with heat flux
condition in a portion of the boundary, I';, and a Fourier type condition in the rest of the
boundary, I';, we obtain the minimum total heat flux on I'y, so that the whole material is in
the solid phase. For this purpose we use the finite element method in order to convert the
optimization problem into a linear programming problem.

Key Words: Mixed Elliptic Problem, Steady-State Stefan Problem, Finite Element Method,
Linear Programming Problem.
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l. Introduction

We consider a steady-state heat conduction problem in a material €2 which occupies a
poligonal bounded domain in R", with boundary I'= 'y UTy (with meas(I’;) >0 and
meas(I's) > 0). We impose a Newton law with a transfer coefficient o > 0 and an exterior
temperature b > 0 on I'y, and an outcoming heat flux g > 0 on I',. We assume, without loss
of generality, that the phase-change temperature of the material is 0°C.

This problem was studied in [TaTa] and it was stablished that if the heat flux g is between
a minimum flux q,, and a maximum flux gy, which are functions of the coefficient « and the
temperature b, then there is a steady-state two phase Stefan Problem, that is the temperature is
of non-constant sign in €2.

In [GoTal] a thermic flux optimization problem was solved: the maximization of the
output heat flux on a portion of the boundary domain, Iy, while on the other portion, I'y, the
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distribution of the temperature was fixed. The maximization was carried out under the
condition that there is no phase change.

In [GoTa2] the maximum heat total flux on I'; was found, such that the temperature is
positive in the whole domain €2 considering a boundary Fourier type condition on I';.

Following the ideas of these papers, the goal of the present work is to minimize the total
heat flux on the boundary I'; so that all the material is in the solid phase. In order to solve this
minimization problem we will use the finite element method and we will obtain a linear
programming problem.

We remark that all the results of this work are still valid if we consider that the boundary
I of the domain §2 is the union of three portions, I'y, I's and I's, such that on I'; and I"y there
exist the same conditions stated above, and I'; is a wall impermeable to heat.

In Section Il we present the mathematical model of the minimization problem and in
Section Il we discretize it and a linear programming problem must be solved in order to
obtain the solution.

I1. Mathematical Model of the Problem

If 0 represents the temperature in 2 and we define the function u = k; 6+ — k,6~, where
k; is the conductivity of the phase i (z = [ for the liquid and i=s for the solid), then the
following equations represent the mathematical model of the corresponding steady-state heat
conduction problem [Du, Ta]:

Au=0 in

_%Flza(u—B), —%m:q @

where B = k;b > 0 and b is the exterior temperature.
We want to minimize the total heat flux on I'y with the constraint that the whole material
is in the solid phase. In other words, the problem is

n

Find g* suchthat J(g*) =1
u <

J(a) ()

f
0in
where

J(a) = rfq dy ,q € L*(Ty)

The variational formulation of the problem (1) is given by
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a.(u,v) = Ly(v), Vv eV,u eV (€))
where
a.(uv) =a(uyv) + afuvdy Lo(v) = L(v) + aB[vdy
Fl Fl
a(uyv) = [Vuvvdx , L(v) = — [qvdy ,V = HY(Q).
Q Ty

I11. The Discrete Problem and the Linear Programming Problem

We construct a regular triangulation 7,, of the poligonal domain € with Lagrange
triangles of type 1, with afin equivalent finit elements of class C°, and we approach the space
V by [Cil]:

Vi = {vh c co(s‘z)/\/h|T € P,(T), VT € Th} ,

where Py is the set of the polynomials of degree < 1.
The approximate variational problem consists in finding un, € V; so that

80 (Uha,Vh) = La(Vh) , YVh € Vy. (4)

We call IV the total number of nodes of the triangulation, r is the number of nodes on the
portion of the boundary I'; and p is the number of nodes on I',.
Let {w;} ¥, a basis of the space Vj,. We can think the basis as

— . N—
{Wz'}iN:r {w/l iz U {w?}i:r{)ﬂ U {W%}iN:prﬂ

where we denote wf the function whose value is 1 on the node N;, of the boundary T'; if j = 1,
of the boundary I'; if j = 2 or of the interior of the domain Q if j = €2, and whose values are
zero in the other nodes. Then we have
o= 3 U} + 30 U023 U ©)
i=1 i=r+1 i=N—p+1

whereu! (i=1,...,n,u(@i=r+1,..,N—p)and u?(i=N—p+1,..., N)are the real
unknown values at the corresponding nodes.

With the expresion (5) and considering vp= wg in (4), we get the following system of
linear equations
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Aut + Asu+Asu? = be
Aut + Asu+AgUZ = 0 (6)
Asu' + Agu+Agu? = b(q)

where the matrices Ay, ..., Ag are given by:

Ai=(aj;) €R™", aj=au(wj,w)), Ar=(a};) €R XN=(prn) af= a(wy, W),
A= (a% ) €RTP, a?j: a(wi,w}), A= (a?j ) € RN—(@+nxr, a?j: a(w},w?),
As= (a3 ) € RN-GHDXN-G+D, g3 = o ).

Ag= (a% )y e RN-(+nxp a?]: a(wi,w?), A= (azj ) € RPXT aZjZ a(wjl-,w?),

A (@) €RPXT af=a(Wu?), A= (a)) € RPP al= a(u,uf),

ul R, uweRP, uleRN-(
and b*=(b$)_, € R", b(g)= (bi(Q))ﬁiprJrl €RP,
with
b = aBfw} dv, bi(g) = — [quidy.
Fl F‘Z

The system (6) can be expressed as follows

Au = b, (7)
AL Ay As
where A € RN*Njs the finite element matrix , A=| A, A; Ag
Ar As A
and
u=(utu? u?) eRrN, b = (b%, 0, b(g)) € RN.

We obtain the elements b® and b;(g) through a numerical computation of the
corresponding integrals, for example by using the trapezoidal rule. For this purpose we
consider that the curve T'; (i = 1, 2) can be decomposed by
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S : e e
r,=U 11“?, with s = p — 1if I'; is open or s=pifI;isclosed
]:

and

[1dy =3 507 ~ T 5|0 (FNV) + FNG)).

i J=lri j=
where we have denoted with T the portion of the curve T'; whose limit points are the nodes
N and N1 and we have denoted with |F{| the measure of that portion of the curve.

In this way the linear system (7) becomes in
AU=MTG +b
where :

e ’q €RPand gj is the value of the flux g in the node My _psi,

e b c RN, 3: approaches the value of b fori=1...r and 3: =0fori=r+1,... N,
1
oM:(%2> e RNxP M1 e RIN-P) xPis a zero matrix,

M?=(m;;);Ly_,+1 € RP*Pis adiagonal matrix , with

1l ifi=N_—p+lori= N,
— (o5t + i) ifi=N-pr2,. N1,
if I'y is an open curve, or
m; = — (|05 + |03)) ifi=N_—p+1,...,N,

if I'y is a closed curve, (here we have considered Fév’p: 'Y, and the i-th component of the
vector Mg approaches the value of b;(q) i.e. (MG ); = b;(q).

After all these considerations, the optimization problem (2) is transformed into the
following linear programming problem :
Minimize  F(G)= <Tr, § > ro (8)
uelU ’

where
ST (T3] 4+ [T3)), (T52) o T3, T8 if T s open
Tp2:

LCC|ITS]+[T3)), (JT8] + T3], .. (T8 + [T5))) if Ty is closed,
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< ., . > greisthe usual inner product in RP and the set U is defined by
U={F €RP:CqF <d ,CeRN*P dcRV}
with C = A~LM and d=—A17D .

Taking into account that Ié( ‘d)>0,V g >0 itresults that the linear programming
problem (8) admits at least one solution [CiZ2].

We construct a programm in MATLAB and we get the solution of the problem (8) for

some different domains. From these numerical results we can guess that the minimum
ou*

optimum flux is given by ¢* = — - - where u* is the solution of the following elliptic
2

problem

Au*=0 in

au*
u*l =0, o B.
I, on Ir, @
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