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DIFFERENTIABILITY OF THE SOLUTIONS OF A SEMILINEAR
ABSTRACT CAUCHY PROBLEM WITH RESPECT TO
PARAMETERS

RUBEN D. SPIEST*

INSTITUTO DE MATEMATICA APLICADA DEL LITORAL, IMAL-CONICET
AND
DEPARTAMENTO DE MATEMATICA, FACULTAD DE INGENIERIA QUIMICA
UNIVERSIDAD NACIONAL DEL LITORAL, SANTA FE, ARGENTINA

ABSTRACT. The Fréchet differentiability with respect to a parameter ¢ of the solutions
z(t;q) of Cauchy problems of the form 4z(t) = A(q)z(t) + F(q,t,2(t)) is analyzed.
Sufficient conditions on the operator A(¢q) and on F are derived and the corresponding
sensitivity equations for the Fréchet derivative D,z (¢;q) are found.

1. INTRODUCTION

We consider the problem of continuous dependence an differentiability with respect to
a parameter ¢ of the solutions z(t; ¢) of the semilinear abstract Cauchy problem

(P) L2(t) = A(q)z(t) + F(g. t, 2(t))  =2(t) € Z,
"200) = =0 t € [0,T]

where Z is a Banach space, ¢ € Q,q C @, a normed linear space (Q,q is an open subset of
@), and A(q) is the infinitesimal generator of an analytic semigroup T'(¢;¢) on Z for all
q € Quq- Z and @ are the state space and the parameter space, respectively, while (.4 is
called the admissible parameter set.

Identification problems associated to system (P), and other similar type of equations
([2], [5], [7]) are usually solved by direct methods such as quasilinearization. These meth-
ods require that solutions be differentiable with respect to the parameter ¢. In addition,
their numerical implementation require an approximation to the corresponding Fréchet
derivative.

Problems of the type £z(t) = A(q)z(t) + u(t), where A(q) generates a strongly con-
tinuous semigroup and A(q) = A + B(q) where B(q) is assumed to be bounded where
studied by Clark and Gibson ([4]), Brewer ([1]). Burns et al ([3]) studied problems of the
type L2(t) = Az(t) + F(q,t,2(t)). The parameter ¢ here did not appear in the linear
part of the equation.

Here, we prove that, under certain conditions, the solutions of the general abstract
Cauchy problem (P), are Fréchet differentiable with respect to ¢ and we find the corres-
ponding sensitivity equations.

Key words and phrases. Abstract Cauchy problem, analytic semigroup, infinitesimal generator, Fréchet
differentiability, Fréchet derivative.
* E-mail: rspies@imalpde.ceride.gov.ar
T Supported in part by CONICET, Consejo Nacional de Investigaciones Cientificas y Técnicas, through
projects PIP 02823 and PEI 6181, by UNL, Universidad Nacional del Litoral through project CAI+D
2002 PE 222, and by Fundacién Antorchas of Argentina.
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2. PRELIMINARY RESULTS

The following standing hypotheses are considered:

H1: There exist ¢y > 0 such that the type of T'(¢; ¢), call it w,, is less than or equal
to —go for all ¢ € Quq and there exists C;, > 0 such that [|T'(¢;q)|| < C,e =
for all £ > 0 and ¢ € Quq. The constant C; depends on ¢ but it can be chosen
independent of ¢ on compact subsets of ().q4.

H2: D(A(q)) = D is independent of ¢ and D is a dense subspace of Z.

We shall denote by Z; the space D ((—A(g))®) imbedded with the norm of the graph of
—A(q))°. Since 0 € p(A(q)) it follows that this norm is equivalent to || z||,.s = [|(—A(q))°z]|.
Also, there exists a constant M, such that ||(—A(q))°T(t;q)|| < Mq%;ot, for all ¢ > 0 (see
[13], Theorem 2.6.13).

H3: There exists § € (0, 1) such that
1F (g, t1, z1) = F(q, 12, 22) ||z < L[t — taf + |21 — 22l,6)

for (¢;,2;) € U, where L can be chosen independent of ¢ on any compact subset of

Qad-

This last regularity condition guarantees existence and uniqueness of solutions of prob-
lem (P),, provided that the initial condition 2y is in Zs. See [12] and [11] for details.

The next results can be easily proved by using the Closed Graph Theorem.

LEMMA 1: Under hypotheses H1 and H2, for any qi,q2 € Quq and § € (0,1) we have:

i) A(q1)(—A(q2))~° is bounded on Z,_s.

i) A(q1)T(:;q2) € LY0,00 : £(Z)) and A(q1)T(+; g2) € L>(n, 00; L(Z)), for each n > 0.
iii) T'(+; q2) € LY(0,00 : L(Z, Z,, 5)) and T(+; q2) € L>®(n,00 : L(Z; Z,, 5)), for each n > 0.
Note: This result implies that the operator A(q;)T(¢;¢2) is bounded for each ¢t > 0.
However, no uniform bound can be found for ¢ near zero. For ¢, = ¢o = ¢, it implies,

in particular, that the derivative %T(t; q) of the solution operator of the homogeneous
equation associated with (P), is integrable near ¢ = 0.

We will also assume that A(q) satisfies the following hypothesis:
H4: For § as in H3 and for any ¢i,¢2 € Quq there are constants M(q;,q2) and

C(q1,q2) both depending on ¢; and ¢z, such that ||(—A(ql))5(—A(q2))_5HL(Z) <

M(Qlaq2)7
||A(C]1>[A(Q2)]71 - ]” < C(Qlan) and C(QlaQQ) —0as ¢ — qo.

Note: It is sufficient to request that H4 be true for § = 1.
We also consider the hypothesis:

H4’: For each gy € Quq there exists C' = C(qp) such that

[(A(q) — Aq0))2ll < Cllg — @l [[A(90)zll 2z €D, q€ Qua-

THEOREM 2: Assume H1-H4 hold. Then for any qo € Qqq and € > 0, there exists §>0
such that

AT (-, q0)z — Alqo)T' (-, q0) 2| L1 (0,00,2) < €]|2]|
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forall z€ Z, and for all q € Quq satisfying |lq — qo| < g, that is

IA@)T (-, q0) = Alq0)T (- q0) |21 0,00:2(2) < €,
or equivalently, for every fived qo € Qua the mapping from Q into L'(0,00; £(Z)) defined
by
g — A@)T(", )

15 continuous on Quq -

The proof follows immediately using Lemma 1.

3. MAIN RESULTS

Recall that for zg € Zs, z(t; q) satisfies

z(t;q) = T(t;q)20 + /OtT(t —5,9)F(q,8,2(s;9))ds = T(t;q)z0 + S(t;q), te[0,T7.

Consider now the following standing hypothesis concerning the g-regularity of %T(t; q).

H5: The mapping ¢ — A(q)T(;qo) from Q into L'(0,00; £(Z)) is Fréchet differen-

tiable at qo for all gy € Quq (under H1-H4, we already know that this mapping is
continuous, by virtue of Theorem 2).

THEOREM 3: Suppose H1-H5 hold. It follows that

i) The mapping ¢ — T(-;q) from Q — L*>(0,00; L(Z)) is Fréchet differentiable at qq,
for each qy € Quq. Moreover, for anyt > 0 and h € Quq the q-Fréchet derivative of T'(t; q)
evaluated at gy € Qua and applied to h € Q, i.e. [D,T(t;qo)|h, is the solution vy(t) of the
following linear IVP, the so called “sensitivity equation” for T(t;q), in L(Z)

(S)) Lon(t) = Alqo)vn(t) + DyA(@)T(t50)| =gy | P
Uh(O) = 07
and 11) for every qo € Qad, DyT(:590) = DyT(+;q)|g=qo € L™ (0,00; L(Q; L(Z))).
PROOF: For ¢y € (Quq We have

2) [D,T(t: 0)20] (-) = /0 T(t — s:.q0) [DqA(q)T(s;q0)20|q:qO] (-) ds.

It remains to show the Fréchet differentiability of the mapping ¢ — T'(; ¢) when viewed
as a mapping form @ into L>(0, co; £(Z)), i.e. in the stronger L>°(0, 00; £(Z)) norm. Let
£>0,t>0and gy € Quq. First note that for any h € Q with ||h| < 6, (0 as in Theorem
2) we have

d
E[T(t; qo + h)zo — T'(t; qo)z0] = Alqo + h)T'(t; g0 + h)z0 — A(q0)T'(t; q0) 20

= Alqo + h)[T'(t; qo + h)zo — T(t; g0) 20] + (Alqo + h) — Algo))T(£; q0)z0-
From Theorem 2 and [13] (Corollary 2.2) it follows that

(3) T(t;q0 + h)zo — T(t;q0)20 = /0 T(t—s;q0 +h) (A(q + h) — A(qo)) T(s; q0) 20 ds.

and therefore for all h € Q with ||k|| < &, we have
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t
| T(t; go + h)z0 — T(t; qo)z0l| ; < / Mygine ) [(A(go + h)T'(s590) — A(90)T'(s590))z0l| , ds
0

< Cll(Alqo + M)T(590) = Algo) (5 0)) 20l £1.0,00:2)
< Cellzoll 2,
Thus for ¢ > 0

(4) 1T'(t; g0 + 1) = T(t; 90)[| 7y < Ce,  for ||A]| < 0,
and, since the constant C' above does not depend on t,

1T(:q0 + 1) = T(390) |l e (0,0052(2) < C, for [|A]] < 0.

The following estimate then follows

‘T(t Q@+ h) — T(t; q) / T(t — s:q0) [DgA(a)T' (53 q0) lg=go] P ds
0 L£(Z)

< (e +1D)C [ Algo + h)T (5 90) — Alg0)T(; 90) — [DgAD)T (5 90)la=ao] Pl 110 0rc(2))
(5) +eC ||[DgA@)T' (5 90)|g=a0) Pll 110 00:(2)) -

Now by (H5) for the given € > 0 there exists £ > 0 such that

(6) [A(q0 + h)T(+;90) — Al0)T'(+; 90) — [DgA(Q)T'(+; q0)lg=a0] hHLl(O,oo;E(Z)) <elhl

for ||h]| < ¢, and since DyA(q)T( q0)lymgy € £ (Q. L1(0,00; £(Z))) there exists M, 0 <
M < oo such that

(7) ||DqA(Q)T(‘aQ0)|q:qo||£(Q,L1(o,oo,g(z))) <M.
Now, employing (6) and (7) in (5) we get that for ||h| < min(é, €)

HT@; o+ 1) = Tltsan) = [ 70~ s500) Dy AT (5 )] s

< (e 4+ 1)Ce||h|| +CM|h| < Ke||h].
Hence the mapping from @ into L>(0, 00; £L(Z)) defined by

£(Z)

q—T(q)
is Fréchet ¢-differentiable at ¢y and

(8) [DyT(t;q0)] () :/0 T(t = 55.0) [DgA(q)T'(s; q0)lg=q0] (-) ds.

Since qo € Qqq is arbitrary, part (i) of the Theorem follows. To prove (ii) we first note
that by H5, for ¢y € Qua, there exists C' = C(qo) such that for h € Q

(9) 1Dy AT (5 40) i Al 1 0oy < Clao) 1]
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Now, it follows from (8) that for t > 0, g9 € Qugand h € @, onehas || [DT(¢; qo)] [z 5 <
C(qo) ||h|)- Thus || D,T(t; 90) | 2(guezy) < C(qo), and since C(go) does not depend on t > 0,
it follows that D,T'(-;qy) € L™ (0,00; L (Q; L(Z))).

|

Under slightly stronger assumptions on the mapping ¢ — A(q)T'(+; qo), it is possible to
obtain the Lipschitz continuity of the mapping ¢ — D,T'(-; qo) as a mapping from ) into
L>(0,00; L(Q; £(Z))) and from @ into L™ (0,00; L (Q; L(Z, Zs))). In fact, consider the
following hypothesis.

H6: The mapping ¢ — D,A(q)T(+; qo) from Q into L' (0, 00; £L(Q; L(Z))) is locally
Lipschitz continuous at qg, for all gg € Quq.

THEOREM 4: Let qy € Quq and assume hypotheses HI1-H6 hold. Then the mapping
q — D,/T(+;q0) from @Q into L (0, 00; L(Q; L(Z))) is locally Lipschitz continuous at qq.

PROOF: Choose h € Q such that ||h|| < & (¢ as in Theorem 2) and denote Gy(t; go)(-) =
D,A(Q)T(t; q0))g=q0 (*) € L(Q, L(Z)). Theorem 3 together with the appropriate choice of
a(h), 0 < fa(h)] <1, yield

DT (t; g0 + 1)(+) = DTt 00) Ol £(0:202))
< Mygin |Go(5.90 + h) — Go(5 QO)||L1(0700;[;(Q;£(2)))
DT (5 90 + @(mh)HLoo(o,oo;g(Q;L(z))) 1G4(; qO)”Ll(opo;ﬁ(Q;g(2))) [[A]l

< C[n]l
The last inequality follows from H6 and Theorem 3(ii), and by the fact that G,(-,qo) €
L (0,00; L(Q; L£(Z))), which is a result of H6. [ ]

In order to obtain the g-Frechét differentiability of S(-;¢), we will need the local Lip-
schitz continuity of the mapping ¢ — D,T(-; q) when viewed as a mapping from () into
L>(0,00; L(Q; L(Z; Zs))). This can be achieved by requiring the following hypothesis.

HT7: For every qo € Qua, DyA(Q)T(+;90)|4=qy € L' (0,00; L(Q; L(Z; Zs))) and the
mapping ¢ — D,A(q)T(+; qo) from Q into L' (0, 00; £(Q; L(Z; Zs))) is locally Lip-
schitz continuous at qg, for all gg € Quq.

Clearly H7 implies H6 (since the Zsg-norm is stronger that the Z-norm).

THEOREM b5: Assume HI-H5 and H7 hold. Then, for all qo € Qua, DJT(:;q0) €
L> (0, 00; L(Q; L(Z; Zs))) and, the the mapping ¢ — D,/T(-;q) from @Q into the space
L™ (0,00; L(Q; L(Z; Zs))) is locally Lipschitz continuous at qo.

PrRoOOF: Fort >0, z€ Z, h € Q, it follows that

1D, )] 2, = (-l (DT a0 1) 2]

= Moo [|hl[ 11212 [ Dg AT (5 @0)la=ao || 21 0.0:(0:2(2:20))
< C(qo) ||| |2]| 2 (by virtue of H7)

Hence, [|DyT'(; o) h”g(z;zé) < Clqo) [[h]l; and [[D,T'(¢; qO)H[,(Q;E(Z;Z(g)) < C(qo)-
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Since C(qo) does not depend on ¢ > 0, it follows that D,T'(+; qo) € L* (0, 00; L (Q; L(Z; Zs))).
The Lipschitz continuity of this mapping is obtained following the same steps as in The-
orem 4. |

This result implies that ¢ — T'(+; q) is Fréchet differentiable as a mapping from @ into
L>(0,00; L(Q; L(Z; Zs))). In fact, THEOREM 6: Under the same hypotheses of Theorem

5, T(-;q) is Fréchet differentiable at qo, for each qy € Quq, when viewed as a mapping
from @Q into L*> (0, 00; L(Z; Zs)).

PROOF: For h € Q with ||h]| < 0 so that gy + ah € Quq, a satisfying |a| < 1, G(h)
appropriately chosen, 0 < |3(h)| < 1, and any t > 0 it follows that

|T(t; g0 + h) —T(t;q0) — [DgT'(; q0)] h”E(Z;Z(;)
< Clqo) |BR)R)|| (7l
< Clqo) € ||nl, for ||h|| < e, for all e such that 0 < e < .
[ |

Note that Theorems 3 and 6 imply that the solution zj(t;q) of the linear homoge-
neous problem associated to (P), is Fréchet differentiable with respect to ¢, both as a
mapping into Z and into Zj, respectively. Theorems 4 and 5 imply, moreover, that the
corresponding Fréchet derivatives are locally Lipschitz continuous.

The following generalization of Growall’s Lemma for singular kernels will be needed
later. Its proof can be found in [6], Lemma 7.1.1.

LEMMA 7: Let L,T,0 be positive constants, § < 1, a(t) a real valued, nonnegative,
locally integrable function on [0, T] and p(t) a real-valued function on [0,T] satisfying

,u(t)ga(t)+L/0 %ds, te0,7].

Then, there exists a constant K depending only on ¢ such that

()
p(t) <a(t)+ KL sds, te[0,T]
o (t—3)

Before proving the Fréchet differentiability of the mapping ¢ — S(-;¢) from @ —
L>(0,T; Zs), we will show that if F(q,t,z) satisfies appropriate regularity properties,
such a mapping is locally Lipschitz continuous at g, for all gy € Quq. This result will be
needed later.

Consider the hypothesis:

H8: The mapping ¢ — F(q,-; z) from @ into L*>°(0,T; Z) is locally Lipschitz con-
tinuous for all z € Zs with Lipschitz constant independent of z on Zsg-bounded
sets.

THEOREM 8: Let qo € Qua, 20 € Ds and assume HI-H5, H7 and HS hold. Then the
mapping ¢ — S(+;q) from Q — L>(0,T; Zs) is locally Lipschitz continuous at qo.

PrOOF: Unsing Theorem 3 we write
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S(t;qo+h) — S(t; ) =
::AEw—g%+hnﬂ%+hﬁ¢@%+h»—F@m&4$%+mn@
[0 a0 ) a0 (5200 +-1) = Fla .25 00) ds
[ DT a0+ B0 AF a5 (500 s,

where qo + h € Quq for all |h]| < v and ((h) is an appropriately selected constant
satisfying 0 < [3(h)| < 1.
Using H8, H3 and Theorem 5 it then follows that

15(t: g0 + h) — S(t; q0) I

Vi e—ag(t—s) LA e—co(t—s)
< / qo(;h— 01||h||d8+/ qo(;h— L[z(s; 90 + 1) — 2(s:q0) || + Cal|2]]
0 0

5)° 5)°
"I [DyT (5390 + B(h)h) h] 20 4 S(s5.90 + ) — S(s5q0)|]
gmm+a£ e S ds
"IS(si90 +h) = S(siq0)lls

< Csllh|| + C
5|| || 40 (t—S)

Hence, by Lemma 7, there exist a constant K such that

T
1 .
(6 00+ 1) = Sttsa)ls < Callil + KO.Callhl | o=zds = Callil. t € 0.7
0

provided ||h]| < ;. The Theorem follows. [

It is appropriate to note at this point that this result together with Theorem 6 imply
that the mapping ¢ — z(+;¢q) from @ into L>°(0,T’; Zs) is locally Lipschitz continuous at
go- We proceed now to prove the Fréchet differentiability of the mapping ¢ — S(¢;q),
corresponding to the nonlinear part of problem (P),. For that purpose, we consider the
following hypothesis.

H9: The mapping (q,2(-)) — F(q,-,z(:)) from Quq x L'(0,T;Z5) into L>(0,T; Z) is
Fréchet differentiable in both variables, the mapping (¢, 2(-)) — Fy(q,-,2(+)) from @ x
L*>(0,T; Zs) into L*(0,T : L(Q; Zs)) is locally Lipschitz continuous with respect to ¢ and
z, with Lipschitz constant independent of z on Zs-bounded sets and F.(q, -, z(-;q)) €
L>(0,T; L(Z; Zs)).

Clearly H9 is stronger than HS.
THEOREM 9: Let qo € Qad, zo € Ds and suppose H1-H5, H7 and H9 hold. Then the
mapping ¢ — S(t;q) fo Q) F(q,s,2(8;q))ds from Q — L>*(0,T; Zs) is Fréchet
differentiable at qo. Moreover for any t € [0,T], and any h € Qaq, [DgS(t; qo)lh = wp(t)
satisfies the integral equation
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wy(t) = /O {T(t — S1q0) [Fq<QOa s,2(s;q0))h + F (qo, 8, 2(8;q0)) [DgT'(8; q0) 20|
(10)
+ F.(qo, s, 2(s; QO))wh(S)] + [DT(t — 5;90) F (o, 5, 2(53 q0))] h} ds,

and wy(t) is the solution of the following non-homogeneous linear IVP, the so-called
“sensitivity equation” for S(t;q), in Z:

Lwp(t) = (Algo) + F(qo, t, 2(t; qo))) () Fy(qo,t, 2(t; qo0)) b +
(S2) + F.(qo, 1,

PRrOOF: That the solution wy(t) of(Ss) satisfies (10)follows immediately (S) in Theorem
2 and the fact that [D,T(0;qo)z]h =0 for z € Z and h € Q.
We write

S(t;qo+h) — S(t;q0) — wi(t) =

= [ 2= s [P0+ s 2(5500) — Pl 2(5:00) = Flans .25 a0) ] ds

#7010 [Pl 2G50+ ) = Flanso2(s500)

— F.(qo, 5, 2(s3q0)) (2(s3 g0 + h) — 2(s5.q0)) | ds

b [ 70— sia0) P 205 [SCsi00 4 1) — SCssa0) — wn(s)] ds

(e 50 o 2(5300) | DT (50 + )z = (D, s au) )| s
T(t = s390 + W) F(qo, 8, 2(5590)) — T'(t — 8590) F(qos 5, 2(5; q0))
~ (DT~ sl (s )] s

b [T st ) Fan s, o)~ Flao 255000 ds

—AJW—S%HH%+hSAMM%QF%ﬁﬂ@%D+N%@d$%+MH%

where I; is the 7" term in the expression written above. Here, a(h) is an appropriately
chosen constant satisfying 0 < |a(h)| < 1.

In what follows, C; will denote a generic finite positive constant depending on ¢q. Let
71 > 0 be such that gy +n € Q.4 for all n € @ satisfying ||n|| < v1. Then for any h € Quq

2(t;q0)) [ DT (t; qo) 20) 1 + fo D,A(q)T(t — s;q0)|q:q0hF(qO,s,z(s;qo)) ds
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with ||h]| < 71 it follows, by virtue of Theorem 8 and hypothesis H9 that there exist
positive constants C7, Cy and L, such that:

N
oot il < G+ [ s (1aah) = sl + stsian + ) = s(ssaull, ) ] s

t
C
+/0 @_—25)5 12(55.q0 + h) — 2(s;.q0) |5 || ds
(11) <G| h|? provided || A<,

where the last inequality follows from the Lipschitz continuity of the mapping ¢ — z(-;q)
from @ into L>°(0,T; Zs) at qo. Now let € be a fixed positive constant. It follows from H9

that there exist v2 > 0 and 3 > 0 such that

t
C
(12) Ils < | ot elhlds < relal,

provided |[|h]| < 79, and also

¢ 068
HMBS/P———EW@WrHﬁ—NS%Wz“
0 (t - 5)
(13) < Cre|lh|l, provided|h| < ~s.

Also, by using H9 we have that F, (qo,-,2(-;q0)) € L*>(0,T;L(Z; Zs)), and therefore
there exists a constant Cs such that
¢ HS(S; qo +h) —S(s;q0) — wh(S)H
Il < s [ T 5 gs
0
On the other hand, the local Lipschitz continuity of D,T'(-;qo) (Theorem 4), implies the

(14)

existence of two finite positive constants Cy and -4 such that

t
C, .
15)  nlls < [ GEslal] IR ds < Cullb?, provided 1] < 5
o=

Finally from Theorem 6 and H9, there are two finite positive constants C}y and ~5 such
that

t
(16) [s]ls < Clgo)ellAl] / (g0, 5, 2(s3.90))l| z ds < Croe |,
0

provided |[|h]| < 7s.

From (11)-(16) we conclude that there exist finite positive constants C4, C2, and 7 such
that for ¢t € [0, 7] and h € Quq with ||h| <~

15(t; g0 + h) = S(; g0) — wa(t)]l; < Cruellhfl+

t
1S(s; 90 + 1) — S(s590) — wa(s)|ls
+ 012/ (t _ 8)5 dS.
0

Hence, applying Lemma 7 we conclude that
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1S(t; g0 +h) — S(t;q0) — wa(®)|l5 < CnthH+}(cmcﬁﬁHMM/ ————;ds

< Cusellnll, t 10,77, ||h||S7-

hence the mapping ¢ — S(+;q) from @ — L>(0,T; Zs) is Fréchet differentiable at ¢o and
wy,(t) is the Fréchet derivative of S(t;q) at qo, i.e. DgS(t;q0) = wp(1). [

THEOREM 10: Under the same hypotheses of Theorem 9, the mapping ¢ — z(+; q) from the
admissible parameter set QQqq into the solution space L>°(0,T; Zs), is Fréchet differentiable
at qo. Moreover, for any h € Q, t € [0,T], the q-Fréchet derivative of z(t;q) evaluated
at qo and applied to h, i.e. [Dyz(t;qo)lh is the solution vy(t) of the following linear non-
homogeneous initial value problem in Z, the sensitivity equation for z(t; q)

Fun(t) = (Algo) + Fx(qo, t, 2(t qo )v t) + Fy(qo,t, 2(t; q0))h +

(S) + D,A(Q)T(t; qo ZO| h+ |, DqA( )T (t — s; qo }q:qth(qO,s,z(s; Qo)) ds

’Uh(O) = 0.

PROOF: The Fréchet differentiability of z(¢;q) = T(t;q)z0 + S(t; ¢) follows immediately
from Theorems 6 and 9 and the sensitivity equation is readily obtained by combining the
sensitivity equations (S7) and (S5). [ |
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