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Abstract

A two-phase Stefan problem with heat source terms in both liquid and solid
phases for a semi-infinite phase-change material is considered. The internal heat

source functions are given by g;(z,t) = (—1)j+1%l exp (7(20,1»‘\/1_5 - dj)2> (j = 1solid
phase; j = 2 liquid phase), p is the mass density, [ is the fusic;n latent heat by unit of
mass, a]z is the diffusion coefficient, x is spatial variable, t is the temporal variable
and d; € R. A similarity solution is obtained for any data when a temperature
boundary condition is imposed at the fixed face + = 0; when a flux condition of the
type —qo/v't (go > 0) is imposed on 2 = 0 then there exists a similarity solution if
and only if a restriction on ¢q is satisfied.

Key words : Stefan problem, free boundary problem, Lamé-Clapeyron solution,
Neumann solution, phase-change process, fusion, sublimation-dehydration process,
heat source, similarity solution.
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I. Introduction.

Sublimation-dehydration, which is commonly known as freeze-dying, is used as a
method for removing moisture from biological materials, such as food, pharmaceutical,
and biochemical products. Some of the advantages of sublimation-dehydration over evap-
orative drying are that the structural integrity of the material is maintained and product
degradation is minimized [1], [13]. The major disadvantage of the freeze-drying process
is that it is generally slow, and consequently, the process is economically unfeasible for
certain materials. One means of alleviating this problem is through the use of microwave
energy. Several mathematical models have been proposed to describe the freeze-drying
process without microwave heating [6], [8]. Only a few studies have also included a mi-
crowave heat source in the model [1].
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In [9] the one-phase Lamé-Clapeyron-Stefan problem [7] with a particular type of
sources was studied and a generalized Lamé-Clapeyron explicit solution was obtained.
Moreover, necessary and sufficient conditions were given in order to characterize the source
term which provides a unique solution.

Several applied papers give us the significance in order to consider source terms in
the interior of the material which can undergo a change of phase, e.g. [3], [5], [10], [14].
Phase-change problems appear frequently in industrial processes; a large bibliography on
the subject was given recently in [16].

In [14] there is a mathematical model for sublimation-dehydration with volumetric
heating was presented from which analytical solutions for dimensionless temperature,
vapor concentration, and pressure were obtained for two different temperature boundary
conditions. It was considered a semi-infinite frozen porous medium with constant thermal

properties subject to a sublimation-dehydration process involving a volumetric heat source
const.

of the type g(z,t) = exp (— (x + d)2), and, a sensitivity study was also conducted
in which the effects of the material properties inherent in these solutions were analyzed.

In this paper a semi-infinite homogeneous phase-change material initially in solid phase
at the uniform temperature —C < 0, with a volumetric heat source, is considered. A

mathematical description for the temperature within the material is given by

0Ty , 0T 1

E(l’ﬂf) ZQQW($7t)+£92($7t)7 0<$<S(t)7 t>0; (1)

o1y , 0*Ty 1
E(l’ﬂf) =0 Or2 ($7t)+agl(z7t)7 $>S(t)7 t>0; (2)

for two given internal source functions (][9], [14]) given by
oy pl x

() = (1) - d)?) j=1,2 3
=) = () o (<G v d2) =12 ®)

p is the mass density, [ is the fusion latent heat per unit of mass, a]2- is the diffusion
coefficient, ¢; is the specified heat per unit of mass and k; is the thermal conductivity, for
j =1 (solid phase), 2 (liquid phase).

The initial temperature and the temperature as x — oo are assumed to be constant

Ti(z,0) = T1(+o00,t) = —C < 0, x>0, t>0. (4)

At z = 0, two different temperature boundary conditions are considered, the first is a
constant temperature condition

15 (0,t) = B > 0, t>0 (5)
which is studied in Section II, and the second is an assumed heat flux of the form

0T —qo
ko— (0,t) = — t>0 6
2 al’ ( ) ) \/l_f7 ( )
which is studied in Section III. This kind of heat flux condition was also considered in
several papers, e.g. [2], [11], [12] and [15].
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The phase-change interface condition is determined from an energy balance at the free
boundary x = s(t) :
8T1 aTQ

k:lE (s(t),t) — ]{52% (s(t),t) = pl s (t), t>0, (7)

where the temperature conditions at the interface are assumed to be constant:

Ty (s(t),t) = Ty (s(t),t) =0, ¢ > 0. (8)

Moreover, the initial position of the free boundary is
s(0) =0. (9)

In section II we obtain an explicit solution for the problem (1)-(5),(7)-(9) for internal
heat sources given by (3).

In Section III we solve the same free boundary problem but with the heat flux con-
dition of the type —% (go > 0) prescribed on the fixed face z = 0, and we obtain an
explicit solution to this problem if the coefficient gy satisfies an appropriate inequality
(48) or (49); this restriction on gy is new with respect to [14].

II. Solution of the free boundary problem with temperature boundary condi-
tion at x=0.

Applying the immobilization domain method (see [4]), we are looking for solutions of
the type

where the new independent spatial variable y is defined by

=, 11
V=30 (11)

Then, the condition (7) is transformed in
a6,(1) — katy(1) = pls(t) 5 (1), (12)

and we must have necessarily that s(t) s (t) =const. i.e.,
s(t) = 2a:\V/t, (13)

where the dimensionless parameter A > 0 is unknown.
Next, we define

B =0 (), i=12  n=w. (14)

then the problem (1)-(5),(7)-(9) is equivalent to the following one:

1A / 4l
Ry(n) + 2nRh(n) = o, CXP (—(+ds)?), 0<np<X (15)

2 4a2l 2
RA() + 220 () = o2 exp (— (Z0-+) ) R )
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Ry (A) = Ry (A) =05 (17)
k1R () — ko Ry (A) = 2plhad, (18)
Ri(+00) = —C; (19)
After some elementary computations, from (15), (17) and (20) we obtain
Raln) = B = (B4 a0) S8+ palm), 0.7 < ). 1)
o) = T fext(y ) — ext(d) — et () exp (<)) if di £ O (22)
ea() = 2 [ = exp (—17)] if dy =0 (23)
and, from (16), (17) and (19), we have
Riy) = {00 2 /exp Wit m>A (@)
erfc (92 )
where
i) = o oxp () oxp(-2 2 (ert(220) —ant(Z) )+ (25)

+exp (d}) (erf( 77+d1)—erf( )\+d1))], ifd; #0

01(+00) = L% exp (—d?) [exp (d2) erf c(22 ) + dy) — exp(—22\d;) erf ¢(22)\)], if dy # 0
1 1 ai a1 ai

c1dy

(26
. ) = 2T (a2 - nf(2) ) + (27
el ) 2o
AT a

Dy erfe(BA) + —— _ (& fd = 2
c, [al)\er c(al)\)—l— \/7_Texp< (al)\) )] ,ifdy =0 (28)

where A is the unknown coefficient which must verify the condition (18). Furthermore,
the Eq.18 for A is equivalent to the following equation

fi(x) = fa(z), = >0. (29)

p1(+00) =

where

fi(@) = Fo(a)hn (@) . f2<x>=@(@a:) ha() (30)

ai
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with
Q(z) = Vrrexp(2?) exf ¢(x) , Fy(z) = zerf(z) exp(z?), (31)

hi(xz) = Stey — ﬁ%@ [exp(—Q‘illa%) erf c(Z2z) — exp(d?) erf c(Px+di)| (32)

erf(z) = 2 /exp(—uQ)du, erfc(z) =1 —erf(z), he(x) = 6:;;: — F(x), (33)

exp(d3) (erf(z + d2) — erf(dz)) — exp(—2xdy) erf(z)], (34)

C B
St@l = % s St@g = % (35)
are the Stefan number for phase j = 1 and j = 2 respectively.

Theorem 1 The Eq.29 has a unique solution A > 0. Moreover, the free boundary problem
with heat source terms (1)-(5),(7)-(9) has an explicit solution given by

Ty(2,t) = — (Zfi 9(0;_;_)00)) [erf (2;\/;) —erf (%)\)} + 4,01(2(;;\/%),

for x> s(t), t>0;

(36)

erf(3-57)
Ty(w,t) = B = (B +p2(N) —225 + pa(527)

for 0 < x < s(t), t>0;

where p1(n) and @a(n) are defined in (25) — (28) and (22) — (23) respectively. The free
boundary s(t) is given by (13) where the coefficient X is the unique solution of Eq.29.

Proof. Taking into account the Lemma 2 (see below) we can prove that Eq.29 has a
unique solution A > 0. We invert the relations (14), (10) and (11) in order to obtain an
explicit solution of problem (1)-(5),(7)-(9) with the source terms g; defined by (3).1H

Lemma 2 A) Functions Q (x), Fo(x) and F(x) satisfy the following properties:

(i) Q(0) =0, Q(+o0) =1, Q'(z) >0, Vz > 0,Q'(0) = /7.
(i) Fo(0) =0 , Fy(+00) = 400 , Fl(z) >0, ¥z > 0.
OF

(i) F(0) =0, F(+00) = +o0 , ——(x) >0, ¥z > 0.

B) (a) Function fi(x), satisfies the following properties:
(1) f1(07) =0, () fi(+00) = +o0,
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(1i1) if condition (47) is verified then fi(z) > 0, Vo > 0,

ofh O gy — o+
a$(:1:)>0and 8:1:(0 ) =01,

(1v) if conditions (47) is not verified then f1(&1) =0 and fi(x)
is negative in (0,&1), and is positive in ({1, +00); then there exists

x1 € (0,&) such that %(zl) = 0. Moreover we have %(z) >0
Ox Ox
Vx> &

(b) Function fs(z) satisfies the following properties:

(1) f2(07) =0, (i) fa(+00) = —o0 , (iid) fo(&2) =0

0 oh
(1) 2 0) = 2 () halo) +@ (320) S200),
Of2 )
( )81’( ):a—15t62>0,
(v) there exists xo € (0,&;) such that %(zg) =0,

(vi) aa];f( )<0,Vz>E&.

C) Function W (z) satisfies the following properties:

(i) W(0) = aa\1/7—T[5t61 — 2y/mP(dy)] if dy # 0, where P is defined by
_exp(—2?) —erf ¢(x)
P($) - 2 ’
(’LZ) W(O) a2\/_[st€1 — 2] if d1 = 0 (37)

(idi) W (+00) = 400,

(1v) if condition (47)is verified then W(0) > 0 and 88_1/;/( ) >0, Vx> 0.

D) Function V(x) satisfies the following properties:

(ii) V(400) = —o0 , (iii) ov

. do
() V(0) =" o

= oy (x) <0, Vz > 0.

II1. Solution of the free boundary problem with a heat flux condition on the

fixed face x=0.

In this section we consider the problem (1)-(5),(7)-(9), but condition (5) will be re-
placed by condition (6) (see [12], [15]). We can define the same transformations (10),(11)
and (14) as were done for the previous problem, and we obtain (15)-(19) and

—2qo

R,(0) =
2(0) eatn

(38)
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It is easy to see that the free boundary must be of the type s(t) = 2ayu\/t where u
is a dimensionless constant to be determined. The solution to the problem (15)-(19) and
(38) is given by

Ri(n) = —(i;fé_;:;)) {erf (Z—jn) — erf (Z—ju)} +es(n), n>p (39)

where

L/

Qo Qo
) = L exp (—a) expl~222y) (ert(2

u - erf(j—jm) o)

+exp (d}) (erf( n+dy) — erf(—= ,u+d1))], ifdy #0

p3(400) = LT oxp (=d}) [exp (d7) erf (2 +di) —exp(—22pdy) erf (2 p)], if di #0

cidy

(41)
p3(n) = 21\/7?[2 ( rf(a_iﬂ) - erf(z—ju)) - (42)
1 a \’ a VYY) g
+ﬁ (exp (— (a—ln) ) — exp (— (al,u) ))] ,ifdy =0
p3(+00) = M [merte( ) - % exp (— (—u) )J Jifdy =0 (43)
and
Raln) = YT ert(u) — exf(n) + ala) — 21,0 < 0 < (a4

where @y was defined in (22)-(23) and the unknown g must satisfy the following equation
W(zx)=V(z), >0 (45)
where

W(z) = M“’—l[Ste M (exp (—%zdl) erf ¢ (%a:) — exp(d?) erf c (%ﬁiﬂ + d1))]

Q(g3e) a
if dy #0,
x exp(x?)exp| — %21, 2
W(x) = ’ Qég )< ! ) ) [Steq exp (%f:n)Q +2Q (%far) —2],ifd; =0,
and X
Vi) = 2 _ pexp(a?) + SPER) (oo o) — 1), if dy £0, (46)
play dy

V(z) = U vexp(x?) — 2z, if dy = 0.
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Theorem 3 (a) If
Stey > 2, ifd; >0 or Stey = 2/nP(dy), ifd, <0 (47)

then FEq.45 has a unique solution p > 0 if and only if qy satisfies the following inequality

w© > 2aupl {25%/6% _ P(dl)] ifdy £ 0, (48)
w0 > al—\/’; (Stey — 2] ifdy =0, (49)

where P was defined in (371) .

(b) The free boundary problem with sources term (1)-(4), (6)-(9) has an explicit
solution given by

— (C + p3(+00)) . a _r
Tile) = erf_z S(Oz_i:) [erf (2‘11\/5) —erf (al ,uﬂ s (2CL2\/%)
for z > s(t), t>0

-2 ()] 5) o

for 0 <z < s(t), t>0;

(50)

where @3 and ¢y are defined in (40)-(43) and (22)-(23) respectively, the free boundary is
given by
S(t) = 2(12”\/%7

and p is the unique solution given in (a).
Proof. To prove (a) we use the definitions of the functions W and V, and Lemma 2. We
invert the relations (14), (10) and (11) in order to obtain (50)-(51).H

A more general case for internal heat sources of the non-exponential type will be given
in a forthcoming paper.

Acknowledgments.

This paper has been partially sponsored by the projects PIP#2000/2000 from CONICET-
UA, Rosario (Argentina), #13900/4 from Fundacién Antorchas (Argentina), and AN-
PCYT PICT #03-11165 from Agencia (Argentina).

References

[1] T. K. Ang - J. D. Ford - D. C. T. Pei, ”Microwave freeze-drying of food: theoretical
investigation”, Int. J. Heat Mass Transfer, 20 (1977), 517-526.

[2] J. R. Barber, ” An asymptotic solution for short-time transient heat conduction be-
tween two similar contacting bodies”, Int. J. Heat Mass Transfer 32, #5, 943-949
(1989).



Briozzo-Natale-Tarzia, ” An Explicit Solution...” MAT-Serie A, 8 (2004), 11-19 19

3]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

S. Bhattacharya - S. Nandi - S. DasGupta - S. De, ” Analytical solution of transient
heat transfer with variable source for applications in nuclear reactors”, Int. Comm.
Heat Mass Transfer, 28 #7 (2001), 1005-1013.

J. Crank, ”Free and moving boundary problems”, Clarendon Press, Oxford (1984).

H. Feng, ” Analysis of microwave assisted fluidized-bed drying of particulate product
with a simplified heat and mass transfer model”, Int. Comm Heat Mass Transfer, 29
#8 (2002), 1021-1028.

Y. C. Fey - M. A. Boles, 7 An analytical study of the effect of convection heat
transfer on the sublimation of a frozen semi-infinite porous medium”, Int J. Heat
Mass Transfer, 30 (1987), 771-779.

G. Lamé - B. P. Clapeyron, "Memoire sur la solidification par refroidissement d’un
globe liquide”, Annales chimie Physique 47 (1831), 250-256.

S. Lin, ” An exact solution of the sublimation problem in a porous medium”, ASME
Journal of Heat Transfer, 103 (1981), 165-168.

J. L. Menaldi - D. A. Tarzia, ” Generalized Lamé Clapeyron solution for a one-phase
source Stefan problem”, Comp. Appl. Math, 12 #2 (1993), 123-142.

G.A. Mercado - B. P. Luce - J. Xin, ”Modelling thermal front dynamics in microwave
heating”, IMA J. Appl. Math., 67 (2002), 419-439.

A. D. Polyanin and V. V. Dil’'man, "The method of the ’carry over’ of integral
transforms in non-linear mass and heat transfer problems”, Int. J. Heat Mass Transfer
33 #1, 175-181 (1990).

C. Rogers, ” Application of a reciprocal transformation to a two-phase Stefan prob-
lem”, J. Phys. A: Math. Gen. 18 (1985), 105-1009.

U. Rosenberg - W Bogl, ”Microwave thawing, drying, and baking in the food indus-
try”, Food Technology, 41 #6 (1987), 834-838.

E. P. Scott, ” An analytical solution and sensitivity study of sublimation-dehydration
within a porous medium with volumetric heating”, Journal of Heat Transfer, 116
(1994),686-693.

D. A. Tarzia, ”An inequality for the coefficient o of the free boundary s(t) = 20/t
of the Neumann solution for the two-phase Stefan problem”, Quart. Appl. Math, 39
(1981-82) 491-497.

D. A. Tarzia, A bibliography on moving - free boundary problems for the heat-
diffusion equation. The Stefan and related problems, MAT-Serie A #2 (2000) (with
5869 titles on the subject, 300 pages). See www.austral.edu.ar/MAT-SerieA /2(2000)





