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A Survey of the Spectral Gradient Method!

A.B. VERDIELL, M.C. MACIEL, L.S. OROFINO? and T.I. GIBELLI?

Departamento de Matemdtica, Universidad Nacional del Sur
Av. Alem 1258, 8000 Bahia Blanca, Argentina.

Abstract

Finite dimensional unconstrained minimization problems are generally solved by iterative
methods like Newton, quasi-Newton, steepest descent, conjugate gradient methods and its
variations. All of them share the same property: they are descent methods.

In 1988 Barzilai and Borwein introduce the spectral gradient method which have been an-
alyzed by Raydédn in 1991. Initially it has been developed for the quadratic case and later
has been extended to the general unconstrained minimization problem by using a globaliza-
tion strategy. Its main characteristic is the non-descent property. Furthermore the method
requires few storage locations and very inexpensive computations.

The purpose of this work is to trace the development of the spectral gradient method, in
particular when the problem is defined in a Hilbert space. The algorithms are treated in
details but in dealing with them we have presented only the most general results available
and we have given these a broad brush treatment.

Key words: Projected gradients, non-monotone line search, large scale problems, spectral
gradient method.
AMS Subject Classification: 49M07, 49M10, 65K, 90C06, 90C20.

1 Introduction

Unconstrained minimization problems in finite dimension are generally solved by iterative meth-
ods like Newton, quasi-Newton, steepest descent and conjugate gradient methods. There are
several variations of these methods and all of them share the same property: they are descent
methods.

In 1991, Raydan [39, 40] introduces the spectral gradient method which is an extension to
the Barzilai and Borwain method [3]. This method has been developed for the quadratic case
and its main characteristic is the non-descent property. The method has also been extended to
the general unconstrained minimization problem and it results to be globally convergent when
a non-monotone line search is incorporated [41].

For the unconstrained problem defined in function space, methods like Newton and like
conjugate gradients have been developed and well studied [2, 15, 16, 22, 23, 24, 26, 27, 28, 29,
30, 38, 44].

At the beginning of this decade some attempts to analyze the non-descent spectral gradient
method for the infinite dimensional case have been done [1, 33].

The purpose of this work is to trace the development of the spectral gradient method, in par-
ticular when the problem is defined in a Hilbert space. The algorithms are treated in details
but in dealing with them we have presented only the most general results available and we have

IThis work was supported by Fundacién Antorchas, Project # 13900/4 and Universidad Nacional del Sur,
Project 24/L057

2{averdiel-immaciel-sorofino}@criba.edu.ar

3tgibelli@uns.edu.ar
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given these a broad brush treatment.

This work is organized into sections, each dealing with a specific problem and the based-on-
spectral gradient algorithm developed for them. Section 2 is devoted to the finite case. The third
section to the infinite case and in the fourth the unconstrained control problem is described.
The final remarks are established in section 5.

2 Finite dimensional case

Let be f : IR® — R a differentiable function. It is well known that any solution of the uncon-
strained minimization problem,

i 1
min f(z) (1)

solves the nonlinear equations problem:
find z, € R" such that V f(z,) = 0. (2)

The methods proposed to solve it are usually iterative procedures: if x; denotes the current
iterate, and if it is not a good estimator of z,, a better one, z;,1 = ) + si is required. Here s,
means the step and it can be obtained by different methods.

In many algorithms, each iteration involves the calculation of a quasi-Newton step: sgN =
—A,;1Vf(3:k), where A, € R™™ is an approximation of the Hessian matrix of f at zj. After
each iteration, the current Ay is updated to Ay, 1, and usually it is chosen satisfying the secant
equation:

Ag118k = Yk (3)

where yr = V f(zp11) — V f(zp).

If n > 1, this equation does not completely specify the matrix Agy1, so in addition to
obeying (3) there are some desirable properties for Ag,1. In the spectral gradient method the
update is restricted to be A1 = api1l where a1 € R solves the linear system y, = agi1/sg
in the least square sense: that is, if sp # 0

T
St Yk

g1 = 5= (4)
S1. Sk

Taking these ideas into account, the Spectral Gradient algorithm (SG) is established as:

Algorithm 2.1 Given 29 € R", o € R.
For k=0,1,..., repeat until convergence:

1
Step 1. s = —a—ka(:Ek)

Step 2. xp11 = xp + Sk
Step 3. yx = Vf(2s1) — Vf(2k)

T
Sk Yk
T

Step 4. apy1 = .
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It is important to point out that in this method, the new iterate is chosen in the same
direction as the Cauchy method, but another step length is used and in numerical experiments
the SG algorithm is significantly faster than the classic gradient method at the same cost per
iteration.

The most important features of Algorithm 2.1 are:

e Every iteration requires two inner products, one scalar-vector multiplication, two vector
additions and only one gradient evaluation.

e [t is a gradient method which uses information of the two previous iterates. It makes a
difference with the Cauchy method, which uses only information of the previous iterate.

e It satisfies the weak secant equation: s;ijkHsk = Sfyk.

e The scalar ay41 is a Rayleigh quotient of the matrix

1
/ V2 f(xy, + tsy)dt.
0
If the objective function is quadratic,
1
f(z) = §xTAx — bzt c (5)

where A is a symmetric positive definite (SPD) matrix, (4) becomes in:

T
s3 Asp.

Ot = kT . (6)
51, Sk

In this case, Steps 3-4 of the algorithm can be changed by (6) and because of a4 is the
Rayleigh quotient of A at s, there is not danger of dividing by zero in Step 1.
There is a relationship between this method and the shifted power method to approximate
eigenvalues and eigenvectors which is extensively used to establish local and global convergence
results [39]. This relation holds for the infinite dimensional case and more details are shown in
Section 2.

Barzilai and Borwein [3] have established r-superlinear rate of convergence if n = 2 and A has
two distinct eigenvalues. The convergence of the method when applied to the minimization of a
strictly convex quadratic function was established by Raydén [39, 40] in the following theorem:

Theorem 2.1 Let f(x) be a strictly conver quadratic function. Let {xj} be the sequence gen-
erated by the Algorithm 2.1 and x, the unique minimizer of f. Then, either x; = x, for some
index j, or the sequence {xy}converges to x,.

Related to the convergence rate, Raydan [39] proved the following results:

Theorem 2.2 Let f(x) = %a;TAx — bl 4 c where A is a SPD matriz that has only two distinct
etgenvalues, A1 < Xo. Assume that for same k, ay is sufficiently close to \y or Ao. Then the
sequence {xy} from Algorithm 2.1 converges to x4 g-quadratically. Furthermore, if oy is equal
to either A1 or Ao then, Xi13 = Xy.

Corollary 2.1 Under the assumptions of Theorem 2.2, Algorithm 2.1 has the exact r-rate of
convergence of /4.
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In numerical experiments as well as in the convergence analysis, it can be seen one of the

most important features of this proposal: it is a non-monotone method, in some cases the error’s
norm and the objective function value increase.
If n > 2, numerical experiments show that the performance of the algorithm depends on the
eigenvalues of A and its condition number x(A). So, in order to improve convergence, this
matrix is preconditioned in such a way that either x(A) is reduced or the eigenvalues of A are
clustered.

In the quadratic case, the basic idea is to transform the objective function (5) in

f(z) = %JETAJJ Y
where A = E~1AET, b= E~'b, & = c for some nonsingular matrix F.
Therefore, if Algorithm 2.1 is applied to f(z) setting C = EET, hy, = C~'V f(xy,), the precon-
ditioned version is stated as follows:

Algorithm 2.2 Given zg € R", a9 € R and C' a symmetric and positive definite matrix, set
go = AJE(] —b.
For k£ =0,1,..., repeat until convergence:

Step 1. Solve Chy = gi for hy

Step 2. Set pr, = Ahyg

1
Step 3. Set xy11 =xr — —hy

f
1
Step 4. Set gx+1 = 9 — — Dk
Qf;
hT
Step 5. Set api1 = éﬁ—pk
i Ry,

The matrix C' is called the preconditioning matrixz and A the preconditioned matriz. Numer-
ical results and comparison with the preconditioned conjugate gradient method can be found in
[39].

For the general case, the method needs to be incorporated in a globalization scheme; Raydan
proposes an algorithm based on the non-monotone line search strategy, introduced by Grippo,
Lampariello y Lucidi [25] and proves global convergence [41] when the iterates are generated by
the following algorithm.

Algorithm 2.3 Given zg € R",ap € R,6 > 0,0 < 01 <03 < 1,7 € (0,1),0 < e <1 and
M >0, an integer. Set k = 0,99 = V f(x0).

Step 1. If || gx ||= 0, stop.

—

Step 2. If ap < eor ap > —, set ap =9

[0

1
Step 3. Set A = —
Qg
Step 4. (non-monotone line search)

If f(zr — Agr) < 0ci X f(e—j) =7 AgEgr  set Ap = A, xpy1 = 2 — Apg and go to
Step 6.
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Step 5. Choose o € [01,02], set A =0 and go to Step 4.

Gk
NeGE Gk

Step 6. Set agy1 = , k=k+1 and go to Step 1.
Dai and Liao [14] have also established r-linear convergence of the method for any dimensional
strictly convex quadratics and as a consequence of this result the method is also locally r-linear
convergent for general objective functions, and therefore the stepsize in the SG method will
always be accepted by the non-monotone line search when the iterate is close to the solution.
These results were extended for the minimization on convex sets [10]. Also, for the large
scale non-linear optimization problem solved by a trust region strategy, at each iteration the
quadratic subproblem is solved via an algorithm based on the algorithm designed for convex
sets [32, 34].

3 The infinite case

In this section we analyze the behavior of the spectral gradient method when it is extended to
the unconstrained quadratic problem defined in an infinite dimensional real Hilbert space H.
Let A be a bounded operator defined on H and (,) the inner product on H. Given the quadratic

functional ¢(z) (x, Ax) — (x,b), let us consider the unconstrained minimization problem

)

géi;} q(x). (7)

Our objective is to analyze the convergence of the algorithm for a self-adjoint and strictly
positive operator, which has a numerable amount of eigenvalues {\;} , its spectrum o (A) satisfies
o(A) C [m, M] and the system of associate eigenvectors forms an orthonormal basis. Under these
assumptions the Algorithm 1 can be sated on H as follows:

Algorithm 3.1 Given zg € H, a9 € R,
For k = 0,1, ..., repeat until convergence:

1
Step 1. s = ——Vq(xy)
893

Step 2. xp11 = xp + Sk
Step 3. yr = Vq(zi+1) — Vq(x)
(k> Uk)
(Sk, 5k)

Let us denote g, = Vq(xy) the first Gateaux derivative.
Using the relations among yi, s and g results

Step 4. apy1 =

(9K, Agr)
(Gks k)

the Rayleigh quotient of A evaluated at gi. Then

Opy1 =

0<m<ag <M. (8)

Since the search direction is the negative gradient, the method belongs to the class of gradient
methods. The next lemma shows the relationship with the power method what is essential to
prove local and global convergence.
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1
Lemma 3.1 Let q(z) = =(z, Az) — (x,b), where A is self-adjoint and strictly positive. Let x,

be the unique minimizer of q, {xy} the sequence generated by the algorithm and e = x, — xk,
for all k. Then:

1) Aep = oS = — gk
1

2) Ck+1 — a_k(akl — A)ek

1
3) Sk+1 = (akI — A)Sk
Ok+1
1
4) g1 = —(arl — A)gy.
€93

The relations established in Lemma 3.1 allow us to conclude that ||eg|| goes to zero if and only
if ||sk|| goes to zero, and it is equivalent to prove that ||gk|| goes to zero.
For any initial error e there are constants dj such that

o
ep = E d?vi.
i=1

Again, the lemma 3.1 allows us to obtain the following expression for the error
o0
erir =y di M,
i=1

where

k
i+t = <ak - )\i> ik — H (aj - >\i> &,
Qe Qi

J=0

The convergence properties of the sequence {ex} will depend on the behavior of each of
the sequences {d¥}. If the spectrum of A satisfies the condition M < 2m we can establish the
following result:

1
Lemma 3.2 Let q(x) = 5(:17, Az) —(x,b), where A is strictly positive such that M < 2m. Let x4

the unique minimizer of q. Then, the sequence {x} generated by the spectral gradient method
—m

converges q-linearly to x, and the factor of convergence ¢ <1 is ¢ = ——.
m

If the restrictive condition M < 2m does not hold, the sequence {d*} show a non-monotone
behavior, according to the relative position of the scalars aj and the eigenvalues A; in the
spectrum, however this situation does not perturb the convergence of the algorithm. Assuming
that the sequence of eigenvalues ); is increasing

O<m=MX <Ay <A3.eeeoo.. (9)

and A; — M, the next lemmas help us to prove the main theorem:.

Lemma 3.3 The sequence {d’f} converges to zero gq-linearly and the factor of convergence is
é=1— (m/M).
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Lemma 3.4 If for a fived integer I, 1 <1, the sequences {d’f},...,{df} converge to zero then

lim inf || = 0.

1
Theorem 3.1 Let q(z) = §<x, Azx)—(x,b), where A is self-adjoint and strictly positive operator

and the sequence of eigenvalues satisfies (9). Let {xy} be the sequence generated by the spectral
gradient method and x, the unique minimizer of q. Then, either x; = x,, for some j, or the
whole sequence {xy} converges to x.

The proofs of these results can be found in [33].

4 An application to control problems

The spectral gradient method has successfully been used in different areas such as Geophysics
[4, 6, 12, 13], Physics [7, 37], Chemistry [18, 19, 21, 20, 45], etc. Also have been developed
algorithms to solve algebraic nonlinear systems [11, 31], partial differential equations [35, 42]
and other nonlinear programming problems [5, 8, 9, 17, 36].

In this section we present an application of the spectral gradient method to an infinite dimen-
sion control problem. Optimal control problems belong to a more ample class: the differential
equations-constrained optimization problem. A nice review of some aspects of PDE-constrained
optimization can be found in [43]. Control problems and their discretized form, viewed as min-
imization problems have already been solved by quasi-Newton methods. Kelley and Sachs [29]
analyze the behavior of the BFGS-secant method when it is applied to the control problem.

Let us consider the general nonlinear control problem to minimize

T
Plu) = /0 L(a(t), u(t), t)dt (10)
subject to

i o= f(xt),u)t) (11)
z(0) = o,

where L : R"™*! - R and f: R"™*! - R.
Recall, the gradient of F' is given by

VF(u) =p()" ful(),ul),.) + Lu(z(), u(.), ), (12)

and p(t) solves the adjoint equation
—p = p)" felx()u(t),t) + Lo(x(t), u(t), ) (13)

p(T) = 0.

The second derivative of F'(u) is given by

<w7 V2F(u)v> = <€(w)7 Hyy (‘Tﬂ u, )S(U» + <w7 Hux(xy u, )f(v»
+ (€(w), Hyy(x,u, )v),

where H(z,u,t) = p(t) f(z,u,t)+ L(z,u,t), £(w) solves an initial value problem and (., .) denotes
the inner product defined by (u,v) = fOT u(t)v(t)dt for all u,v € L%[0,T]. It is clear that each



Verdiell-Maciel-Orofino-Gibelli, Spectral Gradient Method, MAT-Serie A, 7(2004), 1-14 8

gradient evaluation involves the solution of a system of differential equations and it is necessary
to compute V2F (u) if we want to apply Newton’s method. These two facts suggest us to choose
appropriate methods not only to solve the ordinary differential systems but also to approximate
the Hessian matrix.

Let us consider the unconstrained problem

min F(u), we€H. (14)

Recall that any solution of (14) is also solution of the nonlinear algebraic system G(u) =
VF(u) =0.

The Hilbert space H is approximated by a finite dimensional space HY and let us replace
the functional F by the functional FV defined on HY and finally we consider the minimization
problem

min FY (W), o« e HV, (15)

Any solution of (15) is also solution of GV (u") = VFN (u/V) = 0.
The algorithm will be analyzed under the following assumptions.
Let {P"} denote a sequence of linear prolongation operators

PN . HN - Z,

being Z a normed subspace of H, with the property that ||.||z > .||z, where ||.||g and .||z
denote the norms in the Hilbert space H and the subspace Z respectively.

Let (,)n denote the inner product on H™ and |.||x the induced norm by such inner product.
Let GV : HY — HY be a Fréchet-differentiable operator.

A sequence vV € HV is said to be Z-convergent to u, and we denote u'v 7Y e Z,if

lim ||PYu® —ulz = 0.
N—o0

Assuming,

A1) IfuN?ueZ, vN?veZthen ]\}im W, oMYy = (u,v).

A2) If u? - U then GV (u?) - G(u)
A3) If vV 7 U then ]\}im FNu) = F(u).

The assumptions Al) and A2) are the same as the established by Kelley and Sachs [29]. In
order to analyze the spectral gradient algorithm we need the assumption A3).

The discretized function FV : HY — IR from the control problem is not strictly convex.
However, it is interesting to analyze the behavior of the algorithm when FV is strictly convex
because of the properties of the finite dimensional algorithm.

We state the following results, whose proof can be found in [1].

Theorem 4.1 Let G : H — H and GV : HYN — H" be under the assumptions (A1) and (A2).
If for all N, the sequence {ud }ren satisfies:

i) For all N €N, lim IGN (ul)|| 5y = 0.



Verdiell-Maciel-Orofino-Gibelli, Spectral Gradient Method, MAT-Serie A, 7(2004), 1-14 9

it) For all k € N, uij?ukGZ,

then klim |G (ug)||zr = 0.

Lemma 4.1 Let G : H — H and GN : HN — HN be under assumptions (A1) and (A2). If
up € H and g € R, let the sequence {ud } yen satisfies ul) — U0 and o) = aqg for all N. If

{u{zv ten is the sequence generated by algorithm 2.1, starting with uév and aév for each N € IN,
then for all k € IN,

u]kv — U, ozév — Qg
Z —00
Corollary 4.1 Let G : H — H and GV : HY — HY be under the conditions (A1) and (A2)
and assume that FN satisfies the conditions required by the convergence theorem of the spectral

gradient method applied to the finite case. Let N € IN, {ué\f}keN C HV be the sequence generated
by algorithm 2.1. Then

a) For all N € N, klim IGN (ul)|| 5 = 0.
b) For all k € N, uij?ukGZ.

From the corollary it is possible to conclude that the sequence {u]kv } generated by the Algorithm
2.1 satisfies the assumptions of Theorem 4.1. It means that the sequence generated by the al-
gorithm for the finite dimensional case approximates to the solution of the infinite dimensional
problem for a discretization with N large enough.

If the functional F¥ : HY — R is a non-linear function not necessarily strictly convex, a
globalization strategy is incorporated to the algorithm [41]. Even though global convergence
results are known for this case, it is not possible to extend the proof to the infinite dimensional
case. When the BFGS method is applied, Kelley and Sachs [29] use the rate of convergence of
the algorithm in Hilbert space.

If the globalized spectral gradient method is applied, the difficulty appears when the conver-
gence of {a]kv } to ay has to be proved. In this case the value akN varies when the line search is
used. The number of inner iterations requires by the line search can change with the dimension
of the problem. This argument is illustrated in the tables.

Since in the optimal control problem the Hilbert space is H = L%[0,T], let N € N be the
discretization parameter, the time interval [0, 7] is divided into N subinterval of equal length
h= % The approximate finite space is HY = RN, with the inner product (,)n defined by the
composite Simpson’s rule.

At each iteration the state and the adjoint equations must be solved to evaluate the functions
FY and GV. The solutions z(t) and p(t) of the differential equations (11) y (13) are approxi-
mated by the fourth order Runge Kutta and Hermite interpolation. The evaluation of FN (u'V)
is made by the composite Simpson’s rule. The function GV = p/v T N 4+ LY approximates the
gradient G in the equation (12) is not, in general, the gradient of the scalar valued function F*V.
The following lemma shows that, in spite of this, the directions chosen are descent directions.

Lemma 4.2 Assuming the assumptions (A2) and (A3), let GN = pNTféV + LY be a discretiza-
tion of G, the gradient of F(u). Let {u’} yen be a sequence such that u™™ - v IfF||GN (u™M)]| £ 0

then —GN (uN) is a descent direction of FY from u™, for all N > Ny, for some Ny > 0.
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With these choices of the inner product, the functions F¥ and G¥, the assumptions (A1)-(A3)
are verified.

Different problems have been tested with different discretizations [1]. The low cost of the
spectral gradient method allowed us to use high discretizations obtaining very good approxima-
tions to the solutions. The following example represents a simple production inventory model.
It has beeen solved by Kelley and Sachs [29] by using the BFGS secant method.

The description is the following:

T e~ t
Flu) = /0 Tp (d(x — a(t))® + c(u — b(£))?) dt (16)

subject to
= wu(t)—s(t)
z(0) = xo.
The parameters were chosen as follows:
T=03p=1,d=c=1,a=15b=30, s(t) =t?, zg = 10.

Using Pontryagin maximum principle, it is possible to compute the optimal control u, for
the infinite dimensional problem. It is of the form

Ue(t) = g Ay et + aphoe?t 412 — 2t + 4

where Ao = (1 + v/5)/2 and «; are other constants. More details about them can be found in
[29].

Following the framework proposed by Kelly and Sachs, we use different discretization to
solve the problems. The following table report the number of iterates necessary to achieve the
tolerance in the norm of the gradient, for different values of N.

Number of iterations
N ug = Uy + 100 | ug = v/uy + 100
400 14 13
800 14 13
1600 15 13
3200 15 14
6400 16 16
12800 18 18
25600 26 23

We have already said that the inductive proof of the convergence of the algorithm does not
hold when the non monotone line search is added. It occurs because the number of line searches
per iteration is independent of the discretization. This fact can be observed in the following
table where each iteration of problem is detailed by using a discretization with N = 12800 and
starting point ug = u, + 100.
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Tter F 1GY] LS
1 1309.91610867154 102.660152979672 3
2 1005.86083986541 87.9911473130837 3
3 772.951943556889 75.4104396549632 2
4 438.939972885863 53.7843562176199 1
5 114.728359380689 27.6994895434872 0
6 2.05149541312622 4.75685850055365 0
7 0.951154993329865 0.745660189477803 0
8 0.934393423093945 0.110252930849182 0
9 0.934121964482021 | 2.149098455769760E-002 0
10 | 0.934115833756604 | 2.579978101994840E-003 0
11 0.934115741378638 | 4.558961104628168E-004 0
12 0.934115739509478 | 8.442761702198709E-005 0
13 | 0.934115739453236 | 4.945139366441254E-006 0
14 0.934115739453054 | 1.620860793138945E-006 0
15 0.934115739453047 | 1.300917098490117E-007 0
16 | 0.934115739453041 | 4.037641332388375E-009 0
17 0.934115739453054 | 1.043105157805257E-009 0

18 0.934115739453049 | 9.858780458671390E-012

The following table shows the number of line search at each iteration para first iterations of
problem, starting with uy = exp(uys + 100), and using 11 different discretizations.

Number of points in the discretization

Iterate n® | 1600 [ 3200 | 6400 | 12800 | 16000 | 19200 | 22400 | 24200 [ 25000 | 25600 | 26000
1 99 100 102 103 103 104 104 104 104 104 104
2 0 0 1 3 3 4 4 4 4 5 5
3 0 0 0 3 3 4 4 4 4 4 4
4 0 0 0 2 2 4 4 4 4 4 4
5 0 0 0 1 1 3 4 4 4 4 4
6 0 0 0 0 0 3 3 3 4 4 4
7 0 0 0 0 0 2 3 3 3 4 4
8 0 0 0 0 0 1 2 3 3 3 3
9 0 0 0 0 0 0 2 2 2 3 3
10 0 0 0 0 0 0 0 1 2 2 2
11 0 0 0 0 0 0 0 0 1 2 2
12 0 0 0 0 0 0 0 0 0 1 1
13 0 0 0 0 0 0 0 0 0 0 0

Total iter. 64 64 67 68 68 72 72 72 74 75 75

5 Conclusions

We have presented a survey of the spectral gradient method for the unconstrained case. It is
a relatively novel non-descent method, appropriate to large scale optimization problems and
competitive with the traditional conjugate gradient method.

The extension of the method to an infinite Hilbert space has been analyzed for the quadratic
case when the Hessian operator is self-adjoint. In this case the extension is straightforward. The
compact operator case is currently being analyzed.

It is important to remark that for the infinite dimensional nonlinear case was not possible to
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prove the convergence of the method because the global convergence results for the finite case
can not be extended. In spite of this fact, the algorithm has been applied to a well known control
problem and the numerical results are much better that the obtained by a secant method. These
facts encourage us to continue analyzing the spectral gradient method for the infinite dimensional
optimization problems.
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Abstract

We study a one-phase Stefan problem for a semi-infinite material with temperature-
dependent thermal conductivity with a constant temperature or a heat flux condi-
tion of the type —qo/v/t (go > 0) at the fixed face 2 = 0. We obtain in both cases
sufficient conditions for data in order to have a parametric representation of the so-
lution of the similarity type for t > ty > 0 with ¢ an arbitrary positive time. These
explicit solutions are obtained through the unique solution of an integral equation
with the time as a parameter.

Key words : Stefan problem, free boundary problem, moving boundary prob-
lem, phase-change process, nonlinear thermal conductivity, fusion, solidification,
similarity solution.

2000 AMS Subject Classification: 35R35, 80A22, 35C05

I. Introduction. We will consider a phase-change problem (Stefan problem) for a
non-linear heat conduction equation for a semi-infinite region x > 0 with a nonlinear
thermal conductivity k(6) given by

pc

k(6) L (1)
and phase change temperature 6. This kind of thermal conductivity or diffusion co-
efficient was considered in [3, 5, 6, 14, 16, 18, 21, 23, 28]. The modeling of this type
of systems is a great mathematical and industrial significance problem. Phase-change
problems appear frequently in industrial processes and other problems of technological
interest [1, 7, 8, 9, 11, 12, 13, 15, 17]. A recent large bibliography on the subject was
given recently in [27].
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The mathematical formulation of our free boundary (fusion process) problem consists
in determining the evolution of the moving phase separation x = s(t) and the temperature
distribution 6 = 0(x,t) satisfying the conditions

pc%z%(k(@)%) ,0<zx<s(t),t>0 (2)
k@@ﬂ%%&ﬂzf%,%>0J>0 (3)
M@@@J»%%@@J):—ds@,t>0 (4)

0 (s(t),t) =0;, t>0 (5)
5(0) =0 (6)

where a + bf; > 0, in order to guarantee that k is well defined. Here —qo/ V/t denotes the
prescribed heat flux on the boundary x = 0 which is of the type imposed in [26]. This
kind of heat flux condition (3) was also considered in numerous papers, e.g. [2, 10, 22].
Other problems in this subject are [4, 19, 23, 24].

The free boundary problem (2) — (6) with k(6) defined by (1) is a particular case of
one studied in [20, 25] by taking the parameter d = 0 for the following equation

9 0 o0 00
Pa = B (k(@)%) — v(@)% ,0<zx<s(t),t>0 (7)

where the thermal conductivity k(f) and the velocity term v(#) are given by (1) and

v(f) = pC2 d (8)

(a + b9)?

respectively, and ¢, p and [ are the specific heat, the density and the latent heat of fusion of
the medium respectively, all of them are assumed to be constant with positive parameters
a,b and d.

In those papers temperature and flux type conditions on the fixed face x = 0 were
studied. Furthermore, necessary and sufficient conditions for the existence of an explicit
solution was found in [20]. Here we study the case without the velocity term, i.e. d =0 in
the differential equation (7) which cannot be obtained from what it was previously done
in [20, 25] for the case d # 0. In those papers it was defined the transformation

2 1
y:g[ﬂ+d@;—4 9)
which is the identity if we take d — 0 since

im 2 b=
(ljlir(l)(—i[(l—l—dl’) —1}—:1:,‘V’:B>0.

Then, the case d = 0 must be solved by using other techniques which will be the goal
of this study.
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In Section II we prove the existence and uniqueness of an explicit solution of the
similarity type of the free boundary problem (2) — (6) for ¢ >ty > 0 with ¢, an arbitrary
positive time when data satisfy condition a + b8y > bl/c. The solution is explicitly given
by (41), (47) and (48), and by (50), (51) for the cases a + bf; > bl/c and a + b8y = bl/c
respectively. The explicit solution for the two cases is obtained through the unique solution
of an integral equation in which time is a parameter.

Besides, there does not exist any solution of the similarity type to the free boundary
problem (2) — (6) for the case a + b8y < bl/c.

I1. Existence and uniqueness of solution of the free boundary problem with
flux boundary condition on the fixed face.

We consider the free boundary problem (2) — (6) with the parameters a,b and the
coefficients [, ¢ satisfy the following condition

a+ bl > %l . (10)
If we define 1
=— 11
© a+ b0’ (11)
the problem (2) — (6) becomes
00 ,0%0
E—@w,0<l’<s(t),t>0 (12)
00 w
g - 1
55 (0 0) \/E’t>0 (13)
00 bl «
o Sty =—5(t), t>0 (14)
1
pu— 1
s(0) = (16)
where w is a constant defined by
bgo
pu— —_— . 1
p” (17)
Let us perform the transformation
«  dn
x(@,t) = [,
O(n,t) (18)
U (x,t) = O(z,1)
and
S(t) = x(s(t),1) (19)
The problem (12) — (16) becomes
2
oW _ o0 w OV S, >0 (20)

ot o Viox
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ov w

G0 = u 00 >0
ou | .
TZ(S(t),t) = . S (t
ax S (a+bef)(a(a+bef)—1)( "
W(S(H), ) = a—l—lef >0
S(0) = 0

where

S (t) = (a+b9f—%l)§(t)+%.

If we introduce the similarity variable

and the solution is sought of type

T (x,t) = (&) Zw(%ﬁ)

then the free boundary S(t) of the problem (20) — (24) must be of the type

S(t) =2MVE, t>0

(21)

(22)

(23)

(24)

(28)

with A; > 0 an unknown coefficient to be determined and the problem (20) — (24) yields

¢ F20(E)(E—w)=0,0<E< N

¢' (0) = 2wy (0)

1
A) =
SD( 1) a+69f

2

¢ (A1) = C (A —w).

(a+ boy) (a (a+b0;) — 1)

Taking into account the expression (25) we have

s(t) = 22Vt

ith
wi A —w
bl -

A=
a+be—z

(29)
(30)

(31)

(32)

(33)

(34)
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If we integrate (29) we obtain

¢ (§) = Dyerf (§ —w) + (35)

where D; and C) are two constants of integration which can be determined from (30) and
(31)

_ Vrwexp(u?) 56)

Dy = (a+00f) [1 + /mwexp (w?) (erf (A — w) + erf (w))]
B 1+ /7w exp (w?) erf (w)
€= (a+b8y) (1 + /mwexp (w?) (erf (A; — w) + erf (w))) (37)

Now, we have to consider here the condition (32) which implies that A; must be the
solution of the following equation

Wi (z) = Wa(x) , T >w (38)
where
W) = W @)exp [~ (@ — w)] (30)
14+ wexp (w?) /7 (erf (x — w) + erf (w))
and
Wy (z) = i (x —w) . (40)

c(a+bly) —bl

It is easy to prove that W1(0) = w > 0, W (400) = 0, and Wj is a decreasing function,
and Wy(w) = 0, Wa(400) = 400 and W, is an increasing function because condition (10).
So, there exists a unique solution A; of the equation (38) and then we have the following
theorem.

Theorem 1.- Let us consider the hypothesis (10).
(i) If (©, s) is a solution of the free boundary problem (12) — (16) then © = ©(z,t) is
a solution, in variable z, of the integral equation:

Iy 50
O(z,t) = Cy + Dy erf (%\2” —w) , 0< 2 < s(t), (41)

where ¢ > 0 is a parameter and w, D; and C; are defined by (17), (36) and (37) respec-
tively, and s(t) is given by (33) and A; is the unique solution of the Eq. (38). Moreover,
function Y (z,t) defined by

1 T
</
Y(z,1) 2\/;&/0 omy W , 0<z<s(t),t>0 (42)

satisfies the conditions

Y 1 1
e 4
aﬂf(gj’t) 2/t O( 77j),0<£13<s(t),t>0 (43)
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Y(0,8) = —w, t >0 (44)
%—i@:,t) - _2% (Y(m,t) + %exp ((;(?t(;”’t))) L0<z<st),t>0  (45)
Y (s(t), ) = Ay —w, t >0 (46)

(ii) Conversely, if © is a solution of the integral equation (41) with s given by (33)
and function Y, defined by (42) satisfies the conditions (43) — (46), and w, D; and C} are
defined by (17),(36) and (37) respectively, and A; is the unique solution of the Eq. (38)
then (O, s) is a solution of the free boundary problem (12) — (16).

(iii) The integral equation (41) has a unique solution for ¢ > ¢, > 0 with ¢, is an
arbitrary positive time.

(iv) The free boundary problem (2) — (6) satisfying the hypothesis (10) has a unique
similarity type solution (6, s) for t > ¢ty > 0 (with ¢y an arbitrary positive time) which is
given by

1 1
- - — > 4
0(x,t) b{@(x,t) a}, 0<z<s(t), t>ty>0 (47)
s(t) = 2(A1—_wl))l\/i,t2to>0 (48)
a+69f—z

where © is the unique solution of the integral Eq. (41) where A; is the unique solution of
the Eq. (38), and w, D; and C} are defined by (17), (36) and (37) respectively.
Proof.

(i) From the previous computation we have

L/SE ()Eipt)

2/t
that is © is a solution of the integral equation (41) . Function Y, defined by (42) , satisfies
the conditions (43),(44) by elementary computations, and

O(z,t) = p(§) = C1 + Dyerf (§ —w) = Cy + Dy erf

Yy 1 | dn 1 7
—(z,t) = — - Oua N d
ot (1) 4t/ [ O(n,t) 2/t / (n, t)dn

1 (Y(x) . 1 (Y(x,t) D exp (—=Y?(z,t))
=i (T rewn) == (P A )

that is (45) . Finally we get

s(t)
_ 1 dy _ _xG®Y SO
Y(S(t)’t)_zﬁ / O(nt) 2yt 2Vt A

0

that is (46) .
(ii) In order to proof that (©, s) is a solution of the free boundary problem (12) — (16)
we get:
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! O (1) = (\%GXP ((;(ZQt(;E ’t)))m =
BTG e BIE)
A Oz, ) = 2—\% exp (—Y?(z,1)) Yi(z,t) =
_ _% exp (—Y2(z, 1)) (Y(:B, £) + %exp g::t(;” : t)))
that )is Eq. (12);
C 0(0,) = Cy — Dy erf(w) = W :
! 0,(0,) — f/%eXp (@—(15;()0 1) _ % , that is (13);
’ O(s(t),t) = C1 + Dyerf(A —w) = %bef , that is (15);
f)
01160 = LS G O = L B e (s ) =
_ %Wl () = %WQ (Ay) =
L bl (A —w) =22 Py that s (14)

R

(iii) Now in order to complete the proof, we just have to proof the existence of a
solution of the integral equation (41). If we define Y(x,t) by (42) then, Eq. (41) is
equivalent to the following Cauchy differential problem

Vitela+blg) —bl

aY 1 1
%(z’t):2\/E(C'1+Dlerf(Y(:B,t)))EGl(z’t’Y(ig’t)) , O0<z<s(t),t>0
Y(0,t) = —w,

(49)

with a positive parameter ¢t > 0. We have }%} < cZ’D\}_t which is bounded for all
1 T
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t >ty >0,0 <z <s(t), for an arbitrary positive time ¢3. Then, problem (49) (i.e. the
integral Eq. (41)) has a unique solution for ¢ > t, > 0, for an arbitrary positive time .
(iv) It follows from elementary but tedious computation.l

Remark 1. Y (z,t) dos not possess a limit at (0,0) because Y (0,t) = —w = —% <0
for t > 0 and PI?% Y(s(t),t) = Ay —w > 0for all t > 0.

If © is the solution of the integral equation (41) then © is strictly monotone in variable
x. We obtain that 0(z,t) = (1/0(x,t) — a) /b does not have limit when (z,t) — (0,0)
but (zx,t) is bounded in a neighborhood of (0,0) checking that

0, = lim inf O(n,7) <O(z,t) < lim sup O(n,7) =
FT im0 0 T) < bl t) < Um o sup 60, 7)
bo
= 07+ ot L/mw exp(w?) (erf (w) + erf (Ay — w))

When the hypothesis (10) is not satisfied we can follow an analogous method to the
one described before in order to obtain the following result.

Theorem 2.
(i) The result of the Theorem 1 is also true if we replace the condition (10) by a+b6; =

—. Furthermore, in this case, the solution of the free boundary problem (2) — (6) is given

by
Oz, 1) = % {@(;t) _ a} Cs(t) = 2DO\E (50)

where O is the unique solution of the following integral equation

— Dyerf | 280D _ £ o<z <s(t 51
@($7t) 0 €r ( 2\/]@ w +bl7 _iL’_S(), ( )

with
D — qor/7 exp(w?)
07 pl(1+ /rwexp(w?) erf(w))

for t > tg >0, 0 <z < s(t) for any arbitrary positive time ¢, and w defined by (17) .

(ii) There does not exist any solution to the free boundary problem (2) — (6) for the

bl
case a + by < = |

A more complete version of these results and the corresponding study for the analogous
problem with a temperature condition on the fixed face x = 0 instead of the heat flux
condition (3) will be given in a forthcoming paper.

Acknowledgments. This paper has been partially sponsored by the project PIP #
2000/2000 from CONICET-UA, Rosario (Argentina), proyect # 13900/4 from Fundacién
Antorchas (Argentina) and ANPCYT PICT #03-11165 from Agencia (Argentina).



Natale-Tarzia, ”An Integral Equation...” MAT-Serie A, 7 (2004), 15-24 23

References

1]

2]

V. Alexiades and A.D. Solomon, Mathematical modeling of melting and freezing
processes, Hemisphere - Taylor & Francis, Washington (1983).

J. R. Barber, An asymptotic solution for short-time transient heat conduction between
two similar contacting bodies, Int. J. Heat Mass Transfer 32, No 5, 943-949 (1989).

G. Bluman, S. Kumei, On the remarkable nonlinear diffusion equation, J. Math Phys.
21, 1019-1023 (1980).

A. C. Briozzo, M. F. Natale and D. A. Tarzia, Determination of unknown thermal
coefficients for Storm’s-type materials through a phase-change process, Int. J. Non-
Linear Mech. 34, 324-340 (1999).

P. Broadbridge, Non-integrability of non-linear diffusion-convection equations in two
spatial dimensions, J. Phys. A: Math. Gen 19, 1245-1257 (1986).

P. Broadbridge, Integrable forms of the one-dimensional flow equation for unsaturated
heterogeneous porous media, J. Math. Phys. 29, 622-627 (1988).

J. R. Cannon, The one-dimensional heat equation, Addison - Wesley, Menlo Park
(1984).

H. S. Carslaw and J. C. Jaeger, Conduction of heat in solids, Oxford University Press,
London (1959).

J. M. Chadam and H. Rasmussen H (Eds.), Free boundary problems involving solids.
Pitman Research Notes in Mathematics Series 281, Longman, Essex (1993).

M. N. Coelho Pinheiro, Liquid phase mass transfer coefficients for bubbles growing

in a pressure field: a simplified analysis, Int. Comm. Heat Mass Transfer 27 No 1,
99-108 (2000)

J. Crank J, Free and moving boundary problems, Clarendon Press, Oxford (1984).

J. I. Diaz, M. A. Herrero, A. Linan and J. L. Vazquez (Eds.), Free boundary prob-
lems: theory and applications, Pitman Research Notes in Mathematics Series 323,
Longman, Essex (1995).

A. Fasano and M. Primicerio (Eds.), Nonlinear diffusion problems, Lecture Notes in
Math. N.1224, Springer Verlag, Berlin (1986).

A. S. Fokas and Y. C. Yortsos, On the exactly solvable equation S, =
[(ﬁS—I—’y)_Q Sz:|1. + oz(ﬁS—l—'y)_2 S, occurring in two-phase flow in porous media,
SIAM J. Appl. Math., 42 No 2, 318-331 (1982).

N. Kenmochi (Ed.), Free Boundary Problems: Theory and Applications, I,1I, Gakuto
International Series: Mathematical Sciences and Applications, Vol. 13, 1/, Gakko-
tosho, Tokyo (2000).



24

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

28]

Natale-Tarzia, ” An Integral Equation...” MAT-Serie A, 7 (2004), 15-24

J. H. Knight, J. R. Philip, Fzact solutions in nonlinear diffusion, J. Engrg. Math.,
8, 219-227 (1974).

G. Lamé and B. P. Clapeyron, Memoire sur la solidification par refroidissement d’un
globe liquide, Annales Chimie Physique 47, 250-256 (1831).

A. Munier, J. R. Burgan, J. Gutierrez, E. Fijalkow and M. R. Feix, Group transfor-
mations and the nonlinear heat diffusion equation, STAM J. Appl. Math., /0 No 2,
191-207 (1981).

M. F. Natale and D. A. Tarzia, Fxplicit solutions to the two-phase Stefan problem
for Storm-type materials, J. Phys. A: Math. Gen 33, 395-404 (2000).

M. F. Natale and D. A. Tarzia, Explicit solutions to the one-phase Stefan problem with
temperature-dependent thermal conductivity and a convective term, Int. J. Engng.
Sci., 41, 1685-1698 (2003).

R. Philip, General method of exact solution of the concentration-dependent diffusion
equation, Australian J. Physics, 13, 1-12 (1960).

A. D. Polyanin and V. V. Dil'man, The method of the ’carry over’ of integral trans-
forms in non-linear mass and heat transfer problems, Int. J. Heat Mass Transfer 33
No 1, 175-181 (1990)

C. Rogers, Application of a reciprocal transformation to a two-phase Stefan problem,
J. Phys. A: Math. Gen 18, 105-109 (1985).

C. Rogers, On a class of moving boundary problems in non-linear heat condition:
Application of a Bdcklund transformation, Int. J. Non-Linear Mech. 21, 249-256
(1986).

C. Rogers and P. Broadbridge, On a nonlinear moving boundary problem with het-

erogeneity: application of reciprocal transformation, Journal of Applied Mathematics
and Physics (ZAMP) 39, 122-129 (1988).

D. A. Tarzia, An inequality for the coefficient o of the free boundary s(t) = 20/t
of the Neumann solution for the two-phase Stefan problem, Quart. Appl. Math 39,
491-497 (1981).

D. A. Tarzia, A bibliography on moving - free boundary problems for the heat-diffusion
equation. The Stefan and related problems, MAT-Serie A #2 (2000) (with 5869 titles
on the subject, 300 pages). See www.austral.edu.ar/MAT-SerieA /2(2000)/

P. Tritscher and P. Broadbridge, A similarity solution of a multiphase Stefan problem
incorporating general non-linear heat conduction, Int. J. Heat Mass Transfer, 37 No
14, 2113-2121 (1994).



MAT - Serie A, 7 (2004), 25-30

OPTIMIZATION OF THE HEAT FLUX IN A MIXED ELLIPTIC
PROBLEM WITH TEMPERATURE CONSTRAINTS

Maria Cristina Sanziel” - Domingo A. Tarzia®
(1) Consejo de Investigaciones de la Univ. Nacional de Rosario
Inst.de Matemaética B. Levi - Fac.de Cs. Exactas, Ingenieria y Agrimensura, U.N.R.
Av. Pellegrini 250, (2000) Rosario, Argentina.
E-mail: sanziel@fceia.unr.edu.ar
(2) Dpto.de Matemética - CONICET, Fac.de Cs. Empresariales, Univ.Austral
Paraguay 1950, (S2000FZF) Rosario, Argentina

E-mail: Domingo.Tarzia@fce.austral.edu.ar

Abstract

For a steady-state heat conduction problem in a poligonal domain 2 C R", with heat flux
condition in a portion of the boundary, I';, and a Fourier type condition in the rest of the
boundary, I';, we obtain the minimum total heat flux on I'y, so that the whole material is in
the solid phase. For this purpose we use the finite element method in order to convert the
optimization problem into a linear programming problem.

Key Words: Mixed Elliptic Problem, Steady-State Stefan Problem, Finite Element Method,
Linear Programming Problem.

AMS Subject Classification: 65K10, 49K20, 35J85, 65N30

l. Introduction

We consider a steady-state heat conduction problem in a material €2 which occupies a
poligonal bounded domain in R", with boundary I'= 'y UTy (with meas(I’;) >0 and
meas(I's) > 0). We impose a Newton law with a transfer coefficient o > 0 and an exterior
temperature b > 0 on I'y, and an outcoming heat flux g > 0 on I',. We assume, without loss
of generality, that the phase-change temperature of the material is 0°C.

This problem was studied in [TaTa] and it was stablished that if the heat flux g is between
a minimum flux q,, and a maximum flux gy, which are functions of the coefficient « and the
temperature b, then there is a steady-state two phase Stefan Problem, that is the temperature is
of non-constant sign in €2.

In [GoTal] a thermic flux optimization problem was solved: the maximization of the
output heat flux on a portion of the boundary domain, Iy, while on the other portion, I'y, the



26 Sanziel - Tarzia, Optimization of the heat flux, MAT- Serie A, 7 (2004), 25-30

distribution of the temperature was fixed. The maximization was carried out under the
condition that there is no phase change.

In [GoTa2] the maximum heat total flux on I'; was found, such that the temperature is
positive in the whole domain €2 considering a boundary Fourier type condition on I';.

Following the ideas of these papers, the goal of the present work is to minimize the total
heat flux on the boundary I'; so that all the material is in the solid phase. In order to solve this
minimization problem we will use the finite element method and we will obtain a linear
programming problem.

We remark that all the results of this work are still valid if we consider that the boundary
I of the domain §2 is the union of three portions, I'y, I's and I's, such that on I'; and I"y there
exist the same conditions stated above, and I'; is a wall impermeable to heat.

In Section Il we present the mathematical model of the minimization problem and in
Section Il we discretize it and a linear programming problem must be solved in order to
obtain the solution.

I1. Mathematical Model of the Problem

If 0 represents the temperature in 2 and we define the function u = k; 6+ — k,6~, where
k; is the conductivity of the phase i (z = [ for the liquid and i=s for the solid), then the
following equations represent the mathematical model of the corresponding steady-state heat
conduction problem [Du, Ta]:

Au=0 in

_%Flza(u—B), —%m:q @

where B = k;b > 0 and b is the exterior temperature.
We want to minimize the total heat flux on I'y with the constraint that the whole material
is in the solid phase. In other words, the problem is

n

Find g* suchthat J(g*) =1
u <

J(a) ()

f
0in
where

J(a) = rfq dy ,q € L*(Ty)

The variational formulation of the problem (1) is given by
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a.(u,v) = Ly(v), Vv eV,u eV (€))
where
a.(uv) =a(uyv) + afuvdy Lo(v) = L(v) + aB[vdy
Fl Fl
a(uyv) = [Vuvvdx , L(v) = — [qvdy ,V = HY(Q).
Q Ty

I11. The Discrete Problem and the Linear Programming Problem

We construct a regular triangulation 7,, of the poligonal domain € with Lagrange
triangles of type 1, with afin equivalent finit elements of class C°, and we approach the space
V by [Cil]:

Vi = {vh c co(s‘z)/\/h|T € P,(T), VT € Th} ,

where Py is the set of the polynomials of degree < 1.
The approximate variational problem consists in finding un, € V; so that

80 (Uha,Vh) = La(Vh) , YVh € Vy. (4)

We call IV the total number of nodes of the triangulation, r is the number of nodes on the
portion of the boundary I'; and p is the number of nodes on I',.
Let {w;} ¥, a basis of the space Vj,. We can think the basis as

— . N—
{Wz'}iN:r {w/l iz U {w?}i:r{)ﬂ U {W%}iN:prﬂ

where we denote wf the function whose value is 1 on the node N;, of the boundary T'; if j = 1,
of the boundary I'; if j = 2 or of the interior of the domain Q if j = €2, and whose values are
zero in the other nodes. Then we have
o= 3 U} + 30 U023 U ©)
i=1 i=r+1 i=N—p+1

whereu! (i=1,...,n,u(@i=r+1,..,N—p)and u?(i=N—p+1,..., N)are the real
unknown values at the corresponding nodes.

With the expresion (5) and considering vp= wg in (4), we get the following system of
linear equations
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Aut + Asu+Asu? = be
Aut + Asu+AgUZ = 0 (6)
Asu' + Agu+Agu? = b(q)

where the matrices Ay, ..., Ag are given by:

Ai=(aj;) €R™", aj=au(wj,w)), Ar=(a};) €R XN=(prn) af= a(wy, W),
A= (a% ) €RTP, a?j: a(wi,w}), A= (a?j ) € RN—(@+nxr, a?j: a(w},w?),
As= (a3 ) € RN-GHDXN-G+D, g3 = o ).

Ag= (a% )y e RN-(+nxp a?]: a(wi,w?), A= (azj ) € RPXT aZjZ a(wjl-,w?),

A (@) €RPXT af=a(Wu?), A= (a)) € RPP al= a(u,uf),

ul R, uweRP, uleRN-(
and b*=(b$)_, € R", b(g)= (bi(Q))ﬁiprJrl €RP,
with
b = aBfw} dv, bi(g) = — [quidy.
Fl F‘Z

The system (6) can be expressed as follows

Au = b, (7)
AL Ay As
where A € RN*Njs the finite element matrix , A=| A, A; Ag
Ar As A
and
u=(utu? u?) eRrN, b = (b%, 0, b(g)) € RN.

We obtain the elements b® and b;(g) through a numerical computation of the
corresponding integrals, for example by using the trapezoidal rule. For this purpose we
consider that the curve T'; (i = 1, 2) can be decomposed by
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S : e e
r,=U 11“?, with s = p — 1if I'; is open or s=pifI;isclosed
]:

and

[1dy =3 507 ~ T 5|0 (FNV) + FNG)).

i J=lri j=
where we have denoted with T the portion of the curve T'; whose limit points are the nodes
N and N1 and we have denoted with |F{| the measure of that portion of the curve.

In this way the linear system (7) becomes in
AU=MTG +b
where :

e ’q €RPand gj is the value of the flux g in the node My _psi,

e b c RN, 3: approaches the value of b fori=1...r and 3: =0fori=r+1,... N,
1
oM:(%2> e RNxP M1 e RIN-P) xPis a zero matrix,

M?=(m;;);Ly_,+1 € RP*Pis adiagonal matrix , with

1l ifi=N_—p+lori= N,
— (o5t + i) ifi=N-pr2,. N1,
if I'y is an open curve, or
m; = — (|05 + |03)) ifi=N_—p+1,...,N,

if I'y is a closed curve, (here we have considered Fév’p: 'Y, and the i-th component of the
vector Mg approaches the value of b;(q) i.e. (MG ); = b;(q).

After all these considerations, the optimization problem (2) is transformed into the
following linear programming problem :
Minimize  F(G)= <Tr, § > ro (8)
uelU ’

where
ST (T3] 4+ [T3)), (T52) o T3, T8 if T s open
Tp2:

LCC|ITS]+[T3)), (JT8] + T3], .. (T8 + [T5))) if Ty is closed,
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< ., . > greisthe usual inner product in RP and the set U is defined by
U={F €RP:CqF <d ,CeRN*P dcRV}
with C = A~LM and d=—A17D .

Taking into account that Ié( ‘d)>0,V g >0 itresults that the linear programming
problem (8) admits at least one solution [CiZ2].

We construct a programm in MATLAB and we get the solution of the problem (8) for

some different domains. From these numerical results we can guess that the minimum
ou*

optimum flux is given by ¢* = — - - where u* is the solution of the following elliptic
2

problem

Au*=0 in

au*
u*l =0, o B.
I, on Ir, @
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Abstract

We consider two steady-state heat conduction problems P and P, (for each av >
0) with mixed boundary conditions for the same Poisson equation. The difference
between both problems is that on the boundary portion I'; a Dirichlet condition
is verified for P and a Newton condition with transfer coefficient « is verified for
P, . We formulate distributed optimal control problems, for a suitable cost function,
over the internal energy ¢g in the material. We make a new proof with respect to the
one given in C.M. Gariboldi - D.A. Tarzia, App. Math. Optim. 47 (2003), 213-230
on the strongly convergence when a — oo of the optimal control gy, , the system
state ug,, oand the adjoint state pgy,, o to the optimal control g, system state
g, and adjoint state py,, corresponding to P, and P respectively. For this proof
we eliminate the restriction on the constant of coerciveness of the bilinear form,
and we use properties of the cost function and the theory of variational equalities
instead of the fixed point theorem.

Key words: Variational Inequality, Distributed Optimal Control, Mixed Elliptic
Problem, Adjoint State, Steady-State Stefan Problem, Optimality Condition.
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1 Introduction

We consider a bounded domain €2 in R™ whose regular boundary I' consists of the union
of two disjoint portions I'y y I'y with meas(I';)> 0 and meas(I';)> 0. We denote with
meas (I') the (n-1)-dimensional Lebesgue measure of T'.

We consider the following two steady-state heat conduction problems P and P, (for
each parameter o > 0) respectively with mixed boundary conditions:

—Au=g¢ in Q u|Fl =B —%|F2 =q (1)
and

. ou ou
—Au =g in Q —%|F1:a(u—B) —%|F2:q (2)

where g is the internal energy in €, B is the temperature on I'; for (1) and the temperature
of the external neighboord of I'; for (2), ¢ is the heat flux on I'y; and « > 0 is the heat
transfer coefficient of I'y (Newton’s law on I'), that satisfy the following assumptions:

geH=IQ), qel’Ty), BeHIT) (3)
Problems (1) and (2) can be considered as the steady-state Stefan problem for suitable
data ¢, g and B [5], [8], [11], [18], [19] and [21] .
Let u, and uy, be the unique solutions of the mixed elliptic problems (1) and (2)
respectively whose variational equalities are given by [15], [19]:

a(ug,v) = Ly(v), Yv € Vg, uy, € K (4)

and

Ao (Uga, V) = Lgo(v), Yo €V, ugq €V (5)

where

V =H'(Q); Vo={veV/v|, =0};

K=v+Vy; (9.h)= (9,h)u z/ghd:ﬂ; (6)
Q

a(u,v) = /QVU.V’U dr ;  aq(u,v) =a(u,v) + a/ Buv dvy
I

qudy; Lgo(v) = Lg(v) —I—a/ Buv dvy

I

Ly(v) = (g,0)n — /

I

for a given vy € V, v, = B.
We consider g as a control variable for the cost functionals J : H —Rj and J, :
H — R{ respectively given by:
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1

M
T9) = 5 Ity — zally + - ol @
and
1 M
Tal9) = 5 ltga = 24l + 5 gl 0

where zy € H is given and M =const.> 0.
Then we can formulate the following distributed optimal control problems [7], [9], [10],
[12] and [16]:

Find g,, € H such that J(gop) = IgIél;Il J(9) 9)
and
Find g,p, € H such that J,(gsp,) = IgIél;Il Jo(9) (10)
respectively.

The use of the variational inequality theory in connection with optimal control prob-
lems was done, for example, in [1], [2], [3], [4], [6], [14] and [17]. In [13] an optimization
problem corresponding to (1) is studied in order to avoid a change phase process.

In Section 2 we get that the functional J is coercive and Gateaux differentiable on H,
J' is a lipschitzian and strictly monotone application on H. We also obtain the existence
and uniqueness of the distributed optimal control problem (9). Similary, in Section 3
we get that the functional J, is coercive and Gateaux differentiable on H, J/, is a lip-
schitzian and strictly monotone application on H for all & > 0. We also obtain the
existence and uniqueness of the distributed optimal control problem (10) and strongly
convergence (when a—o0) of the states system (2) and the corresponding adjoint states
to the respectives of the system (1), for all g € H. Sections 2 and 3 follow [12].

In Section 4 we study the convergence when a— o0 of the optimal control problem (10)
corresponding to the state system (2). We prove that the optimal state system u,,, , and
the optimal adjoint system p,, . of problem (10) are strongly convergent in V to the
corresponding u,,, and py,, for problem (9) respectively when a—oo. Finally the strong
convergence in H of the optimal control g,,, of problem (10) to the optimal control g,, of
problem (9) is also proved when a—oco. This proof is new with respect to the one given
n [12]. We have eliminated the restriction on the constant of coerciveness of the bilinear
form a and we use the variational equality theory and the optimal control problem instead
of the fixed point theory.

2 Problem P and its Corresponding Optimal Control
Problem

Let C : H— Vjbe the application such that:

C(g) =uy — uo (11)

where v is the solution of problem (4) for ¢ = 0 whose variational equality is given by:
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a(up,v) = Lo(v), Yv € Vi, ug € K (12)
with

- [
Ty
Let II: H x H—R and L: H— R be defined by the following expressions:

(g, h) = (C(g),C(h)) + M(g,h), Vg,he H (13)

L(g) = (C(g),2a —uo), VY g€H.

We have that a is a bilinear, continuous and symmetric form on V' and coercive on
Vo, that is [15], [19]:

3 A > Osuch that a(v,v) > X|v|?, Vv € V. (14)

Lemma 2.1. (i) C'is a linear and continuous application, II is a linear, continuous, sym-
metric and coercive form on H,that is:

(g,q) > M|g|5.¥g € H (15)

and L is linear and continuous on H.
(ii) Jcan be also written as:

1 1
J(g) = 51(g, k) = L(g) + 5 luo — zall} Vg € H. (16)

(iii) There exists a unique optimal control g,, € H such that:

J(gop) = min J(g) (17)

geH
iv) The application g € H — u, € V is lipschitzian, that is:
9
1
Hugz - ungV < B\ H92 - 91HH>\V/91>92 € H. (18)
(v) Jis a Gateaux differentiable functional and J'is given by:

(J'(9) h) = (ug — 20, C(h)) + M(g,h) = 1l(g,h) — L(g), Vg.heH. (19)

(vi) The Gateaux derivative of J can be written as:

J'(9) =pys+ Mg, Vg€ H. (20)
where the adjoint state p, corresponding to problem (1) or (4), for each g € H, is the
unique solution of the following mixed elliptic problem:

: dp
—Apg = ug — 24 in (Y pg|r1 =0; 3—7”f|rz =0 (21)

whose variational formulation is given by:
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a(py,v) = (ug — za,v), Vv € Vo, p, € W. (22)

Moreover, the adjoint state p, satisfy the following equalities:

(pg, h) = (ug — 24, C(h)) = alpy, C(h)) ¥V g, h € H. (23)
(vii) The optimality condition for the problem (9) is given by J'(g,,) = 0in H, that is:

Pgop + Mgop =0 in H (24)
(viii) We have the following inequality:

1
Hpgz _pngV <3 Hugz _ungH Vagi,90 € H (25)
A

Proof. (i)-(iv) See [12].
(v)-(viii) The mean ideas of the proof are the following expressions:

@) T+ 1 = 9) = Ta)] = Sl — ugotag — ) + (g — 2,107 — 1)

2
+M(g,f — )+ 5~ 9.~ 9)

b) a(pg, O(h)) = a(pmuh - UO) = a(pmuh) - a(pg,uo) = (p97 h)

2
C) A Hpgz _p91HV < a(pgz — Pgi1yPgo _pgl) < Hugz - UngH Hpgz _p91HH

and the details are given in [12].

Now, we are in conditions for obtaining other properties of the functional J.

Lemma 2.2. (i) The application ¢ € H — p, € V; is strictly monotone. Moreover,
we have:

(pgz _pg1792 - gl) = Hugz - um“?{ Z 07 v.gng € H. (26)

(ii) Jis coercive or H-elliptic, that is:

Mt(l—t
(1=t)J(g2)+tJ (g1)—J (1—t)gattg1) > % lg2 — a1ll3; > V1,92 € H, Vte[0,1].
(27)
(iii) J'is a Lipschitzian and strictly monotone application, that is:
1
19(g2) = T (g0)llzr = (M + 55) llgr = g2l (28)

and

(J'(g2) = T (91), 92 — 91) = |Jug, — ug, |5 + M llg2 — q1llz; = M |lg2 — gull3 » Vo1,92 € H.
(29)
Proof. See [12]
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3 Problem P, and Its Corresponding Optimal Con-
trol Problem

LetIl,: Hx H—R, L,: H— Rand C, : H— V be defined by:

IL.(g,h) = (Calg), Ca(h)) + M(g,h), Vg, h€ H

Lo(9) = (Calg), 24 — wa), Yg€ H (30)

Ca(g) = uga — Uoa, Vg€ H

where ugy, is the unique solution of the variational equality (5), ug, is the unique solution
of (5) for g = 0 whose variational equality is given by:

aa(an,'U) = LOa('U)>v'U € V;UOQ eV (31)
with

Loo(v) = a/ Buv dvy —/ qu dry (32)
I'y I's

and a, is a bilinear, continuous, symmetric and coercive form on V, that is:

aa(v,0) > Ao |J0[l}, Vo € V. (33)

where A\, = A;min(1,a) > Ofor all & > 0 and \; is the coerciveness constant for the
bilinear form a; [20].

We can obtain similaries properties to Lemma 2.1, following [13], [15], [16] and [19]
which proof is omitted.

Lemma 3.1. Let @ > 0 be. (i) C,is a linear and continuous application, I1, is linear,
continuous, symmetric and coercive on H, that is:

.(g,9) > M|gll3 Vg € H. (34)

and L, is linear and continuous on H.
(ii) J,can be also written as:

1 1
Ja(g) = §Ha(g7 h’) - La(g) + 5 HUOQ - Zd“?{? v.g € H. (35)

(iii) There exists a unique optimal control g,,, € H such that:

Jo(Gopo) =min Ja(g)- (36)

geH

(iv) The application g € H — uy, € V is lipschitzian, that is:

1
Hugza - ugm“v < )\_ Hg2 - ngH ,Vg1,9, € H. (37)

(v) J, is Gateaux differentiable functional and J/, is given by:
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(Je(9), h) = (uga — 24, Ca(h)) + M(g,h) = a(g, h) — La(g), ¥V g, h € H (38)
(vi) The Gateaux derivative of J, can be written as:

J'(9) = pga + Mg,V g € H (39)

where the adjoint state py, is the unique solution of the following mixed elliptic problem
corresponding to (2) or (5), for each g € H and o > 0:

: OPga OPga
—Apga = Ugo — 2q In 5 — OZ I, = Pga; 8;; I, =0 (40)
whose variational formulation is given by:
Ao (Pgas V) = (Uga — 2a,V), YV € V,pyo € V. (41)

where ug, is the unique solution of (5). Moreover, the adjoint state p,, satisfies the
following equalities:

(pgcu h’) = (Uga - Za? Ca(h’)) = aa(pgcu Ca(h’))7 v.g?h' € H (42)
(vii) The optimality condition for problem (10) is given by J/ (gop,) = 0 in H, that is:

Pgopaa T MGop, =0 in H. (43)
(viii) We have the following property:

1
Hp92a _pgmHV < )\_ Hu92a - ugmHH V910 Goa € H (44)

Proof. See [12]

Remark 1. We note the double dependence on the parameter a for the optimal state
system ug,, o and the adjoint state pg,, «-

Lemma 3.2. (i) The operator g € H — p,, € V is strictly monotone, that is:

(pgza - pg1a792 - gl) = Hugza - uglaHz Z 07v91792 € H. (45)

(ii) J, is coercive or H-elliptic, that is:

Mt(l -t
(1=t)Ja(g2)+tJa(91) = Ja((1-t) g2+tg1) = % lg> — g1ll a; . Vg1, 92 € H; ¥t € [0,1].
(46)
(iii) J! is a Lipschitzian and strictly monotone operator, that is:
1
19(92) = Jalg)lly < (M +5) llor = 92l -V 91, 92 € H (47)
and
2
(Jal92) = Jo(91), 92 — 1) = M llg2 — g1l , Vg1, 92 € H. (48)

Proof. See [12]
Now, we will prove the following result of convergence when o — 0.
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Lemma 3.3. For all @ >0, g € L2(I;), B € H3(I';), we have the following limits:

i) Im |luge —ugl,, = 0,Vge H
i) lm |luga —uolly, = 0 (49)

iii) ah_{f)lo [Pga —pglly, = 0,Vg € H.

Proof. (i) Taking into account [12] and following [19] and [20] we obtain that there exists
(1, a constant independient of «, such that for large a:

C 2
i =l < 5 @) [ (e gy < (50)
)\1 T )\1
and we deduce that there exists w, € K such that:
a(wg,v) = Ly(v),Vv € Vo,w, € K (51)

and by uniqueness, we have wy = uy. Therefore, ug, — u, strongly in V' as o« — oo
because the following inequality:

At [[uga — ug”%/ < Ly(uga — ug) — altga, Uga — Ug)-

For the case (ii) we take g = 0 in the case (i).
(iii) We prove that there exists Cy a constant independent of «, for large «, such that:

C Cy)?
e N e R (52)
)\1 Fl )\1
and we deduce that there exists §, € V{ such that:
a(&y,v) = (uy — 24,v), Vv € Vy, &, € V. (53)

and by uniqueness, we obtain §, = p,. Therefore, taking into account the following
inequality:

2
)\1 Hpga _ngV S (uga - Zd7pga - pg) - a(pgppga _pg)

we get that p,, — p, strongly in V.

4 Convergence of Problem P, and its Corresponding
Optimal Control as a — oo

In this section we will make a new proof with respect to the one given in [12] of the
strongly convergence of the optimal control g,,, of problem (10) and its corresponding
adjoint state py, o (41) to the optimal control g,, of problem (9) and its corresponding
adjoint state pg,, (22) respectively when the parameter o (heat transfer coeflicient on I';)
goes to infinity. We will eliminate the restriction on the constant of coerciveness of the
bilinear form a and we will use properties of the cost function and the variational equality
theory instead of the fixed point theorem.



Gariboldi-Tarzia, ” Convergence controls ...”, MAT-Serie A, 7 (2004), 31-42 39

Theorem 4.1. (i) If p,,, and p,, . are the corresponding adjoint state of the problem
(9) and problem (10) respectively, then:

O}l_)ni.lo Hpgopaa - pgop 1% =0 (54)

(ii) If gop and gop, are the solutions of the problem (9) and problem (10) respectively,
then:

Jim lgop, = gopllr = 0. (55)

(iii) If ug,, and ug,, o are the corresponding solutions of the problem P and problem
P, respectively, then:

= 0. (56)

ah_I,:gO Hugoznaa — Ugop

v

Proof. First we will prove some preliminary results. Since g,p, is the solution of the
problem (10), we have the following inequality:

M

1 ) 1 M
5 Ntgopea = Zallyy + =5 N9opallsr < 5 ltga = 2ally + = gl s Vg € H,
2 2 2 2

then, taking g = 0, we have:

M

1 2 1
3 | Ugopear — 2al|f + - | Gopa I3 < 3 [woa — 2l < C3,Ya > 0,

where (3 is a constant independent of parameter a because ug, is convergent when
a — 00. Therefore
HgOPa HH S 04 and HugopaaHH S 05 (57)

where C4 and Cy are constants independent of . Now, if we take v = ug, o — ug,, in
the variational equality (5), following [19] and [20] we obtain for o > 1:

2 2
A1 Hugopaa — Ugyy ||y, T (a—1) / (Ugopaar = Ugop) AV < Ga(Ugopya = Ugops Ugppaar — Ugoy)
IR

< Cs Hugopaa = Ugey

v
where Cs = C(gop, ¢, Ug,,) is independent of . Next, we have:
2 06 / 2 (06)2
Ug, o — Ug, < — , a—1 Ugy o — Ug, ) dy < 58
H Yopa Yop ||V )\1 ( ) 1"1( Jopa gp) ’y )\1 ( )
and therefore we deduce that:
dn € V sucht that u,,, o — nweakly in V, (59)

and because the following inequalities:

a—00

0< / (n— ugop)Qd'y <lim inf / (ugopaa _ Ugop)Qd’y —0,
I r,
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we obtain that n € K. Next, if we take v = py, o — Py, in the variational equality
(41) we get:

2
M || Pgopmac = o]y + (@ = 1) / (Pgopac = Paop)’ @Y < @a(Pgopncc = Paoys Pgopac = Daop)
IN]

< Oy Hpgopaa — Pgop

V )
with C7 = C7(Cs, py,,). Next, we obtain:
2 Cr 9 (Cr)?
a— < +— ) —1 a— dy < 60
Hpgc);na pgop VvV — )\1 (Oé )/Fl(pgozna pga;n) Y )\1 ( )
and therefore we deduce that:
3¢ € Vsuch that p,,, o — {weakly in V (61)

and by the following inequality:

0< / (6 - pgop)Qd'}/ Shm inf / (pgopaa _ pgop)Qd'}/ —0
I'y a—00 I

we obtain ¢ € V. Now, we consider v € V; and taking into acount (59) and (61), from
the variational equality (41) we have:

a(€7v) = (77 - Zd,'U),\VI'U € %76 € W. (62)

Next, from (57) we deduce that there exists f € H such that g,,, — f weakly in H.
Therefore if we put v € V; in the variational equality (5) and we pass to the limit « — oo,
we obtain:

a(n,v) = (f,v) — / qudy, Yo € Vo, € K. (63)
1)
Now,
a(n,v) = L¢(v),Yv € Vo,n € K (64)

and from the uniqueness of solution of the variational equality (4), we have:

= uy. (65)
On the oder hand, from (62), (65) and the uniqueness of solution of the variational
equality (22), it results that:
§=py

Now,
Ja(goz)a) < Ja(f*),Vf* € H

J(f) = Ja(f) <lim inf Jo(gop,) <lim inf Jo(f*) =lim Jo(f*) = J(f7)

a—0o0 a—0o0 a—0o0
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and from the uniqueness of the optimal control we obtain that f = g,,. Therefore n =

up = Uy, and £ =psr=pgy, .
Moreover, from (61) and the following computation:

2
v < aa(pgopaa ~ Pgopr Pgopaa — pgop)

= Qq (pgopam Pgopga — pgop) - a(pgop 1 Pgopac — pgop)

= (ugopaa — Zdy Pgop o — pgop) - a(pgop7pgopaa - pgop)

A Hpgopaa ~ Pgop

we have (54). From the optimality condition (24) it results that:

1 1
19opa — Gopllr = M Hpgop _pgopaaHH < M Hpgop _pgopaaHV

and therefore (55) holds. Now, we have:

2
v

IN

A1 Hugopaa — Ug,, o (Ugopga = Ugeps Ugopga — Ugop)

Qo (ugwaa’ ugopaa - UQO;D) — Qo (ugozn’ u90;naa - ugop)
- LQOPaa(ugopaa B ugozn) - a(ugt?p’ ugopaa - ugop) - Oé/ b(ugopaa - b) d’}/
IN]

= a(ugﬁma ’ u90;naa - ug();n) - a(ugc);n? u90;naa - ugop)
= a(ugﬁma - u90;n7 u90;naa - ugop)

and taking into account (55) and the fact that ug,, — ug,, strongly in V' when a — oo
because (18), we get (56).
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