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Abstract. The paper deals with two nonlinear elliptic equations with (p, ¢)-Laplacian and the Dirichlet—Neumann-Dirichlet
(DND) boundary conditions, and Dirichlet—Neumann—-Neumann (DNN) boundary conditions, respectively. Under mild
hypotheses, we prove the unique weak solvability of the elliptic mixed boundary value problems. Then, a comparison and a
monotonicity results for the solutions of elliptic mixed boundary value problems are established. We examine a convergence
result which shows that the solution of (DND) can be approached by the solution of (DNN). Moreover, two optimal control
problems governed by (DND) and (DNN), respectively, are considered, and an existence result for optimal control problems
is obtained. Finally, we provide a result on asymptotic behavior of optimal controls and system states, when a parameter
tends to infinity.
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1. Introduction

Let © be a bounded domain in RY (N > 2) with a Lipschitz boundary I' := 9 which is divided into
three measurable and mutually disjoint parts I'y, Iy, and I'3 such that I'y is of positive measure. Let
1<g<p<+4oo,a B, p>0,b>0and § < p*, where p* is the critical exponent to p (see (2.1) in
Sect. 2). Given functions g: 2 - R, r: T's — R and I: I's x R — R, in the paper we are interested in the
investigation of the following mixed boundary value problems involving (p, ¢)-Laplacian operator:

Problem 1. Find u: Q — R such that

— Apu(z) — pAgu(x) + Blu(x)|"*u(z) = g(x) in Q,
u=>0 on Iy,
0
- 7(gz)u =r(x) on T,
u==~a on I's,
and
Problem 2. Find u: Q — R such that
— Apu(x) — pAgu(z) + Blu(z)’2u(z) = g(x) in Q,
u=0 on Ty,
0
- %}?u =r(x) on Do,
B Ip,gt
~a = al(x,u(x)) on Ts,
v

 Birkhiuser
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where A, denotes the p-Laplace differential operator of the form
Apu = div(|VulP~2Vu) forall uwe WHP(Q),
v s the outward unit normal at the boundary I, and

0
%u = (IVulP >V + p|Vul "2 Vu, )y -

The weak solutions to Problems 1 and 2 are understood as follows.

Definition 3. We say that
(i) a function u: Q — R is a weak solution of Problem 1, if u € WP(§) is such that u =0 on 'y, u =b
on I's and

/ (IVa(@)P~2Vu(z) + ul V()2 Vu(z), Vo(z)) . do

4 / Blu(@)"2u(z)v(z) dz = / g(@)o(z) dz — / r(2)v(z) dT
Q Q Ty

for all v € WP(Q) with v =0 on I'; UT3,
(i) a function u:  — R is a weak solution of Problem 2, if u € W1?(Q) satisfies u = 0 on I'; and

/(IVU(»T)IP”VU(@ + | Vu(2)|[*7*Vu(z), Vo()) dx+/ﬂ\u(x)|9*2U(fﬂ)v($)dx
Q Q

+ a/l(sc,u(a?))v(x) dr = /g(m)v(m) dz — /r(m)v(m) dr
s Q Ty
for all v € WP(Q) with v =0 on T.

The main feature of our research contains two perspectives. First, we deal with problems with mixed
boundary value conditions and (p, ¢)-Laplacian operator. Note that (p, ¢)-Laplace operator with 1 < ¢ < p
is the sum of a p-Laplacian and a ¢-Laplacian, so the energy functional I(u) corresponding to the (p, q)-
Laplace operator defined by

P a
I(u) := / (Vu| n [Vl ) dz for all u € WhP(Q),
p q

is mainly controlled by the exponent ¢ if u € B1(0) := {u € W'?(Q) | [|[Vul|r(oryy < 1}, or by the
exponent p when u € WHP(Q) \ B;(0). This structure impels the huge potential applications of (p, q)-
Laplacian in diverse fields, for instance, it can used to describe exactly the geometry of composites made of
two different materials with distinct power hardening exponents. Second perspective concerns applications
in which mixed boundary value problems are a powerful mathematical tool. They have been widely applied
to explain various complicated natural phenomena and to solve a lot of engineering problems, for instance,
contact mechanics problems, semipermeability problems, and free boundary problems. The research of
mixed boundary value problems with or without (p, ¢)-Laplacian can be found in Alves et al. [1], Axelsson
et al. [2], Bai et al. [3], Barboteu et al. [4], Zeng et al. [36], Duvaut and Lions [8], Figueiredo [9], Gasiniski
and Papageorgiou [11], Gasiniski and Winkert [12], Han [13], Liu et al. [16,17], Maz’ya and Rossmann [19],
Zeng et al. [34], Migérski et al. [22,23], Mihailescu and Radulescu [25], Mitrea [26], Papageorgiou et al.
[29], Liu and Papageorgiou [18], Papageorgiou et al. [27,28] and Yu and Feng [32]. Results on convergence
of optimal solutions in optimal control problems can be found in Denkowski and Migérski [5], Gariboldi
and Tarzia [10], Denkowski and Mortola [7], Zeng et al. [37], Migérski [20,21], Denkowski et al. [6,
Section 4.2], Liu et al. [15], Zeng et al. [35] and the references therein.



ZAMP A class of elliptic mixed boundary value problems Page 3 of 17 151

The purpose of this paper is fourfold. The first goal is to prove the unique weak solvability of Problems 1
and 2 by applying a surjectivity theorem for pseudomonotone operators. The second purpose is to establish
a comparison principle and a monotonicity result for solutions of Problems 1 and 2. The third aim is to
deliver a convergence result which shows that the solution of Problem 1 can be approached by the solution
of Problem 2, as @ — oo. Moreover, our last intention is to investigate two optimal control problems,
Problems 9 and 10, and to examine the asymptotic behavior of optimal solutions (i.e., control-state pairs)
and of minimal values for Problem 10, when parameter « in the boundary condition, representing for
instance a heat transfer coefficient, tends to infinity.

The rest of the paper is organized as follows. In Sect. 2, we recall basic notation and collect the
necessary preliminary material. Section 3 is devoted to the proof of existence and uniqueness of solutions
to Problems 1 and 2, and to discuss a comparison principle as well as a convergence result to Problemsl
and 2. Finally, in Sect. 4, we introduce two optimal control problems governed by Problems 1 and
Problem 2, respectively, and explore the asymptotic behavior of the optimal controls and system states
to Problem 10.

2. Mathematical background

In this section, we review some basic notation, definitions and the necessary preliminary material, which
will be used in next sections. More details can be found, for instance, in [6,24,30,31].

Let (Y, |- |ly) be a Banach space and Y* stand for the dual space to Y. We denote by (-, -) the duality
brackets for the pair of Y* and Y. Everywhere below, the symbols — and — represent the weak and
strong convergences, respectively. We say that a mapping F': Y — Y™ is

(i) monotone, if
(Fu— Fv,u—v) >0 forall u,vey,
(ii) strictly monotone, if
(Fu— Fv,u—wv) >0 forall u,veY with u# v,

(iii) of type (S); (or F satisfies (S, )-property), if for any sequence {u,} C Y with v, —— wuinY as

n — oo for some v € Y and lim sup(Fuy,,u, — u) < 0, then the sequence {u,} converges strongly
n—oo
touwin Y,

(iv) pseudomonotone, if it is bounded and for every sequence {u,} C Y converging weakly to u € Y
with lim sup(Fuy,, un, —u) < 0, then

n—oo

(Fu,u —v) <liminf(Fu,,u, —v) forall veY,

n—oo
(v) coercive, if
Fv
 (Fu)
llolly =0 [[v]ly
It is not difficult to see that if F' is of type (S)., then F is pseudomonotone as well. Note that the

operator F':' Y — Y™ is pseudomonotone if and only if it is bounded and y,, — y weakly in Y with
lim sup(Fyn, yn — y) < 0 entails lim (Fy,,y, —y) = 0 and Fy,, — Fy weakly in Y*. Furthermore, if
n—oo

n—oo

F € L(Y,Y™) (the class of linear and bounded operators) is nonnegative, then it is pseudomonotone.

Theorem 4. Let Y be a Banach space, and F, G:' Y — Y*. Then, we have
(i) if F is bounded, hemicontinuous, and monotone, then F is pseudomonotone,
(ii) if F and G are pseudomonotone, then F + G is also pseudomonotone.

The class of pseudomonotone and coercive operators enjoys the well-known surjectivity property.
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Theorem 5. Let Y be a Banach space and F:Y — Y* be pseudomonotone and coercive. Then F is
surjective, i.e., for any f € Y*, there is at least one solution to the equation Fu = f.

Let © € RY be a bounded domain such that its Lipschitz boundary I' = 99 is divided into three
measurable and mutually disjoint parts I'y, I's, and I's, and I'; has a positive measure. Let 1 < p < 400
and p’ > 1 be the conjugate exponent of p, i.e., zl) + z% = 1. In the sequel, we denote by p* the critical
exponent to p given by

Np .
ﬁ:{Nw LI (21)
+oo if p> N.

Throughout the paper, the norms of the Lebesgue space LP(€) and Sobolev space WP(Q) are defined
by

10

lull o) = /\u(wﬂp dz for all u e LP(Q),
)

and
P P 1/p Lp
lullwog@y == (Il ey + IVulEgmn))  for all we W (@),
respectively. We introduce a subspace V of W1P(Q) given by
Vi={ueW(Q) | u=0onT}.

From the fact that I'y has a positive measure and by the Poincaré inequality, it follows that V' endowed
with the norm )
P

|lullv == /\Vu\p dz forall ueV

Q
is a reflexive Banach space. Further, we consider the subsets K and K, of V' defined by
K:={ueV]|u=b on I's}, (2.2)

Ko:={u€eV|u=0 on T3},

respectively, where b > 0 is given in Problem 1.
We end the section with the nonlinear operator A: V' — V* defined by

(Au,v) = / ([Vu(z) P2 Vu(z) + p |Vu(z)|q*2Vu(x),Vv(x))RN dz (2.4)
Q

for all u, v € V. The following result summarizes the main properties of this map (see, e.g., [14, Chap-
ter 3, Example 1.7, p. 303]).

Proposition 6. Let > 0 and 1 < ¢ < p < +oo. Then, the operator A: V — V* defined by (2.4) is
bounded, continuous, strictly monotone (hence mazximal monotone) and of type (S4).

3. Existence, uniqueness and convergence results

This section is devoted to study the unique solvability of Problems 1 and 2. We discuss a comparison
principle which reveals the essential relations between the unique weak solutions of Problems 1 and 2 as
well as the constant b > 0. We also establish a monotonicity property of solution to Problem 2 with respect
to the parameter «, and obtain a convergence result which shows that the unique solution to Problem 1
can be approached by the unique solution to Problem 2 when the parameter « tends to infinity.
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Let us consider the nonlinear operators B, L: V' — V* defined by

(Bu,v) = /ﬁ\u(wﬂa_zu(m)v(m) dz for all u,v eV, (3.1)
Q
and
(Lu,v) = /l(m,u(m))v(m) dI’ for all w,v €V, (3.2)
I's

respectively. By the Riesz representation theorem, we introduce the function f € V* defined by

(f,v) = /g(m)v(x) dz — /r(m)v(m)df‘ for all veV. (3.3)

Using the notation above, it is not difficult to see that Definition 3 can be equivalently rewritten as
follows:

(i)/ a function u, € V is called to be a weak solution of Problem 2 associated with a > 0, if it

satisfies
(Aug + Bug,v) + a (Lug,v) = (f,v) forall veV, (3.4)
(ii)" a function us € K is called to be a weak solution of Problem 1, if
(Ao + Buso,v) = (f,v) forall v e Ky, (3.5)

where K and K are given by (2.2) and (2.3), respectively.

We assume that the function [ in the operator L satisfies the following hypotheses.
H(1): I: T3xR — Ris a Carathéodory function (i.e., for all s € R, the function « — I(z, s) is measurable,
and for a.e. z € I's, s — I(z, s) is continuous) such that

(i) there exist a; € Lﬂ’_/ (T's) and b; > 0 satisfying
[z, 5)] < arfx) + b (1+ [s["~1)
for all s € R and a.e. x € I's,
(ii) for a.e. x € I's, s +— I(z, s) is nondecreasing, i.e., it satisfies
(I(x,s1) — l(z,82))(s1 — s2) > 0
for all s1,s5 € R and a.e. x € I'3,
(iii) for a.e. z € I's, I(z,s) = 0 if and only if s = b.
We next give a concrete example for function ! which satisfies hypotheses H(1).

Ezample 7. Let b > 0 be given in Problem 1 and sgn: R — {—1,0, 1} be the sign function, namely,

1 ifs >0,
sgn(s) :=<¢ 0 ifs=0,
—1ifs <0.

Also, let 1 < p < 400 and w € L*>°(T'3), w > 0. Then, the function I: T's x R — R defined by
I(x,s) = w(z)sgn(s —b)|s — bP~* forall s € R and x €T3,
satisfies hypotheses H (1).
Besides, we need the following assurnpt/ion.
H(0): ge LP (Q) with g <01in Q, r € LP (I'y) with r > 0 on I'y, and b > 0.

The main results on existence, uniqueness, comparison, monotonicity and convergence to Problem 2
are provided in the following theorem.

Theorem 8. Assume that H(l) and H(0) are fulfilled. Then, we have
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(i) Problem 1 has a unique solution us, € K,

(ii) for every a > 0, Problem 2 has a unique solution u, €V,

(i) oo < b in Q,

(iv) for every a > 0, it holds us < b in Q and u,, <b on s,

(v) for every a > 0, it holds uy < un in 2,

(vi) if 0 < oq < g, then ug, < uq, i €2,

(vii) if a sequence {ay,} is such that ap, > 0 for all n € N with o, — 00 as n — 00, then ug, — Us N
V asn — oo.

Proof. (i) Tt is a direct consequence of [33, Lemma 6].
(ii) From (3.4), we can observe that u € V' is a weak solution to Problem 2 if and only if it solves the
following abstract operator equation: find w € V' such that

Au+ Bu+aLu=f in V*. (3.6)

By Proposition 6, we know that A is a bounded, continuous, strictly monotone (hence maximal monotone)
operator, and of type (S4). Also, we can obtain

| A ! for all ueV. (3.7)

q
L(q—l)p’(Q;]RN)

—1
ve Sy 4 pl[Vull

Employing [24, Theorem 3.69], we deduce that A is a pseudomonotone operator. As concerns operator
B, it is monotone and continuous, and satisfies

|Bully+ < ¢ |lul|S! forall weV (3.8)

with some ¢; > 0. The latter combined with the compactness of the embedding of V to L%(2) (due to
6 < p*) implies that B is completely continuous, so, it is also pseudomonotone. For any v € V, from
hypotheses H(l) and the Holder inequality, we have

”Lu” »’ = sup (Lu,v) p’ p
Fre veLP(Ls),|[vllLerg)=1 b @extn(ts)

< sup / l(z, u(z))v(z)|dl
velr(Ta) llvler ry) =14
3

< sup /(al(ﬁc) +bi(1+ Ju(@)[P~1)|v(z)| AT
UGLP(1—‘3)7HU|\L1)(F3)=1F3

L -1
< sup (Nal o gy + BT + bl ) Dollzory)
veLP(T's),[|v][Lp(ry)=1
4 -1
< lall o gy + b [Ts|?" + b1 HUHII:p(r;;)'
Hence, L: V — V* is well-defined. From the compactness of the trace operator v: V' — LP(I'3) and the

definition of L, we can also see that L is continuous. Besides, we use condition H (I)(ii) to infer that L is
monotone, that is,

(Lu — Lv,u —v) = /(l(a?,u(m)) —U(z,v(x)))(u(z) —v(z))dl >0
s

for all u, v € V. This together with [24, Theorem 3.69] implies that L is a pseudomonotone operator.
Therefore, by using Theorem 4(ii), we infer that A + B + aL: V — V* is pseudomonotone.
Next, let € > 0 be arbitrary. From hypothesis H(l), we get the estimate

(Lu,u) = /Z(x,u(x))u(x) dr' = /l(w,u(x))(u(x) —b)dl’ +/l(x,u(x))bd1"

I3 I's s
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> /z(x,b)(u(x) b dF—i—/l(x,u(x))de‘

I's s
>~ (@) + b1+ Ju@)bar
s
> ~b[Taf* fall ey — e Tl = i [ fua)Pt dr

Is
> b T larll o (pyy — b b1 | — & [[ull5 1y, — €l€)
with some c(e) > 0, where the last inequality is obtained by using the Young inequality. From the
estimates above and definitions of A and B, we obtain
(Au+ Bu + aLu,u)
> ullf, + IVl oy + Bllullfo gy — @b Tl larll ) — abrb[Ts|
—calullf, p,, —ac)
> [l + IVl ey + Bllulfo gy — @b Tal larll ) — abrb|Ts|
—cad ull, —ac(e) (3.9)
for all u € V. We set ¢ = ﬁ , where ¢y > 0 is the constant for the embedding of V into LP(T'3), that

is, |[v]|zr(ry) < evv]|v for v € V. Then, because of p > 1, we conclude that A 4+ B + L is coercive.
Therefore, all conditions of Theorem 5 are verified. Using this theorem, we deduce that Problem 2 has
at least one solution. Furthermore, the strict monotonicity of A allows us to apply a standard method to
show that Problem 2 has a unique solution u, € V.

(iii) Let us € K be the unique solution of Problem 1. We set w = (uoo — b)". Then, one has us, = b
on I's and w = 0 on I's. Thus, w € Ky. We take v = w in (3.5) to get

/ (Voo P72 Vtoo + 1| Vttoo | * Voo, V(tioo = b)) g d
Q

+/ﬂ|uoo(x)|0*2uoo(z)(uoo(x) — bt dz = (Aug + Bleo,w) = (f, w)
Q

= /g(x)(uoo(x) —b)tdr — /r(x)(uoo(x) —b)tdr.

Q s

From condition H(0), we deduce

/g(a;)(uoo(x) —b)tdz - /T(m)(uoo(x) _p)tdr <o,
Q >

while the monotonicity of B and nonnegativity of b guarantee that

[ el 0) i) — ) e > 0.
Q

Taking into account the last two inequalities and the fact Vb = 0, we have
(Auoe — Ab,w) < 0.

The latter combined with the strict monotonicity of A implies that w = 0. This means that uy, < b in Q.
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(iv) Let uy € V be the unique solution of Problem 2 corresponding to o > 0. We put w = (uq — b) ™.
Inserting v = w into (3.4), it yields
(Aug + Bug, w) + a{Lug, w) = (f, w). (3.10)

Hence, we have

(Aug, w) < —a{Ltte, w) = —a / 1z, () (g () — b)* T
I's

—a / 1z, e (2)) (110 () — b)dT’ < —a / 1z, b) (1o () — b) AT
{ua>b}NT'3 {ua>b}NT'3

= O7
where we have used the monotonicity of the function s — I(z,s) and hypothesis H(I)(iii), and the set
{uq > b} is defined by {u, > b} := {x € T's | uq(z) > b}. Therefore, one has

(Augy — Ab,w) <0.
Then, it is true that w = 0, i.e., u, < b in €.
From Eq. (3.10) and the fact u, < b in 2, we have

0> a(Lug,w) = a/l(x,ua(x))(ua(m) —b)tdr

s

=« / Iz, uq(2))(ua(x) — b)dr. (3.11)
{ua>b}NT3
Using the monotonicity of s — [(x, s) and hypothesis H(I)(iii) again, we obtain I(x, u(z)) (uq(x) —b) >
I(z,b)(uq(x)—b) = 0 for a.e. z € {u, > b}NT's. This together with inequality (3.11) implies I(z, uq(z)) = 0
due to uq (2) > b. On the other hand, condition H (1) (iii) turns out u, () = b. This leads to a contradiction.
Therefore, we conclude that u, < b on I's as claimed.

(v) For any a > 0 fixed, let u, € V and us € K be the unique solutions of Problems 2 and 1,
respectively. We set w = (uq — Uso) ™. From assertion (iv) it follows that u, < b on I's. We use the
definition of K (i.e., uso = b on I's) to get w = (uy — Uuse)™ = 0 on 'z, so, w € Ky. Taking v = w into
(3.4) and (3.5), respectively, we have

(Ao + Buso,w) = (f,w) and (Aug + Bug,w) + o Lug, w) = (f, w).
Summing up the equalities above, it gives
(Aug — Aty + Bug — Buso, w) = —a (L, w)
= —a/l(x,ua(x))(ua(x) — Uso(x))Tdl = —a/l(m,ua(x))(ua(x) —b)Tdr
Ty Is
=0.

Employing the monotonicity of A and B, we have w = 0, which implies u, < uy in .
(vi) Let 0 < a; < g and u; := uq,; be the unique solution of Problem 2 associated with a = «; for
i =1, 2. Hence,
(Au; + Bu,v) + o (Lu;,v) = (f,v) for all ve V.
Let w := (u; — uz)™. Putting v = w into the equality above and summing up the resulting equations,
one has

(Auy — Aug + Buy — Bug,w) = (s Lugs — oy Lug, w) = aw <Luz — %Luh w>
Q2
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et
= [ (1 na(e) = (o1 (2)) (12 (0) = e ar
I's 2
o)
=y / <l(x, us(x)) — a;l(ac,ul(m))> (ug () — uz(x))drl. (3.12)
{ur>uz}Nls
Recalling that u; < b on I's (see assertion (iv)), we use condition H(I)(ii) to find that 0 = [(z,b) >
U(z,ui(z)) for a.e. z € T'5 and i = 1,2. From hypothesis H(/)(ii) again and the fact &1 <1, we get

—o U (@) (@) () < L 1 wn (@) () — wa(a))
< —l(z, up(x)) (uy (2) — us(x)) for ae. z € {us > us}.
Inserting the inequality above into (3.12) and using hypothesis H (I)(ii), it yields
(Auy — Aug + Buy — Bug,w)
<o [ (@) - (@) (0 - i) dr <o
{u1>us}Nls

Therefore, we conclude that w = 0, and finally u; < us in €.
(vii) Let {a,, } be a sequence such that a,, > 0 for all n € N and a,, — 00 as n — oo. For each n € N,

let w, := uq, be the unique solution of Problem 2 corresponding to a = «,. We claim that sequence
{un} is bounded in V. For each n € N, we have
[ lve(lunllv + s llv) = (frun — teo) = (Atn + Bun + an Ly, tn — o).

Applying conditions H ()(ii) and (iii), one finds

(L, Uy — Uoo) = an/l(ac,un(x))(un(x) — Uno(2)) dT
s

= an/l(x,un(:v))(un(x) —b)dl > an/l(ﬂc,b)(un(m) —b)dl’ = 0.
I's s

Then, we have

I1f]
We use the Holder inequality and the monotonicity of B to get

V*( |un||V + ”uoo”\/) + <Aun + Bunauoo> > <Aun + Bun7un>

-1 0
lunlly + 2l VunlZamyy < Nl s llv + Bllucollzo g

1

_ 60—
IVl ey lssellv + 11 N

nlly + lisellv) + ealltsel et e

v ( |wnlv

for some ¢ > 0. This reveals that sequence {u,,} is bounded in V. Passing to the subsequence if necessary,
we may assume that u, — u in V as n — oo with some u € V. We are going to show that v € K,
i.e., u = b on I's. The boundedness of operators A, B and of sequence {u, } guarantee that there exists
a constant cz > 0 independent of n such that

(Auy + Buy — [t — Up) < c3

for all n € N. Then, for each n € N, we have

1
7<Aun+Bun _fauoo _un> < 673

<Lun7 Up — uoo> -
Qp 7%
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Keeping in mind that the embedding of V into L?(T'3) is compact, we have u, — u in L?(T'3). By the
Lebesgue dominated convergence theorem, we get

0= lim > > lim (Lup, tn — o) = Um | {(2,un(2))(un(z) — uco(x)) dl

n—00 Uy, n— o0 n—00

I's
- /l(m,u(m))(u(m) ~ oo () dI = /l(x,u(x))(u(x) _pydr
T3 I's

> [ I(z,b)(u(z) — b)dl = 0.
/

So, it holds I(z,u(x))(u(z) — b) = 0 for a.e. € I's. Condition H ()(iii) points out that u(z) = b for a.e.
2 € €. This means that v € K.
Subsequently, we shall show that u = us,. For any w € K, we have
(Aup, + Btn, up — W) + o (L, up — w) = (f, uy — w).

Because of w = b on I's, the following inequality holds

(Lt 1y, — w) = / 1yt (2)) (tn (&) — () dT
I's

- /l(x,un(a:))(un(x) _p)dr > /l(x,b)(un(m) _b)dr = 0.
I's I's

This implies

(Auy, + By, w — uy) > (f,w — up). (3.13)
From the monotonicity of A and B, we infer that

(Aw 4+ Bw,w — up) > (f,w — uy).
Passing to the limit as n — oo in the inequality above, one gets

(Aw 4+ Bw,w —u) > (fy,w —u) forall we K.

Due to u € K, for any ¢t € (0,1) and v € K, we have w; := tv + (1 — t)u € K. Inserting w = w; into the
inequality above, it gives

(Au + Bu,v — u) :tlirr(l)<Awt+Bwt,v—u) > (f,o—u)

for all v € K, namely,

(Au + Bu,v) = (f,v)
for all v € K. From assertion (i), we know that us, is the unique solution of Problem 1. Therefore, we
deduce that u = us. Since, every weakly convergent subsequence of {u,} converges weakly to the same
limit un, it follows that the whole sequence {u,} converges weakly t0 .

Finally, it is easy to prove that u,, converges strongly in V' to un.. Indeed, putting w = u«, into (3.13),
passing to the lower limit as n — oo in the resulting inequality, and taking into account the monotonicity
of B, we obtain

lim sup (At Uy — Uoo) < Hmsup (f, u, — teo) + lim sup(Bse, Uoo — Upn) = 0.
n—0o0 n—oo n—oo

This inequality combined with the (S, )-property of operator A implies that w, — us in V as n —
0. O



ZAMP A class of elliptic mixed boundary value problems Page 11 of 17 151
4. Optimal control and asymptotic analysis

In this section, we investigate two optimal control problems driven by mixed boundary value problems,
Problems 1 and 2, respectively. We prove existence of optimal controls and establish a result on the
asymptotic convergence of optimal control-state pairs, when the parameter « tends to infinity.

Let H = L? (). Given a measured datum z4 € LP(2) and two regularization parameters A, p > 0, we
consider the following distributed optimal control problems governed by Problems 1 and 2, respectively.

Problem 9. Find g* € H such that

J(g* J 4.1

(97) = min J(g), (4.1)
where the cost functional J is defined by
A

J(g) = » lug = zall7 0 () IIQIILP @ (4.2)

and ug s the unique solution to Problem 1 corresponding to g € LP ().
and

Problem 10. Given o > 0, find g* € H such that

Jo(g*) = min J,(9), 4.3

(97) = min Ja(g) (4.3)
where the cost functional J, is defined by
A

Ja(g) = 5 ”uag Zd”LP Q) + HQHLP Q) (4'4)

and ueg is the unique solution to Problem 2 corresponding to g € L (Q) and a > 0.

A control-state pair (g, ug+) on which the infimum of (4.1) is attained is called an optimal solution
to Problem 9. An analogous notion is applied to Problem 10.
The first result of this section is on existence of solutions to Problems 9 and 10.

Theorem 11. Assume that H(l) and r € Lp,(l_‘g) hold. Then, we have

(i) Problem 9 has at least one optimal solution (g%, u}.) € H x K,
(ii) for each o> 0, Problem 10 has at least one optzmal solution (g5, u%g-) € H X V.

Proof. We prove statement (ii), while assertion (i) can be obtained in a similar way. For any « > 0 fixed,
it follows from definition (4.4) that J, is bounded from below. This permits us to find a minimizing
sequence {g,} C H of Problem 10 such that

lim J,(gn) = inf Ju(g) :=mq > 0. (4.5)
n—oo geH

By the coercivity of J,, we can see that sequence {g,} is bounded in e (Q). By the reflexivity of v (Q),
we may assume, passing to a subsequence if necessary, that

gn —% g in LF(Q) (4.6)
for some g € H. Let us denote by u,, € V the unique solution to Problem 2 corresponding to g = g, and
a > 0. We claim that {u,} is bounded in V. Let € := 5= . For every n € N, a simple computation gives

(see (3.9), for example)

lgnllLer o lunllLe @) + 17l Lo (o) lltnll Lo ra)
1
> Jlunll¥ + sl Vunll] o umny + BllunllToqy — ablTs| laill Lo gy — abib|Ts|
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—cad) llunlf, - ac(e), (4.7)
where f, € V* is defined by

(fn,v) = /gn(x)v(x) dx—/r(m)v(m) dI’ for all ve V.
Q I

The latter combined with the continuity of the embeddings of V' to LP(2) and of V' to LP(I'3) implies
that sequence {u,} is bounded in V. Without any loss of generality, we may suppose that

Uy —= u in V asn — oo (4.8)
with some v € V.
Next, we verify that u is the unique solution of Problem 2 corresponding to g € L? (Q) and o > 0. In
fact, for each n € N, one has
(Aup, + Buy, + aLuy, w) = (fn, w) (4.9)
for all w € V. We insert w = u — u,, into (4.9) to get

(A, uy — u) = (Buy + aLuy, — fr,u— uy).

Passing to the upper limit as n — oo in this equality and using the compactness of embeddings of V' to
LP(Q) and of V to LP(T'3), and the monotonicity of B and L, we obtain
lim sup (Auy,, up, — u) < limsup (Bu + aLu — f,,u — u,) = 0.

Taking into account the above result and the fact that A satisfies (S )-property, we find that u,, — u in
V as n — oco. Letting n — oo in Eq. (4.9), one has

(Au+ Bu + aLu,w) = (f,w)
for all w € V. Now, it is obvious that u is the unique solution of Problem 2 corresponding to g € LPI(Q)
and o > 0.
Finally, from the weak lower semicontinuity of the norm function g — ||g|| 1. (q), we infer that

n—oo

- - A '
liminf J, (gn) = hnrggf (p lJun — Zd”ip((z) + 5 ”gnnip’(ﬂ))

)\ p /
_ . P . . ~ P
= nhm = lup — zd||Lp(Q) + hgnmf - ||gn||Lp,(Q)

A p P p’
> 2= zalliy + 5 191 ) = Talo)

This together with (4.5) entails that (g,u) € H x V is an optimal solution to Problem 10. This completes
the proof. O]

The second result of this section is on the asymptotic behavior of the optimal solutions to Problem 10.

Theorem 12. Assume that H(l) and r € L’jrl (T'3) hold. Let {a,} be a sequence such that a,, > 0 and
Qn — +00 as n — 00, and let (ga,, , Ua,g., ) be an optimal solution for Problem 10. Then, there exist
an optimal solution (g5, ul,q. ) for Problem 9 and a subsequence of {(ga.,,,Ua,ga, )} still denoted by the
same way, such that

’
* . D % .
Yo, = oo I LP(Q) and ua,g,, — Uy in Vasn— oo

Moreover, the sequence {Ja, (ga,, )} of optimal values for Problem 10 converges to the optimal value J(g%,)
of Problem 9.
If Problem 9 has a unique optimal solution, then the whole sequence {(ga, ,Ua,g.,)} converges in

LY () x V to (Ghs Usegs ) as m — oo.
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Proof. Let {a,} be a sequence such that a,, > 0 and «,, — +o00 as n — oo, and let (g, u,) :=
(Yarn > Yarp ga, ) De an optimal solution to Problem 10 corresponding to ,, > 0. It is obvious that

A / A~
;Hun Zd” r) T 7 % ||gn||ip/(9) = Ja, (9n) < Ja, (9) = ;Hun Zd” p) T 7 ||g||Lp Q)

for any g € H, where @, € V is the unique solution of Problem 2 corresponding to a,, > 0 and g € L?’ (Q).
Employing Theorem 8(vii), we have u, — us in V as n — oo, where uy, is the solution of Problem 1
associated with g € L (). We can observe that sequence {g,} is bounded in L¥' (). Without any loss
of generality, we may assume that

gn 2 g in LP(Q) as n — oo
for some g € H. Next, for each n € N, we have
(Atp, + By, oo — Up) + ap (L, Uoo — Un) = (fn, Uoo — Un).

Using the same arguments as in the proof of (4.7), we obtain that sequence {u,, } is bounded in V. Passing
to a subsequence if necessary, we may suppose that

w .
U, — uw in Vasn— oo

for some u € V. Since {u,} is bounded in V, by the former argument, one has

1
(L, Uy, — Uoo) < — [(Attyy + Bup — fr, oo — Un)] < — (4.10)
(7% Qp
for some ¢4 > 0 which is independent of n. We use the compactness of embedding of V' to LP(T's), apply
(4.10) and the Lebesgue dominated convergence theorem to get

0= lim % > lim (Ltp, Uy, — Uoo) = (L, U — Uoo) > (Llloo, U — Uso) = 0.

n—00 Uy, n—o00

Hence, it holds u(z) = b for a.e. © € Tz, i.e., u € K. We take the limit as n — oo in the following
inequality

(Auy + Bug,w —up) > (frn,w — up) (4.11)

for all w € K to get (Au + Bu,v) = (f,v) for all v € K. This means that v € K is the unique solution
of Problem 1 corresponding to g. Choosing w = u into (4.11) and passing to the upper limit as n — oo,
we use the (S )-property of A to get that u, — win V as n — oco. Note that from

Ja, (gn) < Ja, (h) forall h e H,

we have
A P ’
J(g) = EHU = Zallppiq) T ;”g“ip’(m

(A ' o L
< lim inf (EHU” — Zallppiq) T £,||gn||ip,(m) = liminf Jo, (9,) <liminf J,, (h)

(A A
= timint (D1~ 2aloie) + S0 0y) = 1= 20l + S gy = T2

for all h € H, where we have applied Theorem 8(vii) and u, is the unique solution of Problem 2
corresponding to h € Lp,( ) and «,, > 0. Therefore, we can see that g is also a solution of Problem 9. In

the meanwhile, we have g = g%, and u = ul ;.
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Finally, we show that g, converges strongly to g%, in LPI(Q). Keeping in mind that
Hg;o”LP’(Q) < hnrgiogf ||gnHLp’(Q)a

and Jo, (9n) < Ja,, (9%,), we have

J(g5) <liminf J,, (g,) < limsup Jy, (g5) < limsup J,, (9%,) = J(95)- (4.12)
n—oo n— o0 n—o00
Hence
J(g2) = T Ja (92) and gl ooy = T [lgull oo (4.13)

Thus, we conclude that g, — g* in L (Q) by using the triangle inequality and the fact that g, —— ¢
in L? (Q). The convergence of the sequence {.Jy, (ga, )} of optimal values for Problem 10 to the optimal
value J(g% ) of Problem 9 is a consequence of (4.13). This completes the proof. O

Remark 13. Let y; € LP(;RY) be a desired element. Theorems 11 and 12 established in this section
are valid when the cost functionals (4.2) and (4.4) are replaced by the ones

A
7(9) = 2191 = vl gy + 5 191530

A
Ja(g) = ; ||Vuag yd”LP(Q RN + = ||g||Lp @)’

respectively.
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