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The goal of this paper is to investigate a new class of elliptic mixed boundary value
problems involving a nonlinear and nonhomogeneous partial differential operator (p, q)-
Laplacian, and a multivalued term represented by Clarke’s generalized gradient. First,
we apply a surjectivity result for multivalued pseudomonotone operators to examine
the existence of weak solutions under mild hypotheses. Then, a comparison theorem is
delivered, and a convergence result, which reveals the asymptotic behavior of solution
when the parameter (heat transfer coefficient) tends to infinity, is obtained. Finally, we
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establish a continuous dependence result of solution to the boundary value problem on
the data.

Keywords: Mixed boundary value problem; (p, q)-Laplacian; Clarke’s generalized gradi-
ent; comparison; asymptotic behavior.
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1. Introduction

Let € be a bounded domain in RY with a Lipschitz boundary I' := 9§ which
is divided into three measurable and mutually disjoint parts I'y, I's, and I's such
that I'; has a positive measure. Let 1 < ¢ < p < 400, @, B, u > 0, b € R and
6 < p*, where p* is the critical exponent to p (see () in Sec. 2). Given functions
g:2— R, r:T'y > Rand j:T's x R — R, in the paper we consider the following
nonlinear mixed boundary value problems:

Problem 1. Find u: ) — R such that
—Apu(x) — pAgu(z) + Blu(@)’ Pu(z) = g(z) in Q,
u=0 only,

o a(P#Z)u — T(:Z?)

ov

u=>b onls.

on FQ,

Problem 2. Find uv:{) — R such that
—Apu(e) — pdgu(z) + Blu(@)’Pu(@) = glz) i Q,
u=0 onl}y,

0
_ Yot _ r(z)

o on I'y,
0
f(g—z)u € adj(u) on T,

where A, denotes the p-Laplace differential operator of the form
Apu = div(|VulP~2Vu)  for all u € WHP(Q),

v is the outward unit normal at the boundary I'

0
Qo ((9up=29u + i Tult2V) v
174

and Jj stands for the Clarke subgradient of j with respect to its last variable (see
Definition ().

Our motivation to study this type of problem comes from two sources. First, the
(p, ¢)-Laplacian operator has been used to model steady-state solutions to reaction—
diffusion problems arising in numerous applications in biophysics, plasma physics
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and in the study of chemical reactions, where the unknown generally denotes a
concentration of a substance, see, e.g., [I, 6] and the references therein. Second,
we have the mathematical interest in these type of problems mainly regarding the
existence and the convergence of solutions. Our present work is a continuation of a
very recent paper [§] in which a particular variational form of Problems[I and 2] was
investigated for # = 0, u = 0 and p = 2. There, u represents a temperature, g is the
internal energy, r represents the heat flux on I's, b is the prescribed temperature
on I's, and « > 0 is the heat transfer coefficient on I's.

The purposes of this paper are threefold. The first is to establish the existence
theorem for the weak solutions of nonsmooth elliptic mixed boundary value prob-
lem, Problem[2l Such existence result is based on a surjectivity theorem for a class
of multivalued pseudomonotone operators. The second purpose is to explore the
comparison principle and to study the asymptotic behavior of solution to Prob-
lem [2] as the heat transfer coefficient @ — +o00. The last aim is to prove a result
on the continuous dependence of solution with respect to parameters «, 5 > 0 and
functions (g,7) € L¥' (Q) x L¥' (T'3).

In Problem [ the function j:T's x R — R is such that j(z, ) is locally Lipschitz
for a.e. € I's and not necessarily differentiable. In general j(z,-) is nonconvex, so
the multivalued condition on I's in Problem Plis described by a nonmonotone rela-
tion expressed by the generalized gradient of Clarke. Such multivalued relation in
Problem[2]is met in modeling of certain types of steady-state heat conduction prob-
lems (the behavior of a semipermeable membrane of finite thickness, a temperature
control problems, etc., see for example [2, (3], [9] 10} 13} 14} 19]). Also, Problem [ can
be considered as a prototype of several nonmonotone boundary semipermeability
models, see [12] 15, 17, 08, 24H28]], which appear in hydraulics, fluid flow problems
through porous media, and electrostatics, where a solution represents the pressure
and the electric potentials. The analogous problems with maximal monotone multi-
valued boundary relations when j(z,-) is a convex function have been first studied
in [5], see also references therein. Further, Problems [Il and 2] have been treated in
steady-state two phase Stefan models, see, e.g., [} 21} 22]. It turns out that the
weak formulation of Problem [Z] is a hemivariational inequality. More information
on this kind of inequalities can be found in [16] [15] 17, 20, 24].

The outline of the paper is as follows. Section [ provides the necessary notation
and collects preliminary results. In Sec. [l we prove the existence of weak solutions
to Problem 2] and discuss a comparison principle. Section Ml is concerned with the
asymptotic behavior of solution to Problem[2land of a continuous dependence result
of Problem ] with respect to the data («, 3, g,7).

2. Mathematical Prerequisites

In this section, we recall basic notation, definitions and necessary preliminary mate-
rial, which will be used in this paper. More details can be found, for instance,

in [4], 16}, 23].
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Everywhere below, the symbols — and — stand for the weak convergence and
the strong convergence, respectively. Given a Banach space Y, we also adopt the
notation ||- ||y and Y* for a norm and the dual space of Y, respectively. The duality
brackets for the pair (Y*,Y") is denoted by (-, -). We say that a mapping F:Y — Y*
is of the type (S)+ (or F satisfies the (S )-property), if for any sequence {u,} C Y
with 4, — wuin Y asn — oo for some u and limsup(Fu,,u, — u) < 0, the
sequence {u,} converges strongly to u in Y.

Let (Z,] - ||z) be a reflexive Banach space. We say that a function J:Z — R
is locally Lipschitz at v € Z if there exist a neighborhood N(u) of u in Z and a
constant L, > 0 such that

|[J(w) — J(2)| < Ly||lw —z||z for all w,z € N(u).

Definition 3. Given a locally Lipschitz function J: Z — R, we denote by J°(u;v)
the directional derivative in the sense of Clarke (or generalized directional deriva-
tive) of J at w € Z in the direction v € Z defined by

J(w+ ) = J(w)
)\ .

J%(u;v) = limsup
A—0t, w—u

The generalized gradient of J:Z — R at u € Z is given by
0J(u) = {€ € Z*| J%(u;v) > (&,v) for all v € Z}.

The properties of the generalized directional derivative and the generalized gra-
dient of a locally Lipschitz function are collected in what follows, see, e.g., [16,
Proposition 3.23].

Proposition 4. Let J:Z — R be a locally Lipschitz function on a Banach space
7. Then, we have

(i) for every u € Z, the function Z > v J°(u;v) € R is positively homogeneous
and subadditive, i.e.

JO(u; 2) = AJ(u;v)  for all AN >0 and u,v€ Z
and
JO(u;v1 +v2) < J%(uzv1) + JO(uzv)  for all u,vi,vs € Z.

(ii) Let u € Z be fized, for each v € Z, there exists an element £(v) € 0J(u) such
that

JO(u;v) = (€(v),v), d.e J(u;v) = max{(¢,v)|& € DJ(u)}.

(iii) The function Z x Z > (u,v) — J°(u;v) € R is upper semicontinuous.
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(iv) The multivalued mapping v — O0J(u) is upper semicontinuous from Z into
w*-Z*.

Let © € RY be a bounded domain such that its Lipschitz boundary I' = S is
divided into three measurable and mutually disjoint parts I'y, 'y, and I's with I'y
being of positive measure. Let 1 < p < +o00 and p’ > 1 be the conjugate exponent
of p, i.e. % + ]% = 1. In the sequel, we denote by p* the critical exponent to p given

by

N
< P itp<N,
p= —p (2.1)

400 if p> N.

Throughout the paper, the norms of the Lebesgue space LP(Q2) and Sobolev space
WLP(Q) are defined by

1
llull ey == </ lu(x)[? d:z:) " forallue LP(2)
Q
and
llullwr) == lullr@) + IVullLo@ryy  for all u e whr(Q),
respectively. We introduce a subspace V of WP(Q) given by
Vi={uec W"P(Q)|u=0onT}.

It follows from the fact that I'y has a positive measure and the Poincaré inequality
that V' endowed with the norm

1
Ju|lv == (/ [Vu|P d:c) foralu e V
Q

is a reflexive Banach space. Further, we consider the subsets K and K of V' defined
by

K:={uecV|u=0bonTs}, (2.2)
Ko:={ueV|u=0onTs}, (2.3)

respectively, where b € R is given in Problem [T}

3. Existence and Comparison Results

In the section, we shall study the existence of a weak solution to Problem [2] and
discuss a comparison principle which reveals the relations between the solutions
of Problems [[l and [2 and the constant b. In what follows, we assume that (g,r) €
LP' () x L¥' (Ty).

The weak solutions of Problems [I] and 2] are understood as follows.
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Definition 5. We say that

(i) a function u:9 — R is a weak solution of Problem [ if u € WP(£) is such
that u=0on I'y, w =0 on I's and

/Q (|Vu(x)|p72Vu(x) + u|Vu(x)|q72Vu(x),Vv(:z:))RN dx

+ [ Bl *u@)ole) do = [ ataol@)do ~ [ rajota)ar

I'>

for all v € WP(Q) with v =0o0n Ty and v =0 on I's.
(i) a function u: — R is a weak solution of Problem B if u € W1P(Q) satisfies

u=0onI7 and

/g (|Vu(z)|P~2Vu(z) + p|Vu(z)|7 2 Vu(z), Vo(z))gy do

+ /Q Blu(@) P~ 2u(z)o(z) dz + a / J (@, u(z); v(z)) dT

I's

> /Q g(@)o(x) dz — / r(2)v(z) dT

I'>
for all v € W1P(Q) with v =0 on I'y.

We introduce nonlinear mappings A:V — V* and B:V — V* defined by
(Au,v) :== /Q(|Vu(x)|p72Vu(:E) + p|Vu(x) |72 Vu(z), Vo(z))gy dz (3.1)
and
(Bu,v) = /Q Blu(@)|~2u(z)v(z) d (3.2)

for all u, v € V, and the element f € V* given by
(f,v) = / g(x)v(z)dx 7/ r(z)v(x)dl' forve V. (3.3)
Q Iy
Under these notations for A, B and f, an alternative form of Definition [ reads as

follows:

(1)’ a function u, € V is a weak solution to Problem [ corresponding to o > 0, if
the following inequality holds:

(Aug + Bug,v) + a/ 3%z, ug(x);v(x))dl > (f,v) forallve V. (3.4)
I's

(ii) a function us, € K is a weak solution to Problem[] if the following equality
is true

(Ao + Buso,v) = (f,v) for all v € Ky, (3.5)
where K and K are given by ([2.2)) and ([2.3]), respectively.
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Lemma 6. Under the above notation, for any b € R, Problem [ has a unique weak
solution us € K.

Proof. Observe that us € K solves (B1) if and only if zo, € Koy defined by
Zoo := Uso — b 1s a solution to

(Azoo + Bzoo,v) = (f — Bb,v) for all v € K. (3.6)
We use [IT, Chap. 3, Example 1.7, p. 303] to infer that A is bounded, continuous,

strictly monotone (hence maximal monotone), of the type (S ), and

(| Al ! for all w € V. (3.7)

1 _
ve < Hqulj/ +u||vu|‘%(q—l)p’(Q;RN)

From [I6] Theorem 3.69], we can see that A is a pseudomonotone operator. The
operator B is monotone and continuous, and such that

| Bul|y- < ea|lul|® forallueV (3.8)

with some ¢y > 0. Recall that the embedding of V into L?(Q) is compact (thanks
to 0 < p*), so, B is completely continuous. This implies that B is pseudomonotone
as well. By the easily verifiable inequality

(Au+ Bu,u) > [ulll + [V, + Blull o) forallueV,  (3.9)

we deduce that A + B is pseudomonotone and coercive. Therefore, by [4, Theo-
rem 1.3.70], Problem [ is solvable. Moreover, A + B is strictly monotone, so, we
can use a standard way to prove that Problem [I has a unique solution in K. This
completes the proof. O

Next, we give the existence result to Problem Pl To this end, the following
assumption on the potential j is needed.

H(j): j:T5 x R — R is such that

(i) @ — j(z,r) is measurable on I's for all r € R,
(ii) r — j(x,r) is locally Lipschitz continuous for a.e. x € T's,
(iii) there exist constants cg,cq > 0 such that

107 (z,7)| <co+ci|r|P~t forall? € R and for a.e. x € I's,
(iv) j%x,r;b—7) <0 for all 7 € R and for a.e. x € I's, b > 0 is given in Problem Il
Theorem 7. Assume that H(j) holds. Then, Problem 2 has at least one weak

solution in V.

Proof. First, analogously as in the proof of Lemmal[@ we deduce that operator A+
B is pseudomonotone and coercive. Next, we consider the functional J: LP(T's) — R
defined by

J(w) ::/F Jj(x,w(x))dl'  for w e LP(T3). (3.10)
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Since j satisfies hypothesis H(j), we could apply the same arguments as in the
proof of [I6, Theorem 3.47] to obtain

(a) J given by (BI0) is well-defined and locally Lipschitz continuous in L?(T's),
(b) it holds

O(w; 2 (2, w(z); z(x
T )S/Ff(’ (x): 2()) dT",

(3.11)
0J(w) C 0j(x,w(x))dl’
s
for all w, z € LP(I'3),
(c) there are constants ¢y, d; > 0 such that
10 (W)l Lo (pg) < €7 + dillwlor,) (3.12)

for all w € LP(Ts).

Moreover, we claim that the set-valued operator V' 3 u +— v*9J(yu) C V* is
pseudomonotone, where 7 is the trace operator from V into L?(I's). From Proposi-
tion[Yiv) and ([BI2), we can see that for each u € V, the set y*0.J(yu) is nonempty,
bounded, closed and convex in V*. Having in mind [I6, Proposition 3.58], it is suf-
ficient to show that V' 3 u +— 4*0J(yu) C V* is a generalized pseudomonotone
operator. Let {u,} C V and {§,} C V* be sequences such that &, € v*9J(yu,)
and

Up — winV, & -2 £inV*, and limsup,,_ . (&, un — u) <O0.

Then, we are able to find a sequence {n,} C L¥ (I's) such that &, = ~*n, for all
n € N. The inequality ZI2) implies that {n,} is bounded in L?' (I's). Passing to a
subsequence if necessary, we may find a function n € e (I'3) such that 5, — nin
L (T'3), as n — oo. The continuity and linearity of v* implies that &, = v*n, -
€ = ~*n in V*. Recall that the graph of the map w — 9J(w) is strongly-weakly
closed. This combined with the compactness of v shows that n € 9J(yu), that is,
& € v*0J(yu). In addition, from the convergence

(€nyun) = <77na'7un>Lp’(F3)><Lp(F3) - <77»'7U>Lp’(1“3)><Lp(F3) = (v'n,u) = (§,u)

we conclude that V' 3 u +— v*9J(yu) C V* is generalized pseudomonotone. Hence

we deduce that the operator V 3 u — v*9J(yu) C V* is pseudomonotone.
Furthermore, we are going to verify that the operator A + B + ay*9J(y-) is

coercive. Using hypotheses H (j)(iii), H(j)(iv) and inequality (3I1]), one has

alé,u) = —alé, —u) > —ad®(u; —u) = —aJ(u;b — u — b)

Y

—aJ(u;b —u) — O (u; —Db)

o / J(@ u(@);b — u(z)) dT - a / J°(, u(z); —b) dT

Y
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> —a/ jo(:zc,u(:lc); =b)dl' > —/ al(ceg +c1|u(:1c)|p_1)bdf
s I's

= —acob|T's| — acleuHi;}l(Fg).
From the last inequality and (33]), we obtain

(Au+ Bu+ ay*0J(yu), u)
-1
> ullf, + plIVull L Bl ey — acoblls| — acsbllulls s g,

which easily implies that V' 5 u — Au + Bu + ay*9J(yu) C V* is coercive.
Therefore, all conditions of [4, Theorem 1.3.70] are verified. Using this theorem,
we are able to find a function w € V' such that

Au+ Bu+ ay*9J(yu) > f, (3.13)

where f € V* is given by (33). Multiplying (313) by v € V and using the definition
of f and the Clarke subgradient, it yields

(Au + Bu,v) + aJ® (yu; yv) > /

5 g(x)v(x)dx — / r(z)v(x)dl' forallv e V.

s

This together with (BI1]) and the definition of A and B entails

/Q(|Vu|p_2Vu+u|Vu|q_2Vu,Vv)RN dw—l—/ﬂﬁ|u(w)|0_2u(x)v(x)dx

+a/F3j°(x,w(x);vv($))dF Z/

Q

g(x)v(x)daz—/ r(z)v(z)dl

s

for all v € V. This shows that u is also a weak solution of Problem[2l This completes
the proof of the theorem. O

Further, we need the following condition.

H(0): g € LP () with ¢ <0 in Q and r € L? (['y) with 7 > 0 on Ty.

The corresponding comparison result for Problem Pl reads as follows.

Theorem 8. Suppose that H(j) and H(0) hold. Let uy be a solution of Problem [2l
corresponding to o > 0, and us be the unique solution of Problem [ Then, for
each a > 0, the following statements hold:

(i) ua <bin 9,

(ii) wa < uso in Q.

Proof. (i) Set w = u, — b. It suffices to show that w™ = 0 in Q. Since u, € V,
then it holds w = —b on I'y. This shows that w™ = 0 on I'y, thus, —w™ € V. It
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allows one to take v = —w™ as a test function in (34 to get

(Aug + Bug, —w™) + a/ 3%, ua (x); —wt (2)) dl > (f, —w™).

s

Because Ab = 0, we have

—(Augy — Ab,w™) — (Buy — Bb,w™) — (Bb,w™)
+a/ 3%z, ua (x); —wt (2)) dT > (f, —w™). (3.14)
I's

By the monotonicity of B, we have

(Bug — Bb,w") >0 and (Bb,w™) > 0.

So, (BI4) gives
(f, —wh) + (Auy — Ab,w™) < oz/F 3%z, ug(z); —w™ (x)) dl.
3
The latter combined with the definition of f and hypothesis H(0) implies
(Augy — Ab,w™) < oz/F §0(x, ug (z); —w™ (x)) dl. (3.15)
3

From condition H(j)(iv) and the fact j°(z,¢,0) = 0 for all t € R and = € T3, it
follows that

o [ P va(e) -t @)dr
Ir's
:a/ jo(x,ua(x);b—ua(x))df—i—a/ 3%(x, uq(x); 0) dl < 0.
{ua>b} {ua<b}

Taking into account the above inequality and BI5]), we obtain
(Auy — Ab,w™) <0.

Therefore, by the strict monotonicity of A, one finds Vw™ = 0, i.e. w™ = 0. This
proves that u, < b in Q.

(i) Denote w = 1y — Uso. We are going to show that wt = 0 in Q. Recalling that

Us = Use = 0 on I'1, we have —w™ € V due to w = 0 on I'y. Inserting v = —w™
into (B.4) we deduce
—(Aug — Ao, w™) — (Atge, wh) — (Bug,w™)
+a [ Pl -0t @)dr 2 (f~ut), (3.16)
I's

Choosing v = w' € K (because of us € K, i.e. uoo = b on I's, and assertion (i),
Uo < b) in [BA), we get
—(Auco, w™) = (—f + Buoo, w'").
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Putting the above equality into (18] implies

—(Aug — Ao, w") — (Bug — Buso,w™) + a/ 3%z, ug (x); —w™ (x)) dT > 0.
s
Taking into account the monotonicity of B, we have

(Aug — Augo,w™) < a/ 7%z, u (x); —w ™ (z))dr.

Ir's

Note that us € K, s0 s = b on I's. Then

[ (@)= @)ar = [ 5 ua(e)i (o~ bar

s

- / 7°(x, ua(@);b — ua(x))dl
{ua>b}

b a0 <o,
{uagb}
where we have used hypothesis H(j)(iv). Therefore, the last two inequalities
give
(Aug — Aug,w™) <0.

By virtue of the strict monotonicity of A, we conclude that w* = 0. This means
that u, < U on  which completes the proof of the theorem. O

We complete this section with the monotonicity property of solutions to Prob-
lem [2] with respect to the parameter a > 0.

Proposition 9. Suppose that H(j) and H(0) are fulfilled. If, in addition, the fol-
lowing inequality holds

Ozt —(t —8)T) + ¢, 5 (t —5)T) <0 (3.17)
foralle>1,alls,teR, s <b, t<b and a.e. x € I's, then
(i) for each a > 0, Problem[2 has a unique solution u, € V,

(i) if w; = uq, is the unique solution to Problem Bl associated with o; > 0 for
i =1, 2, and a1 < ag, then one has

up < ug  in Q.

Proof. (i) For any a > 0 fixed, let u; and us be two solutions to Problem[2l Then,
we have

(Au; + Bug,v) + a/F 3%, ui(x);v(z)) dl > (f,v)

for all v € V. We take v = ug — u; into the above inequality with ¢ = 1 and
v = u1 — ug for the inequality with ¢ = 2, and sum up the resulting inequalities to
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obtain

<AU1 — A’U,Q,UQ — U1> + <BU1 — BUQ,UQ — U1>

+a/F 3%, uq (x); uz () — uy (2))dl

+0</ 3@, ua(2); ur () — uz(z))dl > 0.
s
Next, we use the monotonicity of B to get

(Auy — Aug,ug — ug) < a/ jO(I,Ul(I’);UQ(I') —uy(x))dl

s

+a/ 30z, ua(x); uy () — ua(x)) dr,
s
which together with inequality ([BI7) entails
<AU1 - Auz,ul — UQ> S 0.
Therefore, from the strict monotonicity of A, we conclude that u; = wus. This means

that for each o > 0, Problem 2] admits a unique solution.

(ii) Let a1, ag > 0 be such that a1 < ao. Let w = w3 — uz. By Theorem i), we
have u; < b in  for i = 1, 2. We shall verify that w™ = 0 in Q. Since uy, us € V,
one finds that w = 0 on I'1, and —w™ € V. Hence, we have

(Aur + Bur, —w*) + o / 5@, ur (2); —w* (@) T > {f, —w™)
I's

and

(Aus + Bug,w™) +a2/ 3%z, ug(x); wt (x)) dT > (f,w™).
Ir's

Summing up the inequalities above, it gives
(Auy — Aug,w™)

< (Buj — Bug, —w™)

var(f e =t @)+ 2 et @) ar)

<a (/1“3 3@, uq (x); —w™ (x))dl + z—? 5 30z, ug (z); w™ (:E))dl"),

where the last inequality is obtained by the monotonicity of B. Finally, from (B17),
we have

(Aug — Auz,w™) <0,

which shows that w™ = 0, that is, u; < us. The proof is complete. O
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Example 10. Note that hypothesis [B17) is satisfied in the classical case, see [21],
for the function j(r) = 4 (r — b)?. Indeed, in this case, we have 9j(r) = {r — b} and
jO(r;s) = (r —b)s for all r, s € R. Let s, t € R with s < b, ¢t < b. Hence, for all
c>1, we get

I:=75%—(t—s)") +¢j%s;(t—8)T) = (t —8)T((1 —c)b+cs —t).
For t < s, we have (t —s)™ =0 and I = 0. For s < ¢, we obtain
I'=(t—s5)((1—cb+es—t)<(t—8)(c—1)(t—b) <0.
Consequently, (3.17) holds.

Remark 11. It should be mentioned that if p = 2, § = 0, and u = 0, then
Theorems [ and 8 and Proposition [l have been recently obtained in [§].

4. Asymptotic Analysis and Dependence Result

In this section, we focus our attention on the investigation of the asymptotic behav-

ior of solution to Problem 2] and we prove a continuous dependence theorem for

solution to Problem 2 with respect to the data (a, 8,g,7) € R2 x LV () x LP (T'3).
We need one more hypothesis on the potential j.

H(1): If j%(z,t;0 — t) = 0 for a.e. z € '3 and for some ¢t € R, then ¢ = b.

We start the section by providing the following convergence result which reveals
that any sequence of solutions to Problem [2] converges to the unique solution of
Problem [ as the heat transfer coefficient @ — +o0.

Theorem 12. Suppose that H(j), H(0) and H(1) are satisfied. Let {a,,} C R,
an > 0 be such that o, — +00 as n — 00, and u, = Uq, be a solution to

Problem Bl with oo = au, and use € K be the unique solution to Problem [l Then

Up = Uso 0V, asn — oo. (4.1)

Proof. Let {a,} be a sequence of real positive numbers such that a, — —+00
as n — oo, and {u,} be a sequence of solutions to Problem [ such that u, is a
solution of Problem [2 corresponding to o = «,,. First, we verify that sequence {u,,}
is bounded in V. To this end, we take v = U — un, € V, uq = u, and a = «,, in

BA) to get

(At + Butg, tn — tne) < o / 5@ tn (2); oo () — tn(2)) dT — (f, ting — 1),
Ir's

From us, € K, it is clear that us, = b on I's. From hypothesis H(j)(iv), one has

Oén/ 32, un (2); oo () — up(x)) dT = Ozn/ 302, wn ()50 — up (2))dl < 0.
I's r

3
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By the definition of A and the monotonicity of B, we obtain
HUHW\O/ =+ :LL”vuanLq(Q;RN) < A{Aup, un) + (Blco, Uso — Un)

+ 171

and by using the Holder inequality, we derive

ve([unllv + l[ucolv),

HUHHQ + /’LHVUTLH%Q(Q;RN)

—1 -1
< unlly Nwoollv + sl VunllTpria 1y gy ltoollv 4 I lv=(lunllv + [[ucollv)

0—
+6||u00|‘%9(52) + M3||u00| L(Glfl)p’(SZ)HunHV

with some M3 > 0 which is independent of n, where we have used the fact that
the embedding from V into LP(2) is continuous. Hence, it is easy to find that the
sequence {u,} is bounded in V. Passing to a subsequence if necessary, we are able
to find an element u € V such that

Up —= winV, asn — oo. (4.2)

Next, we are going to prove that u = u,. For any w € K, we have w —u,, € V
for each n € N. Inserting v = w — u,, into (B4]), we have

(Aty + By, w — uy,) + an/ 30, wn (2); w(z) — up(x))dl > (f,w — uy,)
- (4.3)
for all w € K. Since w € K, it holds w = b on I's. The hypothesis H(j)(iv) implies
30z, up (2);w(z) — un) = §°(x, un (2);b — un(x)) <0 for ae. x € T's.

Combining the last two inequalities, it yields

(Aup, + Bun,w — un) > (fyw —uy,) foralwe K.
Next, by the monotonicity of A and B, we get

(Aw 4+ Bw,w — up) > (f,w — uy,) forall we K.
Letting n — oo for the inequality above, one has

(Aw 4+ Bw,w —u) > (f,w —u) forallwe K.

Because A and B are both continuous and K is nonempty closed and convex, we
employ the Minty trick to deduce

(Au+ Bu,w —u) > (f,w —u) forallwe K
which implies
(Au + Bu,w) = (f,w) for all w € K.

Keeping in mind that us € K is the unique solution of Problem [ so, when we
verify that w € K, then by the uniqueness of u., we get u = uo. Obviously,
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it suffices to demonstrate that v = b on I's. From the compactness of the trace
operator of V into LP(T'3) and the upper semicontinuity of the function (u,v) —

39(z, u;v), we use hypothesis H (j)(iii) and the Fatou lemma to find

lilrnsup/F 30, U ()5 Uoo (1) — up(2)) dT

n—oo

< / lim sup 12, tin (2); tioo () — tn(z)) dT

3 n—oo

< / 50 u(2); oo () — () dT = / (@, u(@);b— u(z)) dr <0,
(4.4)

where we have used hypothesis H(j)(iv). Combining the boundedness of {u,,}, the
monotonicity of A and B, and (4], we obtain

—an/r 30, U ()5 Uoo () — up(2)) dT

< (Ao + Bioo, Uoo — Un) — {f, oo — upn) < My

for some My > 0, which is independent of n. Hence

7/1“ G2, U (2); oo () — up(x)) dl < %. (4.5)

an
From (£4) and (LX), we have

0< —/ 3%z, u(x); b — u(x)) dl < limsup % =0.
I's n—oo n
The latter combined with hypothesis H(j)(iv) gives j°(x, u(z);b — u(z)) = 0 for
a.e. € I's. Tt follows from condition H(1) that u(z) = b for a.e. x € T's. This
means that v € K. Therefore, we conclude that u = us. Note that every weakly
convergent subsequence of {u,} converges to the same limit us, so we conclude
that the whole sequence of {u,} converges weakly to too.

Finally, we shall prove that {u,} converges strongly in V to us. We insert
w=wu € K into [@3), use H(j)(iv) and the compactness of the embedding of V" to
L%(Q) (owing to 6 < p*) and derive

lim sup(Auy,, un — u) < limsup(Bu,, u — uy,)

+ lim sup an/ 3@, un (2); b — wy (2)) dU + lim sup(f, u, —u) < 0.
n—oo Ty n— oo

The (S )-property of the operator A demonstrates that u, — u in V, as n — oo.
This completes the proof of the theorem. O

In what follows, we explore the continuous dependence result for solution to
Problem ] with respect to («a, 3,g,7) € R? x Lp/(Q) x LV ().
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Theorem 13. Let {ay,}, {5,} be sequences of real positive numbers such that o, —
@, Bn — B as n — oo with a, § > 0, and {(gn,rn)} C LP (Q) x L' (Ty), (g,7) €
L (Q) x L¥' (T'3) be such that

(gn,n) —= (g,r) in LP (Q) x LP (Ty). (4.6)

Let {uy} be a sequence such that wy, is a solution of Problem[2 associated with o =
Qn,y B = PBn and (g,7) = (gn,rn) for each n € N. Then, there exists a subsequence
{tun, } of {un} such that u,, — w in V, where uw € V is a solution of Problem [
corresponding to (o, 8,9,7) € R2 x LP'(Q) x L¥' (T'3).

Proof. Let u, be a solution of Problem [Z corresponding to o« = av,, 8 = [, and

(9,7) = (gn,rn) for each n € N. Also, let us, € K be the unique solution of
Problem [0l Then, us — u, € V and we have

(Atp, Uoo — upn) + Bn/ |un|0_2un(uoo — up)dz
Q
+an/ jo(x,un(x);uoo(x) — Uy (x))dl
Ir's

> /an(x)(uoo () — up(x))dx — /1“2 T () (oo () — up (x))dl.  (4.7)

We claim that the sequence {u,} is bounded in V. By virtue of H(j)(iv), we get
(At up)

< {Aup, Uoo) Jrﬂn/ [too| uoo(uoofun)dx
o (2w, () Uae () — 1y, (2
4 n/rgu,n(), (&) = tn()) dT
- / () (110 (&) — 0 ()l + / (&) (t0 () — tun () dT
Q s
< (At o) — /Q () (110 (&) — 10 ()l + / ) 1) — () 0

+Bn/ it |2t (1100 — 11)

Employing the Holder inequality, the Sobolev embedding theorem and the trace
theorem, one finds

HunH€ JF.UHVUHHLq(Q RN) < (Aup, up)dz
_ _ 0—
<l A+ Nnll S gy tocllv + Ba M (v oo 177 + Iluco )

+ Ma(llgnll Lo ) + 7l Lo (0y)) (luss v + llunllv)
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for some My, My > 0. This implies that {u,} is bounded in V. Passing to a sub-
sequence if necessary, we may assume that u, — u in V, as n — oo with some
u € V. Next, we apply the monotonicity of A and B to obtain

(Av, v — up) + ﬁn/Q [v]°2v(v — uy,) dz + an/F 302, un (2); v(x) — wp(x))dl

> /2 () (0() — () — / alm)(0(@) — ()l

for all v € V. Passing to the upper limit as n — oo, using the compactness of
the embedding V' to L?(Q2), and of traces V to LP(I'y), and V to LP(I'3), and the
Lebesgue dominated convergence theorem, we have

(Av + Bv,v — u) + a/r 3%z, u(z);v(z) — u(z))dl

> limsup(Av + Bv,v — uy,) + limsup(a, — «)

n—oo n—oo

x / 5@, tn(2); v(z) — un(z)) dT

+ lim supa/ 3%z, up (2); v(z) — wp(x)) dT + limsup(3, — )
s

n—oo n—oo

x [ )" 2(v — uy) da
Q

> lim sup/ﬂgn(x)(v(x) —up(2))de —liminf [ r,(2x)(v(z) — up(z))dl

n—oo n—oo Jr,
= [ s@)0@) —u@)ds = [ r@)(ola) —u(e)ar
2
for all v € V. Invoking the Minty argument, we obtain

(Au + Bu,v — u) + oz/F 3%z, u(z);v(z) — u(z))dl

> /Q o) (0(x) — u(x)) dx — / (@) (v(z) ~ ute)dr

for all v € V. This points out that v € V is a solution of Problem ] corresponding
to (o, 3,9,7) € R? x Lp/(Q) X Lp/(I‘g).

Furthermore, we shall prove that {u,} converges strongly in V' to u. A simple
calculation gives

(A, uy — u)

< Bn/ﬂ |un|9_2un(u — uy,) dx + an/r jo(x,un(x);u(x) — up(z))dl

3

- / (&) (u(z) — wn(2)) da: + / (&) () — tun (2)) dT"
Q

I'>
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We pass to the upper limit as n — oo to get limsup,, . (Aup, u, —u) < 0. The
latter combined with the (S )-property shows that {u,} converges strongly in V
to u. This completes the proof of the theorem. O

Remark 14. If p =2, 3 =0, and p = 0, then Theorem [I2 coincides with the one
obtained in [§]. Particularly, when p = 2, 8 = 0, and g = 0, Theorem [[3] extends
the result established in [§] from two perspectives:

(1) in [8], the authors derived the continuous dependence result with respect to
(g,7) only, while this paper deals with a more complicated situation that Prob-
lem 2] is perturbated by parameters (a, g,7);

(2) we prove that any sequence of perturbed solutions {u,} has a subsequence
converging to a solution of Problem [ corresponding to (a, g,r), whereas [8]
Theorem 9] delivered only a convergence result in the weak topology.

Besides, it should be mentioned that [8, Sec. 6] provides several examples
of functional j which satisfy hypotheses H(j) and H(1). Finally, it is an open
problem to study a more general case when b is a suitable nonconstant function.
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