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Similarity solutions for the two-phase Rubinstein binary-alloy solidification
problem in a semi-infinite material are developed. These new explicit solutions
are obtained by considering two cases: A heat flux or a convective boundary
conditions at the fixed face, and the necessary and sufficient conditions on data
are also given in order to have an instantaneous solidification process. We also
show that all solutions for the binary-alloy solidification problem are equivalent
under some restrictions for data. Moreover, this implies that the coefficient that
characterizes the solidification front for the Rubinstein solution must verify an
inequality as a function of all thermal and boundary conditions.
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1 | INTRODUCTION

Heat transfer during the solidification of alloys has been of particular interest in many engineering applications, especially
in the field of casting, welding, thermal energy storage systems, and crystal growth in semiconductors.

A semi-infinite material of a binary alloy consisting of two components A and Bis considered. Let C be the concentration
of component B, and T the temperature. We assume that the solidification of the alloy is governed by a phase equilibrium
diagram consisting of a “liquidus” curve C = fi(T) and a “solidus” curve C = f(T). We suppose that fs and f; are
increasing functions in the variable T assuming that they verify the following inequalities:

Ji(Ta) = fs(Ta) < f(T) < f(T) < fi(Tp) = fs(Tp),

where T4 and Ty are the melting temperatures of A and B, respectively. The material is in the solid phase if C > f(T) and
in the liquid phase if C < fj(T). When C is between f(T) and fj(T), the state of the material is not well defined and it is
known by mushy region according to the description of the model proposed in [1-4], which can be appreciated in Figure 1.

The alloy is considered to be initially in a liquid state at constant temperature T and constant concentration Cy. Then,
a heat flow characterized by the constant q, is imposed on the fixed face x = 0 and a front of solidification x = s(t) begins
instantly separating the alloy in solid state (0 < x < s(t)) and liquid state (x > s(¢)). The mathematical formulation of this
crystallization process consists of finding the temperature T = T(x, ¢) and the concentration C = C(x, t), both defined for
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FIGURE 1 Concentration versus temperature (phase equilibrium diagram with liquidus and solidus curves). [Colour figure can be viewed
at wileyonlinelibrary.com]

x > 0and t > 0, the free boundary x = s(t), defined for ¢ > 0, and the critical solidification temperature T} such that the
following conditions are satisfied (problem (P;)):

iooaTs =T,
ii. alTlxx = T1[
iii. d;Cs_ = Cy,
iv. dlclm = Clz

v kT, (0,1) = 12
t

vi. Tg(s(t),t) = Ty(s(t),t) = Ty
vii. Ty(x,0) = T,
viii. Ti(co, ) = Ty

ix. C; (0,6) =0
x. Cy(s(d), 1) = f5(Ty)
xi. Ci(x,0) = Cy

xii. Ci(s(0), 1) = fi(Ti)
xiii. ks T (s(¢), £) = ki Ty, (s(2), ©) = yps' (1)

0 < x<s(b),
s(t) < x,
0 < x<s(b),
s(t) < x,

(qo > 0),

T4 < T0<TB,
T4 < Ty < Tg,

x>0,

xiv. diCy(s(), 1) = dsCy (s(O), 1) = [ f«(Tix) = fuT)] s (8)

t>0,
t>0,

t>0,
t>0,

t>0,

t>0,
x>0, (1)
t>0,
t>0,
t>0,

t>0,
t>0,
t>0,

where p, k, a, d, y represent the mass density, the thermal conductivity, the thermal diffusivity, the mass diffusion, and the
latent heat of fusion, with s and [ denoting the solid and the liquid phase, respectively. When the condition on the fixed
boundary x = 0 is given by a constant temperature T4 < T(0,t) = T; < Ty (instead of condition (1.v)), the corresponding
solidification problem was solved in [1, 2, 4].

A study of binary-alloy problems can be seen in [5-12]. Recent works on the solidification of a binary alloy are [6, 8,
13-24]. The heat flux condition (1.v) imposed at the fixed face was first considered in [25] for a two-phase Stefan problem
for a semi-infinite homogeneous material. In [26], the same heat flux condition was considered when a density jump is
supposed for the two-phase Stefan problem.

We can also consider the problem (P,), which consists in finding the temperature T = T(x, t) and the concentration
C = C(x, t), both defined for x > 0 and ¢t > 0, the free boundary x = s(t), defined for ¢t > 0, and the critical solidification
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temperature Ty, such that the following conditions (1)(i)-(iv),(vi)-(xiv), and (v') are verified, where

V. kT (0,8) = fl—/o_(Ts(O, t) = T1), (hg > 0), t>0.
t

The convective condition (1.v") imposed at the fixed face was considered in [27] for a two-phase Stefan problem for a
semi-infinite homogeneous material.

The goal of this paper is to find the necessary and/or sufficient conditions for data (initial and boundary conditions, and
thermal coefficients of the binary alloy) in order to obtain an instantaneous phase-change process with the corresponding
explicit solution of the similarity type. A review of explicit solution for Stefan-like problems is [28].

In Section 2, we obtain the necessary and sufficient condition (2) for problem (P;) in order to obtain the explicit
solution (3)-(8). In Section 3, we deduce the inequality (39) for the coefficient i that characterizes the Rubinstein free
boundary x = s(t) for problem (P;) defined in (3). In Section 4, we obtain the necessary and sufficient condition (41) for
problem (P,) in order to obtain the explicit solution (42)-(47). Finally, in Section 5, we deduce the inequality (52) for the
coefficient u that characterizes the Rubinstein free boundary x = s(t) for problem (P,) defined in (42).

2 | EXPLICITSOLUTION FOR THE SOLIDIFICATION OF A BINARY ALLOY
WITH A HEAT FLUX BOUNDARY CONDITION
In this section, we consider the problem (P;) defined by differential equations and conditions (1) (i)—(xiv).

Theorem 1. If q verifies the following inequality:

(To — Topk, <qo< (To — Tos)k

\/Tap 0 \/ o

where Ty = f,7(Co) and Tos = f;(Co), with f71(C) = T is the inverse function of fi and f;'(C) = T is the inverse
function of f; respectively, then there exists a unique solution of the similarity type for the free boundary problem (Py),
which is given by

. ()

s() = 24\ ast, t> 0, (3)

Ty(x, f) = <Tk - %\/ﬂaserf(/l)> + %\/naserf ( X > 0 <x<s(b),t>0, (4)

24/ast

Tix,t) = Ty + Tk = To To— T erf( X > s(t) <x, t>0, (5)
erfc<% > erfc<\/—\/2:‘zi> 2yat
Cs(x, ) = fo(Ty), 0 <x <s(b), t>0, (6)

Citx,0) = Co + Merfc(

erfc(ﬂ )

>, s(t)y<x, t>0, 7
Vi

24/d;t

where the unknowns Ty and A (coefficient that characterizes the free boundary x = s(t)) must satisfy the following
equations:

Ty =F(A), M(A) = ¢(Tx), A>0, Ty < Ty < T, ®)
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where the real functions F, M, and ¢ are defined as follows:

X

erf(x) = 2 / e 'de; erfex)=1—-erf(x),
vV,

Q) = \/zxe“erfe(x), Fi(x) = erfe@)e”, x>0

N s \a 9
Fx)=To,+ @Q V)& e ™™ Fy ‘x). x>0,

-1
Amm=lo<%§%ﬂ ,x>0,¢@%:%%§%%?,xEU@HMUUmTM
1

The proof of the theorem is based on the next proposition, which will be done below.

Proposition 1. The following properties are valid,
(a) erf(x)is an strictly increasing function, with er f (07) = 0 and er f (+0) = 1.

(b) Qs an strictly increasing function, with Q(0") = 0 and Q(+o0) = 1.
(¢) Fi is an strictly decreasing function, with F1(0%) = 1 and F1(+o00) = 0.

(d) F is an strictly increasing function, with F(0") = Ty — @ and F(+o0) = Tg + yi—l“’.
(e) @ is an strictly increasing function on [Tos, Toy), with ¢(Tos) = 1 and &(T,) = xl_i)l‘]ll d(x) = +c0.
ol

Proof. (a), (b), and (c) follow from the definition of er f function, [25] and [3].

(d) Since Q is an increasing function and F; is a decreasing function, F is an increasing function. Further,

F©0) = To + 222000) - L\ /aze " F1(0) = To — L\ /oy,
ki ki k;
and
®s 2 As
F(+c0) = lim To + wQ \/_x _ D are ™ F \/_x
X—+0co k; \/El k; \/;l
Ypai
=T, + 224
o+ k;
(e) We have,
Jsx) — Co
0=+,
0 Co — f1()

and f(x) > Co for all x > Ty, fi(x) < Cp for all x < Ty;. Consequently, since f; and f; are increasing functions,
¢ is increasing on [Ty, To;). Moreover,

fS(TOS) - fl(TOs)
T ) = ———————— =1,
Po) = e AT

and since fs(x) > fi(x) for all x € (T4, Tg), in particular fy(To) > fi(Tor), from where

A= fi)
o) = e T T

We now prove Theorem 1.
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Proof. The similarity solutions to the heat equation au,, = u, has the form u(x,t) = A + Berf (

real numbers to be determined. Then, we can suppose that

Ts(x,t) = AT + Blerf
ol

Cs(x, t) = AS + BCer f
P 2/dyit
By (1) (vi), it results

Ty(s(t),t) = AT + Blerf < S®)

) . Tix,t) = A] +Berf <

) . Ci(x.t) = A + Bferf (

24/ast

) with A and B

(10)

where T}, is a constant to be determined. Then it follows that s(t) = 244/t for some A > 0, and again by (1) (vi), we

have

Ty(s(t),t) = AT + Blerf(A) = Ty,

Vs

Ty(s(t),t) = A/ +B/erf (Ta

a

On the other hand, from (1) (v), we obtain that

ks Tsx 0,1 =

from where
B = %\/ﬁas.
S

Then, replacing (13) in (11), we have

AT =T, — %\/ﬁaser ).

From (1) (vii), it follows that

Ty(x,0) =A] + B/ = Ty.

Blerfc @/1 =To — Tk,
l \/El

Subtracting (12) and (14), we obtain that

or equivalently,

T _ To — Tk
Bl = —
erfc <%/1>
Replacing (15) in (14), we conclude that
To—T
Al =T, - 0—\/_"
erfc < \/a_[/1>

Therefore, we obtain (4) and (5). Similarly, considering the equalities ix-xii from (1), we deduce that

C

BS
CSX(O’ [) = = 0:

ot

kSBgw qo

\ wogt - \_/_t’

amn

(12)

(13)

(14)

(15)
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from where B¢ = 0, and

S

Cy(s(t), 1) = A + Ber f <£i> = AS = f(Tp).
/i

Hence, Cs = f(Tx). On the other hand,

Ci(x,0) = AF + B = Cy,

and
¢ peonr | V%
Ci(s(t),t) =A; + Byerf ﬁfl = fu(Ty),
1
f h
oM ol Com AT e Co= fiTD
l ’ erfc(‘/;%)’ : erfc(va_s/l).
Va Va
Therefore,
et = ¢y ST Co= fiTi) erf< x >
erfc(ﬁﬁ) erfc(%/l) 2vy/dit
_ 4 ST =Co em( x )
erfc(‘/\/z:j/1> 2y dit
that is, (7).
From (1) (xiii), we have
V&)
qoe* +k—k—To_¢ <ﬁ> = ypAy/as.

erfc<%/l> i

Thus,
\/amerfc < >
Ty =To+ (ypiv/as — e
k 0 ( \/_ do ) <£
kie (16)
o (VE N aar ([ Va
=T, + —Q — qoe F; A
N ke Va
=F(4),
where Q, F; y F are given by (9).
From (1) (xiv), we obtain
1 : _ Ss(T) fl(Tk)’ a”n
< va 4) Co — f1(T)
Y 4\ VB o
\/;\/El/le erfc ( \/31/1>
that is,
M(4) = ¢(Ty). (18)
By Proposition 1, Q and F are increasing functions. Then, M is a decreasing function, and
M(0") = lim 1 +00, M(+00) = 1 _ 1 (19)
x=0% Q(x) | Qo)
TQ
FO*) = Ty = Y2 plyoo) = 1y + 129 (20)
kl kl

By (16) and (17), we have
M(2) = ¢(F(4)). (21)
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Then, taking into account (19), (20), and Proposition 1(e), we can assure the existence and uniqueness of A
verifying (21), if Tos < F(0) < F(+o0) < Ty, or equivalently (2). O

Remark 1. Define T; = T(0, t). Then,
T = T — o aszerf (4,
S

which is a constant independent of time ¢. Moreover,

T: < Ts(x,t) < Ty, 0 <x < s(t), t>0.

In fact, since er f (x) is an increasing function, and for x € (0,5(¢)), 0 < erf < X ) < erf(A), we have

2t

T = T500,t) < Ts(x, t) < Ts(s(t),t) =Tk, 0 <x<s(t), t>0.

Corollary 1. Define Cy; = fi(Ty) and Cy = fi(Ty). Then, Cy € [Cyj, Cal.
Proof. By definition, Cy = fi(Ty;). By hypothesis, fi(T;) > C;. Hence
Ca = fi(To) = fi(Ti(x,0)) = Ci(x,0) = Co. (22)
On the other hand, there are values x, and t,, with 0 < xy < s(y), such that
Tos = f5(Co) = Ts(xo, to),

and since fi(T) < f5(T), it results Tos = f;(Co) < f;"(Co) = To1-
Thus, by Remark 1, it results T; < Ts(xo, to) = Tos < To1, from where, taking into account that f; is an increasing
function, we obtain that

Cy = fi(Ty) £ fi(To) = Co. (23)
By (22) and (23) we conclude that Cy € [Cy;, Cy]. O

Remark 2. Following the steps on [4, Section 4] we can obtain that a mushy region will appear for the free boundary

problem (P) if the condition
&)
=
w® < v

<UTY UG —== 24)
o \/d‘,l)

To — Tk
Co — f1(Ty)

From Proposition (1)-(b), it follows that

VE
%—\/: >%’Q< as,1>. (25)
)

Then the condition (24) will hold if d; is sufficiently small.

3 | ANINEQUALITY FOR THE COEFFICIENT ; OF THE RUBINSTEIN FREE
BOUNDARY

For the solution given in Theorem 1, the temperature on the fixed face x = 0 is given by

T\ = Tu(0,) = Ty — %\/aszter 1A (26)
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Since T; < Ty, we can consider the problem (Pg) given by (1) (i)-(iv),(¥),(vi)~(xiv), where
9. T50,) =Ty, t > 0. 27

Problem (Pg) has a unique solution, known as Rubinstein solution, given by [1], that is

Tooe, ) = AT + BT * ) T =T + BT X, 28
(X ) erf<2\/a_st> l(x ) 1 lerf<2 al[> ( )
Cs(e,t) = AE + RBEerf ad , e, ) =AC + BCerf ad , (29)
(2\/d_st l S 2\/dit
3(t) = 2uv/agt, (30)
where _
T, —T:
AT =T, %? — -~k 1’ 31
s (1) 1 (u) erf () (31)
ng(M) =T, + &’ gng(M) = M’ (32)
erfc<\é_§y> erfc<\é_§y>
A (W) = f(To), BS(w) =0, (33)
Q{IC(“) =Cy+ M\/}C‘), ,%ZC(M) = CO_—J:Z/;T")’ (34)
erfc(ﬁy) erfc(\/gj >

and the unknowns T} and u (coefficient that characterizes the free boundary x = s(t)) satisfy the following equations:
T = Gw), M) = ¢(Ti), u> 0, Ta < Tic < Tp, (39)

where G is defined as follows:

705 Qi (X)Q <‘/"7x> + ToksarQ <““7x> + Tokit Q1 (%)
v v
Gx) = , x>0,

ksaQ <§x> + ks Q1 ()

Q:(x) = \/7xeer f(x). (36)

Theorem 2. If in the Rubinstein solution (28)-(35) we take T, = Ty, under condition (2) and (26), we obtain that the
two free boundaries problems (Py) and (Pg) are equivalents, that is,

u=A Te=Te (37)
Ts(x, t) = To(x, £), TiCx, t) = Ti(x, t), Cs(x,t) = Cy(x, 1), Ci(x, t) = Ci(x, t). (38)

Corollary 2. Under the hypothesis of Theorem 2, the coefficient u of the free boundary 5(t) and the initial temperature
Ty of solidification corresponding to the Rubinstein solution to the free boundary problem (Py) satisfies the inequalities

—. (39)

Q, —
erj(u
s To — Tos ki Vs To—To ki
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Proof. From the solution to problem Pg, equivalent to problem P;, by using condition (1) (v), we have (26), from where

_ k(T = Th)

- Vaszerf(u)’

where T is the temperature boundary condition for the Rubinstein solution.
By the equivalence between problems (P;) and (Pr), go must satisfy condition (2). Then, the next inequalities hold:

qo

(To — Topky < ks(Tie — T1) < (To — Tos)ki
Ta; v/ asmerf(u) T

k)

or equivalently (39). O

Remark 3. The inequalities (39) has a complete physical meaning for the solution to problem Pr when the corre-
sponding parameters verifies the inequality

\/ElTk—T1&<l

/a5 To = To ki .

Remark 4. The results in this section generalizes [25]. In fact, if C(x, t) is constant and if we consider only the thermal
problem, then condition (2) is the inequality given in [25, Lemma 1] obtained for the two-phase Stefan problem with
a heat flux condition at x = 0.

4 | EXPLICIT SOLUTION FOR THE BINARY ALLOY SOLIDIFICATION
PROBLEM WITH A CONVECTIVE BOUNDARY CONDITION

In this section, we consider the next two-phase Rubinstein type binary-alloy solidification problem defined by (Problem

(P)):

i. oTs =T 0<x<s(), t>0,
ii. aT, =T, s(t) < x, t>0,
iii. d,Cg_=C; 0<x<s(), t>0,
iv. dlClxx = Cl: s(t) < x, t>0,
v. kT (0,1) = % (T5(0, 1) — Ta) (ho > 0), t>0,
vi.  Ts(s(t),8) = Ti(s(D), t) = Tk t>0,
vii. Ti(x,0) =Ty Ty <To<Tg, x>0, (40)
viii. Ti(c0,t) = T, Ty < To<Tgs t>0,
ix. Cy(0,)=0 t>0,
x. Cy(s(8),8) = fo(T) t>0,
xi. Ci(x,0)=Cy x>0,

xii. Ci(s(t),t) = f1(Ty) t>0,
xiii. kT (s(t), t) — ki Ty (s(t), t) = yps'(t) t>0,
xiv. diCy (s(b), t) — dsCs (5(), £) = [fs(Tx) = fi(Ti)] s (£) t>0,

where T, is the bulk temperature at a large distance from the fixed face x = 0.
Following the study done in Section 2, we can obtain the next result.

Theorem 3. If the coefficient ho, which characterized the convective boundary condition (40) (v), verifies the following
inequalities:
To — Tok To — Tos)k
(To — Tonki e < (To — Tos)k

—_— <

(Toi - To)y/mar  (Tos— To)\/7m@l

(41)
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where Ty = fl‘l(Co) and Tos = f;1(Co), where fl‘l(C) = T is the inverse function of f; and f;71(C) = T is the inverse

function of fy respectively, the free boundary problem (40) has a unique similarity type solution given by

8(t) = 26\ ast, t> 0, (42)

hoy/mas(Ti — Teo
T, t) = Tie + o7l ) erf —erf(8) ], 0<x<3(), t>0, (43)
ks + hoy/maser f(6) 24/ agt
Tix, t) = ﬂwﬁerfc(L), () <x, t>0, (44)
erfc<@6) 2Vat
Cs(x, t) = fo(Ti), 0 <x < 5(b), t>0, (45)
Ci(x, t) = Co + Merfc( ) St <x, t>0, (46)
erfc(%é) 2v/dit

where the unknowns Ty and & (coefficient that characterizes the free boundary x = s(t)) satisfy the following equations:
T = W), M(8) = ¢(Tw), >0, Ty < Ty < T, (47

where the real function W is defined as follows:

To — To N Ypy/Tasay

WO =Tot e o1 T Heo

]’loks ﬂale_szl <ﬁx>
Ll

ki (ks + ho/maser f(x))

hoks+/may ki\/ma
+ .
xe* (ks + hor/mager f (x)) Nee <%x>

F(x) =

H(x) =

The proof of the theorem is based on the next proposition.

Proposition 2. The following properties are valid,

(a) F, is an strictly decreasing function, with F,(0%) = %\/am and F>(+00) = 0.

1

(b) H is an strictly decreasing function, with H(0") = 400 and H(+o0) = @kl.
q

(¢c) W isan strictly increasing function, with W(0") = Ty, + T",;T”

14 20

ki

and W(+o0) = Ty + %
1

Proof. We obtain (a) and (b) by Proposition 1, and (c) by using properties (a) and (b). O
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Remark 5. Similarly to Remark 2, we can obtain analogous inequalities to (24) and (25) for the appearance of a mushy
region of the free boundary problem (P,). Then, a mushy region appears if d; is sufficiently small.

5 | ANINEQUALITY FOR THE COEFFICIENT x OF THE RUBINSTEIN FREE
BOUNDARY

For the solution given in Theorem 3, the temperature in the fixed face x = 0 is given by

h er f(8) (T — Teo
T, = T0.1) = Ty — 0V Tser/ O~ Teo) (48)
ks + ho/mager f(6)

Since T; < Tk, we can consider the problem (Pg) defined by (40) (i)-(iv), (), (vi)-(xiv), where
. T50,6) = T, t> 0, (49)

which has a unique solution, known as Rubinstein solution, and was given by (28)-(35).

Theorem 4. If T, = Ty, under condition (41) and (48), we obtain that the two free boundaries problems (P,) and (Pg)
are equivalents, that is,

=36, T =T, (50)
Tix, t) = Ts(x, 1), Tutx, ) = Ti(x, ), Cs(x, £) = Ci(x, 1), Cilx, £) = Ci(x, ). (51)

Corollary 3. Under the hypothesis of Theorem 4, the coefficient u of the free boundary 5(t) and the initial temperature
T of solidification, corresponding to the Rubinstein solution to the free boundary problem (Py) satisfies the inequalities

Ak Ty — Ty Tos — Too Ok T =Ty Toi — T
\/__s k 1 1os <erf(/4)< \/__s k 1 Lol ) (52)
\/a_sleO_TOSTl_Too \/a_sleO_TOITl_Too

Proof. From the solution to problem Py equivalent to problem P,, by using condition (40) (v), we obtain

ks T - T

~ JamerfGo Ti -

By the equivalence between problems (P,) and (Pg), hy must satisfy inequalities (41). Then, the next inequality holds:

(To — Tonk ks T - Tl (To — Tos)ki (53)
(Tor - oo)\/ﬂal Vasmer f(u) Ty = T°° (Tos — oo)\/ﬂal
or equivalently (52). O

If we wish to obtain an inequality for the coefficient u of the Rubinstein solution, we must eliminate the dependence
on T,. Taking the maximum of % —= Lo~ = respect to T, on the left hand side, and the minimum of -2%—= "’ respect to T, On
1

the right hand side in (52), we get

cc

Remark 6.

\/Elk Ty — Verk, T, — Ty

<er <=2
\/a_s kl Ty — T()s S \/_ kl Ty — TOl

which is the same inequalities given by (39). Therefore, Remark 3 holds.

(54)




VENTURATO ET AL. W l L EY 6781

Remark 7. The results in this section generalizes [27]. In fact, if C(x, t) is constant and if we consider only the thermal
problem, then condition (41) is the inequality given in [27, Theorem 1] obtained for the two-phase Stefan problem
with a heat flux condition at x = 0.

6 | CONCLUSION

Two explicit solutions of a similarity type for the temperature and the concentration in the two-phase binary-alloy solid-
ification problem in a semi-infinite material were obtained for two different boundary conditions at the fixed face x = 0.
When the boundary condition is the heat flux condition given by (1) (v), then there exists an instantaneous solidification
process if and only if the coefficient qq satisfies the inequalities

(To — Topk, <qo < (To - TOs)kl'

Ta) Ta)

When the boundary condition is a convective condition given by (40) (v), then there exists an instantaneous solidification
process if and only if the coefficient hy satisfies the inequalities

(To — Topk e < (To — Toski

—<

(To = T)N/mar  (Tos — To)r/mar

Moreover, if p is the coefficient of the free boundary corresponding to the Rubinstein solution (28)-(35) to the free
boundary problem (Pg), then it satisfies the inequalities

o T, — a T, —
Va T Tllg<erf(m<\/—n Ty ks

\/ESTO—TOskl \/a_STO—Tolkl.

(55)

NOMENCLATURE
Co initial concentration
d mass diffusion
fi liquidus curve
fs solidus curve
ho coefficient that characterizes the heat transfer condition at x=0
k thermal conductivity
qo coefficient that characterizes the heat flux at x=0
s(t) position of the solidification front at time t
t time
To initial temperature
Ty critical temperature of solidification
a thermal diffusivity
4 latent heat of fusion by density of mass
A constant which characterizes the moving boundary for heat flux boundary condition
) constant which characterizes the moving boundary for convective boundary condition
p mass density

SUBSCRIPT

s solid phase
l liquid phase
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APPENDIX A

A.1 | Proofof Theorem 2

Proof. By (8), we have that M(4) = ¢(T}). Taking into account that T; = T} is given by (26), we have

ypasa;Q1(A)Q <£ﬂ> + TrksaQ <ﬂﬂ> + TokjasQq(A)

G(A) = v "
kaQ <‘/—\/:/1> + ki Qu(A)
& VB
roaa@Q (YZ4) + Tk ( Y24 ) - qoy/rerf(aQ T Tokias Qi (A)
koo;Q (%A) + kjasQ1(4)

asszl(A><To+ "“‘Q(% ) el Q(V\;A>>+Tkk azQ(

ks Q (ﬂx> + kias Q1 (A)

s

/)

(A1)
Ja

askiQi(4) <T0 + 190 (%Q b faime Fy <§a>> + TikaQ <

ko0 < v /1> + ki Q1 (4)

s

akiQuUAF () + TieksanQ <V«: /1> a1 QU Ty + TeksmQ <V\C /1)

ks Q (%A) + kias Q1 (A) ks Q <§A> + kias Q1 (A)

= Tyg.

Then,

{ M(A) = ¢(T),
G(A) = Ty,

and by the uniqueness of the pair T}, u in (35), we have A = y, and Ty = Ty.
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On the other hand, taking into account that A = y, we have

Al ) =d{x), Vx>0, Al(x)=d](x), Vx>0,
AS) = df(x), Vx>0, ASx) = (x), Vx>0,
B{(x) = B{ (x), ¥x >0, B (x)=3B/(x), Vx>0,
BE(x) = B(x), Vx>0, BL(x) = Bf(x), Vx>0,

that is, (38). O

A.2 | Proof of Theorem 3

Proof. The similarity solutions to the heat equation au,, = u; has now the form u(x, t) = D+ Eer f (L ) where the

2+/at

real coefficients D and E must be determined. Then, we can write

Tyoe,t) = DY + Elerf [ —=— ), Ti.t) = DT + Elerf | == |,
24/ ast 24/ gt

(A2)
Coe, 1) = DS + ESerf [ —— |, Ci0x,0) = D€ + ECerf | ——= ).
24/dgt 2v/dt

By (40) (vi), it results

) ) .
Tus(t),6) = DT + Elerf [ 22 ) = 1,
(2\/0@1‘ ‘

where T} is a constant to be determined. Then it follows that s(f) = 26+/ast for some 6 > 0, and again by (1) (vi),
we get

Ty(s(t), t) = DI + ETer f(6) = T, (A3)

Tys(t),t) =D + Eferf <@5> =Ty (A4)
Vai

a
On the other hand,
T,0,1) = Df,

and then, from (40) (v), we obtain that

2 1 ksEg —E(DT—T)
S 00 ) s

NN G

kT (0, 8) = kyET

that is,
kyET

hm/n'as'

DI =T, + (A5)

Then, replacing (A5) in (A3), we have

ET _ hO\/ ﬂas(Tk - Too)
P ks + hor/maser f(5)
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and then we have

D =T, + ks(Ty — Too) ‘
ks + ho+/maser £ (5)
From (40) (vii), it follows that
To = Ti(x,0) = D] +E]. (A6)
Subtracting (A4) and (A6), we obtain that
EzT = M. (A7)
Ve
erfc < \/3,5 )
Replacing (A7) in (A6), we conclude that
DlT =Ty + ﬁ.
Ve
erfc < \/3,5 )
Therefore,
. o hoy/may(Ti — To)
Ty, 0) = T + — - erf | 2= ) -erfs ).
ks + ho+/mager f(6) 24/ agt
and
Tix, ) = To + Tk = To erfc< d ,
@ 24/ agt
erfc < \/316>
that is, (43) and (44).
Similarly, considering the equalities ix-xii from (1), we deduce that
Df = f(Tw), ES =0,
DE = Cy+ fiT) — Co . ES= Co — fiTx) ’
erfc<\/d_15> erfc(\/zé')
that is, (45) and (46).
From (40) (xiii), we have
A _ ! A _ _ @ 2
ho(Tk — Tso) e 4k Ty — To 1 e ( a[ 5) _ }/pé\/(x_g, (A8)

ks
ks + hor/maser f(6) ler fe < Va 5) 7a
\/a_,
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from where

ypy/masar (ks + hoy/maser f(8)) berfc (%5)

Ty = -
corse () e ) (k4 hoyr
hokg+/mage=? erfc(\/ylé) +kie \VT ) (kg + ho\/maserf(5))
hoks T \/Tase™er fc VE5) 4T (ks + hoy/ ) _<§6>2
0Ks L oo 1 v 11o (Ks 0 ”aserf())e
+ 2
hoks/raie-Ser e Y26 ) + ki (ks + hoy/maerf(6)) ¢ L)
0Ks 1 N 1\ Ks ov/maser f( ))e
yp\/Tasa (ks + ho\/n'aserf(é)) 1)
i &)
(A9)

hoks+/mae=% + kj———
erfc(

sﬁ

) (k +h0\/n'aserf(6))

=3

EIE

——

Te + Ty

)
+1

hoks lra,e‘5ze al erf(

k,(k +ho/Tazer f (3)
Vs
hoky/Tae? e< K §> erfc(
ki(ko+h e )
yo\/maga Ty—T,
— L + T + 207 o
H(6) F6)+1
— W(5).

+

Bl

From (40) (xiv), we obtain

\/K 2
M\/_\; <V'> = [£(T) = fuTw)] 6+/as

erfc < )
that is,
1 A
= ¢(Tk), (A10)
o(%9)
Vi
and then (47) holds.

By (A9) and (A10), we have
M(5) = p(W(9)).

We know that M is a strictly decreasing function with M(0*) = +oc0, M(+00) = 1. On the other hand, by Proposition
2(c), W is an strictly increasing function. Then, taking into account Proposition 1(e), we can assure the existence and
uniqueness of § verifying (47), if Tos < W(0) < W(+0) < Ty, or equivalently (41), and the thesis holds. O

A.3 | Proof of Theorem 4
Proof. By (47), we obtain that M(5) = ¢(T}). We prove now that G(6) = Ty

Observe that
ksiQ < “f_s) T + kit Q1 (6) T
T = —4at>s (A11)

ksaQ <§5) + kiasQ1(5)
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Now, we work with B.

B = kjasQ:1(8) Ty = kiosQ1(8) Ty
al

hokso 4 /n'aserf(é) \/_
ks + ho /naserf(é) e

klasQl(é) [kes + ho/maser £(8)] + hoksan/maser f(6)Q <%5> hoksau/Faer (8) ( Ja >

- ks + ho/zacer £ () - ho+/Taser £ (6)
=)
Ve s

kiasQu(8) [ks + hoy/maser £ (8)] + hoksay/maser f(8)Q <
kin/@b [ks + hoy/Taser f(5)] hoksae™ Q <ﬁ )

ks + ho+/maser f(6)
Too + 0
hoksaze=Q (%5) + kiy/a6 [k + ho /7@ f)] | Vo6 [ks + ho/maser £ (3)]

e

(A12)

+

\/Z
8pagy/ass [ks + hor/maser f(8)] Q <ﬁ5> i hoksar/Faer /(5) . ( £5> N
hokyae=Q <%5> ki /a8 [k + hoy/Tmerf@)] | s T Hov/maer/ () Va

]’l(]ksale_(szQ <%5> \/a—
To + To |+ 7paiasQ(6)Q | ~=6
kiy/as8 [ks + hoy/maser f(5)] Va

hoksoy\/maser f(8) \/?sé ; hoksoy\/maser f(8) 0 Vs
ke + hm/rraserf(é)Q Va )T ke hoy/zmerf )\ ya

+ 7 poasQ1(6)Q <\/_a_55) .
\/Ol_l

Then, by (A11) and (A12) and taking into account that T; = T is given by (48), we have

= kia;Q1(0)

5) (T — Teo) + k1asQ1(8) Ty

ks Q <“—¢:6> T + kias Q1 (6) T

ks Q <“\; ) + kit Q1(5)

Vo o\ A ok /magerf(6) Vs -
ks“lQ(ﬁ Tk—mQ \/7]5 (Tx — Tw)

%5) + kiasQ1(5)

k1asQ1(8)To + y payasQ1(6)Q (ﬂ(s) (A13)

Ty =

ks Q <

V&

+
ksaQ <§5> + kiasQ1(5)

ksaQ <\VC ) 71+ ki Qu&) To + 7 paas Q1 (8)Q <

koo, Q (%5) + ks Q1(8)

s

= G(6).
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Thus, by the uniqueness of the pair Ty, u in (35), 4 = 6, and T, = T.
On the other hand, taking into account that 6 = u, we have

D{(x) = d{(x), ¥x>0, D/(x)=dx), Vx>0,
DS (x) = d{(x), Vx>0, DE(x) = (x), Vx>0,
E{(x) = B (x), Vx>0, E/(x)=%/x), Vx>0,
ES(x) = BS(x), Vx>0, ES(x) = B (x), Vx>0,

that is, (51). O
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