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A B S T R A C T

This work investigates the two-dimensional thermal behavior of a bilayer medium subject to both internal and
external heat sources. The model incorporates diffusion, advection, and temperature-dependent volumetric heat
generation or absorption in each layer, as well as general convective conditions on the external boundaries.
The influence of interfacial thermal resistance between the two materials is also considered. An analytical
solution is developed using Fourier-based techniques, and a stable and convergent finite difference method
is proposed to analyze particular scenarios. The theoretical results are validated against known solutions and
numerical simulations, demonstrating consistency with the expected physical behavior. The findings contribute
to a deeper understanding of heat transfer phenomena in layered systems and offer potential insights for
optimizing thermal performance in engineering applications involving composite materials.

1. Introduction

The study of thermal and mass transport in multilayered systems has attracted significant attention in recent years, owing to its wide-ranging
relevance across engineering, industrial, and scientific applications [1–6]. These layered configurations appear in diverse contexts such as composite
materials, porous media, electronic devices, biological tissues, and energy systems [7–13]. Research contributions span from textile engineering [14]
and environmental remediation [15–18], to biomedical applications like transdermal drug delivery and tumor modeling [19–23], and thermal
management in high-performance systems [24–28].

A wide variety of mathematical models and solution techniques have been developed to describe such problems. Analytical approaches such as
the separation of variables, recursive image methods, and transform-based methods are frequently used for simplified scenarios [3,7,29–35]. On
the other hand, numerical schemes like finite difference and finite element methods are favored for handling complex boundary conditions and
geometries [1,7,33]. Nevertheless, many studies in the literature focus exclusively on steady-state regimes [36–40], limiting their applicability to
time-dependent phenomena.

One-dimensional models of diffusion in multilayered media are well established [41–43], and further complexity has been introduced by
incorporating spatial or temporal variability in boundary conditions, chemical reactions, and convective terms [44–49]. However, in many practical
situations, thermal processes must be examined in two or three dimensions, particularly when the geometry or boundary effects play a significant
role. Although two-dimensional heat transfer has been previously explored under idealized boundary conditions such as isothermal or adiabatic
surfaces orthogonal to the layering direction [32,50–53], these works often exclude the full spectrum of realistic influences.

The existing literature, though rich in scope, still lacks comprehensive models that simultaneously account for multiple effects: transient
behavior, convection, internal and external heat generation, and thermal resistance at interfaces. For instance, the work in [54] considers two-
dimensional heat transfer in layered materials but omits the role of advection, interface resistance, external sources, and general convective
boundary conditions—factors that may substantially alter system behavior.
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Nomenclature

Subscripts and Superscripts
0 initial value
∞ stationary state
𝐴 relative to the left boundary
𝐵 relative to the right boundary
𝐻 homogeneous system
𝑖 spatial grid position (numerical method)
𝑗 spatial grid position (numerical method)
𝑘 time grid position (numerical method)
𝑚 (1, 2) layer number
𝑛 eigenvalue number
𝑝 eigenvalue number
𝑥 indicates in the 𝑥 direction
𝑦 indicates in the 𝑦 direction

Capital Letters
𝐴 auxiliary dimensionless parameter
𝐵 auxiliary dimensionless parameter
𝐴̄ auxiliary temporal function
𝐵̄ auxiliary temporal function
𝐵 𝑖 Biot number
𝐵 𝑖∗ auxiliary dimensionless parameter
𝐵̄ 𝑖 auxiliary dimensionless parameter
𝐶 the specific heat at constant pressure [J(kg◦C)−1]
𝐷 differential operator.
𝐷̄ dimensionless differential operator
𝐾 auxiliary dimensionless parameter (Initial condition)
𝑃 𝑒 Péclet number
𝑃 auxiliary function (numerical method) [◦C]
 partition (numerical method)
𝑅 related to the thermal resistance at the interface [m]
𝑅̄ dimensionless 𝑅
𝑆 auxiliary dimensionless heat source
𝑇 temperature field relative to ambient [◦C]
𝑇𝑟 reference temperature [◦C]

Lowercase Letters
𝑓 dimensionless auxiliary spatial function
𝑔 dimensionless auxiliary temporal function
ℎ convection heat transfer coefficient [Wm−2(◦C)−1]
𝑞 auxiliary parameter
𝑠 heat source [◦C s−1]
𝑠̄ dimensionless auxiliary heat source
𝑠̂ dimensionless heat source
𝑡 temporary variable [s]
𝑢 dimensionless auxiliary spatial function
𝑤 body length in the 𝑦 direction [m]
𝑤̄ dimensionless body length in the 𝑦 direction
𝑥 spatial variable in the 𝑥 direction [m]
𝑥̄ dimensionless spatial variable in the 𝑥 direction
𝑥1 interface location [m]
𝑥̄1 dimensionless interface location
𝑥2 body length in the 𝑥 direction [m]
𝑦 spatial variable in the 𝑦 direction [m]
𝑦̄ dimensionless spatial variable in the 𝑦 direction
𝑧 auxiliary parameter (numerical method)
Greek Letters
𝛼 thermal diffusivity coefficient [m2s−1]
𝛼̄ dimensionless thermal diffusivity coefficient
𝜷 fluid velocity [m s−1]
𝝌 auxiliary dimensionless parameter
𝛿 auxiliary dimensionless parameter
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∇ Nabla operator
𝛥 Laplacian operator
𝛥𝑡 time discretization step (numerical method) [s]
𝛥𝑥 spatial discretization step (numerical method) [m]
𝛥𝑦 spatial discretization step (numerical method) [m]
𝜖 dimensionless spatial eigenvalue
𝜂 auxiliary dimensionless parameter
𝛾 auxiliary dimensionless parameter
𝜄 auxiliary parameter (numerical method)
𝜅 thermal conductivity coefficient [W(m◦C)−1]
𝜅̄ dimensionless thermal conductivity coefficient
𝜆 dimensionless temporal eigenvalue
𝛬 auxiliary parameter (numerical method) [W(m◦C)−1]
𝜇 auxiliary dimensionless parameter
𝜈 generation/consumption coefficient [s−1]
𝜈̄ dimensionless generation/consumption coefficient
𝜔 dimensionless spatial eigenvalue
𝛺 problem definition domain
𝛺̄ dimensionless problem definition domain
𝜙 auxiliary dimensionless parameter
𝛱 auxiliary parameter (numerical method) [m−1]
𝜓 auxiliary dimensionless parameter
𝜌 density [kg m−3]
𝜎 auxiliary dimensionless parameter
𝜏 dimensionless temporary variable
𝜃 dimensionless temperature
𝛩 dimensionless auxiliary temperature function
𝜐 auxiliary parameter (numerical method)
𝛶 auxiliary parameter (numerical method)
𝜑 auxiliary dimensionless parameter
𝜉 auxiliary dimensionless parameter
𝜁 auxiliary parameter (numerical method)

To bridge this gap, the present study develops a detailed mathematical model for unsteady two-dimensional heat transfer in a bilayer
structure, governed by a convection–diffusion-reaction-source (CDRS) equation. The formulation incorporates temperature-dependent internal heat
generation, advective transport, external heat sources, thermal resistance at the material interface, and general convective conditions on the domain
boundaries. Nonlinear effects may play a significant role and, depending on the materials composing the bilayer, can substantially alter its thermal
behavior. Therefore, it is important to investigate such effects in specific cases (see, for instance, [55,56]). In this study, only linear effects at the
interface were considered, as incorporating nonlinearities into a general framework would add complexity and could hinder physical interpretation.
An analytical solution is constructed using Fourier methods, and a robust finite difference scheme is implemented to simulate specific scenarios.

he results aim to enhance theoretical insights and provide useful tools for the design and optimization of thermally complex multilayer systems.

2. Mathematical modeling

The problem of interest concerns transient heat transfer in a two-dimensional bilayer body. Each layer is assumed to be homogeneous and
isotropic. Additionally, internal heat generation or loss proportional to the local temperature, as well as advection due to fluid flow, are considered.
External heat sources are also included in the model. Phenomena such as thermal runaway and radiative heat transfer are neglected.

The length of the bilayer body is denoted by 𝑥2. The interface between the two materials is located at 𝑥1, where 𝑥2 > 𝑥1. The thickness of the
body in the 𝑦-direction is denoted by 𝑤. A schematic representation of the problem is shown in Fig. 1.

The transient energy conservation equation, which accounts for diffusion, advection, internal heat generation or loss, and external heat sources
n a two-dimensional bilayer body, is given by:

⎧

⎪

⎨

⎪

⎩

𝜕 𝑇1
𝜕 𝑡 (𝑥, 𝑦, 𝑡) = 𝐷1𝑇1(𝑥, 𝑦, 𝑡) + 𝑠1(𝑥, 𝑦, 𝑡), (𝑥, 𝑦, 𝑡) ∈ 𝛺1,

𝜕 𝑇2
𝜕 𝑡 (𝑥, 𝑦, 𝑡) = 𝐷2𝑇2(𝑥, 𝑦, 𝑡) + 𝑠2(𝑥, 𝑦, 𝑡), (𝑥, 𝑦, 𝑡) ∈ 𝛺2,

(1)

where, for 𝑚 = 1, 2, 𝛺𝑚 = (𝑥𝑚−1, 𝑥𝑚) × (0, 𝑤) × R+, and 𝐷𝑚 is a parabolic differential operator previously used in [57], defined as

𝐷𝑚𝑇𝑚(𝑥, 𝑦, 𝑡) ∶= 𝛼𝑚 𝛥
(

𝑇𝑚
)

(𝑥, 𝑦, 𝑡) − 𝜷𝑚 ⋅ ∇
(

𝑇𝑚
)

(𝑥, 𝑦, 𝑡) + 𝜈𝑚 𝑇𝑚(𝑥, 𝑦, 𝑡), (2)

where
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝛥
(

𝑇𝑚
)

(𝑥, 𝑦, 𝑡) ∶= 𝜕2𝑇𝑚(𝑥, 𝑦, 𝑡)
𝜕 𝑥2 +

𝜕2𝑇𝑚(𝑥, 𝑦, 𝑡)
𝜕 𝑦2 ,

∇
(

𝑇𝑚
)

(𝑥, 𝑦, 𝑡) ∶=
(

𝜕 𝑇𝑚(𝑥, 𝑦, 𝑡)
𝜕 𝑥 ,

𝜕 𝑇𝑚(𝑥, 𝑦, 𝑡)
𝜕 𝑦

)

.
(3)

In Eqs. (1)–(3), often referred to as the CDRS equation, the subscripts denote the first and second material layers, and the variables 𝑥, 𝑦, and
𝑡 represent the spatial and temporal coordinates, respectively. The functions 𝑇 (𝑥, 𝑦, 𝑡) and 𝑇 (𝑥, 𝑦, 𝑡), satisfying 𝑇 (𝑥, 𝑦, 𝑡) ∈ 𝐶2(0, 𝑥 ) × 𝐶2(0, 𝑤) ×
1 2 1 1
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Fig. 1. General scheme of the problem of interest.

𝐶1(0,+∞) and 𝑇2(𝑥, 𝑦, 𝑡) ∈ 𝐶2(𝑥1, 𝑥2) × 𝐶2(0, 𝑤) × 𝐶1(0,+∞), represent the temperature fields in the first and second layers relative to the ambient
temperature at position (𝑥, 𝑦) and time 𝑡.

The first two terms on the right-hand side of Eq. (2) represent heat transfer by diffusion and advection, respectively, while the third term
accounts for internal heat generation or loss proportional to the local temperature. The coefficient 𝛼𝑚 denotes the thermal diffusivity in each layer,
𝜷𝑚 = (𝛽𝑥𝑚, 𝛽𝑦𝑚) represents the flow velocity vector, and 𝜈𝑚 is the coefficient associated with internal heat gain or loss. Finally, the differentiable
functions 𝑠𝑚 in (1) model external heat sources. All material properties are assumed to be temperature-independent.

Heat is generated by external sources and also by internal mechanisms within each layer, at a rate proportional to the local temperature. Heat
transfer occurs through diffusion and advection due to an imposed fluid flow directed from left to right and from bottom to top. Each layer has its
own thermal properties, flow velocity, and heat generation characteristics.

General convective boundary conditions are imposed along the entire boundary of the domain. These conditions represent a balance between
convective heat exchange with the environment and internal diffusion and advection. Notably, advection may either supply energy to the body
or remove it from the body to the surroundings. The boundary conditions are illustrated in Fig. 1 and are given by (for simplicity, the functional
dependence of 𝑇𝑚 is omitted below):

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝜅1
𝜕 𝑇1
𝜕 𝑥 = ℎ𝐴 𝑇1 + 𝜌1 𝐶1 𝛽

𝑥
1 𝑇1, 𝑥 = 0, 𝑦 ∈ (0, 𝑤), 𝑡 ∈ R+,

𝜅2
𝜕 𝑇2
𝜕 𝑥 = −ℎ𝐵 𝑇2 + 𝜌2 𝐶2 𝛽

𝑥
2 𝑇2, 𝑥 = 𝑥2, 𝑦 ∈ (0, 𝑤), 𝑡 ∈ R+,

𝜅1
𝜕 𝑇1
𝜕 𝑦 = ℎ1 𝑇1 + 𝜌1 𝐶1 𝛽

𝑦
1 𝑇1, 𝑦 = 0, 𝑥 ∈ (0, 𝑥1), 𝑡 ∈ R+,

𝜅1
𝜕 𝑇1
𝜕 𝑦 = −ℎ1 𝑇1 + 𝜌1 𝐶1 𝛽

𝑦
1 𝑇1, 𝑦 = 𝑤, 𝑥 ∈ (0, 𝑥1), 𝑡 ∈ R+,

𝜅2
𝜕 𝑇2
𝜕 𝑦 = ℎ2 𝑇2 + 𝜌2 𝐶2 𝛽

𝑦
2 𝑇2, 𝑦 = 0, 𝑥 ∈ (𝑥1, 𝑥2), 𝑡 ∈ R+,

𝜅2
𝜕 𝑇2
𝜕 𝑦 = −ℎ2 𝑇2 + 𝜌2 𝐶2 𝛽

𝑦
2 𝑇2, 𝑦 = 𝑤, 𝑥 ∈ (𝑥1, 𝑥2), 𝑡 ∈ R+,

(4)

where 𝜅𝑚, ℎ𝑚, 𝜌𝑚, and 𝐶𝑚 represent the thermal conductivity, convective heat transfer coefficient, density, and specific heat at constant pressure
for each layer, respectively.

The term ℎ 𝑇 in the boundary conditions given in (4), corresponds to the classical convective contribution, where the surrounding medium is
assumed to be at zero reference temperature. The additional term 𝜌𝐶 𝛽 𝑇 represents an advective heat flux associated with mass transport in the
normal direction to the boundary.

A temperature discontinuity at the interface due to thermal contact resistance, along with continuity of the heat flux, is also considered:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑇2 = 𝑇1 + 𝑅
𝜕 𝑇1
𝜕 𝑥 , 𝑥 = 𝑥1, 𝑦 ∈ (0, 𝑤), 𝑡 ∈ R+,

𝜅2
𝜕 𝑇2
𝜕 𝑥 − 𝜌2 𝐶2 𝛽

𝑥
2 𝑇2 = 𝜅1

𝜕 𝑇1
𝜕 𝑥 − 𝜌1 𝐶1 𝛽

𝑥
1 𝑇1, 𝑥 = 𝑥1, 𝑦 ∈ (0, 𝑤), 𝑡 ∈ R+,

𝛽𝑦1 𝛼2 = 𝛽𝑦2 𝛼1, 𝑥 = 𝑥1, 𝑦 ∈ (0, 𝑤), 𝑡 ∈ R+,

(5)

the first equation in (5) models the thermal jump caused by contact resistance, where 𝑅 is related to the thermal resistance at the material junction
which is proportional to the thermal conductivity. This discontinuity is commonly described such that the temperature difference across the interface
is proportional to the heat flux [4]. The second equation imposes heat flux continuity, consistent with energy conservation. The third interface
condition can be interpreted as requiring that the relative balance between advection and diffusion along the 𝑦-axis is the same in both layers [5].
4 
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Finally, initial temperature distributions are prescribed for each layer as follows:

⎧

⎪

⎨

⎪

⎩

𝑇1(𝑥, 𝑦, 𝑡) = 𝑇1,0(𝑥, 𝑦), 𝑥 ∈
[

0, 𝑥1
]

, 𝑦 ∈ [0, 𝑤] , 𝑡 = 0,
𝑇2(𝑥, 𝑦, 𝑡) = 𝑇2,0(𝑥, 𝑦), 𝑥 ∈

[

𝑥1, 𝑥2
]

, 𝑦 ∈ [0, 𝑤] , 𝑡 = 0.
(6)

In the next section, we derive an explicit analytical solution to the problem described by Eqs. (1)–(6).

3. Analytical solution

The transient heat transfer problem to be solved is defined by Eqs. (1)–(6). For simplicity, the equations are nondimensionalized by introducing
the following parameters for 𝑚 = 1, 2

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑥̄ = 𝑥
𝑥2
, 𝑦̄ =

𝑦
𝑥2
, 𝑤̄ = 𝑤

𝑥2
, 𝑅̄ = 𝑅

𝑥2
, 𝜏 =

𝛼2
𝑥22
𝑡, 𝜃𝑚 =

𝑇𝑚
𝑇𝑟
, 𝛼̄ =

𝛼1
𝛼2
,

𝑷 𝒆𝑚 =
𝑥2
𝛼2

𝜷𝑚, 𝜈̄𝑚 =
𝑥22
𝛼2
𝜈𝑚, 𝑠̄𝑚 =

𝑥22
𝑇𝑟 𝛼2

𝑠𝑚, 𝜅̄ =
𝜅1
𝜅2
, 𝐵 𝑖𝑚 =

𝑥2
𝜅2
ℎ𝑚,

𝐵 𝑖𝐴 =
𝑥2
𝜅2
ℎ𝐴, 𝐵 𝑖𝐵 =

𝑥2
𝜅2
ℎ𝐵 .

(7)

where 𝑷 𝒆𝑚 = (𝑃 𝑒𝑥̄𝑚, 𝑃 𝑒𝑦̄𝑚) and 𝐵 𝑖𝑚 correspond to the dimensionless Péclet and Biot numbers, respectively, and 𝑇𝑟 denotes a chosen reference
temperature. Applying this nondimensional transformation to Eqs. (1)–(6) yields the following dimensionless formulation of the problem:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝜕 𝜃1
𝜕 𝜏 = 𝐷̄1 𝜃1 + 𝑠̄1, (𝑥̄, 𝑦̄, 𝜏) ∈ 𝛺̄1,

𝜕 𝜃2
𝜕 𝜏 = 𝐷̄2 𝜃2 + 𝑠̄2, (𝑥̄, 𝑦̄, 𝜏) ∈ 𝛺̄2,

𝜕 𝜃1
𝜕 ̄𝑥 = 𝐵 𝑖𝐴∗ 𝜃1, 𝑥̄ = 0, 𝑦̄ ∈ (0, 𝑤̄), 𝜏 ∈ R+,

𝜕 𝜃2
𝜕 ̄𝑥 = 𝐵 𝑖𝐵∗ 𝜃2, 𝑥̄ = 1, 𝑦̄ ∈ (0, 𝑤̄), 𝜏 ∈ R+,

𝜕 𝜃1
𝜕 ̄𝑦 = 𝐵 𝑖1,0∗ 𝜃1, 𝑦̄ = 0, 𝑥̄ ∈ (0, 𝑥̄1), 𝜏 ∈ R+,

𝜕 𝜃1
𝜕 ̄𝑦 = 𝐵 𝑖1,𝑤̄∗ 𝜃1, 𝑦̄ = 𝑤̄, 𝑥̄ ∈ (0, 𝑥̄1), 𝜏 ∈ R+,

𝜕 𝜃2
𝜕 ̄𝑦 = 𝐵 𝑖2,0∗ 𝜃2, 𝑦̄ = 0, 𝑥̄ ∈ (𝑥̄1, 1), 𝜏 ∈ R+,

𝜕 𝜃2
𝜕 ̄𝑦 = 𝐵 𝑖2,𝑤̄∗ 𝜃2, 𝑦̄ = 𝑤̄, 𝑥̄ ∈ (𝑥̄1, 1), 𝜏 ∈ R+,

𝜃2 = 𝜃1 + 𝑅̄
𝜕 𝜃1
𝜕 ̄𝑥 , 𝑥̄ = 𝑥̄1, 𝑦̄ ∈ (0, 𝑤̄), 𝜏 ∈ R+,

𝜕 𝜃2
𝜕 ̄𝑥 = 𝛾 𝜃1 + 𝜎

𝜕 𝜃1
𝜕 ̄𝑥 , 𝑥̄ = 𝑥̄1, 𝑦̄ ∈ (0, 𝑤̄), 𝜏 ∈ R+,

𝑃 𝑒𝑦̄1 = 𝛼̄ 𝑃 𝑒𝑦̄2, 𝑥̄ = 𝑥̄1, 𝑦̄ ∈ (0, 𝑤̄), 𝜏 ∈ R+,

𝜃1 = 𝜃1,0, 𝑥̄ ∈
[

0, 𝑥̄1
]

, 𝑦̄ ∈ [0, 𝑤̄] , 𝜏 = 0,
𝜃2 = 𝜃2,0, 𝑥̄ ∈

[

𝑥̄1, 1
]

, 𝑦̄ ∈ [0, 𝑤̄] , 𝜏 = 0,

(8)

where for 𝑚 = 1, 2; 𝛺̄𝑚 = (𝑥̄𝑚−1, 𝑥̄𝑚) × (0, 𝑤̄) × R+ and 𝐷̄𝑚 is the dimensionless parabolic differential operator defined as follows:

⎧

⎪

⎨

⎪

⎩

𝐷̄1𝜃1 = 𝛼̄ 𝛥𝜃1 − 𝑷 𝒆1 ⋅ ∇𝜃1 + 𝜈̄1 𝜃1,
𝐷̄2𝜃2 = 𝛥𝜃2 − 𝑷 𝒆2 ⋅ ∇𝜃2 + 𝜈̄2 𝜃2,

(9)

and
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝐵 𝑖𝐴∗ =
𝑃 𝑒𝑥̄1
𝛼̄

+
𝐵 𝑖𝐴
𝜅̄
, 𝐵 𝑖𝐵∗ = 𝑃 𝑒𝑥̄2 − 𝐵 𝑖𝐵 , 𝐵 𝑖1,0∗ =

𝑃 𝑒𝑦̄1
𝛼̄

+
𝐵 𝑖1
𝜅̄
,

𝐵 𝑖1,𝑤̄∗ =
𝑃 𝑒𝑦̄1
𝛼̄

−
𝐵 𝑖1
𝜅̄
, 𝐵 𝑖2,0∗ = 𝑃 𝑒𝑦̄2 + 𝐵 𝑖2, 𝐵 𝑖2,𝑤̄∗ = 𝑃 𝑒𝑦̄2 − 𝐵 𝑖2,

𝛾 = 𝑃 𝑒𝑥̄2 − 𝑃 𝑒𝑥̄1
𝜅̄
𝛼̄
, 𝜎 = 𝜅̄ + 𝑅̄ 𝑃 𝑒𝑥̄2 .

(10)

To simplify Eq. (9), the advective term is removed through a variable substitution that effectively corresponds to shifting the reference frame
to one moving with the fluid. This transformation is analogous to those employed in previous studies for tackling similar transport problems
(e.g., [58–61]). The change of variables considered here is given by:

{

𝜃1 = exp (𝝌1 ⋅ (𝑥̄, 𝑦̄)
)

𝛩1, (𝑥̄, 𝑦̄, 𝜏) ∈ [0, 𝑥̄1] × [0, 𝑤̄] × R+,
( ) +

(11)

𝜃2 = exp 𝝌2 ⋅ (𝑥̄, 𝑦̄) 𝛩2, (𝑥̄, 𝑦̄, 𝜏) ∈ [𝑥̄1, 1] × [0, 𝑤̄] × R ,

5 
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where

𝝌1 =
1
2 𝛼̄

𝑷 𝒆1, 𝝌2 =
1
2
𝑷 𝒆2, (12)

are auxiliary parameters included in order to simplify the notation. Applying the transformations defined in (11)–(12) to the system (8)–(10) yields
he following set of equations:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝜕 𝛩1
𝜕 𝜏 = 𝛼̄ 𝛥𝛩1 + 𝜓1 𝛩1 + 𝑠̂1, (𝑥̄, 𝑦̄, 𝜏) ∈ 𝛺̄1,

𝜕 𝛩2
𝜕 𝜏 = 𝛥𝛩2 + 𝜓2 𝛩2 + 𝑠̂2, (𝑥̄, 𝑦̄, 𝜏) ∈ 𝛺̄2,

𝜕 𝛩1
𝜕 ̄𝑥 = 𝐵̄ 𝑖𝐴 𝛩1, 𝑥̄ = 0, 𝑦̄ ∈ (0, 𝑤̄), 𝜏 ∈ R+,

𝜕 𝛩2
𝜕 ̄𝑥 = 𝐵̄ 𝑖𝐵 𝛩2, 𝑥̄ = 1, 𝑦̄ ∈ (0, 𝑤̄), 𝜏 ∈ R+,

𝜕 𝛩1
𝜕 ̄𝑦 = 𝐵̄ 𝑖1,0 𝛩1, 𝑦̄ = 0, 𝑥̄ ∈ (0, 𝑥̄1), 𝜏 ∈ R+,

𝜕 𝛩1
𝜕 ̄𝑦 = 𝐵̄ 𝑖1,𝑤̄ 𝛩1, 𝑦̄ = 𝑤̄, 𝑥̄ ∈ (0, 𝑥̄1), 𝜏 ∈ R+,

𝜕 𝛩2
𝜕 ̄𝑦 = 𝐵̄ 𝑖2,0 𝛩2, 𝑦̄ = 0, 𝑥̄ ∈ (𝑥̄1, 1), 𝜏 ∈ R+,

𝜕 𝛩2
𝜕 ̄𝑦 = 𝐵̄ 𝑖2,𝑤̄ 𝛩2, 𝑦̄ = 𝑤̄, 𝑥̄ ∈ (𝑥̄1, 1), 𝜏 ∈ R+,

𝛩2 = 𝜙 𝛩1 + 𝜇
𝜕 𝛩1
𝜕 ̄𝑥 , 𝑥̄ = 𝑥̄1, 𝑦 ∈ (0, 𝑤̄), 𝜏 ∈ R+,

𝜕 𝛩2
𝜕 ̄𝑥 = 𝜂 𝛩1 + 𝜑

𝜕 𝛩1
𝜕 ̄𝑥 , 𝑥̄ = 𝑥̄1, 𝑦 ∈ (0, 𝑤̄), 𝜏 ∈ R+,

𝛩1 = 𝛩1,0, 𝑥̄ ∈
[

0, 𝑥̄1
]

, 𝑦̄ ∈ [0, 𝑤̄] , 𝜏 = 0,
𝛩2 = 𝛩2,0, 𝑥̄ ∈

[

𝑥̄1, 1
]

, 𝑦̄ ∈ [0, 𝑤̄] , 𝜏 = 0,

(13)

where
⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

𝜓1 = 𝜈̄1 − 𝛼̄ ‖

‖

𝝌1
‖

‖

2 , 𝜓2 = 𝜈̄2 − ‖

‖

𝝌2
‖

‖

2 , 𝑠̂1 = 𝑠̄1 exp
(

−𝝌1 ⋅ (𝑥̄, 𝑦̄)
)

,

𝑠̂2 = 𝑠̄2 exp
(

−𝝌2 ⋅ (𝑥̄, 𝑦̄)
)

, 𝐵̄ 𝑖𝐴 = 𝐵 𝑖𝐴∗ − 𝜒 𝑥̄1 , 𝐵̄ 𝑖𝐵 = 𝐵 𝑖𝐵∗ − 𝜒 𝑥̄2 ,

𝐵̄ 𝑖1,0 = 𝐵 𝑖1,0∗ − 𝜒 𝑦̄1 , 𝐵̄ 𝑖1,𝑤̄ = 𝐵 𝑖1,𝑤̄∗ − 𝜒 𝑦̄1 , 𝐵̄ 𝑖2,0 = 𝐵 𝑖2,0∗ − 𝜒 𝑦̄2 ,
𝐵̄ 𝑖2,𝑤̄ = 𝐵 𝑖2,𝑤̄∗ − 𝜒 𝑦̄2 𝜙 = 𝛿 𝜉 , 𝜇 = 𝑅̄ 𝜉 , 𝜂 = 𝜉

(

𝛾 + 𝜎 𝜒 𝑥̄1 − 𝛿 𝜒 𝑥̄2
)

,

𝜑 = 𝜉
(

𝜎 − 𝑅̄ 𝜒 𝑥̄2
)

, 𝛿 = 1 + 𝑅̄ 𝜒 𝑥̄1 , 𝜉 = exp
(

1
2 𝑥̄1(𝜒

𝑥̄
1 − 𝜒 𝑥̄2 )

)

,

𝛩1,0 = 𝜃1,0 exp
(

−𝝌1 ⋅ (𝑥̄, 𝑦̄)
)

, 𝛩2,0 = 𝜃2,0 exp
(

−𝝌2 ⋅ (𝑥̄, 𝑦̄)
)

.

(14)

We examine the homogeneous counterpart of Eqs. (13)–(14), omitting the source terms 𝑠̂1 and 𝑠̂2. This system is addressed using the method
of separation of variables. To that end, we assume the existence of functions 𝑓1,𝑛,𝑝 ∈ 𝐶2(0, 𝑥̄1), 𝑓2,𝑛,𝑝 ∈ 𝐶2(𝑥̄1, 1), 𝑢1,𝑝 ∈ 𝐶2(0, 𝑤̄), 𝑢2,𝑝 ∈ 𝐶2(0, 𝑤̄) and
𝑔𝑛,𝑝 ∈ 𝐶1(0,+∞) satisfying the following relation:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝛩𝐻1 (𝑥̄, 𝑦̄, 𝜏) =
∞
∑

𝑛=1

∞
∑

𝑝=1
𝑓1,𝑛,𝑝(𝑥̄) 𝑢1,𝑝(𝑦̄) 𝑔𝑛,𝑝(𝜏), (𝑥̄, 𝑦̄, 𝜏) ∈ 𝛺̄1,

𝛩𝐻2 (𝑥̄, 𝑦̄, 𝜏) =
∞
∑

𝑛=1

∞
∑

𝑝=1
𝑓2,𝑛,𝑝(𝑥̄) 𝑢2,𝑝(𝑦̄) 𝑔𝑛,𝑝(𝜏), (𝑥̄, 𝑦̄, 𝜏) ∈ 𝛺̄2.

(15)

Upon substituting expression (15) into the homogeneous system derived from Eqs. (13)–(14), one obtains that the temporal component satisfies
𝑔𝑛,𝑝(𝜏) = 𝐾𝑛,𝑝, exp(−𝜆2𝑛,𝑝, 𝜏), where 𝜆𝑛,𝑝 are the corresponding temporal eigenvalues and 𝐾𝑛,𝑝 denotes a sequence determined by the initial temperature
distribution. Moreover, the spatial functions 𝑓𝑚,𝑛,𝑝 and 𝑢𝑚,𝑝, for 𝑚 = 1, 2, fulfill the following conditions:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

𝛼̄
(

𝑓 ′′
1 𝑢1 + 𝑓1 𝑢

′′
1
)

+ 𝜓1 𝑓1 𝑢1 = −𝜆2 𝑓1 𝑢1, (𝑥̄, 𝑦̄) ∈ (0, 𝑥̄1) × (0, 𝑤̄),
𝑓 ′′
2 𝑢2 + 𝑓2 𝑢

′′
2 + 𝜓2 𝑓2 𝑢2 = −𝜆2 𝑓2 𝑢2, (𝑥̄, 𝑦̄) ∈ (𝑥̄1, 1) × (0, 𝑤̄),

𝑓 ′
1 = 𝐵̄ 𝑖𝐴 𝑓1, 𝑥̄ = 0,
𝑓 ′
2 = 𝐵̄ 𝑖𝐵 𝑓2, 𝑥̄ = 1,
𝑢′1 = 𝐵̄ 𝑖1,0 𝑢1, 𝑦̄ = 0,
𝑢′1 = 𝐵̄ 𝑖1,𝑤̄ 𝑢1, 𝑦̄ = 𝑤̄,

𝑢′2 = 𝐵̄ 𝑖2,0 𝑢2, 𝑦̄ = 0,
𝑢′2 = 𝐵̄ 𝑖2,𝑤̄ 𝑢2, 𝑦̄ = 𝑤̄,

𝑓2 = 𝜙̄ 𝑓1 + 𝜇̄ 𝑓 ′
1, 𝑥̄ = 𝑥̄1, 𝑦̄ ∈ (0, 𝑤̄),

𝑓 ′ = 𝜂̄ 𝑓 + 𝜑̄ 𝑓 ′, 𝑥̄ = 𝑥̄ , 𝑦̄ ∈ (0, 𝑤̄),

(16)
⎩ 2 1 1 1

6 
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for the sake of clarity and brevity, the dependence of parameters and functions on 𝑛, 𝑝, 𝑥̄, and 𝑦̄ has been omitted from the notation. Additionally,

𝜙̄ =
𝜙
𝑞
, 𝜇̄ =

𝜇
𝑞
, 𝜂̄ =

𝜂
𝑞
, 𝜑̄ =

𝜑
𝑞
, (17)

where 𝑞 ∈ R ⧵ {0} is defined such that 𝑢2(𝑦̄) = 𝑞 𝑢1(𝑦̄), ∀𝑦̄ ∈ (0, 𝑤̄). The existence of such a proportionality constant 𝑞 follows directly from the
nterface conditions specified in system (13).

The coupled system (16) is then analyzed under the assumption of a non-trivial solution, leading to the following result:
{

𝑢1,𝑝(𝑦̄) = 𝐴1,𝑝 cos(𝜖1,𝑝 𝑦̄) + 𝐵1,𝑝 sin(𝜖1,𝑝 𝑦̄), 𝑦̄ ∈ [0, 𝑤̄],
𝑢2,𝑝(𝑦̄) = 𝐴2,𝑝 cos(𝜖2,𝑝 𝑦̄) + 𝐵2,𝑝 sin(𝜖2,𝑝 𝑦̄), 𝑦̄ ∈ [0, 𝑤̄], (18)

where 𝐴1,𝑝 = 𝐴2,𝑝 = 1, 𝐵1,𝑝 =
𝐵̄ 𝑖1,0
𝜖1,𝑝

and 𝐵2,𝑝 =
𝐵̄ 𝑖2,0
𝜖2,𝑝

. The parameters 𝜖1,𝑝 and 𝜖2,𝑝 represent the spatial eigenvalues in the 𝑦-direction for the first
and second layers, respectively. These values are the infinite solutions of the following eigenvalue equations:

t an(𝜖1,𝑝 𝑤̄) =
𝜖1,𝑝(𝐵̄ 𝑖1,0 − 𝐵̄ 𝑖1,𝑤̄)
𝜖21,𝑝 + 𝐵̄ 𝑖1,0 𝐵̄ 𝑖1,𝑤̄

, t an(𝜖2,𝑝 𝑤̄) =
𝜖2,𝑝(𝐵̄ 𝑖2,0 − 𝐵̄ 𝑖2,𝑤̄)
𝜖22,𝑝 + 𝐵̄ 𝑖2,0 𝐵̄ 𝑖2,𝑤̄

. (19)

Similarly, we have that:
{

𝑓1,𝑛,𝑝(𝑥̄) = 𝐴1,𝑛,𝑝 cos(𝜔1,𝑛,𝑝 𝑥̄) + 𝐵1,𝑛,𝑝 sin(𝜔1,𝑛,𝑝 𝑥̄), 𝑥̄ ∈ [0, 𝑥̄1],
𝑓2,𝑛,𝑝(𝑥̄) = 𝐴2,𝑛,𝑝 cos(𝜔2,𝑛,𝑝 𝑥̄) + 𝐵2,𝑛,𝑝 sin(𝜔2,𝑛,𝑝 𝑥̄), 𝑥̄ ∈ [𝑥̄1, 1],

(20)

where 𝐴1,𝑛,𝑝 = 1, 𝐵1,𝑛,𝑝 =
𝐵̄ 𝑖𝐴
𝜔1,𝑛,𝑝

and

𝐴2,𝑛,𝑝 =
sin(𝜔1,𝑛,𝑝 𝑥̄1)
cos(𝜔2,𝑛,𝑝 𝑥̄1)

(

𝜙̄
𝐵̄ 𝑖𝐴
𝜔1,𝑛,𝑝

− 𝜇̄ 𝜔1,𝑛,𝑝

)

+
cos(𝜔1,𝑛,𝑝 𝑥̄1)
cos(𝜔2,𝑛,𝑝 𝑥̄1)

(

𝜙̄ + 𝜇̄ 𝐵̄ 𝑖𝐴
)

− t an(𝜔2,𝑛,𝑝 𝑥̄1)𝐵2,𝑛,𝑝 (21)

𝐵2,𝑛,𝑝 = sin(𝜔2,𝑛,𝑝 𝑥̄1)
[

sin(𝜔1,𝑛,𝑝 𝑥̄1)
(

𝜙̄
𝐵̄ 𝑖𝐴
𝜔1,𝑛,𝑝

− 𝜇̄ 𝜔1,𝑛,𝑝

)

+ cos(𝜔1,𝑛,𝑝 𝑥̄1)
(

𝜙̄ + 𝜇̄ 𝐵̄ 𝑖𝐴
)

]

+
cos(𝜔2,𝑛,𝑝 𝑥̄1)

𝜔2,𝑛,𝑝

[

sin(𝜔1,𝑛,𝑝 𝑥̄1)
(

𝜂̄
𝐵̄ 𝑖𝐴
𝜔1,𝑛,𝑝

− 𝜑̄ 𝜔1,𝑛,𝑝

)

+ cos(𝜔1,𝑛,𝑝 𝑥̄1)
(

𝜂̄ + 𝜑̄ 𝐵̄ 𝑖𝐴
)

]

.
(22)

The parameters 𝜔1,𝑛,𝑝 and 𝜔2,𝑛,𝑝 represent the spatial eigenvalues in the 𝑥-direction for the first and second layers, respectively, and are defined
from:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜔1,𝑛,𝑝 = 𝜔1,𝑛,𝑝(𝜆𝑛,𝑝, 𝜖1,𝑝) =
√

𝜆2𝑛,𝑝 + 𝜓1

𝛼̄
− 𝜖21,𝑝,

𝜔2,𝑛,𝑝 = 𝜔2,𝑛,𝑝(𝜆𝑛,𝑝, 𝜖2,𝑝) =
√

𝜆2𝑛,𝑝 + 𝜓2 − 𝜖22,𝑝,

(23)

these values are the infinite solutions of the following eigenvalue equations:

t an(𝜔2,𝑛,𝑝) =
𝜔2,𝑛,𝑝 𝐵2,𝑛,𝑝 − 𝐵̄ 𝑖𝐵 𝐴2,𝑛,𝑝

𝐵̄ 𝑖𝐵 𝐵2,𝑛,𝑝 + 𝜔2,𝑛,𝑝 𝐴2,𝑛,𝑝
. (24)

Note 1. An important point to note is that the spatial eigenvalues in the 𝑥 direction (𝜔1,𝑛,𝑝, 𝜔2,𝑛,𝑝) depend on the temporal eigenvalues (𝜆𝑛,𝑝) and
the spatial eigenvalues in the 𝑦 direction (𝜖1,𝑝, 𝜖2,𝑝). The existence of infinitely many eigenvalues for these types of problems has already been
discussed in [54,62–64]. In the is work, only real eigenvalues will be considered since we assume no superheating or thermal runaway [65] in the
hermal process under study.

To solve the non-homogeneous system defined by (13)–(14), the Fourier method is employed on the solution of the homogeneous problem
outlined in (15). In particular, it is assumed that there exist two countably infinite sets of time functions, 𝐴̄𝑛,𝑝(𝜏) and 𝐵̄𝑛,𝑝(𝜏), such that:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝛩1(𝑥̄, 𝑦̄, 𝜏) =
∞
∑

𝑛=1

∞
∑

𝑝=1
𝐴̄𝑛,𝑝(𝜏) 𝑓1,𝑛,𝑝(𝑥̄) 𝑢1,𝑝(𝑦̄), (𝑥̄, 𝑦̄, 𝜏) ∈ [0, 𝑥̄1] × [0, 𝑤̄] × R+,

𝛩2(𝑥̄, 𝑦̄, 𝜏) =
∞
∑

𝑛=1

∞
∑

𝑝=1
𝐵̄𝑛,𝑝(𝜏) 𝑓2,𝑛,𝑝(𝑥̄) 𝑢2,𝑝(𝑦̄), (𝑥̄, 𝑦̄, 𝜏) ∈ [𝑥̄1, 1] × [0, 𝑤̄] × R+,

(25)

where the functions 𝑢𝑚,𝑝 and 𝑓𝑚,𝑛,𝑝, with 𝑚 = 1, 2, are defined in (18) and (20), respectively. For simplicity, the source terms 𝑠̂1(𝑦, 𝜏) and 𝑠̂2(𝑦, 𝜏)
rom (13) are expanded into series of eigenfunctions.

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑠̂1(𝑥̄, 𝑦̄, 𝜏) =
∞
∑

𝑛=1

∞
∑

𝑝=1
𝑆1,𝑛,𝑝(𝜏) 𝑓1,𝑛,𝑝(𝑥̄) 𝑢1,𝑝(𝑦̄), (𝑥̄, 𝑦̄, 𝜏) ∈ [0, 𝑥̄1] × [0, 𝑤̄] × R+,

𝑠̂2(𝑥̄, 𝑦̄, 𝜏) =
∞
∑

𝑛=1

∞
∑

𝑝=1
𝑆2,𝑛,𝑝(𝜏) 𝑓2,𝑛,𝑝(𝑥̄) 𝑢2,𝑝(𝑦̄), (𝑥̄, 𝑦̄, 𝜏) ∈ [𝑥̄1, 1] × [0, 𝑤̄] × R+,

(26)

where 𝑆1,𝑛,𝑝(𝜏) and 𝑆2,𝑛,𝑝(𝜏) are defined as follows

𝑆1,𝑛,𝑝(𝜏) =
∫ 𝑥̄10 ∫ 𝑤̄0 𝑠̂1(𝑥̄, 𝑦̄, 𝜏) 𝑓1,𝑛,𝑝(𝑥̄) 𝑢1,𝑝(𝑦̄) 𝑑 ̄𝑦 𝑑 ̄𝑥

𝑥̄1 𝑤̄ [ ]2
, (27)
∫0 ∫0 𝑓1,𝑛,𝑝(𝑥̄) 𝑢1,𝑝(𝑦̄) 𝑑 ̄𝑦 𝑑 ̄𝑥
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𝑆2,𝑛,𝑝(𝜏) =
∫ 1
𝑥̄1

∫ 𝑤̄0 𝑠̂2(𝑥̄, 𝑦̄, 𝜏) 𝑓2,𝑛,𝑝(𝑥̄) 𝑢2,𝑝(𝑦̄) 𝑑 ̄𝑥𝑑 ̄𝑦
∫ 1
𝑥̄1

∫ 𝑤̄0
[

𝑓2,𝑛,𝑝(𝑥̄) 𝑢2,𝑝(𝑦̄)
]2 𝑑 ̄𝑥 𝑑 ̄𝑦

. (28)

By inserting expressions (25)–(28) into Eq. (13), one arrives at the following countable system of homogeneous ordinary differential equations:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

∞
∑

𝑛=1

∞
∑

𝑝=1

{

𝐴̄′
𝑛,𝑝(𝜏) +

[

𝛼̄ (𝜔2
1,𝑛,𝑝 + 𝜖

2
1,𝑝) − 𝜓1

]

𝐴̄𝑛,𝑝(𝜏) − 𝑆1,𝑛,𝑝(𝜏)
}

= 0,
∞
∑

𝑛=1

∞
∑

𝑝=1

{

𝐵̄′
𝑛,𝑝(𝜏) +

[

𝜔2
2,𝑛,𝑝 + 𝜖

2
2,𝑝 − 𝜓2

]

𝐵̄𝑛,𝑝(𝜏) − 𝑆2,𝑛,𝑝(𝜏)
}

= 0,
(29)

Given that eigenfunction expansions in linear systems exhibit properties analogous to those of Fourier series, the vanishing of the series in (29)
implies that each individual term must vanish. This requirement leads to a solvable system through direct integration, yielding:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐴̄𝑛,𝑝(𝜏) = exp
(

(𝜓1 − 𝛼̄(𝜔2
1,𝑛,𝑝 + 𝜖

2
1,𝑝)) 𝜏

)

[

𝐾𝑛,𝑝 + ∫

𝜏

0
𝑆1,𝑛,𝑝(𝑠) exp

(

(𝛼̄(𝜔2
1,𝑛,𝑝 + 𝜖

2
1,𝑝) − 𝜓1) 𝑠

)

𝑑 𝑠
]

,

𝐵̄𝑛,𝑝(𝜏) = exp
(

(𝜓2 − 𝜔2
2,𝑛,𝑝 − 𝜖

2
2,𝑝) 𝜏

)

[

𝐾𝑛,𝑝 + ∫

𝜏

0
𝑆2,𝑛,𝑝(𝑠) exp

(

(𝜔2
2,𝑛,𝑝 + 𝜖

2
2,𝑝 − 𝜓2) 𝑠

)

𝑑 𝑠
]

.
(30)

The only remaining unknown is the sequence 𝐾𝑛,𝑝, which is determined by enforcing the initial conditions of system (13) and employing the
orthogonality property of the eigenfunctions. The procedure for this will be outlined in Appendix. As a result, we obtain:

𝐾𝑛,𝑝 =
𝜑 𝜙−𝜂 𝜇

𝛼̄ ∫ 𝑥̄10 ∫ 𝑤̄0 𝛩1,0𝑓1,𝑛,𝑝(𝑥̄)𝑢1,𝑝(𝑦̄) 𝑑 ̄𝑦 𝑑 ̄𝑥 + ∫ 1
𝑥̄1

∫ 𝑤̄0 𝛩2,0 𝑓2,𝑛,𝑝(𝑥̄)𝑢2,𝑝(𝑦̄) 𝑑 ̄𝑦 𝑑 ̄𝑥
𝜑 𝜙−𝜂 𝜇

𝛼̄ ∫ 𝑥̄10 ∫ 𝑤̄0 [𝑓1,𝑛,𝑝(𝑥̄)𝑢1,𝑝(𝑦̄)]2 𝑑 ̄𝑦 𝑑 ̄𝑥 + ∫ 1
𝑥̄1

∫ 𝑤̄0 [𝑓2,𝑛,𝑝(𝑥̄)𝑢2,𝑝(𝑦̄)]2 𝑑 ̄𝑦 𝑑 ̄𝑥
(31)

4. Consistency of the solution

To assess the validity of the analytical solution derived in this work, we compare it with the reference solution presented in [54]. That study
addresses a similar physical configuration but under a set of simplifying assumptions that are particularly useful for validation purposes. Specifically,
the authors consider a case without external heat sources (𝑠1 = 𝑠2 = 0), neglect thermal contact resistance at the interface (𝑅 = 0), omit advective
eat transport (𝜷1 = 𝜷2 = (0, 0)), and impose adiabatic boundary conditions (ℎ1 = ℎ2 = 0). The goal here is to demonstrate that, under these
implifications, both solutions coincide.

These conditions are applied to the analytical solution derived in Section 3. Since 𝜷1 = 𝜷2 = (0, 0), it follows that 𝑷 𝒆1 = 𝑷 𝒆2 = (0, 0). Likewise,
setting 𝑅 = 0 implies 𝑅̄ = 0, and the absence of internal heat sources (𝑠1 = 𝑠2 = 0) yields 𝑠̄1 = 𝑠̄2 = 0. Finally, the adiabatic boundary condition
ℎ1 = ℎ2 = 0) leads to 𝐵 𝑖1 = 𝐵 𝑖2 = 0.

Under these assumptions, we obtain 𝝌1 = 𝝌2 = (0, 0), from which it follows that 𝜃1 = 𝛩1 and 𝜃2 = 𝛩2. Consequently, the following simplifications
old:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝐵 𝑖𝐴∗ =
𝐵 𝑖𝐴
𝜅̄
, 𝐵 𝑖𝐵∗ = −𝐵 𝑖𝐵 , 𝐵 𝑖1,0∗ = 𝐵 𝑖1,𝑤̄∗ = 𝐵 𝑖2,0∗ = 𝐵 𝑖2,𝑤̄∗ = 0,

𝜎 = 𝜑 = 𝜅̄ , 𝛹1 = 𝜈̄1, 𝛹2 = 𝜈̄2, 𝑠̂1 = 𝑠̂2 = 0, 𝜉 = 𝛿 = 𝜙 = 1,
𝛾 = 𝜂 = 𝜇 = 0, 𝐵̄ 𝑖1,0 = 𝐵̄ 𝑖1,𝑤̄ = 𝐵̄ 𝑖2,0 = 𝐵̄ 𝑖2,𝑤̄ = 0, 𝐵̄ 𝑖𝐴 = 𝐵 𝑖𝐴∗,

𝐵̄ 𝑖𝐵 = 𝐵 𝑖𝐵∗, 𝜇̄ = 𝜂̄ = 0, 𝜙̄ = 1
𝑞
, 𝜑̄ = 𝜅̄

𝑞
.

(32)

On the other hand, from (32) it follows that:

𝜖1,𝑝 = 𝜖2,𝑝 = 𝜖𝑝 =
𝑛 𝜋
𝑤̄
, 𝑛 ∈ N ⇒ 𝑢1,𝑝 = 𝑢2,𝑝 = 𝑢𝑝 = cos(𝜖𝑝 𝑦̄), (33)

furthermore, using (33) we obtain:

𝜔1,𝑛,𝑝 =

√

𝜆2𝑛,𝑝 + 𝜓1

𝛼̄
− 𝜖2𝑝 , 𝜔2,𝑛,𝑝 =

√

𝜆2𝑛,𝑝 + 𝜓2 − 𝜖2𝑝 (34)

and

𝐴2,𝑛,𝑝 =
sin(𝜔1,𝑛,𝑝 𝑥̄1)
cos(𝜔2,𝑛,𝑝 𝑥̄1)

(

𝜙̄
𝐵̄ 𝑖𝐴
𝜔1,𝑛,𝑝

𝜔1,𝑛,𝑝

)

+
cos(𝜔1,𝑛,𝑝 𝑥̄1)
cos(𝜔2,𝑛,𝑝 𝑥̄1)

𝜙̄ − t an(𝜔2,𝑛,𝑝 𝑥̄1)𝐵2,𝑛,𝑝 (35)

𝐵2,𝑛,𝑝 = sin(𝜔2,𝑛,𝑝 𝑥̄1)
[

sin(𝜔1,𝑛,𝑝 𝑥̄1)
(

𝜙̄
𝐵̄ 𝑖𝐴
𝜔1,𝑛,𝑝

)

+ cos(𝜔1,𝑛,𝑝 𝑥̄1)
]

+
cos(𝜔2,𝑛,𝑝 𝑥̄1)

𝜔2,𝑛,𝑝

[

sin(𝜔1,𝑛,𝑝 𝑥̄1)
(

−𝜑̄ 𝜔1,𝑛,𝑝
)

+ cos(𝜔1,𝑛,𝑝 𝑥̄1)
(

𝜑̄ 𝐵̄ 𝑖𝐴
)]

.
(36)

Finally, the Eqs. (33)–(36) give rise to:

⎧

⎪

⎨

⎪

𝑓1,𝑛,𝑝(𝑥̄) = cos(𝜔1,𝑛,𝑝 𝑥̄) + 𝐵̄ 𝑖𝐴
𝜔1,𝑛,𝑝

sin(𝜔1,𝑛,𝑝 𝑥̄), 𝑥̄ ∈ [0, 𝑥̄1],

𝑓 (𝑥̄) = 𝐴 cos(𝜔 𝑥̄) + 𝐵 sin(𝜔 𝑥̄), 𝑥̄ ∈ [𝑥̄ , 1],
(37)
⎩

2,𝑛,𝑝 2,𝑛,𝑝 2,𝑛,𝑝 2,𝑛,𝑝 2,𝑛,𝑝 1
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By employing the expression 𝑔𝑛,𝑝(𝜏) = 𝐾𝑛,𝑝 exp(−𝜆2𝑛,𝑝 𝜏), together with the simplified spatial functions provided in (37), the analytical solution
corresponding to this particular configuration is derived as:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜃1(𝑥̄, 𝑦̄, 𝜏) =
∞
∑

𝑛=1

∞
∑

𝑝=1
𝑓1,𝑛,𝑝(𝑥̄) 𝑢1,𝑝(𝑦̄) 𝑔𝑛,𝑝(𝜏), (𝑥̄, 𝑦̄, 𝜏) ∈ [0, 𝑥̄1] × [0, 𝑤̄] × R+,

𝜃2(𝑥̄, 𝑦̄, 𝜏) =
∞
∑

𝑛=1

∞
∑

𝑝=1
𝑓2,𝑛,𝑝(𝑥̄) 𝑢2,𝑝(𝑦̄) 𝑔𝑛,𝑝(𝜏), (𝑥̄, 𝑦̄, 𝜏) ∈ [𝑥̄1, 1] × [0, 𝑤̄] × R+,

(38)

where

𝐾𝑛,𝑝 =
𝜅̄
𝛼̄ ∫ 𝑥̄10 ∫ 𝑤̄0 𝜃1,0𝑓1,𝑛,𝑝(𝑥̄)𝑢𝑝(𝑦̄) 𝑑 ̄𝑦 𝑑 ̄𝑥 + ∫ 1

𝑥̄1
∫ 𝑤̄0 𝜃2,0 𝑓2,𝑛,𝑝(𝑥̄)𝑢2,𝑝(𝑦̄) 𝑑 ̄𝑦 𝑑 ̄𝑥

𝜅̄
𝛼̄ ∫ 𝑥̄10 ∫ 𝑤̄0 [𝑓1,𝑛,𝑝(𝑥̄)𝑢𝑝(𝑦̄)]2 𝑑 ̄𝑦 𝑑 ̄𝑥 + ∫ 1

𝑥̄1
∫ 𝑤̄0 [𝑓2,𝑛,𝑝(𝑥̄)𝑢𝑝(𝑦̄)]2 𝑑 ̄𝑦 𝑑 ̄𝑥

. (39)

In summary, when analyzing the solution derived in this work under the assumptions of transient heat transfer with no internal heat sources, no
dvection, zero thermal contact resistance at the interface, and adiabatic boundary conditions, it is observed that the resulting formulation fulfills
he same conditions established by the authors in [54].

5. Numerical modeling

The analytical resolution of this class of problems entails significant computational effort, rendering it impractical for obtaining temperature
distributions in particular scenarios. Consequently, numerical approaches are generally preferred, as they enable efficient computation of
emperature profiles and extraction of relevant thermal information.

Among the various numerical techniques, the finite difference method (FDM) stands out as a practical and robust strategy for transient heat
transfer simulations. When applied to composite or multilayered domains, special care must be taken at material interfaces, especially in cases
where temperature continuity is not guaranteed. Some researchers have addressed this challenge by introducing auxiliary or fictitious layers at the
interface; see, for instance, [1].

In the present study, we introduce an explicit finite difference scheme of second-order accuracy, utilizing a forward time integration and a
entral differencing approach in space. Boundary treatments are handled with one-sided differences: forward differences are employed at the left

boundary, while backward differences are used at the right. At the internal interface, the method alternates between forward and backward spatial
ifferences depending on whether the adjacent material lies to the left or right, respectively.

In order to implement the numerical method, two uniform 3D partitions are defined on the spatial variable 𝑥, the spatial variable 𝑦, and the
emporal variable 𝑡, as a discrete set  satisfying:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

1 = {(𝑥𝑖, 𝑦𝑗 , 𝑡𝑘)∕ 𝑖 = 1, 2,… , 𝑛𝑥1 ; 𝑗 = 1, 2,… , 𝑛𝑤; 𝑘 = 1, 2,… , 𝑛𝑡∞ ;
𝑥𝑖 ∈ 1

𝑥 , 𝑦𝑗 ∈ 𝑦, 𝑡𝑘 ∈ 𝑡},

2 = {(𝑥𝑖, 𝑦𝑗 , 𝑡𝑘)∕ 𝑖 = 𝑛𝑥1 , 𝑛𝑥1 + 1,… , 𝑛𝑥2 ; 𝑗 = 1, 2,… , 𝑛𝑤; 𝑘 = 1, 2,… , 𝑛𝑡∞ ;
𝑥𝑖 ∈ 2

𝑥 , 𝑦𝑗 ∈ 𝑦, 𝑡𝑘 ∈ 𝑡},

(40)

where
⎧

⎪

⎨

⎪

⎩

1
𝑥 = {𝑥1 <⋯ < 𝑥𝑖 < ⋯ < 𝑥𝑛𝑥1 , 𝑥𝑖 = (𝑖 − 1)𝛥𝑥, 𝑖 = 1, 2,… , 𝑛𝑥1}

2
𝑥 = {𝑥𝑛𝑥1 < ⋯ < 𝑥𝑖 <⋯ < 𝑥𝑛𝑥2 , 𝑥𝑖 = (𝑖 − 1)𝛥𝑥, 𝑖 = 𝑛𝑥1 , 𝑛𝑥1 + 1,… , 𝑛𝑥2}

(41)

𝑦 = {𝑦1 <⋯ < 𝑦𝑗 <⋯ < 𝑦𝑛𝑤 , 𝑦𝑗 = (𝑗 − 1)𝛥𝑦, 𝑗 = 1, 2,… , 𝑛𝑤} (42)

and

𝑡 = {𝑡1 < ⋯ < 𝑡𝑘 <⋯ < 𝑡𝑛𝑡∞ , 𝑡𝑘 = (𝑘 − 1)𝛥𝑡, 𝑘 = 1, 2,… , 𝑛𝑡∞}. (43)

Specifically,  𝑖
𝑥 with 𝑖 = 1, 2 represents the partition of the spatial variable associated with 𝑥; 𝑦 is the partition of the spatial variable

associated with 𝑦, and 𝑡 is the partition of the temporal variable associated with 𝑡. The values of 𝛥𝑥, 𝛥𝑦, and 𝛥𝑡 correspond to the spatial and
temporal discretization steps, respectively. These values are determined numerically and defined on an equidistant (uniform) grid as 𝛥𝑥 = 𝑥𝑖−𝑥𝑖−1,
𝑦 = 𝑦𝑗 − 𝑦𝑗−1, and 𝛥𝑡 = 𝑡𝑘 − 𝑡𝑘−1.

The following temperature function is considered:

𝑇 (𝑥, 𝑦, 𝑡) =
{

𝑇1(𝑥, 𝑦, 𝑡), (𝑥, 𝑦, 𝑡) ∈ [0, 𝑥1] × [0, 𝑤] × [0, 𝑡∞],
𝑇2(𝑥, 𝑦, 𝑡), (𝑥, 𝑦, 𝑡) ∈ [𝑥1, 𝑥2] × [0, 𝑤] × [0, 𝑡∞].

(44)

To compute the numerical solution of the heat transfer problem under consideration, the Eqs. (1)–(6) are discretized according to the described
cheme. As a result, an algebraic system corresponding to the differential Eqs. (1)–(3) is obtained.

⎧

⎪

⎪

⎨

⎪

⎪

𝑇 1
𝑖,𝑗 ,𝑘+1 = 𝜁11 𝑇 1

𝑖+1,𝑗 ,𝑘 + 𝜁12 𝑇 1
𝑖,𝑗+1,𝑘 + 𝜁13 𝑇

1
𝑖,𝑗 ,𝑘 + 𝜁14 𝑇 1

𝑖−1,𝑗 ,𝑘 + 𝜁15 𝑇 1
𝑖,𝑗−1,𝑘 + 𝑃

1
𝑖,𝑗 ,𝑘,

𝑖 = 2,… , 𝑛𝑥1 − 1, 𝑗 = 2,… , 𝑛𝑤 − 1, 𝑘 = 2,… , 𝑛𝑡∞ ,
𝑇 2
𝑖,𝑗 ,𝑘+1 = 𝜁21 𝑇 2

𝑖+1,𝑗 ,𝑘 + 𝜁22 𝑇 2
𝑖,𝑗+1,𝑘 + 𝜁23 𝑇

2
𝑖,𝑗 ,𝑘 + 𝜁24 𝑇 2

𝑖−1,𝑗 ,𝑘 + 𝜁25 𝑇 2
𝑖,𝑗−1,𝑘 + 𝑃

2
𝑖,𝑗 ,𝑘,

(45)
⎩

𝑖 = 𝑛𝑥1 + 1,… , 𝑛𝑥2 − 1, 𝑗 = 2,… , 𝑛𝑤 − 1, 𝑘 = 2,… , 𝑛𝑡∞ ,
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the boundary conditions specified in system (4) are likewise discretized, resulting in the following set of algebraic expressions:

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝑇 1
𝑖,𝑗 ,𝑘 = 𝜄𝐴 𝑇 1

𝑖+1,𝑗 ,𝑘, 𝑖 = 1, 𝑗 = 2,… , 𝑛𝑤, 𝑘 = 2,… , 𝑛𝑡∞ ,
𝑇 2
𝑖,𝑗 ,𝑘 = 𝜄𝐵 𝑇 2

𝑖−1,𝑗 ,𝑘, 𝑖 = 𝑛𝑥2 , 𝑗 = 2,… , 𝑛𝑤, 𝑘 = 2,… , 𝑛𝑡∞ ,
𝑇 1
𝑖,𝑗 ,𝑘 = 𝜄1,0 𝑇 1

𝑖,𝑗+1,𝑘, 𝑖 = 2,… , 𝑛𝑥1 − 1, 𝑗 = 1, 𝑘 = 2,… , 𝑛𝑡∞ ,
𝑇 1
𝑖,𝑗 ,𝑘 = 𝜄1,𝑤 𝑇 1

𝑖,𝑗−1,𝑘, 𝑖 = 2,… , 𝑛𝑥1 − 1, 𝑗 = 𝑛𝑤, 𝑘 = 2,… , 𝑛𝑡∞ ,
𝑇 2
𝑖,𝑗 ,𝑘 = 𝜄2,0 𝑇 2

𝑖,𝑗+1,𝑘, 𝑖 = 𝑛𝑥1 + 1,… , 𝑛𝑥2 − 1 𝑗 = 1, 𝑘 = 2,… , 𝑛𝑡∞ ,
𝑇 2
𝑖,𝑗 ,𝑘 = 𝜄2,𝑤 𝑇 2

𝑖,𝑗−1,𝑘, 𝑖 = 𝑛𝑥1 + 1,… , 𝑛𝑥2 − 1 𝑗 = 𝑛𝑤, 𝑘 = 2,… , 𝑛𝑡∞ .

(46)

On the other hand, discretizing the interface conditions presented in (5) yields the following system of algebraic equations:

{

𝑇 1
𝑖,𝑗 ,𝑘 = 𝜐11𝑇 1

𝑖−1,𝑗 ,𝑘 + 𝜐12𝑇 2
𝑖+1,𝑗 ,𝑘, 𝑖 = 𝑛𝑥1 , 𝑗 = 2,… , 𝑛𝑤, 𝑘 = 2,… , 𝑛𝑡∞ ,

𝑇 2
𝑖,𝑗 ,𝑘 = 𝜐13𝑇 1

𝑖−1,𝑗 ,𝑘 + 𝜐14𝑇 2
𝑖+1,𝑗 ,𝑘, 𝑖 = 𝑛𝑥1 , 𝑗 = 2,… , 𝑛𝑤, 𝑘 = 2,… , 𝑛𝑡∞ .

(47)

Finally, applying the same discretization scheme to the initial conditions defined in (6) results in the following algebraic expressions:
{

𝑇 1
𝑖,𝑗 ,𝑘 = 𝑇 1

𝑖,𝑗 , 𝑖 = 1,… , 𝑛𝑥1 , 𝑗 = 1,… , 𝑛𝑤, 𝑘 = 1,
𝑇 2
𝑖,𝑗 ,𝑘 = 𝑇 2

𝑖,𝑗 , 𝑖 = 𝑛𝑥1 ,… , 𝑛𝑥2 , 𝑗 = 1,… , 𝑛𝑤, 𝑘 = 1. (48)

The Eqs. (45)–(48) constitute the discrete formulation of the problem under consideration, where for 𝑚 = 1, 2:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜁𝑚1 =
𝛼𝑚 𝛥𝑡
(𝛥𝑥)2

−
𝛽𝑥𝑚 𝛥𝑡
2𝛥𝑥

, 𝜁𝑚2 =
𝛼𝑚 𝛥𝑡
(𝛥𝑦)2

−
𝛽𝑦𝑚 𝛥𝑡
2𝛥𝑦

,

𝜁𝑚3 = 1 + 𝜈𝑚 𝛥𝑡 − 2 𝛼𝑚 𝛥𝑡
(𝛥𝑥)2

− 2𝛼𝑚 𝛥𝑡
(𝛥𝑦)2

𝜁𝑚4 =
𝛼𝑚 𝛥𝑡
(𝛥𝑥)2

+
𝛽𝑥𝑚 𝛥𝑡
2𝛥𝑥

, 𝜁𝑚5 =
𝛼𝑚 𝛥𝑡
(𝛥𝑦)2

+
𝛽𝑦𝑚 𝛥𝑡
2𝛥𝑦

, 𝑃𝑚𝑖,𝑗 ,𝑘 = 𝑠𝑚𝑖,𝑗 ,𝑘 𝛥𝑡.

(49)

Additionally,

𝜄𝐴 = 1
1 +𝛱𝐴 𝛥𝑥

, 𝜄𝐵 = 1
1 +𝛱𝐵 𝛥𝑥

(50)

and for 𝑚 = 1, 2

𝜄𝑚,0 =
1

1 +𝛱𝑚,0 𝛥𝑦
, 𝜄𝑚,𝑤 = 1

1 +𝛱𝑚,𝑤 𝛥𝑦
, (51)

where

𝛱𝐴 =
ℎ𝐴
𝜅1

+
𝛽𝑥1
𝛼1
, 𝛱𝐵 =

ℎ𝐵
𝜅2

−
𝛽𝑥2
𝛼2
, 𝛱𝑚,0 =

ℎ𝑚
𝜅𝑚

+
𝛽𝑦𝑚
𝛼𝑚
, 𝛱𝑚,𝑤 =

ℎ𝑚
𝜅𝑚

−
𝛽𝑦𝑚
𝛼𝑚
. (52)

Finally

𝜐1,1 =
𝜅1 + 𝜅2 𝑧2 𝛶

𝛬
, 𝜐1,2 =

𝜅2
𝛬
, 𝜐1,3 =

𝜅1(1 + 𝛶 − 𝑧1 𝛶 )
𝛬

, 𝜐1,4 =
𝜅2(1 + 𝛶 )

𝛬
, (53)

with

𝛶 = 𝑅
𝛥𝑥
, 𝛬 = 𝜅1 𝑧1 + 𝜅2 𝑧2(1 + 𝛶 ), 𝑧1 = 1 −

𝛽𝑥1
𝛼1
𝛥𝑥, 𝑧2 = 1 +

𝛽𝑥2
𝛼2
𝛥𝑥. (54)

The collection of Eqs. (45)–(54) constitutes the discrete version of the problem under investigation. The conditions ensuring convergence and
stability of the adopted numerical method are well established in the literature [66], and, for the specific case considered in this work, they are
xpressed as follows:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

( 𝛽𝑥1 𝛥𝑡
2𝛥𝑥

)2

< 2
𝛼1 𝛥𝑡
(𝛥𝑥)2

< 1,
( 𝛽𝑥2 𝛥𝑡

2𝛥𝑥

)2

< 2
𝛼2 𝛥𝑡
(𝛥𝑥)2

< 1,
(

𝛽𝑦1 𝛥𝑡
2𝛥𝑦

)2

< 2
𝛼1 𝛥𝑡
(𝛥𝑦)2

< 1,

(

𝛽𝑦2 𝛥𝑡
2𝛥𝑦

)2

< 2
𝛼2 𝛥𝑡
(𝛥𝑦)2

< 1.
(55)

Provided that these conditions are satisfied, the discretized system defined by (45)–(54) achieves first-order accuracy in time and second-order
accuracy in space.

6. Numerical example

A non-parallel computational scheme was implemented in Matlab to perform the numerical simulations. All computations were executed within
a few minutes on an Intel(R) Core(TM) i7-6700K processor running at 4 GHz. Throughout the simulations, air at atmospheric pressure is considered
as the working fluid. The convective heat transfer coefficients ℎ𝐴, ℎ𝐵 , ℎ1 and ℎ2 are estimated based on the approach presented in [67], while the
hermal properties of the materials are taken from [5] and are summarized in the following table (see Table 1).
10 



G.F. Umbricht et al. International Journal of Thermal Sciences 220 (2026) 110381 
Table 1
Thermal properties of different materials.

Materials Symbol 𝛼
(

×104
) [

m2∕s
]

𝜅
[

W∕m◦C
]

Lead Pb 0.23673 35
Iron Fe 0.20451 73
Nickel Ni 0.22663 90
Aluminium Al 0.84010 204
Copper Cu 1.12530 386

Fig. 2. Heat source at 𝑡 = 1 h.

Fig. 3. Heat source at 𝑡 = 1.5 h.

Example 1. For this example the following parameters are considered: 𝑥2 = 1 m, 𝑥1 = 0.4 m, 𝑡∞ = 10 800 𝑠 = 3 h, 𝜷1 = (0.02 m∕s, 0.02 m∕s),
𝜷2 =

(

0.02 m∕s, 0.02 m∕s
𝛼2
𝛼1

)

, 𝜈1 = 𝜈2 = −0.0003 1∕s, 𝑅 = 0.05 m.
The initial condition is null 𝑇1,0(𝑥, 𝑦) = 𝑇2,0(𝑥, 𝑦) = 0 and the heat generation source 𝑠(𝑥, 𝑡) is a continuous and differentiable function given by:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑠1(𝑥, 𝑦, 𝑡) = 100
𝑥1𝑤 𝑡2∞

◦C
𝑚2 𝑠

𝑥 (𝑥1 − 𝑥) 𝑦(𝑤 − 𝑦)𝑡 (𝑡∞ − 𝑡),

(𝑥, 𝑦, 𝑡) ∈ [0, 𝑥1] × [0, 𝑤] × [0, 𝑡∞],

𝑠2(𝑥, 𝑦, 𝑡) = 100
(𝑥2 − 𝑥1)𝑤 𝑡2∞

◦C
𝑚2 𝑠

(𝑥 − 𝑥1) (𝑥2 − 𝑥) 𝑦(𝑤 − 𝑦)𝑡 (𝑡∞ − 𝑡),

(𝑥, 𝑡) ∈ [𝑥1, 𝑥2] × [0, 𝑤] × [0, 𝑡∞].

(56)

The thermal source applied to the body plays a crucial role, as it directly determines the overall shape of the resulting temperature profiles. The
function defined in Eq. (56) is especially relevant because it characterizes a heat generation process that initiates at the center of each layer and
decreases gradually toward the edges, where no heat is generated. Notably, this thermal source continuously injects energy into the system, with
the rate of heat generation increasing over time until it reaches a peak at 𝑡 = 1.5 h. After this point, the heat input begins to decline, eventually
reaching zero at 𝑡 = 3 h.

Figs. 2, 3, and 4 illustrate the evolution of the source function at various time steps. In all cases, the maximum heating intensity is clearly
located at the center of each layer.

Figs. 5, 6, and 7 display the temperature distributions at various time instants for a bilayer Pb–Fe material. As a result of the specific form of
the thermal source, the maximum temperature occurs at the center of each layer when 𝑡 = 1.5 h. The temperature profiles exhibit a shape that
closely mirrors that of the source term, since it is the main contributor of heat to the system.
11 
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Fig. 4. Heat source at 𝑡 = 2 h.

Fig. 5. Temperature field in a Pb–Fe bilayer body at 𝑡 = 1 h.

Fig. 6. Temperature field in a Pb–Fe bilayer body at 𝑡 = 1.5 h.

Figs. 8 and 9 present the spatiotemporal evolution of temperature at 𝑦 = 0.5 m for an Fe–Cu composite and a Pb–Fe composite, respectively. A
temperature discontinuity is clearly visible at 𝑥 = 0.4 m, becoming more prominent around 𝑡 = 1.5 h. In Fig. 8, the more intense red hue compared
to Fig. 9 indicates higher temperatures, which is consistent with the greater thermal conductivity of Fe relative to Pb. This behavior is in agreement
with the expected physical response of the system.

Fig. 10 displays the spatial temperature distributions at 𝑦 = 0.5 m and 𝑡 = 1.5 h. The left panel shows the results for a Pb −𝑀 𝑎𝑡𝑒𝑟𝑖𝑎𝑙 configuration,
while the right panel corresponds to a 𝑀 𝑎𝑡𝑒𝑟𝑖𝑎𝑙 − Fe arrangement. In both scenarios, a temperature discontinuity is observed at the interface. The
magnitude of this discontinuity increases with the absolute difference between the ratios of thermal conductivity and thermal diffusivity of the
constituent materials in the bilayer. This behavior, as shown in Table 2, is consistent with the expected physical response of the system described
in Eq. (5).

Finally, Fig. 11 illustrates the spatial distribution of the temperature gap at the interface of a Pb–Fe composite for various thermal resistance
values. It is evident that this temperature gap widens as the thermal resistance increases. Additionally, the most significant differences occur around
𝑡 = 1.5 h.
12 
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Fig. 7. Temperature field in a Pb–Fe bilayer body at 𝑡 = 2 h.

Fig. 8. Temperature field in a Fe–Cu bilayer body at 𝑦 = 0.5 m.

Fig. 9. Temperature field in a Pb–Fe bilayer body at 𝑦 = 0.5 m.

Table 2
Temperature discontinuities at the interface for 𝑦 = 0.5 m and 𝑡 = 1.5 h.

Materials |

|

|

𝜅1
𝛼1

− 𝜅2
𝛼2

|

|

|

(

×10−4
) [

J∕m3 ◦C
]

|

|

𝑇1(𝑥1 , 𝑦, 𝑡) − 𝑇2(𝑥1 , 𝑦, 𝑡)|| [◦C]
Pb–Pb 0 0.65
Pb–Al 94.98 21.82
Pb–Cu 195.17 26.58
Pb–Fe 209.10 28.34
Pb–Ni 249.27 29.71
Fe–Fe 0 0.34
Cu–Fe 13.93 2.35
Ni–Fe 40.17 12.49
Al–Fe 114.12 15.02
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Fig. 10. Temperature at 𝑦 = 0.5 m and 𝑡 = 1.5 h: Pb-Material (left) and Material-Fe (right).

Fig. 11. Temporal distribution of temperature differences at the interface at 𝑦 = 0.5 m (left). Spatial temperature distribution at 𝑦 = 0.5 m and 𝑡 = 1.5 h (right),
for Pb–Fe , considering different thermal resistances.

It is worth mentioning that the numerical results obtained in Figs. 10–11 are consistent with those reported in [63], where an equivalent problem
s analyzed in a one-dimensional setting.

Note 2. Since a stable and convergent numerical scheme is employed with an appropriate integration step (as demonstrated in the literature),
analogous numerical scheme configurations will indeed yield analogous results.

Note 3. The results presented in this article are applicable to any type of material, provided that the specified conditions and assumptions are
pheld. This applicability is due to the fact that both the analytical and numerical solutions depend solely on the thermal conductivity and diffusivity
oefficients of the materials.

7. Conclusions

This work has provided a comprehensive mathematical and computational study of transient heat transfer in a two-dimensional, two-layer
composite body. The physical model includes the effects of diffusion, advection, internal heat generation or loss proportional to temperature, and
eat input from external sources. A key feature of the formulation is the inclusion of thermal resistance at the material interface, allowing for
iscontinuities in temperature—a phenomenon often overlooked in simpler models.

An analytical solution was obtained by applying a suitable dimensionless formulation and classical solution techniques, including separation of
ariables, Fourier series expansions, and superposition. The rigorously derived analytical solution encompass general cases of interface problems
n bilayer materials with thermal resistance. Although their formulation is complex and difficult to manipulate, they represent a significant
ontribution, as they account for various possible scenarios. In particular, it is shown to reduce to previously reported results when interface

resistance and source terms are neglected. Moreover, these solutions may serve as a foundation for the development of new numerical methods
hat incorporate such expressions. In the present manuscript, the aim is to present the analytical expressions derived for solving the problem in its
eneral form, while the development of the aforementioned approximations is left for future research.

Beyond its theoretical relevance, the analytical formulation also provides a valuable tool for applications and optimization. Because the closed-
form expressions explicitly reflect the influence of material properties, interfacial resistance, and boundary conditions, they enable systematic
parametric studies without resorting to repeated simulations. This feature can assist in identifying optimal layer thicknesses, material combinations,
or interface characteristics to enhance thermal performance. Such analyses are particularly relevant in engineering contexts such as thermal barrier
coatings, electronic packaging, or multilayer insulation systems, where efficient control of heat transfer is critical.
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In parallel, a second-order accurate finite difference method was developed for the numerical approximation of the problem. The method,
based on a forward scheme in time and centered (or directional) differences in space, was adapted to treat interface discontinuities and boundary
conditions effectively. Stability and convergence properties were ensured through criteria established in the numerical analysis literature.

The numerical experiments confirmed that the method captures the main physical phenomena involved: temperature accumulation near the
enter of each layer due to the structure of the external heat source, the impact of material properties on heat propagation, and the role of thermal
esistance in creating sharp temperature gradients at the interface. The method was implemented efficiently in a non-parallel Matlab code, showing
ood performance for realistic parameter values.

In summary, this study offers both an analytical benchmark and a reliable numerical approach for modeling multilayer heat transfer problems
with interfacial resistance and internal sources. The methodology can be extended to more complex material configurations or applied in inverse
analysis tasks, such as parameter identification. Future work may consider the development of parallel computational schemes or the integration
of temperature-dependent material properties for enhanced physical fidelity.
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Appendix. Study of the orthogonality relationship

In this Appendix, we aim to derive the orthogonality condition that applies to this problem. This result is crucial for determining the sequence
𝑛,𝑝 in (31). As illustrated in (16), for the four indices 𝑛, 𝑗, 𝑝, and 𝑞, the functions 𝑓1,𝑛,𝑝, 𝑓1,𝑗 ,𝑞 , 𝑓2,𝑛,𝑝, 𝑓2,𝑗 ,𝑞 , 𝑢1,𝑝, 𝑢1,𝑞 , 𝑢2,𝑝, and 𝑢2,𝑞 must fulfill the

following condition:

⎧

⎪

⎨

⎪

⎩

𝛼̄
(

𝑓 ′′
1,𝑛,𝑝(𝑥̄) 𝑢1,𝑝(𝑦̄) + 𝑓1,𝑛,𝑝(𝑥̄

)

𝑢′′1,𝑝(𝑦̄)) + 𝜓1 𝑓1,𝑛,𝑝(𝑥̄) 𝑢1,𝑝(𝑦̄) = −𝜆2𝑛,𝑝 𝑓1,𝑛,𝑝(𝑥̄) 𝑢1,𝑝(𝑦̄),

𝛼̄
(

𝑓 ′′
1,𝑗 ,𝑞(𝑥̄) 𝑢1,𝑞(𝑦̄) + 𝑓1,𝑗 ,𝑞(𝑥̄) 𝑢′′1,𝑞(𝑦̄)

)

+ 𝜓1 𝑓1,𝑗 ,𝑞(𝑥̄) 𝑢1,𝑞(𝑦̄) = −𝜆2𝑗 ,𝑞 𝑓1,𝑗 ,𝑞(𝑥̄) 𝑢1,𝑞(𝑦̄),
(A.1)

and
⎧

⎪

⎨

⎪

⎩

𝑓 ′′
2,𝑛,𝑝(𝑥̄) 𝑢2,𝑝(𝑦̄) + 𝑓2,𝑛,𝑝(𝑥̄) 𝑢′′2,𝑝(𝑦̄) + 𝜓2 𝑓2,𝑛,𝑝(𝑥̄) 𝑢2,𝑝(𝑦̄) = −𝜆2𝑛,𝑝 𝑓2,𝑛,𝑝(𝑥̄) 𝑢2,𝑝(𝑦̄),
𝑓 ′′
2,𝑗 ,𝑞(𝑥̄) 𝑢2,𝑞(𝑦̄) + 𝑓2,𝑗 ,𝑞(𝑥̄) 𝑢′′2,𝑞(𝑦̄) + 𝜓2 𝑓2,𝑗 ,𝑞(𝑥̄) 𝑢2,𝑞(𝑦̄) = −𝜆2𝑗 ,𝑞 𝑓2,𝑗 ,𝑞(𝑥̄) 𝑢2,𝑞(𝑦̄).

(A.2)

We begin by multiplying the first equation of (A.1) by 𝑓1,𝑗 ,𝑞 , 𝑢1,𝑞 and the second by 𝑓1,𝑛,𝑝, 𝑢1,𝑝. Similarly, the first equation of (A.2) is multiplied by
𝑓2,𝑗 ,𝑞 , 𝑢2,𝑞 and the second by 𝑓2,𝑛,𝑝, 𝑢2,𝑝. For ease of notation, the functional dependencies of the functions are omitted. This results in the following:

⎧

⎪

⎨

⎪

⎩

𝛼̄
(

𝑓 ′′
1,𝑛,𝑝 𝑢1,𝑝 + 𝑓1,𝑛,𝑝 𝑢

′′
1,𝑝

)

𝑓1,𝑗 ,𝑞 𝑢1,𝑞 + 𝜓1 𝑓1,𝑛,𝑝 𝑢1,𝑝 𝑓1,𝑗 ,𝑞 𝑢1,𝑞 = −𝜆2𝑛,𝑝 𝑓1,𝑛,𝑝 𝑢1,𝑝 𝑓1,𝑗 ,𝑞 𝑢1,𝑞 ,

𝛼̄
(

𝑓 ′′
1,𝑗 ,𝑞 𝑢1,𝑞 + 𝑓1,𝑗 ,𝑞 𝑢′′1,𝑞

)

𝑓1,𝑛,𝑝 𝑢1,𝑝 + 𝜓1 𝑓1,𝑗 ,𝑞 𝑢1,𝑞 𝑓1,𝑛,𝑝 𝑢1,𝑝 = −𝜆2𝑗 ,𝑞 𝑓1,𝑗 ,𝑞 𝑢1,𝑞 𝑓1,𝑛,𝑝 𝑢1,𝑝,
(A.3)

and
⎧

⎪

⎨

⎪

⎩

(

𝑓 ′′
2,𝑛,𝑝 𝑢2,𝑝 + 𝑓2,𝑛,𝑝 𝑢

′′
2,𝑝

)

𝑓2,𝑗 ,𝑞 𝑢2,𝑞 + 𝜓2 𝑓2,𝑛,𝑝 𝑢2,𝑝 𝑓2,𝑗 ,𝑞 𝑢2,𝑞 = −𝜆2𝑛,𝑝 𝑓2,𝑛,𝑝 𝑢2,𝑝 𝑓2,𝑗 ,𝑞 𝑢2,𝑞 ,
(

𝑓 ′′
2,𝑗 ,𝑞 𝑢2,𝑞 + 𝑓2,𝑗 ,𝑞 𝑢′′2,𝑞

)

𝑓2,𝑛,𝑝 𝑢2,𝑝 + 𝜓2 𝑓2,𝑗 ,𝑞 𝑢2,𝑞 𝑓2,𝑛,𝑝 𝑢2,𝑝 = −𝜆2𝑗 ,𝑞 𝑓2,𝑗 ,𝑞 𝑢2,𝑞 𝑓2,𝑛,𝑝 𝑢2,𝑝.
(A.4)

The difference between the two expressions in (A.3) is then taken, and similarly, the same procedure is applied to (A.4).

𝛼̄
(

𝑓 ′′
1,𝑛,𝑝 𝑢1,𝑝 𝑓1,𝑗 ,𝑞 𝑢1,𝑞 + 𝑓1,𝑛,𝑝 𝑢′′1,𝑝 𝑓1,𝑗 ,𝑞 𝑢1,𝑞 − 𝑓 ′′

1,𝑗 ,𝑞 𝑢1,𝑞 𝑓1,𝑛,𝑝 𝑢1,𝑝 − 𝑓1,𝑗 ,𝑞 𝑢′′1,𝑞 𝑓1,𝑛,𝑝 𝑢1,𝑝
)

=
(

𝜆2𝑗 ,𝑞 − 𝜆2𝑛,𝑝
)

𝑓1,𝑛,𝑝 𝑢1,𝑝 𝑓1,𝑗 ,𝑞 𝑢1,𝑞
(A.5)

and
𝑓 ′′
2,𝑛,𝑝 𝑢2,𝑝 𝑓2,𝑗 ,𝑞 𝑢2,𝑞 + 𝑓2,𝑛,𝑝 𝑢′′2,𝑝 𝑓2,𝑗 ,𝑞 𝑢2,𝑞 − 𝑓 ′′

2,𝑗 ,𝑞 𝑢2,𝑞 𝑓2,𝑛,𝑝 𝑢2,𝑝 − 𝑓2,𝑗 ,𝑞 𝑢′′2,𝑞 𝑓2,𝑛,𝑝 𝑢2,𝑝
=
(

𝜆2 − 𝜆2
)

𝑓 𝑢 𝑓 𝑢 ,
(A.6)
𝑗 ,𝑞 𝑛,𝑝 2,𝑛,𝑝 2,𝑝 2,𝑗 ,𝑞 2,𝑞
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the Eqs. (A.5)–(A.6) are conveniently rewritten, and the first equation is multiplied by 𝜑 𝜙 − 𝜂 𝜇
𝛼̄

.

(𝜑 𝜙 − 𝜂 𝜇)
{

𝑢1,𝑝 𝑢1,𝑞
[

𝑓 ′
1,𝑛,𝑝 𝑓1,𝑗 ,𝑞 − 𝑓1,𝑛,𝑝 𝑓 ′

1,𝑗 ,𝑞
]′
+ 𝑓1,𝑛,𝑝 𝑓1,𝑗 ,𝑞

[

𝑢′1,𝑝 𝑢1,𝑞 − 𝑢1,𝑝 𝑢
′
1,𝑞

]′
}

=
𝜑 𝜙 − 𝜂 𝜇

𝛼̄

(

𝜆2𝑗 ,𝑞 − 𝜆2𝑛,𝑝
)

𝑓1,𝑛,𝑝 𝑢1,𝑝 𝑓1,𝑗 ,𝑞 𝑢1,𝑞 ,
(A.7)

𝑢2,𝑝 𝑢2,𝑞
[

𝑓 ′
2,𝑛,𝑝 𝑓2,𝑗 ,𝑞 − 𝑓2,𝑛,𝑝 𝑓 ′

2,𝑗 ,𝑞
]′
+ 𝑓2,𝑛,𝑝 𝑓2,𝑗 ,𝑞

[

𝑢′2,𝑝 𝑢2,𝑞 − 𝑢2,𝑝 𝑢
′
2,𝑞

]′

=
(

𝜆2𝑗 ,𝑞 − 𝜆2𝑛,𝑝
)

𝑓2,𝑛,𝑝 𝑢2,𝑝 𝑓2,𝑗 ,𝑞 𝑢2,𝑞 ,
(A.8)

the Eqs. (A.7)–(A.8) are integrated over their respective intervals of definition and then summed. This results in:
(

𝜆2𝑗 ,𝑞 − 𝜆2𝑛,𝑝
)

[

∫

𝑥̄1

0 ∫

𝑤̄

0

𝜑 𝜙 − 𝜂 𝜇
𝛼̄

𝑢1,𝑝 𝑢1,𝑞 𝑓1,𝑛,𝑝 𝑓1,𝑗 ,𝑞 𝑑 ̄𝑦 𝑑 ̄𝑥 + ∫

1

𝑥̄1
∫

𝑤̄

0
𝑢2,𝑝 𝑢2,𝑞 𝑓2,𝑛,𝑝 𝑓2,𝑗 ,𝑞 𝑑 ̄𝑦 𝑑 ̄𝑥

]

= ∫

𝑥̄1

0 ∫

𝑤̄

0
(𝜑 𝜙 − 𝜂 𝜇) 𝑢1,𝑝 𝑢1,𝑞

[

𝑓 ′
1,𝑛,𝑝 𝑓1,𝑗 ,𝑞 − 𝑓1,𝑛,𝑝 𝑓 ′

1,𝑗 ,𝑞
]′
𝑑 ̄𝑦 𝑑 ̄𝑥

+ ∫

𝑥̄1

0 ∫

𝑤̄

0
(𝜑 𝜙 − 𝜂 𝜇) 𝑓1,𝑛,𝑝 𝑓1,𝑗 ,𝑞

[

𝑢′1,𝑝 𝑢1,𝑞 − 𝑢1,𝑝 𝑢
′
1,𝑞

]′
𝑑 ̄𝑦 𝑑 ̄𝑥

+ ∫

1

𝑥̄1
∫

𝑤̄

0
𝑢2,𝑝 𝑢2,𝑞

[

𝑓 ′
2,𝑛,𝑝 𝑓2,𝑗 ,𝑞 − 𝑓2,𝑛,𝑝 𝑓 ′

2,𝑗 ,𝑞
]′
𝑑 ̄𝑦 𝑑 ̄𝑥

+ ∫

1

𝑥̄1
∫

𝑤̄

0
𝑓2,𝑛,𝑝 𝑓2,𝑗 ,𝑞

[

𝑢′2,𝑝 𝑢2,𝑞 − 𝑢2,𝑝 𝑢
′
2,𝑞

]′
𝑑 ̄𝑦 𝑑 ̄𝑥.

(A.9)

Then, using 𝑢2(𝑦̄) = 𝑞 𝑢1(𝑦̄), ∀𝑦̄ ∈ (0, 𝑤̄), the relation given in (17) and the boundary conditions from (16), one applies this to the right-hand side
of Eq. (A.9) and obtains:

(

𝜆2𝑗 ,𝑞 − 𝜆2𝑛,𝑝
)

[

∫

𝑥̄1

0 ∫

𝑤̄

0

𝜑 𝜙 − 𝜂 𝜇
𝛼̄

𝑢1,𝑝 𝑢1,𝑞 𝑓1,𝑛,𝑝 𝑓1,𝑗 ,𝑞 𝑑 ̄𝑦 𝑑 ̄𝑥 + ∫

1

𝑥̄1
∫

𝑤̄

0
𝑢2,𝑝 𝑢2,𝑞 𝑓2,𝑛,𝑝 𝑓2,𝑗 ,𝑞 𝑑 ̄𝑦 𝑑 ̄𝑥

]

=
(

𝜑̄ 𝜙̄ − 𝜂̄ 𝜇̄)
[

𝑓 ′
1,𝑛,𝑝 𝑓1,𝑗 ,𝑞 − 𝑓1,𝑛,𝑝 𝑓 ′

1,𝑗 ,𝑞
]

|

|

|

|𝑥̄1 ∫

𝑤̄

0
𝑢2,𝑝 𝑢2,𝑞 𝑑 ̄𝑦

−
[

𝑓 ′
2,𝑛,𝑝 𝑓2,𝑗 ,𝑞 − 𝑓2,𝑛,𝑝 𝑓 ′

2,𝑗 ,𝑞
]

|

|

|

|𝑥̄1 ∫

𝑤̄

0
𝑢2,𝑝 𝑢2,𝑞 𝑑 ̄𝑦.

(A.10)

From the interface conditions in (16) and by performing algebraic operations, the orthogonality condition is obtained. For 𝑛 ≠ 𝑗 and 𝑝 ≠ 𝑞 it is
satisfied that:

(

𝜆2𝑗 ,𝑞 − 𝜆2𝑛,𝑝
)

[

∫

𝑥̄1

0 ∫

𝑤̄

0

𝜑 𝜙 − 𝜂 𝜇
𝛼̄

𝑓1,𝑛,𝑝𝑢1,𝑝 𝑓1,𝑗 ,𝑞𝑢1,𝑞 𝑑 ̄𝑦 𝑑 ̄𝑥 + ∫

1

𝑥̄1
∫

𝑤̄

0
𝑓2,𝑛,𝑝𝑢2,𝑝 𝑓2,𝑗 ,𝑞𝑢2,𝑞 𝑑 ̄𝑦 𝑑 ̄𝑥

]

= 0. (A.11)
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