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-~ The goal. of this minicourse is to study the
two-phase steady~-state Stefan problem and some related conduction
problems with or without phase change through the elliptic
variational inequalities (EVI) theory. In chapter I we give same
generalities on EVI with a symetric bilinear form and the
~ variational formulation of several elliptic boundary valve
problems in Sololev spaces. In chapters II and III we apply the
EVI theory (in particular, the properties given before for
elliptic variational equalities) to the two steady-state
- two-phase Stefan problems and some related conduction problems

~ with or without phase change in a bounded domain.AcR™ (n=1,2,3

in practice). In chapter IV we give same conditions for several
heat fluxes on the fixed face to obtain an instantaneous
- evolution two-phase Stefan problem for a semi-infinite material
with constant initial temperature. In appendix 1 we give three
steady-state examples with explicit solution related to problems
presented in chapters II -and III., Moreover, for all these
examples, the sufficient condition (given in chapters II and
III) is also necessary. In appendix 2 we present a short review
on the approximate, mmerical and theoretical methods to solve
free boundary problems for the heat-diffusion equation of Stefan
type. In appendix 3 we present a short review on the Stefan
prcblem through elliptic and parabolic variational inequalities
and their mwerical approximations,
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CHAPTER 1

SOME GENERALITIES ON ELLIPTIC VARIATIONAL INEQUALITIES

1.1 - INTRODUCTION

A very useful class of nonlinear problems ariging from
mechanics, physics, etc. consists in solving the following elliptic

variational inequality (EVI): To find ueK such that

a(u, v-u) : L(v-u), ¥v.K,

(1)

uek,

where

1) V: real Hilbert space with scalar product (.,.) and associated

-
1i1) V': the dual space of V,

11i) a: VXV — R 1is a bilinear (i.e. linecar in both variables),

symmetric, continuous and coercive (or V-elliptio form, that is,

respectively

a) a(u,v)= a(v,u), ¥u, veV,
b) M>0 / |a(u,v)|eM |lul| |Iv]], vu, vev, (2)

c) a>0 / a(v,v)za Hv||2, Yvev,
1v) keV is a closed, non-empty convex set,

v) Lev', i.e. L:V—R is a linear and continuous functional on

V (L(v)= <L, v>), which verifies

Lot (L]l (ivll, wvev. (3)



1.2 ~ EXISTENCE AND UNIQUENESS THEOQREM

We have the following
THEOREM 1.2.1 - Under the above hypotheses, there exists a unique
solution to problem (1-1). In addition, the mapping LeV'—> ueK is

Lipschitz, that is, if u; , u; are solutions to problem (1-1)

corresponding to Ly, L, € V', then
”Ul'uznv - (I Y I
o3 v
PROOF - The application ((.,.)): VxV — R, defined by
((u,v)) =a (u,v), ¥Yu, vev,

is a scalar product on V. The associated norm I“.“| is equivalent

the norm |l.“ on V because
2 ) 2
allvl] ¢ av,w=|llvlll s M vl , wvev.
Hence by (3) we have

L,
L el vl —

Ivlll, wvev,

and therefore L is also continuous on V with respect to the new no

By using the Riesz's representation theorem there

exlsts a unique element xLaV such that

L(v)= ((xL,v)), ¥veV.

(1)

(2)

to

(3)

(4)

rm

(5)



Moreover, the EVI (1-1) is equivalent to

((uy, v=u)) = (x,, v-u)), W¥vek,

L (6)
uek,
which has a unique solution ueK, given by (Exercise1.2.1)
u= P (x;) (7)

where PK:V — K is the projection operator on the closed and convex

subset K of V with respect to the norm |H.|H. In addition, the

element ucK satisfies the following minimization problem

{ Ulu=x Ml < Wlv-x Il wvex, (8)

{ uek.

To prove (1), we suppose that there exists u;, u; € K

solutions of the EVI

{ a(u., v-u.) 2 L.(v-u.), ¥vek,
1 1 1 1 (9)
uieK (i=1,2).

Setting v=u; in the EVI for u; and v=u; in that for u;

we obtain, upon adding,

2
0l”Ul-Uz“ ¢ a(uy-uz, ujy-uz) s (L1-Lz)(uy-uy) ¢

¢ Jra-te || lus-ue ||, (o

and therefore (1) holds.
COROLLARY 1.2.2 - (Exercisel1,22)

1) If KeVv is a closed, non-empty convex cone with vertex O, then the

problem (1-1) is equivalent to



a(u,v) = L(v), W¥vekK,

(11)
a(u,u) = L(u), uek.
ii) If K=V, then the problem (1-1) is equivalent to the following
elliptic variational equality (EVE)
a(u,v) = L(v), ¥veV, (12)
“ueV.
Morever, the problem (12) is equivalent to
Au =L ¢ V'
(13)
ueV,
where A:V— V' is a linear and continuous operator, defined by
<Au, v> = a(u,v), ¥u, veV. (14)

REMARK 1.2.1 - In the case K=V, the Theorem 2.1 is the well-know

Lax-Milgram Theorem.

1.3 - RELATIONSHIP BETWEEN ELLIPTIC VARIATIONAL INEQUALITIES AND
MINIMIZATION PROBLEMS *

Now we shall connect the EV1 (1-1) with the following

minimization problem

J(u) € J(v), ¥veK,
(1)

uek,

where the functional J:V— R 1s defined by



J(v) =1 a(v,v) - L(v), wvev. (2)
2

THEOREM 1.3.1 ~ If LeV' and a is a bilinear, symmetric, coercive and

continuous form on V, then the problem (1-1) is equivalent to problem

(1,

PROOF-(1-1) == (1): For any vcK, we have that

J(v)

J(u=(v=u))= + aCur(v-u)y us(v-u)) - L(u+(v-u))=
2

[l a(u,u) - L(u)] + il a(v-u, v-u)+{au, v-u)-L{v-u)]z (3)
2 2

J(u)

W

and therefore (1) holds.

(1)=-(1-1): Applying (1), and keeping in mind that K is convex, we
have that

J(u+t (v=u)) - J(u)
t

> 0, ¥veK, ¥te(0,1]. (4)

Using the following limit (Exercise 1.3.1)

lin J(u+t (v-u) - qu)

.\ = a(u, v-u) - L(v-u), ¥vek, (5)
>0 t

we obtain (1-1).

REMARK 1.3.1 - The theorem 1.2.1is valid even when the bilinear form a

1s not symmetric [KiSt, LiSt, Stam1], but in this case the Theorem
1.3.1 is not valid (for the equivalence between the EVI (1-1) and the

minimization problem (1) the symmetry of a is essential).



REMARK 1.3.2 - For generalities on EVI or EVE from a theoretical

point of view, see [BaCa, Brez, Diaz, Duva3, EkTe, Frie 2, KiSt,
Lion 2, LiSt, Oden, OdKi, Rodr, Ruas, Stam 1, Tarz 3], from a
numerical point of view, see [Ciar, Glow, GLT, Noch, RaTh]. Some

additional references are given within the books cited above.

1.4 - VARIATIONAL FORMULATION OF SEVERAL ELLIPTIC

BOUNDARY VALUE PROBLEMS IN SOBOLEV SPACES

We shall introduce some useful functional spaces and
properties [Adam, BaCa, BrGi, Brez, Dali, Lion 1, LiMa, Morr, Neca,

RaTh, Stam 2].

Let { be an open set of Rn(n=1,2,3 in practice) with a
regular boundary T =9{. Let H'(i) be the Sobolev space of order 1 on

1, defined by

X .
1

J v .
HY ()= {ve L) /“— ¢ L2(), 1 5 i s n} (1)
which 1s a Hilbert space with the following scalar product

n -
(u,v)y = (uyv)o + ) (B9 NV (2)
1=1 3xi Bxi

and associated norm Hvil = V/(v,v); . We denote with (u,v), the usual
1

scalar product on L?(2), defined by

(u,v)y = (u,v)= (U’V)LZ(Q) = f uv dx, (3)

and the assoclated norm ||v“0= (v,v), -



Let H! (Q) be functional space, given by
0

HD (@)= (ver @ /v (v) = 7/ 1= 0}, (4)

where YO:HI(Q) ~— L2%(T') is the trace operator which is a linear and

1/2 2
(') cL*(T'). We can also

interpret H;(Q) as the closure of D(Q)= Co(R) in H'(Q). We also define

continuos application with Im(y,)= H

H_I(Q)s (H;(Q))' as the dual of the space H:(Q) when we identify L?()
with its dual.
3/2

We can define the spaces H?(Q), H (T), etc.

analogously.

THEOREM 1.4.1 - (Poincare-Friedrichs inequality) If @ is a bounded

.. n . .
domain in R with a regular boundary I', then there exists a constant

Co= Co(£2)>0 such that

n
Ivll, s co@) [.Z

b 2 1/2
v 1
L I——axillo] , Wvell @), (5)

that is, the seminorm on H!(Q)

v — (jglv\,lzdx)l/2 (6)

is a norm on H:(Q) and it 1s equivalent to the norm on H:(Q) induced

from H(Q).

REMARK 1.4.1 - The above Theorem 1.4.1 1s also valid when:

. ] . n . . . . .
i) © 1s a domain 1n R which 1s bounded in at least one direction.

1i) We replace Ht(Q) by the space



Vo= {ve H*(Q)/v/T1= 0}, (7

. . -l
'y ¢ T with meas (Fl)ElF1|>0 (measure of surface in R )

which verifies Ht(Q) cV, c HY(Q).

. + - . .
We denote with v and v the positive and the negative

parts of v, that is,
v = Max(v,0), v = Max (-v,0). (8)

THEOREM 1.4.2 - Let V be the space H'(Q) or H;(Q). If veV, then we

+ - . . + -
have that v , v € V. Morever, the applications v —v and v —v

are continuous from V — V.
Now we shall give the variational formulation (i.e. the
weak formulation) of some elliptic boundary value problems for the

Laplace equation in a domain QcR" with a regular boundary T.

i) Dirichlet problem: Find a function u, defined in , such that

1) =Au=f in Q,

9)
ii) u/F- 0

where feL?(Q) is a given function.
If we multiply (9i) by a '"test function" veH;(Q), we
integrate on Q and we apply the following Green formula (valid for

ueH?(Q) and veH!(Q):

-{ su v dx= [ Vu.Vv dx - ﬁﬁg v dy (10)
Q Q on
r



-

then we obtain for u the following EVE

ay(u,v)s (f,v), VveHg(Q),

(11)
ueHz(Q),
where
a, (u,v)= f Vu.Vv dx. (12)
f2

LEMMA 1.4.3 - There exists a unique solution to problem (11).

Morever, if £20 in  then ux0 in 9.

PROOF - Problem (11) has a unique solution by application of
Lax-Milgram Theorem and Poincare-Friedrichs inequality. To prove ux0
in Q we choose v= u ¢ H;(Q) in (11) and we obtain that

02 ‘al(u.’u-)= (f’ uO) >0

because us= ut-u" and al(u*, u )=0. Therefore u =0 in 9 and then u20

in Q.

ii) Neumann problem: Find a function u, defined in @, such that

i) ~Au + u= f in Q,

(13)
..\ du
ii) 35|1"= 0,
where feL?(R) is a given function.
The variational formulation of (13) is given by
ay(u,v)= (f,v), ¥verd (),
(14)

ueH! (Q),
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where
az(u,v)= fQ (Vu.Vv+uv)dx= (u,v);. : (15)

LEMMA 1.4.4 - There exists a unique solution to problem (14). Morever,

if £20 in @ then uz0 in .

PROOF- (Exercise 1.4.1)

EXERCISE 1.4.2 - Let feL?(R), V=H!'(Q) and L(v)= (f,v). Then, we have
that

i) Lev ,

ii1) 3 uLeV/L(v)= (uL,v)1 (Apply the Lax-Milgram or Reisz
Representation Theorem),

1ii) The element uLeV can be interpreted as the solution of the

elliptic boundary value problem (13) (uL satisfies (13i) in the

distributional sense, and then in L%(Q)).

i11) Mixed Dirichlet-Neumann problem - Find a function u, defined

in ©, such that

-fu= £ in @,

Ju (16)

UIF =0, 3;/F2= 0,

1

where feL?(), T cT with |r,|>0 and T,= I-T

EXERCISE 1.4.3 - i) The variational formulation of problem (16) is

given by



1

al(u,v)= (£,v), Yvev ,

a7n

uevo,

where V and a, are given by (7) and (12) respectively.

1

ii) There exists a unique solution to problem (17).

i1) If £20 in Q, then u20 in Q.

EXERCISE 1.4.4 - Let Q= O, U @, be a partition of 2 such that

a) QiCQ 1s an open set of R" with a regular boundary B(Qi) for i=1,2.

.

b) Q, 019,= 0.

Let veC’(Q) be a continuous function such that its
restriction to Qi verifies v/Q € Hl(Qi) (i=1,2). Then veH}(Q).
i

HINT - Use the distributional sense and the following Green formula

du \ .
IQ. 3;; v dx= —iju —;;-dx + f uvn. dy , (1<i<n) (18)

which is valid for all u, v&HI(Qj) (3=1,2) where n. is the i-component

of the normal versor to B(Qj).

iv) A transmission problem - Let Q; and {{; be two bodies in thermal

contact through a surface S. We consider the set Q= Q,UQ,US (see
Exercise 1.4.4 and Figure 1.4.1) with a boundary I'= I';UT, where

Fr.=TM(@.) (i=1,2)).
1 1
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-3

)

FIGURET 4 . 1.

S

The problem consists in finding the functions u; and u,,
defined in Q, and Q, respectively, such that they satisfy the

following conditions

i) -bu,= f, in Q,
ii) -bu,= £, in Q2,

iii) u = u , SM1_ 242 o g, (19)
an an

L 1v) ul/r =0, wu,/

where fieLz(Qi) (1=1,2) and n is a normal versor to S.

From a physical point of view the first condition of
(191ii) reflects a natural requirement, namely the absence of
dicontinuities in the medium, while the second reflects the
requirement that the forces acting on the interface S must be in

equilibrium.

EXERCISE 1.4.5 - The variational formulation of (19) is given by

a(u,v)= L(v), ¥v= {v , v,} eV,

(20)
u= {ul, u2} eV,
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where

V= {v= {v , v,} ¢ HY (@) x HI(Q2)/ v, =v, on S},

H t~bo
—

1 a(u,v)= V/u..Vv.1 dx, (21)

1

2
| L(v)= Z J £ dx

Morever, there exists a unique solution to the EVE (20).

The boundary conditions (19iv) can be modified by other

Dirichlet or mixed conditions on Fl and T .
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CHAPTER 2

ON A FIRST STEADY-STATE TWO-PHASE STEFAN PROBLEM

‘2.1 - INTRODUCTION

We consider a bounded domain Q of R" (n=1,2,3 in practice),
with a regular boundary r=r,Ur,ur; (wich |F1|>0 and |r2|>0). We assume,
without loss of generality, that the phase-change temperature is 0°C. We
impose a temperature b=b(x) on I} and a heat flux q=q(x) on r,; we also
suppose that the portion of the boundary ['; (when it exists) is a wall

impermeable to heat, i.e. the heat flux on I's is null.

If we consider in @ a steady-state heat conduction
problem, then we are interested in finding out necessary and/or suffcicient
conditions for the heat flux q on I'2(e.g. in the case q>0 on T2 and b>0
on I'1) to obtain a change of phase in 2, that is, a steady-state two-phase

Stefan problem in Q. We shall consider several problems related to it.

Following [Tarz1) we study the temperature 6=08(x) defined

for xeQ. The set Q can be expressed in the form
Q=Q1 UQ UE (1)

where

Q1={xe0/06(x)<0}, Q2={xeQ/6(x)>0},
(2)
f={xeq/0(x)=0} ,

are the solid phase, the liquid phase and the free boundary (e.g. a

surface in R?) that separates them, respectively (see Figure 2.1.1.).

The temperature Q can be represent in @ in the following

way:
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el(X)< 0_ if XEQI{
8(x) = 0 if xef, &)
82(x)> 0 if xeQe,

and satisfies the conditions below:

f i) A46:=0 1in N1,

ii) 60280 in Qz,
11i) 0120220, Kk, = =k, 22 on f
an an

iv) 6/I'1= b, (%)

v) (- k282 yro=q if /T O,
an
36 .
- krsal /F2= q if Q/F2< 0,

., 06
vi) sa/Fg =0,

where ki> 0 is the thermal conductivity of phase 1 (i=1: solid phase,
i=2: liquid phase), b is the temperature given on T3:, q is the heat
flux given on T2, and n represents the exterior normal versor to T and

£ (in the direction of Q; to Q32).

|

%

Figure 2.1.1.
Problem (4) represents a free boundary elliptic problem
(wheng # ¢) where the free boundary £ (unknown a priori) is

characterized by the three conditions (4iii),

The goal of this chapter is to determine necessary aand/or
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sufficient conditions for the data b=const.> 0 on I'; and gq=const.> 0 on

2 so that problem (4) is a free boundary problem, that is £ # ¢.

2.2 - VARIATIONAL FORMULATION AND SOME PROPERTIES

Following the idea of [Baio, BaCa, Duvat, Duva2, Tarzt]
we shall transform the free boundary elliptic problem (1-4) into a new

elliptic problem, but now without a free boundary.

Let T,, T, and u be the functions, defined in Q, as
follows
92>0 in QZ,

T, =6 = _ (1)
0 in Q-Wz,

01<0 in 521,
T, =-8 = (2)
0 in Q—Ql,

u=k, 80 -k & in @, (3)

+ - - . . .
where 6 and 6 represent the positive and the negative parts of function

8 respectively, and u is the new unknown function.

We can find the temperature 0, when the new function u

is known, through the inverse transformation of (3) that is

+
u -

. 1 1 .
6 = E;‘ ET‘ u in St (4)

Let D(&) be the space

D(R) = CH(R) = {ye C®(2)/ supp(y.) is compact in Q} (5)
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and let D(Q) be the distributional space on @, that is the space of linear

and continuous functionals of D(R) into R (i.e. the dual space of D(Q)).
We obtain the following properties

Theorem 2.2.1 i) We have that

<-k, AT, ,y> = - k, I g%f- y dy , ¥veD(Q), (6)
£
38
<-k; AT,y = k, 55 Y dy, ¥YeD(Q), )
£

where <.,.> represents the duality pairing between D'(Q) and D(R).
ii) The new unknown function u satisfies the following elliptic problem

{ i) Au =0 in D'(Q),
ii) u/r;= B,

"
4 111)‘3%-/F2= q, (8)

. Jdu
iv) SE'/Fa =0,
where B=B(x) is defined by
B=k, b - kib~ in ). (9)

Proof. To prove (6) for allye D(Q), we use a Green
formula in @, as follows

<=k, AT2,Y> = - sz T, A&y dx = - k2 I 0, &y dx =

Q 2

d 3
= -k, [ { 002 v dx + {( 9, 3% - 3%3 ) dy ] =
2 3(R2)
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because 3(Q2)= (3(A)AN) U (-9).

Exercise 2.2.1. Prove (7) and (8).

Theorem 2.2.2, 1) The variational formulation of problem

(8) is given by the following EVE

a(u, v-u) = L(v-u), W¥veK,

(10)
uek,
where
( v=H'(Q), Vo={veV / v/I'1= 0},
K={veV / v/I1=B (=KB) , (1)
a(u,v)= | Vu.Vv dx, L(v)=-| qvdyE (v)).
Q P2 4

1
i1) Under the hypothesis LeV) (e.g. qe L?(I';)) and beH /Z(Fl), there

exists a unique solution of (10).

iii) The solution u to (10) is characterized by the following

minimization problem

{ Jq(u) = Jq(v), Vvek, (12)
uek,
where

Jq(V; = %‘ a(v,v) - L(v)= % a(v,v)+J qv dy. (13)

I2

Proof. Exercise 2.2.2. (Apply the Theorems 1.2.1, 1.3.1.

and the following equivalence
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(U,v)= F(v), WeV , (10) <= (14)
UeV, - °
where
(
Us= u—Bo e Vo,
1 B,eV / B /Ty = B, (15)
L F(v) = L(v)-a(B_,v), ¥veVo).

Next we give a property of monotonicity of the solution

to problem (10) as a function of the data b (or B) and q.

Lemma 2.2.3. If u=u _ 1s the unique solution of problem

. qB
(10) for data B and q, then we have that

B;s B, (or bysb,) on Ty

=

in 0 (16)
q2sq1 on T2 Yq1By SY%,B, " @
Proof. To prove (16) we shall take into account the

following equivalence (we note u; = uoipg for i=1,2):

u, Suz in Q <= w=0 in Q, (17)
where w=(uz-u;) .

Since weV,, thenl, if we usev=u;+weK in the EVE corresponding

B,

to u;, and v-u2+weKB in the one corresponding to u; and we later
2

substract them, we have

0 s a(w,w = - I 2(Q1— qz)w dy= 0, (18)

r

that is, w=0 in Q.
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Exercise 2.2.3. 1If g=q(x) 0>on T';, then we have that

. T 19
qu; Max B in (19)
Y

Remark 2.2.1. In this Chapter 2 we consider that the

domain ) and the data b (or B) on I'; and q on T'», are sufficiently
regular to have the regularity property uiﬂz(ﬂ)fﬁo(ﬁ) (for n:3,
H2 () ¢ ¢ () [Frie2, Gris, Mu St, Neca]. Moreover, in the three

examples (See Appendix 1), the solution u satisfies this condition.

2.3 - AN INEQUALITY FOR THE CONSTANT HEAT FLUX TO OBTAIN A TWO-PHASE
STEFAN PROBLEM

We assume a constant temperature b>0 on I} and a constant
outcoming heat flux >0 on T';. If we consider in ) a steady-state heat
conduction problem, from the physical point of view, we arrive at the

following conclusions:

i) If q is small, then the temperature in § will be positive, and
so a change of phase in the material will not occur. In this
case, the resulting problem will be one of conduction, only

for the liquid phase.

i1) If q 1s large, then the temperature 1in § will take positive
and negative values, and so a change of phase in the material

will occur.

In this paragraphy, we shall find for q a sufficient
condition for the occurence of a change of phase in @, i.e., we shall
prove that for all B»0 (B=k,b>0) there exists q = qO(B)>0 so that for

O

all q>q we have a steady-state two-phase Stefan problem in ¢ [Tarz5].
o :

Lemma 2.3.1. Let u=uq be the unique solution to the

EVE (2-10) for q>0 and B>0. We have the following properties:
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(U > )= d >
g fq7T | 1 Hq Y (0
T2
uq #0 in Q <> uq #0onr,;. (2)

Proof. 1t 1is enough to choose v=u;LK in (2-10) to

obtain.(1). From (1) and u;gvo, we deduce (2).

Remark 2.3.1. For a given value of >0 there will be a

change of phase 1n (uq or Oq takes positive and negative values in Q)
iff the function uq takes negative values on the boundary T, In other
words, the function uq will begin to take ncgative values on T, (We

can also obtain this fact by using the maximum principle [PrWel).

Moreover, this fact will be taken into account when we
carry out, the numerical simulation for the computation of the
coefficient q [Tarz5) and also for several optimization problems with

)

temperature constraints [GoTal] (See next paragraph).

Exercise 2.3.1. The Lemma 2.3.1 1is also valid for

the general case b=b(x)>0 on I'; and q=q(x)>0 on ', (This property will
be used in § 2.5.).

Lemma 2.3.2. If ui=uq is the solution of (2-10) for

q; (i=1,2), then we have the fullowiné properties:

1)
i) a(uz-ul,uz—u1)=(q1—q2) (uy~u;) dy ,
2
ﬁ i1) alu,,uy) - auy,u;)=da&u,+u;, uz-u,) = (3)
= (q1+q2) (uy-uy) dy
r

11) If q,:9, then
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1) u,su,in @,

. (4)
ii) Ul d‘Y é uz d‘Yl
T, T2
iii) The applications q —» U and q — uq dy are strictly
decreasing functions, i.e.,
T,
a) u;zu,, u,#u, in Q,
q,<q, = (5) (5)

b) Juldy<IU2dy.
T, T,
Proof. 1) If we take v=u,¢K in the EVE corresponding
to u;, and v=ugKin the one corresponding to u; and we add up and

substract both equalities, then we obtain (3i) and (3ii) respectively.

ii) Condition (4ii) follows directly from (3i). To prove (4i) we shall

take into account the following equivalence:

u;su, in Q <= w=0 1in @,

(6)

where w=(u,-u;) .

Since weV,, then, 1f we use v=u;+weK in the EVE
corresponding to u;, and v=u;+weK in the one corresponding to u; and

we later add them up, we have

Oﬁ(ql—qz) IF w dy= a (uz-u;,w) = - a (w,w)s0, (7)
2

that is, w=0 in Q.

i1i) To prove (5a,b) we use the following results:

(A) uy=u; in Q@ = q;=q, or I (uy~u,;) dy=0,

T
2
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(Bi) wuz=u; 1in Q,
(B) f (uz-uy) dy=0 =>
rz (Bii) ql=q

"
Condition (A) results directly from (3i) and condition
(Bi) is deduced from (3i) and from the fact that uz—ulevo. Taking into

account (B)'s hypothesis, the result (Bi) and the variational

equalities corresponding to u, and u;, we obtain

-q f (v-u,;) dy= af(uy,v-u;)= a(uz,v-uy) =

r
2

= - q, I (v-u,) dy=—q2[ (v-u;) dy, WwekK,

I'2 I‘2
i.e.,
(q,-q,) [ (v-uy)dy = 0, WveK. (8)
r
2
Taking one element voevo so that{ vody¢0 and

choosing vs=su; +Vv e K, from (8) we deduced (Bii).r'2

Let f: R'>R be the real function, defined in the

following way:

f(q)= Jq(uq)--% a(uq.uq)+ q J g dy. (9)

Ty

Remark 2.3.3. To find the element q_s and taking into
account (2), (5b) and function f, it will be enough to find a valve
g>0 for which we have f(q)<0. We shall further that this technique can

still be improved.

Lemma 2.3.3. For all q>0 and h such that gq+h>0, we

have the following estimates:
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1)
T | Iy I/ r,l 10y
h "~ q q+h v o
1)
L I~ If / Ir,l
|| 5 (uq uQ+h) ”L2 (r) < 0 2 ('Co)’ 1)
a

0

where Y, is the trace operator (linear and continuous, defined on V),
and a > 0 is the coercivity constant on Vo of the bilinear form a,

i.e.:
2
a(v,v) za | v llv’ eV . (12)
ii) For all g>0 and h>0 we have

0<| (u-u )Ydy<cC h (13
( “q Maen Y o ’ )

and therefore thezfunction q - ( Ug dy 1is continuous.
)Pz
Proof. 1i) Taking into account (12), (3i) with q}=q+h
and q,=q, the Cauchy-Schwarz inequality and the continuity of Y, e

obtain (10). Taking into account (10) and the continuity of Y, we

deduce (11).
ii) From (5b) and (11) we deduce (13).

Lemma 2.3.4. The function f is differentiable. Moreover,

f' is a continuous and strictly decreasing function, aad it is given by

the following expression

£'(q)= { Yq dy. (14)
I
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Proof. We deduce (14) by using the fact that

f(q+h) - f(q) 1 1
qh q.i uqu+§_ u dy,

r, r,

which i1s obtained from (2-10) after elementary manipulations.

Lemma 2.3.5. From all q>0 we have the following

expressions
du
a(u ,u )=B E‘l dy - q | u dy,
r, r,
Ju
. _3';1'(1 dY =4q lrzl ’

Proof. Expressions (16) and (17) are obtained by

(15)

(16)

(17)

(18)

(19)

(20)

21)

multiplying the differential equation (2-8i) by uq and 1 respectively,

by integrating on ¢ and by using Grren's formula. Expression (18) is

deduced from (9), (16) and (17). Expression (19) is obtained by

taking the derivative of (18) with respect to q and by using (14).

Expression (20) is deduced from (14), (16) and (17), and

expression (21) is obtained by using (19) and by differentiation of

(20) with respect to q.
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Theorem 2.3.6, 1) There exists a constant C>0 such that

au_,u ) =C q*, ¥q>0. (22)
9" q
ii) Function f, defined by (9), is given by:

f(q) = -

(Xile!

1
q®> + B |F2| q, ¥q>0. (23)
Proof. Let Y be the real function defined by

1
Y(q) = 3 a(Uq,Uq) (24)

*

for q>0. It satisfies the following Cauchy problem:

1
Y'(q) = E-Y(q). q>0,
Loy 1 f @
| + im
lY(O ) = q+0+ 2 [-B lel - j uq dy-} = 0.
_ T2 -

The solution of (25) is given by

Y(g) = C q, with C = const.>0. (26)

and therefore we obtain (22) as well as (23).

Remark 2.3.3. Constant C has the following physical

dimension:
[(c] = (em"” (27)

where n is the dimension of space R" and it can also be calculated by

the expression:
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1
C = — (B-u ) d for some q>0.
q IF q" Y d (28)
2

Exercise 2.3.2. Constant C is given by

C = a(y,, u,) = J u, dy, (29)
r
2

where u, os the solution of the following EVE
a(u, ,v) = J v dy, VeV ,

r, (30)

ujeVo.

Then, we have that C = C(Q,T).

Theorem 2.3.7. If 9>q » where

B
q, =a (8 =z |r,], (31)
then we obtain a two-phase Stefan problem 1in .

Proof. 1t follows from Lemma 2.3.1 and the fact that

£' =0 = .
2

Corollary 2.3.8. In the case where, by reason of

symmetry, we find that the function uq is constant on r,, the
sufficient condition, given by Theorem 2.3,7., is also necessary for

problem (2-10) to be a two-phase Stefan problem.

Proof. Since uq/I‘2 = Const., the property follows

from the following equivalence:
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(33)

Lemma 2.3.9. 1f we consider the general case b=b(x)>0

on I' and g=q(x)>0 on r., we obtain: If q satisfies

k. . .
Inf q(x) » EL ‘Izl Sup b(x) , (34)

ch2 Xel)

then we have a two-phase Stefan problem in Q.

Proof. Exercise 2.3.3. (Use Lemma 2.2.3.).

Remark 2.3.4. In [Tarz5], numerical results were

obtained by using the software MODULEF [Bern] (finite element code)
in two cases for which Corollary 2.3.8. 1s valid and the solution is

explicitly known [Tarz2} (See also Appendix 1).

Remark 2.3.5. 1In the Appendix 1 we give explicit

solutions and the expressions of C and qO(B) for three special

domains.

2.4 - SOME ESTIMATES FOR THE CRITICAL HEAT FLUX WHICH CHARACTERIZES
A TWO-PHASE STEFAN PROBLEM

We continue to consider the case b=Const.>0 on Fl and

gq=Const.>0 on FZ.

Let g be the critical heat outgoing flux which
C
characterizes a two-phase Stefan problem in {, that is

q>q <-> 3 2-phase,

c
(1)

L q:q, <> i 1t1-phase (in our case, the liquid phase),
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because the monotony property (2.3.4).
We shall give now some estimates for q. [BST].

Theorem 2.4.1. i) Let w denote the solution to

Aw = 0 in Q,

(2)
dw
w/F1 =B, w/T, =0, Eﬁfra =0
If we define
Min Jw
i7r, Cwl) 3)
then uqzmzo in Q , ¥qsq; .
Moreover, we have
q; = q, (4)
i1) Let d = ::? dist(x,T;)>0 and let P;¢ F;and P,el', be such that
2

d= dist (PI,PZ). Now let m be an affine function such that

[ m(Py)=B, /T 2B,

n(P,)=0, ﬂ/F2 o, (5)
3
5;/1‘320.
If we define
am
Max —/T.) (6)
q on’ 2

S F2
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then uan in Q, anqs.

Moreover, we have uq(P2)<0, vq;qs and then

9.4, (7)

iii) We have w#&m in Q. Moreover,
wfT  in Q = q;<q. (8)

Proof. 1) We have w>0 in ¢ and w20 in @ due to the

maximum principle [PrWe]; then %%/F2<O.

To prove u 2w in §I, we define z=uq-m that satisfies
. J2 .= .
Az = 0 in Q, z/F1=O and Eg/nFo. 1f z/FZZO, then 220 in Q@ as desired.
Then, if we assume that z has a negative minimum at some point Pel,,

we obtain

Jdu

_a_E. = Ypy - ﬂ’. > _ =
0-22(p) = —L(») - TE()2 —qvq=0, ¥asq; ,

which 1s a contradiction,

ii), iii): Exercise 2.4.1.

Remark 2.4.1. There is not necessarily uniqueness for

the points PleF; and Ppcrz In the above Theorem. In the three
examples, given in the Appendix 1, there exist infinite pairing points
P; and P, which satisfy the required condition; e.g. in Example 1 we

have

P1=(0,y), Palx_,y), with yg[O,y ]. (9)
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Remark 2.4.2. A sufficient condition for =w to exist

is the convexity of Q; then one takes a supporting hyperphane to § at
the point P, and we construct an affine function 7w vanishing on it
and taking the value B at P;. This construction fails if F2 1s a flat
portion of F; e.g. the side of a triangle {cR?, F1 being the other

two sides and T, =¢.

Remark 2.4.3. uq(P2)<0 give us that the second phase

(in our case, the solid phase) appears at P,el,, the farthest point

from r (See also (2.3.1) and Remark 2.3.1.).

We shall consider qc=qc(Q) as a funcrion of the domain
Q. Let @, and Q, be two bounded domains, with regular boundaries, such
that (See Figure 2.4.1.) [BST]:

e @,

(1)

y o etan=Tr, ur ur, (10)

2
8(e)=T, UT UuT,

where the boundary conditions on Ffl> (i=1,2), TI'_ and I'; are of the

2
same type as the ones defined before.

a0

(2)
Iy

Figure 2.4.1.

Let us (i=1,2) be the solution to problem (2-10) for
(1)

the domain Qi with data B on ', and qi=qi(x) on I' (i=1,2), that is
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ai(ui’ v—ui) = - jp qi(v—ui) dy , ¥vek,, o
2

u ek, (i=1,2)

where

(i)

K. = {veH'(Q,) / v/r =B},
1 1 1
(12)
%‘u,v)= ( Yu.Vv dx (i=1.2).
Q.
i
Lemma 2.4.2. Under the above hypotheses, we obtain
the following property:
qléq2 on I', = u, su, in 51. (13)
Proof. To prove (13) we shall take into account
the following equivalence
u,su, in 9, <=> z=0 in Q,, (14)

(1)

where z=(u2-ul)+€ Hl(Ql). Moreover, z/I'1 "=0 because u,sB in Q l.e.

2
1
u,/Fl( )SB. By using (11) with v=u +z €K, we have

a (u,,z)= - [ q,z dy. 15)

Iy

If we extend by o the function z to the whole set Q,

and we put v=u,+zeK, in (11), we obtain

- ( q,z dy= a;(uz,z) = J Vu,.Vz dx =
)Fz {2,

(16)
= [ Vué.Vz dx = a, (uz,2)
Q

1
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From (15) and (16) we obtain

0sa,(z,2)= al(uz—ulaz)= J (ql—qz)z dy-0,

r

that is z=0 in 51. 2

Corollary 2.4.3. Let @, and Q, be as above, i.e. they

satisfy the conditions in (10). Then, we have that

q,(@2)sq_(2,), (17)

that 1is, qc=qc(Q) is a non-increasing function of the domain Q where the

order is represented by conditions (10).
Proof. It is enough to put q1:q2(=q) in Lemma 2.4.2.

Exercise 2.4.1. Let QcR? be the set defined, in polar

coordinates, by

Q ={(xr,y) / ro( )<r<R, 0£y<2u},

(18)
0<R22ro( )$R1<R, Yyel0,2n) (R2<R1),
then we have that (Use Example 2 in Appendix 1)
B B
—_— < < -2 ..
Rlog R~ q (@) = R log R (19)
R, R,

Remark 2.4.4. Other useful estimates can be found 1in

[BST].

2.5 -~ SOME HEAT FLUX OPTIMIZATION PROBLEMS WITH TEMPERATURE CONSTRAINTS

A) For the general case b=b(x)>0 on I, and gq=q(x) on Ty, we

consider the following optimization problem: Find qu+ that produces the
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total maximum heat flux on TI',, without change of phase within Q, i.e.

[GoTa1]

Max

(1)
qeQ” Flq)

where the functional F:Q - R is defined by

F(q) =,J q dy , , (2)

Iy

and
. v
[ S = {veK / Av=0 in @, —})—I{/F3=O}’
+ A . 1/2
{ S={veS / vz0 in @}, Q=H"(r,), (3)

| Q+=T_1(S+)= {qeqQ / uq:O in Q}.

The application T:Q » S is defined by
T(q)=u
a)=u, (4)
where u=u_ is the unique solution of (2-10), with the hypothesis
3
beH A (I'y) (See Remark 2.2.1.); then we have that in @ there will not

exist a phase change for any heat flux qeQ’.

Lemma 2.5.1. i) The operator T, defined by (4), is an

affine and monotone increasing operator, that is, there exist ug S and

two new operators T; and T, so that T=T; +T,, where

T1:Q = S / T,(q)=u S, ¥qeQ,
(5)

T,:Q»V / T, is linear and continuous.
V]

. + . - . .
i1) Q 1is a convex set and F is a linear (then, convex) functional.
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u,eK and u2=u2(q)eVO be the unique

solutions to the following problems:

a(u,, v-u, )=0,

Ulf,K,

-a(u,,v)= - I
r

L uzevo.

We have that u

(2-10); then T, and T, can be
T1(q)=u,, T, (q) =u,

Operator T, 1

vl

o
6}

I, @l , €
o}

WwekK,

q v dy, VVgVO,

2

=u;+u; from the uniqueness of problem

defined as follows:

»  ¥qeQ.

s linear and contlnuous because

Lol ey %aca,

where Y iV V0 is the trace operator and a >0 is the coercivity

[+]

constant on VO of the bilinear form a (See (3-12)). The monotony

property of T is valid from Lemma 2.2.3.

(6)

(7)

(8)

(9)

.. + . . .
ii) Q 1is a convex set due to the fact that T 1s an affine operator and

+ .
S 1s a convex set.

We have the following theorem of existence and

uniqueness of solution for the problem (1)

Théorem 2.5.2.

. . -+
There exists a unique qeQ such that
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F(q)= 2§3+ F(q). - (10)

Moreover, the element q is defined by

q = - =—/T, (11)

where y 1is given by (4-2).

Proof. The element qeQ’ verifies F(q)sF(q), ¥qu+,

by using the maximum principle (Exercise 2.5.1.).

Let I:S >R be the linear functional, defined by:

I(v) = - f % dy, M¥veS. (12)

r,

We can consider a new formulation of the optimization

problem (1), as follows:

Max
veS+ I(v) ‘ (13)

Let ¥, P and G be
o)

y = C°(r2), P={pey / p20 on T3}

(14)
G:8>yv/ G () =-v/r,
6] o} 2
then the problem (13) is equivalent to
Max
ves, G (w0 T (15)

by using Exercise 2.3.1.

If u is a solution of (15), there exists a Lagrange

multiplier pey' (dual of y) with p20 (i.e. <y, p>= J up dy 2 0,
P
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¥peP) that satisfies the following conditions [Bens, EkTe]:

I(u) + <y, Go(v)> 2 I(v), WeS,

(16)
<y, G (u)> = 0.
?
9z
We can deduce that u=w and u= 37§/F2, where the
element z is given by (Exercise 2.5.2.)
Azo =0 in @,
17)
azo
zo/['1 =0, zO/I‘2 =1, 7§TJF3 =0,
and therefore we obtain the uniqueness of problem (1) or (10).

B) For the general case b=b(x)>0 on I, and 9=q(x)>0 on T,, we
consider the following optimization problem: Find the maximum upper
bound for q such that there is no change of phase within @, i.e.

[GoTa1]
Find q;>0 / uqzo in @, ¥q=q(x)sq; on I,. (18)

Theorem 2.5.3.

i) For the case gq=Const.>0, we obtain
that

(o] = thf ul(X) (19)
Iy xel', u,(x) °

where u, and u, are given respectively by

Au1=0 in Q,

(20)
du,
Ul/rllB, s?rfrzuraﬂ 0 (See (2—5—6),
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AU3=0 in Q,

(21)
8u3 Z)U3
=0 - =
U3/I‘1 , ™ /I‘2 1, T /I‘3 0 (See(2.3.30)).
ii) If q=q(x)>0 on I, satisfies the condition
Sup o}
xel's a(x) £ Iy , (22)
where q; is defined by (19), then uqu in Q.
111) We have that
o
qM=qC’ (23)

where q. is the critical heat outgoing flux (4-1).

Proof. Exercise 2.5.3.

Remark 2.5.1. The element q; coincides with q. in

the three examples (See Appendix 1), i.e., it is the critical heat

outgoing flux which characterizes a two-phase Stefan problem in Q.

We shall consider now a new problem which is analogous

to the above problem B.
C) For the general case b=b(x) on [} and
q(x)=Q ql(x) on T, (24)
where Q=Const.>0 and q1=ql(x)>0 on ins a given function, find the

maximum upper bound for ( such that there is no change of phase within

Q, i.e. [GoTal]
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Find Q;>0 / uqao in 2, ¥QsQ,. 25)

Lemma 2.5.4. The element Q; is given by

@ Inf u, (x) ,
= 2
M xel"z u“(X) ( 6)

where u, and u, are given by (20) as well as by the following:
Auu-O‘in 2,
(27)

du, au,

Proof. Exercise 2.5.4.

Remark 2.5.2. In [MeGo), numerical results on q,

q® and Q° . . . .
M M were obtained by using the software MODULEF [Bern] (finite

element code).
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CHAPTER 3

ON A SECOND STEADY-STATE>TWO-PHASE STEFAN PROBLEM

3.1 - INTRODUCTION

We consider the same problem posed in §2.1. but now

we replace the condition (2+1-4iv) by the following one [Tarz1]

96,
-k, a_n”l““(kz 8, -B) if e/t >0,
36 ()
=k, —1 - _ . !
Kk, - /1‘1-.;,;0&191 B} if e/r <0,

where g=Const.>0 represents a heat transfer coefficient on Ty

We are interested in studying the temperature g=p ,

represented in § by (2-1-3), which satisfies the conditions

(2-1-4 i, ii, iii, v, vi),
(2)
(1).

We shall use the same notations, given in Chapter 2.

The goal of this Chapter is to determine necessary
and/or sufficient conditions for the data b=Const.>0 (or B=Const.>0) on
I'ys a=Const.>0 on r; and g=Const.>0 on I, to be (2) a free boundary

elliptic problem, that isi.a¥ ¢ [TaTa, GoTa2].

3.2 - VARIATIONAL FORMULATION AND SOME PROPERTIES

Following {Tarz1] (See also § 2.2.), *Wwe obtain

Theorem 3.2.1. If we define the function u (the new
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unknown function) as follows
+ - .
u=k, g -k;8 in Q, (1)

+ - .. .
where 5 and g represent the positive and the negative parts of

function g respectively, then problem (3-1-2) is transformed into
i} au=0 in D'(Q),

{ii) -2/r,=q iv) £2/r;-0, (2)

(111) - 22/1 =a(u-B) ,

whose variational formulation is given by the following EVE

d (u,v)=L _(v), WeV ,
a aqB
(3)
ugV ,
where
( 1
v=H (), a{u,v)= I Yu.Vy dx,
Q
a (u,v)=a(u,v)+ g J uv dy ,
o .
Ty
*
= (4)
Lqu(v) Lq(v) + o [ Bv dy ,
T
1
L Lq(V)’- fr qv dY M
2

Proof. Exercise 3.2.1.

Theorem 3.2.2. i) Under the hypotheses Lqu'(e.g.

T
qel? (r,)) and beH b (r,), there exists a unique soluticn to (3).

ii) The solution u=uqu aof (3) is characterized by the following

minimization problem
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(5)

where

1
G(v)=Gan(v) =5 aa(v,v) - Lan(v).

(6)
Proof. Exercise 3.2.2.

Exercise 3.2.3.
v, i.e.,

The bilinear form

a, is coercive on

3 o0/ ay(v,v)= (v,v)+ [

2
v? dYgxlu v " v VeV,
r

(7)
1
Moreover, so it 1s the bilinear form a and we have
1
2

( a (V,V) ZA u \Y ” s ¥veV,

[§1 9] v

(8)
i)\ = ) Min (1,(1).
a 1

Lemma 3.2.3.
have that (we denote

Under the hypotheses of Theorem 3.22. we
Uqu=uu)
lim =u strongly 1n V
g Y gly in V, (9)
where u is the solution to the EVE (2-2-10).
Proof. If we choose v=u -u_
we obtain

V in (3) and use (7),

+ (a=1) fr E; dy = C1 ” £
o

2
@
1
=u ~-u and C1 18 a positive constant independent of
[e+]
(10), we deduce

o le I

where

(10)

a. From
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“ £o ” = Gy, (a-1) {ng dy =Gy, an

1
where C2=CI/)\1 and C,=C C are two comstants independent of a, and this

implies that u is bounded in V. We can extract from (ua) a subsequence,

a
still denoted by (ua), such that

u —  u* weakly in V,

(12)

1lim

{ (u -B)?dy = 0.
r a

1

- oo

If we take into account the weak lower semi continuity

property of the application

veV ——0 [ vZ dy , (13)
T

we deduce that

) :
0 = f (u*-B) dy s i [ (ua—B)2 dy=0, (14)
r

that is u*:K.

If we choose vgV ¢V in (3) and we take the limit
o

a++w, we obtain
a(u*,v)-Lq(v), ¥VEVO, (15)
then u* is a solution to (2-2-10), but this being unique we have
u*=u . The uniqueness property also implies that the whole sequence
o
(u ) converges weakly to u_.
o

For g>1, we have

2
Al" uu—um" gaa(ua—um, ua—um)=Lq(ua-um)~ a(um,ua—um) (16)
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and from the weak convergence of u,  towu, we deduce the strong

convergence of u to u .
81 [en

Exercise 3.2.4. We have that

lim

O+ “ o _emn L2 (Q) = Ol | (17)

where 6 and 6 are the temperatures corresponding to u (See (1))
w a

and u (See (2-2-4)) respectively.

Remark 3.2.1. 1In this Chapter we consider that the

domain §; and the data b {(or B) on [, and q on r, are sufficiently
regular to have the regularity property uan ¢ H2 {0)nc® (@) . In particular,
we are interested in this property for the case b=Const.>0 and

q= Const.>0. Moreover, in the three examples (Sce Appendix 1), the

solution u qB satisfies this requirement.
a

3.3 - INEQUALITIES FOR THE CONSTANT HEAT FLUX AND THE HEAT TRANSFER
COEFFICIENT TO OBTAIN A TWO-PHASE STEFAN PROBLEM (PART 1)

From now on we shall consider the particular case
B=Const.>0, g=Const.>0 and g=Const.>0 and use u =u

of (3-2-3)) and um=uq=u

=y (solution
aq oqB

qB (solution of (2-2-10)) when it is necessary

to simplify the notation.

Lemma 3.3.1. We have the following properties (for a

given B>0):
i) uangB in , ¥u>0, ¥q>0,

ii) u&ququgB in §, ¥«>0, ¥q>0,

ii.l u = u in ¥q ‘Eq V-(] =
) 1 llB_ [ 4 q B Q, 2~ 1, 1 o '

A

l iv) M2 =zu

% qB M in o,
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where

Min Max
M, = r, agB ’ M= E @

Proof. We shall only prove 1ii)and iy) because the other

casesare analogous (Exercise 3.3.1.).

iii) We shall take into account the following equivaicnce:

ujtu, in g <o w =0 in g, (3

+

where w={u;-u,) in 3 and u.=u (i=1,2).

(liqu
If we use v=w¢V in the EVE (2-2-3) corresponding to
u,, and v= - w.V in the one corresponding to u, and we later add them

up, we have

a,(w,w)+{q -q ) J wody + (a,~a) J (B-u,)w dy = 0, (4)
1 2 \
r, I,

that is, w=0 1n g.

iv) Let w, and w, be the functions defined in the following way:

—M1)+ . w2=(M2-—uu )+ in . (5)

w1=(u qB

aqB
If we use v=w,; V and v=w,.V 1n the EVE (3-2-3) and we

take into account that w,/r,=0 and w,/1I',=0, then we obtain

a(w, ,w, )+q { w, dy=0,
Ly (6)
alw; , Wy )l +g IF (B-—uan)w2 dy=0,
1

that is, w,=w,=0 in p, i.e. (iv).

Exercise 3.3.2. We have the following properties:




1)

Ma Mi
ﬁx Uggp™r = u =My, (7

where the elements M; and M, are defined in (2).
i1) The problem (2-2-3) is a two-phase Stefan problem in Q iff

Ixiel , x,eT, / uqu(x1)>0, uqu(xz)(O. (8)

2
iii) If u qB satisfies the following condition
o ,

f uqu dy>0, f uOqu dy¢0 9)
r Iy

then the problem (3-2-3) is a two-phase problem.

Lemma 3.3.2. For all By0, we have the following

expressions:

4q
dy = - = Iy 0
[ wgpars Il =20 ] W, w0, (10)
r
a(qu’qu) = Lq(qu)+BqIF2I, ¥g>0, (11)
a(uqu.qu)= a(qu,qu), Ver, q30. (12)

Proof. To prove(l0)it 1s enough to choose v=1¢V in

(3-2-3).

Exercise 3.3.3. Prove (11) and (12) by using the EVE

corresponding to uqu and qu.
When the heat flux q>0 on T,is such that gq>q (B), that
< o
is, the problem (2-2-10) is a two-phase Stefan problem in @, then we

obtain the following result [TaTa].
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Theorem 3.3.3., If q>qo(B), then (3-2-3) is a steady-

state two-phase Stefan problem in { for all a>a0(q,B), where

q lrzL

o {q,B) = (13)
0
B l—rl l,
Proof. As q>q0(B), we have that
Min Min :
Q Yqp T T, Yqp<O (14)

and therefore, by using (1ii), we deduce that M, <0, ¥x>0. Besides, by

using (10), we have that

Ir UyqB dy>0 <= a>a0(q,B) , (15)
1
the we obtain the thesis.

Corollary 3.3.4. In the case where, due to symmetry,

we find that function u q is constant on Ty then the sufficient
a
condition, given by Theorem 3.3.3., is also necessary for problem

(3-2-3) to be a two-phase Stefan problem.

Remark 3.3.1. For the three examples, given in

Appendix 1, we can apply the above Corollary.

3.4 - INEQUALITIES FOR THE CONSTANT HEAT FLUX AND THE HEAT TRANSFER
COEFFICIENT TO OBTAIN A TWO-PHASE STEFAN PROBLEM (PART II)

We shall continue with the paragraph § 3.3. for the
general case a>0, q>0 and B>0 (B or b is given arbitrary but positive

constant).

3
Following [TaTa] (See also 2.3.), let g:(R+) R be

the real function defined by
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g(a,q,B) = Gan(uqu) (1)

which is equivalent to the following expressions (Exercise 3.4.1,)

1 1

g(a,q,B) = -~ § au(Uqu,uqu)= -5 Lan(uan) =
(2)
24 , - uB
=3 [r uan dy 3 [ uan dy £0.
r
2 1
Theorem 3.4.1. Function g has partial derivatives with
respect to variables ¢, q and B, and they are given by the following
expressions for all 4,q,B>0:
a8 = LI _ ,
3g (2rDB) [r(z s T B Uqp) 9 (3
1
% (4,q,8) = [ u __ d (4)
39 QAsHy J qu Y o
'y
38 = - d : 5
B (asq,B) a . anB Y . (5)

1

Proof. Exercise 3.4.2. For example, for the partial

derivative of g with respect to o, we can obtain:

| apu I, ¢ E 0,

(6)
" AhU(a) " L’(FI)S'Ez h,
where
I~ |
E, = Ao “ - qu“?z ’ E; = El” YOH (7)

a L (Fl)
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and Ahu(u) is defined by (h=Const.=0),

Ahu(u) =u £ V. (8)

a+h,qB ~ uqu

Moreover, we can obtain

Ahg(a) 1 —
- = u u - B{u +u ) dy
h 2 wth,qB “uqB w+hi, g8 “agb ?
3 )I‘l
( (9)
lim+ ( de = | , |
h+0 Youeh, gB uqu t= g S
Jp Iy
1 1
where Ahg(u) is defined by
Ahg(u) = ¢(au+h,q,B) - g(u,q,B). (10)

We can give an analogous definition for Ahu(q),

Ahg(q) and Ahu(B), Ahg(B) [TaTa].

Theorem 3.4.2. There cexists a function A=A(w), defined

for >0, such that

A( B2d
g(lI:Q-B) = - ;) q2 + B(llllz‘ Ty i‘ll: V‘isQoB:’O' (11)

Proof. By using (3-3-10), (2) and (4), we obtain

[}
oQ

(we note g = =2)
847 3q
q B ) B2y ,
glu,q,B) = 2 gq(avth) + —zl llz’ = E"i_'hl] . (12)
1f we differentiate (12) with respect to variable q, we
deduce
- = =B T =0. (13)

Then function g can be written in the form
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_ A(a,B)

g(u)QaB) = 2

q? + A, (a,B) q + A, (a,B). (14)

By some manipulations with (12)-(14), we obtain

dA
53‘(&,B)=0, A (a,B)=B |P2| s

(15)
B?a
Az(a,B)= -5 JFll .
that is (11).
Exercise 3.4.3, We have
i) [ uan dy = B 1r2l - A(a)q , ¥o,q,B>0, (16)
T
2
ii) g(u!q’B)<0' ¥Q.Q,B>0, a7
iii) Function A=A(x) is a decreasing positive function of o which
verifies
T 2
ay> L2l U o, (18)

2
fraf ©
iv) Let qmzqm(a,B) and qM=qM(a,B) be real functions, defined for o,B>0

by the following expressions

B|T, BT,
qm(u,B) = E%Ejl', qM(u,B) = "~l——l . (19)

Ir, 1

2
Then, the set S( )(B) is not empty for all B>0,

where (See Figure 3.4.1.)
S(z)(B) = {(a,q) e R / qm(a,B)<q<qM(a,B), a>0}. (20)

Theorem 3.4.3. If (a,q) ES(Z{B), then (3-2-2) or

(3-2-3) is a steady-state two-phase Stefan problem.
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Proof. By using (3-3-10) and (16), we deduce the

following equivalences

i) [F uan dy>0 <= ¢ <qM(a,B) .
1 (21)
ii) J uqu dy<0 <= g >hm(a,B) .
T

which are the thesis, applying Exercise (3.3.2.1ii).

Corollary 3.4.3. 1In the case where, due to symmetry,

we find that uOIqB is constant on I'; and T', respectively, then the
sufficient condition, fiven by Theorem 3.4.3. is also necessary for

problem (3-2-3) to be a two-phase Stefan problem.

Moreover, for the three examples given in Appendix 1, we

can consider this fact,

Exercise 3.4.4. We have:

i)
lim

u++mA(u) = G0, (22)

where C is the constant defined by (2-3-22) or (2-3-28), which is
independent of q,B>0.

ii) Function qmzqm(a,B) is an increasing monotone function of the

parameter g and verifies

lim

+
qm(o »B)=0, Q->+oo

qm(a,B) = qO(B), ¥B>0, (23)
where q (B) is defined by (2-3-29).
0

Exercise 3.4.5. Give a new proof of the result of

Theorem 2.3.7 by passing to the limit g»+o the above results, that is,
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if q,B>0 are such that q>qO(B) then problem (2-1-4) or (2-2-8) or

(2-2-10) is a steady-state two-phase Stefan problem in Q.

Exercise 3.4.6. 1i) Prove the following properties of

the function A=A(q) ( '= ESJ
o
1
'—
[aA(a)] ro a(uqu,uan) , ¥a>0 (24)
Lim At (a)=0, (25)
Q>4

ii) For all B>0, function qm=qm(a,B) verifies

3({ '
m A' (o}
L = - B 0
s (0B = - Bl gy > 0, w0,
(26)
. aq
lim ——m(a,B)=0.
a>+ o 00

Remark 3.4.1. In the plane a,q (for a given B>0), we

represent with dashes the region where a two-phase Stefan problem 1is

obtained for the problem (3-2-2) or (3-2-3).

9 /

9,8 »-XX% \5__

Figure 3.4.1.

4
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The number ¢ is defined by
o0

P 12
_.LJLL (27)

which is the g- component of the intersection point between the two

straight lines q=q0(B) and q=qM(a,B). We remark that g Uis independent of
619
B.

Remark 3.4.2., In [SaTa), the numerical results in

Figure 3.4.1, were obtained by using the software MODULEF [Bern] (finite

element code).

The function A=A(a), defined for a>0, is not explicitly
known but has the properties (11), (18), (22), (24) ard (25). In the
paragraph § 3.6. we shall consider a particular case for which we can

obtain more information about the expression of A(u).

3.5 - INEQUALITIES FOR THE CONSTANT HEAT FLUX AND THE HEAT TRANSFER
COEFFICIENT TO OBTAIN A TWO-PHASE STEFAN PROBLEM (PART III)

The goal of this paragraph is to generalize Theorem
3.4.3. so that (3-2-2) or (3-2-3) 1s a steady-state two-phase Stefan

problem [GoTa2] (We always consider the case o,q,B>0),

Theorem 3.5.1. Problem (3-2-2) or (3-2-3) represents a

steady-state two-phase Stefan problem if and only if the heat flux g

verifies the following inequalities
ql(m,B)<q<q2 (a,B), >0, B~0, (1)

where q =q (u,B) and q =q (&«,B) are given by (6) and (8) respectively.
11 2 2

Proof. Function u can be expressed as follows
agB
u .= B-qlU, in g, (2)

ugB
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where U is defined by
Qa

AU =0 1n @,
a
au
i - 5;3/F1=u Uu’ (3)
BUa au
1
———— = —_— ‘=0
\ 53 /r2 L /T,=0,

whose variational formulation is given by

aa(Ua’v) = J Uu dy, WveV,
r %)

UaLV,

and verifies that Ua>0 in ¢ (Exercise 3.5.1.).

By using (3-3-2), (3-3-7) and (2), we obtain the thesis

by virtue of the following equivalences:

i)
uanZO in § <= uanQO on T, <=
(5)
. B 3
qé— on [ <> qiq {(a,B) ,
U 2 1
a
where
q_(a,B) = "N 6)
1 U
2 o
il)
uqu;O in <;auqu;0 on Fl L
(7)

. B :
q_‘I—J—a- on rl‘f';“) Cl£q2 (C(,B),



where

Ma
q (a,B) = o {f‘- (8)
2 1 Qa

We can obtain a relatiounship between the Theorems

3.4,3. and 3.5.1. as follows

Lemma 3.5.2. 1) Function Uu verifies the following

properties:

: |
[ v e L2 weo 9)
r

1

J U, dy= A{a), ¥a>0. (10)
r,
11) We have the following inequalities

ql(G,B);qm(u,B)<qM(a,B);q2(u,B), Va,B-0, (1)

Moreover, we have that (for all B>0).

#

( q (a,B) = q (a,B) <> U /r =Const. ( Aﬁg}] s
1 m a2

L

(12)

—————

Qz(u,B) = qM(u,B) <= UQ/F1=Const. {= 1%311l
o Pl

Proof. Exercise 3.5.2.

Remark 3.5.1. 1In [GoTa2], for the general case

q=q(x) on r, and B=B(x) on r , we can state the following optimization

problems:

i) S:p J q dy  such that u <0 in a,
) (13)

Int [ q dy  such that wu qB:O in 9.
a
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3.6 - A PARTICULAR CASE AND THE EXPLICIT EXPRESSION OF FUNCTION A=A(a)

We consider the particular case when u B verifies
o]

the condition [Tala]

|

a—f afu

an'uqu

} = Const. (=Const. {(u,q,B), ¥u,q,B>0

or in a equivalent way

(cAl(a)]' =

due to (3-4-24).

A(u) + aA'(a)= Const., ¥u>0,

Exercise 3.6.1. We have that

Const. (u,q,B) = C-0, Mu,q,B>0,

where C 1s the constant defined before by (2-3-22) or (2-3-28).

Moreover, function U verifies
a

a{u ,U0 )=C,
a’ a

u - u

qB aqB

Y98 = “oaqB

<==alu .
uqB

uan)=a(qu,qu) <;>a(uan,uqu

Vu>0.

Lemma 3.6.1. We have the following equivalence

is constant in @ <= [gA(a)]’=C.
Proof. By (3-2-12), we obtain
is constant in § <==> af(u

qB uan’qu—uan)=0

)=Cq?

<= [QA(Q)]'=C.

Theorem 3.6.2. For all q,B»>0, we have that the

following propositions are equivalent (a,8>0):

(1)

(2}

(3)

(4)

(5)



qu-uanadl(Const.) in o, (61)
alr,| ] .
qu—uan= in Q, (6i1)
alr. | !
B-a F2| . e
Yeas UaqB = Ba ¢ Ip l in Q, (6iii)
1
BqB-uan= d; (Const.) in @, (6iv)
du du
BqB; agqB ’
s T 5 /I‘1 on 1 {6v)
u /T =B - —ﬂliil on T (6vi)
agB’ "1 alr | i
a1
au
"’%%E"/FI’ Slle on (6vii)
I,
Ju B
gg /Ty= d;(Const.) on T,, (6viii)
du B
L d, (Const.) on I, (6ix)
T 2
Ala) = C + l-lFil— , ¥a>0, (6x)
Y
Proof. Exercise 3.6.2,

Corollary 3.6.3.

For the particular case (1) or (2

the expression of function A=A(q) is given by (6x), or in an

equivalent way
)
Ala)=C (1+-J§1.

Remark 3.6.1.

(Importance of chapters 2 and 3) The

two elliptic variational equalities (2-2-10) and (3-2-3), studied in

chapter 2 and 3 respectively, appear if we consider the asymptotic

),

(7)
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behavior when the time t->+= in four parabolic variational inequalities of
type 2, defined in [Tarz1], for the evolution two-phase Stefan problem

according to the following diagram (&: latent heat of fusion):

Uj (t) t = +00 ud(Seech.m)
\u (t) / |
ol ~=+ @ olw + 00 : K- + 0O
Wit E
' V | I
uﬂm t=+ @ — -~ U, (See ch.l)
evolution cases ! steady-state cases

The goal of chapters 2 and 3 is to answer the following
question: i) When do the functions u and u really represent a steady-

a
state two-phase Stefan problem?

We have presented several problems, some of them
related to the function u_ (See chapter 2) and some other ones related

to the function u (See chapter 3) [Tarz7].

The parabolic variational inequality formulation for
the two-phase Stefan problem was firstly given in [Duva2, Frem].
[Daml}, it was proved the equivalence between Duvaut's and Freémond's
methods. Other theoretical results were given in [Coll, Donn, HNPS,

Mage, Pawl, Sagu, Visi].

Another formulation for the evolution two-phase
Stefan problem is the so-called weak formulation (enthalpy method).
was firstly given in [Kame, Olei, Rose] (See also [El0c] and its

asymptotic behavior was given .in [Friel],.
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More information about the Stefan problem through
the variational inequality theory is given in Appendix 3 (See also

[Rodr]).

Open problem: Generalize chapters 2 and 3 for the

evolution case,.

In the next chapter 4, we shall study a simple
evolution case for a semi~infinite material which is initially in the
liquid phase and we can give a necessary and sufficient condition for

a heat flux on the fixed face x=0 to have a two-phase Stefan problem.
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CHAPTER 4

AN EVOLUTION TWO-PHASE STEFAN PROBLEM
FOR A SEMI-INFINITE MATERIAL

4.1 - INTRODUCTION

We consider a semi-infinite material, represented by
Q=(0,+»), with an initial uniform temperature 8,>0. On the fixed face
x=0 the body can have a temperature -D<0 (solidification problem; See

§4.2) or an outward heat flux q{(t)>0 (See §4.3) for all instant t>0.

We enlarge the problem by taking into account the effect
of the density change during the phase change. Moreover, the material

has constant thermal coefficients, e.g.:

k.>0 : thermal conductivity of the phase i
¢.>0 : specific heat of the phase 1
{ p.>0 : mass density of the phase 1 (1)

220 : latent heat of fusion

a, = az= EE%— >0 : thermal diffusivity of the phase i
11

k

where i=1 and i=2 represent the solid and liquid phase respectively.

Without loss of generality, we take null phase-change

temperature (case: ice-water).

The problem consists in finding the function x=s(t)>0

(free boundary), defined for t>0 with s(0)=0, and the temperature

8, (x,t)<0 if O<x<s(t), t>0,
8(x,t)=4 O if x= s{t), t>0, (2)

B, (x,t)>0 if x>s(t), t>0,
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defined for x>0 and t>0, such that they satisfy the following

conditions [CaJa, Rubi]:

( alelxx= Blt, O<x<s(t), t>0

-—

&
azezxx + '-&-—;— s(t) 92x= th, x>s(t), t>0,

s(0)= 0,
((3bis)) 4 8;(s(t)it)= B,2(s(t),t)=0, >0 (3)

ky 81 (s(t),t)-kp 82 (s(t),t)=p1 % s(v), t>0,

8,(x,0)= 8,(+=,t)= 84>0, x>0, t>0 ,

8:(0,t)= -D<0 (k; le(O,t)= q(t)>0), t>0.

In §4.2 we give the explicit Neumann solution to problem
(3) and in §4.3 we analyse the solution of problem {(3bis) for
different heat fluxes q(t). We shall, prove that there is not always
solution of the Neumann type for the problem (3bis), i.e., problem
(3bis) does not always represent an evolution two-phase Stefan

problem; the cases considered will be [BaTa, SWA, Tarz4]

n/2

q(t)= g, t (q,>0), >0,

(4)

n= ~-1,0,1,...

For the case n=-1 we instantaneouly have a two-phase
Stefan problem (evolution case) if and only if the coefficient q
verifies the following inequality [BaTa (for p 1#p2), Tarz4 (for
P 1=0;)] |

e |
2 80 kzpacz
q, > = 0, -— {5)

a /7

2

=~
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For the cases n=0,1,... with P;=P, solidification does
not immediately begin at t=0 because the material temperature in (0,t)
must be raised from 8, to O before solidification begins and a

waiting time £, is necessary, where [SWA)

2
3 n n+1
13+ 3
t = 8, (6)
229 T (143)

In [Bole}, a melting problem with a waiting time is

analyzed.

A review paper on explicit solutions for the

unidimensional case was given in [Tarzé6].

4.2 -~ THE NEUMAN SOLUTION FOR THE TWO~PHASE STEFAN PROBLEM

We have [BaTa, CaJa, Rubi]

LEMMA 4.2.1 - The solution to the problem (1-3) (known as Neumann

solution) is given by

( 8 (x,t)= A +B  f(—>—),
1 1ol ZaIJE‘

X (1)
0 (x,t)= A _+B, f(6 + ———)
2 22 ! 2a,vt

| s(t)= 2 v /&' (v0),
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where
(
f(x)= 2 J* exp(-u?) du (=erf(x)),
j? 0
D
A (Y)‘ -D, B (Y)'—' ’
: ST &
‘ a,;
4 & e
Az(Y)- - Oof '?_"'- Bz(Y)= —__o—z___ ’
1-f (L) -G
a, )
(P a
cm 1 2’ 61=J_ IEI, aﬂ= : s
L P2 22 1+|e]

and vy is the unique solution of the equation

F(x)= x,
x>0
with
k 2 k
1 - 2
F(x)= B, (x) exp( f )- -~
Rplal/? al Eplaz/n

which satisfies the following properties
F(O')= +=, F(+=)= —=, F'<0.

PROOF - Exercise 4.2.1

2
Bz(x) exp(:fn),

a4

(2)

(3)

(4)

(5)

4.3 - AN INEQUALITY FOR THE HEAT FLUX ON THE FIXED FACE TO OBTAIN AN

INSTANTANEOUS TWO-PHASE STEFAN PROBLEM AND SOME RELATED PROBLEMS

We have [BaTa]
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-1/

) 2 ‘
THEOREM 4.3.1 - i) When the heat flux is q(t)= q, t (£>0), thenthere

exists a solution of the Neumann type for the problem (1-3bis) if and
only if q, verifies the inequality (1-5). In this case, the solution

of (1-3bis) is given by

( X
Bl(x,t)- Cl+D1 f (—),

ZalJP

{ 8,(x,t)= C 4D, £(§,+ — ), (1)

2a2 t

s(t)= 20/t (w>0),

where

[ C(w)= - M_ £C), Diw)= ﬂ‘ﬂ/—_ﬂ_,
ki a k,
8of (=)
ag 90
{ Colwl= ===, DW= m (2)
l—f(a—o-) 1-f(;;)
{ 5 = mIEI
2" Ta,
and w is the unique solution of the equation
(3)
x>0
with
X
9 2 exp(~ =x)
Fo (x)= 9 exp (- 5%_)_ k;89 ap’ (4)
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ii) 1f q g k280 there is no solution for the solidification problem
0% -azy/m

(1-3bis), we just have a problem of heat conduction in the initial

liquid phase.

k26p

iii) The case q = corresponds to the limit case of problem

avm

{1-3) when 2 —* +w,

PROOF - Exercise 4.3.1 (Function Fy verifies the following properties

F (0%)m 7 (q - 2220), § (4e)s -, F!<0). (5)
0 fy 0 a,/n

REMARK 4.3.1 - The inequality (1-5) was previously obtained in

[Tarz4] for the case p=p,.

REMARK 4.3.2 - We can also obtain the inequality (1-5) as follows: We
state a conduction problem for the semi-infinite material x>0, that is

initially in liquid phase, at a constant temperature 6,>0, that is

( =
%2 Txx Tt’

x>0, t>0,
{ T(x,0)= 6,>0, x>0, (6)

Lk, T,(0,8)= g 2, eso.

The solution to (6) is given by (Exercise 4.3.2)

T(x,t)= 6,- 3231—££; [1-f (—= )1, %20, t>0. (7)

ko 2a,7/t

Since the temperature calculated on the fixed face x=0,

is

Vr

T(0,t)= 6,- 3022"7 - (8)

k,
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which is constant in time, the semi-infinite material will undergo a

phase change if adonly if T(0,t)<0 which is the inequality (1-5). This

method, given in [SWA] for the case 010, allows us to obtain the

desired inequality but not the solution to problem (1-3bis).

REMARK 4.3.3 - Another method to obtain the inequality (1-5) consists

in introducing the mass as a space variable by [Quil}

P, if xss(t),

pls(t)+92(x-s(t)) if x>s (t),

If we define the following changes of variables

(e(t)=p, s(t),
} V0= 6, (X, t)  if O<uce(t), ©>0,
1
p P u ,
LV, Gu,t)= 6, (L s(t)+ P t) if wre(t), t>0,
o
2 2

then problem (1-3bis) is transformed into

D, V, =V, , O<u<e(t), t>0,
e t

D, v, =V, e(t)<y, t>0,
Hu t

e{0)= 0,

Vl(e(t),t)z v,(e(t),t)=0 t>0,

K, Vv (e(t),t)-K, v, (e(t),t)= £ e(t), ¢t>0,
M u
..1/2
K, Vv, (0,t)= q(t)=q, ¢ ., t>0,
U

(9

(10)

(11)
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where

K;=k;p;» D=5 (i=1,2), (12)

are the new thermal conductivity and diffusion coefficients

respectively.

We remark that (11) represents a phase-change problem
with the same densities (in our case equal to 1) and then by using
the inequality obtained for the case p,=p, [Tarz4] we deduce that
problem (11) (or in an equivalent way problem (1-3bis) has a solution

of a Neumann type if and only if q, satisfies the inequality

L > 0K, _ 8ok,

Bym agln

(13)

which is the inequality (1-5).

Since the temperature 6,, defined in (1), verifies that
8,(0,t)=C;(w) < 0, then we can consider the problem (1-3) for

D= -C,(w) and so we obtain the following

LEMMA 4.3.2 - If the condition (1-5) is valid and we take D= -C;(w) in

problem (1-3), we have:
1) v = w,
ii) the coefficient y, which characterizes the free boundary of the

Neumann solution for the problem (1-3), verifies the following

inequality

Y D pclkl
f__q__l'._._.__‘ 4
(31) 8, P,C,k, : (14)
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PROOF -~ Exercise 4.3.2 (We have F{w)= Fo(w)).

REMARK 4.3.2 - When q, verifies the inequality (1-5) we have that
problem (1-3) is equivalent to problem (1-3 bis) with

Do 22907T £(). (15)
ky 1

REMARK 4.3.5 -~ When we consider an overspecified condition on the

fixed face x=0, i.e., we give the temperature and the heat flux on x=0,we
can obtain formylas for the determination of one or two unknown thermal
coefficients in [StaTa]l and [StoTa] for the cases p;=p, and p=P,
respecively. Moreover, we can aiso deduce other inequalities for the
coefficient y which characterizes the Neumann solution for the

two-phase Stefan problem.

We shall now consider problem (1-3 bis) when the heat

flux on x=0 is given by q(t)=q,>0 [SWA].
LEMMA 4.3.3 - If q(t)= q,>0 there exists a waiting time t >0, given by

2 2 .
ty= LY 62 , (16)
4 a,q,

such that the material temperature is positive for all instant t<t,
(and for all x>0), that is, problem (1-3 bis) does not represent a

phase-change process (or a two-phase Stefan problem).

PROOF - We consider the following heat conduction problem for the

initial liquid phase
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a, Txxs Tt’ x>0, >0,
T(x,0)= 6,>0, x>0, (17)

k, Tx(O,t)= q, > 0, t>0.

The solution of (17) is given by (Exercise 4.3.3)

T(x,t)= 84 - %ﬂﬂ VE;E ierfc(ﬂwﬁ~——), x>0, >0, (18)
2 21/a2t

which verifies that

T(0,6)= 6,- 338 /225, to0 (19)

where

2
ierfc(x)= EEB%;Ehl - x(1-erf(x)).

(20)
vu

From (18), we deduce that the temperature on the fixed

face x=0 satisfies the following conditions

T(O,t)= 0 <= t= t
T(0,t) > 0, Wt<t,, (21)

T(0,t) < 0, ¥r>t,,
where to is given by (16).

Exercise 4.3.4 - If q(t)= qotn/2 (with q >0 and n=1,2,...) then we

have the same conclusion as in Lemma 4.3.3., but with a waiting time

t,>0, given by (1-6).
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APPENDIX §

THREE STEADY-STATE EXAMPLES
WiTH EKPLICIT SOLUTION

 Abstract:

We present three domains Y & (n=2,3) with the explicit -
solution curresponding to several problems studied in chapters 11 and
Iir.
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Wo shall give thrce oxamples in which the solution is
explicitly known {[Tarzia, Math. Notae, 28(1580/81), 73-89) (We use
Bek, >0 in the problems analyzed in the Table below):

Example | - We counsider the following data

- [ n-2. | ﬂ-(o. Ks) X (os Y.)v l.’O, Y.,ot
J rl-{O) x [0,y,), r’-(u.) x lo,y.l. (1)
| = (0,x) x (0] U (0,x) x ly,}.

Exangle 2 -~ Next we consider

[ ne2, 0<ry<r,, T,= 9,

f: snnulus of radius r, and r,, centred in (0,0),

{ (2)

F,: ecircunference of - radius v, and centre (0,0),

r,: circunference of radius r, and centre (O,Q).

2

For the numerical approximation and due to the symmetry
of the problem, it is convenient to solve it for a quarter of the
annulus (the one corresponding to the first quadrant), bearing in
uiﬁd that 'in this case a new portion I, of the boundary sppears, which
is given by

r,= 10} x (1,2) v (1,2) x (0}.
Therefore the values for lf,'. |r,| and C are modified

by a %» factor, but the expression of q, and 9. vhich are the values
of our interest, does not vary.
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Example 3 = Finally, ve take into account the same [nformation of

Example 2 but nov for the case ne].

REMARK = We remark that for the three above examples we cen directly
verify all the theoretical results obtained in this work.
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— e

ELEMENT
(defined in) EXAMPLE 1 EXAMPLE 2 EXAMPLE 3 ‘
1,2 ' 1/2
Variables X,y x,y;: tolx?ey?) ' Ix,y,z;ire(xey?ez?) /
Iry] Yo 2nry lulr:
|r,| Yo 2nz, 6::;
U =y =y
q b B-qx B-qr,log-g- a-qr:(_L._ l)
(11-2-8)or(11-2-10) 1 t, r
uwuy
o oqd . B~ g ~qx B--'l—z--qr,lor-— B-}H’: -q ;(;‘—- -'-)
(111-2-2)or(111-2~3) ry 1
u 1 r 2, ] 1
o - ¢ X t,(— ¢+ log—) | r (g ¢ — = =)
(1‘1_5_3) a 2 rl 2 Qtl r‘ K
x2
) oy | 228 Bryrg 0 _ 1
(11-4-2) X, log & ra-ry r r3
r)
uy T 2,1 1
x ry log — rp(— - =)
(11-3-30)or (11-5-21) 3 nor
Uy L3 2 1 1
~-qx . -qr, log — -qri(— ~ ~)
(11-5-7) 1 9%y ir, ¥
U1 B B B
(11-5~6)or (11-5-20)
Z . T 2.1 1
-X -ty log = erli(— =~ =)
(11-5-17) 1 e, ¥
My - - 4r2 s 4r}
(111-3-2) a . ar) arj
M -9._ qrz - "-511 -
2 B po qxe { B~ ar, -qr,log-—l B '3;; ” (ry-r,)

(111-3-2)
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(dgif‘l;::;:'rin) EXAMPLE 1 EXAMPLE 2 EXAMPLE 3
Wii'lt:!‘l '
(0,00 | (r,0) (r,,0,0)
(11-4-5)
chrz
(x,,0) (r,,0) (r,,0,0)
(11-4-5) ‘
hyperplane n . B ) Bry _ by - ) by
(11-4-5) X, r,of, [T, ror, T T,er,
s B B B
(11-4-6) Xe r,-r, =N
(11-3-22)or | X°¥? 2nrtog A e
1
(11-3-29)
B
go(B) B ' B
(I11-3-31) Ke ralog ‘E‘:’ r2(rz-c1)
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APPENDIX 2 (*)

APPRUXIMATE, NUMERICAL AND THEORETICAL
METIIODS TO SOLVE STEFAN-LIKE PROBLEMS

Abstract?

We present a short review on the approximate, numerical
and theoretical methods to solve free boundary problems for the

heat~diffusion equation of Stefan type.

(*) This appendix presents a sunmarized version of the lecture
delivered by the author at the Sixth Latin American Congress on
Computational Methods held in Parana and Santa Fe (Argentina) on
October 15-18, 1985 and published in Mecanica Cowputaciounal, Vol.
5, L.A. Godoy (Ed.)}, AMCA, Santa Fe (1986), 241-265.
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The present paper presents a summarized versicn of the lecture
delivered on occasion of the Sixth Aserican Congress on Computational
Methods held in Parana and Santa Fe (Argentina) on October 15-18, 198%,

The free boundary problems that belong to Mathematical Physics,
particularly those related to the heat and/or diffusion equation, have
been of great concern for mathematicians, physicists and engineers due
to the wide variety of different processes which involve s mathematical
wodel of this kind; some problems that deserve special consideration
are those where a phase-change problem occurs, which are better known
as Stefan problem,

The free boundary problems of Mathematical Physics are connected
with various branches of Mathematics, Physics and Engineering, in
particular, with coatinuous mechanics, heat transfer, ordinary and
partial differential equations, functional analysis, elliptic and
evolution variational inequalities, numerical analysis, etc, Asmong
other free boundary problems, we may mention: dam problem [Bai, BaCal,
semiconductors problem [HuNaj, obutacle problem [BaCa, KiSt), Bingham
fluid [(Gl], semi-permeable wall problem or "black body" {Duli], Stefan
problem [(Ru). A survey of all these problems with a mathematical
analysis through variational inequalities was done in [Tall; see also
[BaCa, Cr2, ElOc, rrz. KiSt, Lun, Mal, Oz, Rul, Sa, Tayl.

Free boundary problems for the heat and/or diffusioa equation may
be classified into:

i) of explicit type: when § appears explicitly in, st leasc, oue
of the two conditions on the free boundary, e.g., the Stefan
problem {LaCl].

£i) of implicit type: when S does not appear explicitly on neither
condition on the free boundary, e.g., the problea of diffusion~
consumption of oxygen in living tissues (CrGul.

In general, the free boundary problems of explicit and implicit
type are mutually relaced [Fa, Sc].

A discussion on fixed, moving and free boundary problemsa for the
heat or diffusion equation of the explicit or implicit type is given
in [Ta4]) and several long bibliographies on moving or free boundary
problems are given in [Cx2, Pr, Rul, Ta2, WiSoTr].

Among the free boundary problems for the heat or diffusion
equation we may cite: Stefan problem [LaCl, Stl, St2, Wel, diffusica-~
consumption of oxygen in a living tissue [CrGul, noncatalytic gas-solid
diffusion~reaction problem [We], -continuous casting problem {Rod],
optimal control {Sal, solidification processing {F1], metals solidifica
tion [Bil], solidification of roads [AgFr, AgFrCo}, ablation by melting
{SzTh]}, the welding of two steel plates [Tay], the shape of laser melt-
pools [Tay), ablation by a high power laser [AnAt), and several other
applications in {Cr2, FaPrl, Lun, Ma2, Oc tto, WiSoBo], i.e., alectro~
mechanical machining, Hele-Shaw flow, solidification of binary alloys,
storage of solar energy, etc. A relation among different free boundary
problems is analyzed in {Ro]. .

A discussion on the conflict among physical reality, mathematical
rigour and engineering applications is analyzed in [Sz].

In order to have an idea of the importance of tha methods and
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applications related to free and moving boundary problems for the heat
and/or diffusion equation, we may mention:

i)

ii)
ii1)

iv)

Meetings, conferences or seminars completely devoted to the subject
[AlCoHo, BoDaFr, FaPrl, Ful, Ho, Ma2, 6 OcHo, Tal, WiSoBo). In
addition, there exist several othe ~ meetings where papers on this
subject, which are not specified hers, are presented.

Books completely devoted to this subject [Ca, Cr2, Da, El0c, Frl,
Rul, Tall.

Review papers on the subject, both from the theoretical and/or
numerical point of view, such as [Ban, Crl), Cr4, Crld, Du4, Fo,
Fu2, GaSa, Mal, Me), MuSu, Niel, Nol, Prl, Pr2, Se2, SoBi, Tall.

Books that devote several chapters to the subject, for example
{CaJa, Crl, EcDr, Frl, Co, Je, KiSt, Lui, Lun, Oz, S$zTh]. In
addition, there are various other books where the subject is treat
ed to a lesser extent which are not specified here.

Some of these papers have been used as background to the present

lecture thus citing, in the majority of the cases, the original refer-
ence or review paper on the subject.

The outline of what will be further given consists in a selection

of theoretical, numerical and approximate methods that have dbeen used
in free boundary problems of the Stefan type, such as:

1)
11)
111)
Iv)
v)
vI)

Fxact solutions

Approximate methods or wudels
Integrai formulation methods
Front-~tracking methods
Pront-fixing methods
Fixed-domain methods.

We suggest readers to refer to the original papers and the refer-

ences thereby mentioned in order to have s mors extensive information
on the differeat wethodologies used, in particular, considering the
shortness of the present classification.

I.
i)

EXACT SOLUTIONS

The mathematical wodel for the fusion of a seai~infinite material
x > 0 , initially in che solid phase at the melting teaperature
Tg = 0°C , is given by [LaCll: Find the functions = T=»T(x,t) aond
S »S(t) such that -

i) pec T, - k T, 0,0<x<S(t) ,t>0
ii) 1(5(c),c) =0 , > 0O

iii) k T_(S(t),e) = ~ ol §(e) , c>0

iv) T(o,t) »B>0 ,¢t>0

v) S{0) = 0

where k is the thermal conductivity coefficient, p is the
mass density, ¢ is the specific heat, 1 is the latent heat of
fusion and B > 0 is the temperature on the fixed face x= 0,
The condition (liii) is known as thae Stefan condition.
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The solution of (l) if given by (Lamé-Clapeyron solutiom):

T(u.c)-n-:;iq(-ﬁ-ert (‘1—:-&-) 1 0<x <) , >0
(2)
s(t) = 2a £ /¢

vhers .2 -:klpc is the thermal diffusivity coefficieat and
is the unique solution of the equation:

x up(xz) erf(x) = Ste , x>0 {3)

4

wt;ere Ste = _c_l_!_ >0 is the Stefan number.

. A mathematical nbdel for the solidification of a semi~-infinice
~wmaterial x > 0 (initially in the liquid phase at the tesperature

C>0 and for t > 0 with a temperature -8B < 0 on the fixed
face x=0 , considering the jump density st the solid-liquid
iaterphase) is given by [CaJa, Wel]: Find the functious ‘l’l -

7 ® Tz(x,l:) and S=5(t) such that

pl <, Ti - k‘ Ti =0 ,0<x<cs(t) ,c>0
t ==

22

Py €, '1‘2 + cz(pl-pz) s(c) ‘rz -k, T =0, S{t) <x,t >0
t x xx

rl (s(e),t) = Tz (s(t),t) = 0,c >0

k, Tl' (s(t),c) - k, 'rz‘ (S(t),t) = CR 1x(t) ,2>0 (a)

T,(x,0) =T, (+=, ) =C> 06, x> 0,6 >0
TI(O.t) «w-3C0,t>0

S(0) = 0

vhere 1i+=1 represents the solid phase and i=2 che liquid
phase. -

The solution of (&) is given by (Neumann solution):

3 x
T,(x,t) = -3 + erf( )
1 erf(o/a,) 2a, /5
T,(%,6) @ ooy [erf(0/a,) = erf(8 + —£—)1  (3)
erfc o uz S

S(t) = 20 /%
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where
ki k/2 g
‘1.(91 °i) (i=1,2), 6--;]:;]
(6)
& P, =P
R B Wil |
o l1 + lEl .92
kl B exp(-czlaf) kz c exp(—ozlaz)
1 Py 4 M erf(a/al) 1 P 4 i ctfc(o/ao) (7
g>0

iii) The solutions previously presented are included within a more

II.
1)

ii)

general methodology known as the similarity method which consists
in finding the aolution of the form T(x,t) = u(n) wvhere n =
x//t is the similarity variable [Boul.

Other exact solutions are given in [CaJa, ChSu, Rog, Ta$S, Til.
APPROXIMATE METHODS OR MODELS

Quasi-stationary method.

It consists in replacing the heat equation (li) by [Scl, St2]:

rxx w0 ,0<x<S8(t) ,c>0 (1ibis)

If the boundary condition (liv) on the fixed Face x=0 varies
with time, i.e., B=B(t) , then the sclution of problem (libis,
lii-v) is given by:

TCxot) = B(t) - 28 x L 0<cx<5(e) ,t>0

s(t)
¢ p (8)
2k 1/2
s(e) = [ 53 [o B(C) dc] , t2>0

If the data B(t)=B > 0 is constant and the Stetan number
Ste = BC/l << ] , then the Lamé-Clapeyron and the Quasi-
stationary solutions are very close. A recent analysis with a
convection-type condition:

-k Tx(ﬂ,t) = h [TL - T(O0,e)) , c>0 (9)

on the fixed face x=0 , is given in [SoWiAll.

Balance integral method.

It is based on the physical concept of the thermal layer. It is
assumed that the temperature ie propagated in a bounded interval
[0,8(t)] (8(t) represents the thermal layer) and that outside

.that iaterval the temperature remains equal to its initial value.

The method consists in assuming that d&(t) coincides with the
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free boundary S5S(t) and in replacing conditions (li) and (1iii) by
(litris) and (liiibis) respectively, vhere [Goo]:

(eris) = 519 1,00 ax £% (T (S(t),0) = T_ (0,8} , ©>0,

(liiibis) &k T (s(e),t) = pl T (s(t),t) , >0,

Then, we suggest s polynomial distribution in the x varisble for
the temperature T(x,t) of the fora

© T(x,t) = alt) (x-S(£)) + B(E) (x - S(eN? , (10)

a and B being in function of S and then § being a2 solution
of a Cauchy problen.
Biot's variational methods.
We introduce the vectorial heat displacement field H = H{x,t)
such that:

He-kVT, divH=-pcT. (11)

If ve consider that H is also s function of a given number of
generalized coordinates, H=H (x,t,q,,...,q9 ) suitably chosen,
ve have the folloving Lagrange equatidns (similar to those of
analytical mechanics) [Bio]):

v _ 9D

TR 3*1 =Q, . i=l..n (12)

whers
1 2 o
-3 [ []e1 ax : thermal potential
' [1] Ii'{l2 dx + dissipation function

- [ [T ——— *ndy ! generalized thermal forces

In general, for n=1 , we take q, =S5 (free boundary) and ve
suggest for the temperature a polynomial distribution, then find~
ing for s an ordinary differential equation.

Series expansion.

If the initial and boundary data can be developed in 8 series,
then the temperature (of both phases) and the free boundary can
be suggested also as'a series [RuFaPr, RuSh, Tacl.

Perturbation series expansion.

We choose a significant parametré of the system (a.g., the Stefan
nusber) and wve do a perturbation o.rict cxpansiOn uith relpcct to
that paramectre [Ji, PeDo]. LR
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11I. INTECRAL FORMULATIONS METHODS

1)

Rubinste in-Friédun Mathod.

It consists in finding an equivalent integral foruwulation to the
problem under study. For example [Fr3): ({u,s} ies the sclution of
the problem:

| 1) LML N 0 ,0<x<5(t) ,0ce<T

1) u(0,t) » £(¢) , 0 < <T
i1i) u(x,0) = h{x) , 0 < x <D

(1)
iv) 5(0) =% 20
v) u(S(t),t) «0 ,0<ce<cT
iv) n‘(s(c).t) . §(t) s, 0<Ce<T,
if che function w(t) = v, (S(t),t) satisfies the fintegral
equation
v = R(v) . (13)
vith
R(v)(t) = 2 [h(0) - £(0)] N(S(z) , t ; 0,0) +
+2[20 (€) W(S(e) , & 5 €,0) & -
c s . {16)
-2 [, €(c) N(S(t) , € ; Osc) de +
+2 [ w(c) G ($(r) , ¢ 5 8(c),e) de
S(t) = b - ]: v(e) de (17)
vhera

2

1 (x-£)

K(x,c;€,c) » ————— gxp [~ 241 3 fundamental solution
2/%(t-c) 4(e-c) .

W(x,t;€,c) = K{x,t;€£,c) + X(~x,t;€,c) : Neumann function
G{x,t;€,c) = K(x,t;E,c) - K(-x,t;E,c) ¢ Creen function .
The operator R is & contraction applicacion on cthe Banach space
V= {vec(0,el/ | v = tax |v(t)]| <t} (19)
t ¢ [0,e]

for a happy choice of ¢ , M > 0 . Moreover, the procedurs can be
exceanded in time, thus obtaining the solution for each arbicrary
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T >0, and so the unique fixed point can be obtained as the limic
of the succession A defined by:

a) v eV, arbitrarily chosen.:
(20)

b) If v, is known, then v - l(vn).

n+l
Other geﬁeral methods are given in [Rul, Rul2l.

Ocher methods.
We can cite:

a) Green function [ChSz, Koj, ,
b) Embedding technique [Boll, Bol2].

" ¢) Boundary element method {BrFuTa, BrTeWr, HoUsKi, TaOuKula, Wr].

Iv.

1)

ii)

1i1)

FRONT-TRACKING METHODS

These wethods compute, at each time step, the position of tha free
boundary.

Fixed finite-difference grid.

When the grid is fixed in the domain space-time the free boundary

will be, in general, between two points of the grid at each time

step and thus ve shall need special formulas to compute T and
in a neighbour’ of the free boundary [C 2, fu 2],

Modified grids.
The grid is modified vith the passing of tima, e.g.;

a) Finite-difference grid with variable time step: We determine as
part of the solution, a variable time step such that the free
boundary coincides with a grid line in space at each time lavel.
To do that we use_for S(t) an integral equation equivalent to
the Stefan condition [DoCal.

b) Finite difference grid with variable space step: Since the
nuwber of space intervals between the fixed boundary x=0 and
the free boundary S(t) are taken constant for sll time, and
the free boundary is always on the same grid line, then the
space step is different in each time step [MuLa].

c) Space-time finite elementg: We use a spatial discretization
which we adapt in each time step for building quadrilateral
finite elements in space-time (BoJa, Jal.

d) Moving finite elements: We use a finite difference procedure in
time with finite elements in space which are adapted at each
time step to fit the new position of the free boundary [AlMaMi,
MiMoBa]. :

Method of lines.

The time variable is discretized and the partial differential
equation is replaced by a sequence of ordinary differential
equations at discrete cime levels. The position of the free bound~
ary is calculatad at each time stap (Mel, Ne2).
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iv) The Folygonal Hethod.

v)

vi)

To solve problem (l4) we divide the interval (0,T} in a sub~
intervals of 8 = T/n lengch For tc(0,8] we put S, (t) = b -
h'(b)t and ve determine u (x,t) , defined in U<x<Se(t)
and 0 <t <8 , as the solunon to problem (l4i-v). Then, we
calculate a1, = ug,, (SB(G),G) . For te (6,280]) we put:

éecc) - 5g(8) - a, (-8 (21)

‘e

and wve deterwine ug * u (x,t) for 0 < x < Se(:) 6 <t <20,
and so forth. Thus we obtain a polygonal S (t) , defined for
te {0,T) , and a function u,{x,t) , dgfmeg in 0<xcs,_(¢)
and 0 <t <T . When 6 » 0 wa gbtaxn as limit the tofatfane
{s,u] for the problem (l4)}.

Ratarded srgument method.

To solve problem (14) for b > 0 we built, for each 6¢c (0,b) , &
succession S (¢) and u, = ug (x,t) defined in the following way:
For te [0, B] we put ?t) ="h and ve decermine u, =u,(x,t)

in 0 <x <5,(t) and 8 <t <0 as the solution of the problea
(14i-v). Then, for 6 < ¢t < 20 , we calculate

So(£) = b - [° vg_(Syn-9) , n-2) an (22)

and ve determine u, * u . (x,t) in 0 < x < S_(t) and <t <20
as the solurion of problém (l4i-v), and so foith. When 0 + 0 we
obtain as limit the golution (s,u} of problem (14) [Ca, Calti].

Zquivalent Stefan Condition Method,.

For the case b=0 and condition

ux(O.t) = -g(t) ,0<ec<cT (23)

on the fixed face x=0 instead of (14ii), the Stefan condition
(lévi) is equivalent to:

I:(t) u(x,t) dx , 0 € ¢ < T (24)

s(e) = [ g(c) dc -

Thus, wve can define the operator

R, ¢ S(c) = r(v) (25)

where r(t) 1is defined as the second member of {(24) with u the
solution of problem (l4i,v), (23) wich b=0 .

Then, we can define a succession (S ,u } (n > 0) in the follow-
ing way: If S is known, we calculace as the solutlon of
problem (14i,iY,v) vith be0 and then ve compute " (s ) .
In (Ev, Sel] , we study tha case g(t) 2 1 with 8 *5 : ®
thus obtaining the following results:
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8) § >0, S

n 2 -1 < 5206t S 530 £ 5202 (26)

b) S, and u_ are convergent to the solution of problem (144,v,
vi), (23) 8nd S$(0) =0,

With this methodology we can ses that the {ree boundary problem
can be interpreted as the limit to & succession of woviang boundary
problems.

FRONT-FIXING HMETHODS

A Method to track the free boundary im to fix it by & suictabls

choice of new variables:

§)

ii)

vI.

Inmcbilization method.

The Landay transformation

) an

fixes the free boundary x =« S{(t) at =1 for sll time ¢t >0
(La, CrS). By using this methodology, in [Co, FaPr), FaPré] we
prove the general existence and unicity results. Soms complement-
ary variasats have been done, e.§.:

a) In {Nit], wve use the double transformation

1 L 200 20

for a one-phase Stefan problea.
b) In (Fu2), we use the transformation

x - 1i lz -
£y = ———— £, = 9
s(t) - 11 11 - $(¢c)

for a two-phase Stcfan problem in the {nterval [ll.lzl .

Isotherm migration method.

It is a2 curvilinear transformation in which the dependent
temperature variable u 1is exchanged with one of the space
variables. In the one dimcnsional case, u = u(x,t) becowes

x « x(u,t) . The expression x = x{u,t) indicates how a specifiec
temperature u wmoves through the medium, {.e., how isotherms
migrate (in particular, the free boundary) [Ch].

FIXED-DOMAIN METHODS

It consists in reformulating the problem, over the wvhole fixed
domain occupied by the two phases, such that the Stefan condition
is included within the nev formulaticn of the equations and tha
jnitial and boundary conditions of ths problem. Moreover, the
position of the free boundary will later reappear, ss a couseques
ce of our knowledge of the solution of the nev problem posed.
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Enthalphy method.

The enthalpy function is defined by:

HCT) = [T Dp(E) e(8) + 1 o(E) 8(E - T)) d€ .9
o .

where T (< T ) is a fixed temperature, T is the wmelting
temperature and & 1is the Dirac distribution. The enthalpy
function has incorporated the heat jump pl at the free boundary.

For the two-phase multidimensional Stefan problem the problem is

raduced to the following differential equation in tha discribution
al sense:

3—%§31 -« ¥« (X VD) (31)

vith the corresponding initial and fixed boundary conditions,
vhare

KI(T) it T <« 'r.

K(T) = . {32)
KZ(T) if T> T-
Wich the Kirchoff transformation
T
ve IT K(t) dt (33)
o
aquation (31) is reduced to
3 #{v) = Av (34)

Jt

In trying to avoid the difficulties that the R jump produces,
ve have the following possibilities:

a) Weak solution: It satisfies a suitable integral form of the
differential equation in which the derivatives of H and T
(or v) do not appear [At, Cro, ElOc, Fr4, Ka, 0l, Rosl].

b) Regularization enthalpy method:

bi) Due to the discontinuous jump of H=H(T) at the melting.

: temperature T= T s, We suggest to maka it regular over a
' -~ - small tempcrature zone T ~€<T<T +¢ where €>0,
i.e. H_ = H (T) 1is a codtinuous funcFion. In [Je, JeRo,

No2] we“find®ervor estimates || T - T || in terms of the
regularization parametre € , time stép ¢ and spatial
step h ., :

bii) We replace tha enthalpy jump at the phase-change inter-
phase by an equivalent heat capacity C(T) , expreassing
the problem in the following [BoCoFaPr]:

¢(T) T, = ¥« (K(T) V1) ~ (31bie)
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¢) Various numerical methods are used, e.g., implicit and explicit
“finite-differences, implicit, explicit and space~time finite
elements, regularization method with implicit finite-differences
or finite-elements, for example [Ar, BuSoUs, Ci, VoCr]. For
numerous references on this subject see [Cr2, ElOc, Lun, Hal,
Tall. -

d) In [At) we describe an enthalpy method to solve s welding
problem in which a mushy region appears.

e) The convergence for the approximate free boundary is givea in
(Noll.

£f) A semigroup approach is given in [BeBrRo, MaVeVi].

Variational inequalities.
We consider tha following one-phase fusion problea:

3
-a—:--aa-o.:n(x)

80 , t<1x)
-V6 +Vle]l on t = i(x)

a8
a8
- ﬁlr - b(8-9,)
1
8(x,0) = 0O

where b >0 , 0 >0, twl(x) represeots the solid-liquid iatex
phase and rl v fz v ', is thae boundary of the phase-change mata~-
rial Q . In [Dul} DuZi wve realize the change of the function un-

known (similar to [Baf] for the dam problem):

Ic 0(x,c) de¢ if ¢ > 1{x)

- 0 if t < 1(x)

u(x,t) =

wvhich satisfies the following variational inequality (see also
(Frkil):

fq v, (v=u) dx'+ [Q Vu eV (vu) dx+d I"x (v-0,6) (v-u) dv >

2= fglva) dx , Wek , Gn

wit) e X , u{@@ =0

vhare
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Vei(ve Hl(ﬁ)/v/r3 -0} ,
(38)

K= {ve V/iv>0 in Qy .

Other problems have been studied with an analogous formulation,
for example: electrochemical machining [El], diffusion-
consumption of oxygen in a living tissue {Du5], injection of
fluid into a laminar cell under the assumption of Hele-Shaw flow
[ElJa}, simulation and control in a Stefan problem [Sa]l.

For the two-phase Stefan problem, the new function {AgFr, Dul,
¥r, Pa, Tab6): :

u(x,0) = [ [k, ot(x,e) - k, 87(x,0)] de (39)

is introduced to obtaio a variational inequality formulationm,

A numerical analysis corresponding to the variational inequality
formulation is given in [Fe, IcKi, KaSa, Kilc, Nie2, PivVe, TiTi).

In (Fr5], a quasi-variational inequality formulation is given
for the unidimensional one-phase Stefan problen.

iii) Alternsting phase truncation method.

Ic

conaists in solving a heat conductiom problem in either the

liquid or the solid phase alternatively in successiva time steps
[BECiR-O » ROBCCi I .

Note: Numerous references (other than the ones hareby cited) caa be

2
a

]
o
A
o

F R X F F e = D O 0N

found in recent publications and in the references within thaes,

g., [BoDaFr, Ca, Cr2, Ta2, WiSoTrl.

NOMENCLATURE

" pe

>0

thermal diffusivity
t coefficient defined in (6)

temperature on the fixed face

specific heat

equivalent heat capacity definaed in (31 bis)

initial temperature

dissipation function defined in (12)

function defined in (14ii)

function defined in (23)

Creen function defined in (18)

function defined in (l41ii)

LLJ

coefficient defined in (9)

enthalpy functioa defined by (30)
t heat displacemeat field defined in (11) :

thermal conductivity
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fundamental solution definad in (18)
convex set defined in (38)

latent heat of fusion

: Neumann function defined in (18)

generalized coordinates

generalized thermal forces defined in (12)
operator defined by (l6)

operator defined by (25)

solid-liquid interface

Stefan number

time variable

temperature

coefficient defined in (9)

melting temperature

transformation defined by (36) and (39)
function defined by problem (l4)
Kirchoff transformation defined by (33)
function defined by (13)

: thermal potential defined in (12)

Banach space defined by (19}
Hilbert space defined in (38)

spatial variable

Creek Letters

: coefficients defined in (10)

dimensionless parametre defined im (6)
dimensionless paramatre defined in (6)

coefficient which characterizes the boundary $ by (5)

! mass density

function defined by problem (35)
dimensionless parametre definad in (2)

dimensionless paramaetre defined by the Landau transformation
in (27).

dimensionless parametres defined in (29)

Subacripts

4 t
K :
L 3
N

9y :
Q; :
R H
R1 H
S :
Ste :
t t
T :
TL H
Tn H
u t
u :
v H
v H
v :
v H
v :
x :
a,B :
H
[ H
g :
p .
) :
£ t
£ H
08y ¢
im] H
i»d L

solid phase
liquid phase
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APPENDIX 3 (**)

"EL PROBLEMA DE STEFAN A TRAVES DE LA
TEORIA DE IAS INECUACIONES VARIACIONALES™

{in Spanish)

Abstract:

We present a short review on the Stefan problem (heat
conduction problems with change on phase) through elliptic
(steady-state case) and parabolic (evclution case} variational
inequalities and their numerical approximations.

(**) This appendix presents a sumarized version of the
lecture delivered by the author at the 42 Encuentro Nacional de
Investigadores Y Usuarios del Métode de Elementos Finitos
(ENIEF'86), held at San Carlos de Bariloche (Argentina} on June
23-27, 1986 and published in Mecdnica Camputacional, Vol. 5, L.
A, Godoy (ed.), AMCA, Santa Fe (1986), 213-240,
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I. IHTHRODUCCIOCH

bong inecuaciones varlaclonsles (I.V.) son un eonjunto
de deuivunldsdes o do ualdadoes quo rocuplacan Iag ocunclo
nos do suler-Lucrunse dol edleulo Jdu varitciones clfsico
cuando éstas no son mwds vdlidas,. ¥stas I,.V. aparecen en nus
merosos probleusos, a saber: cdlculo de varlaciones con rese
triccionesa, wecdnican del continuo (probluma del obstdculo,
torsidn olasto-pldstica, fluldo de Binsham, dique poroso,
cdabio de fase), toorfa de control (tiewpo final &ptiuo,
sistemas a pardmetros distribuidos), prorramacibn matendti-
cu, r{sica del plasma, etc.

La toorfa de las I.V. comenzd§ a cobrar importancia con
el trabajo [Stal] y sobre todo con [LiSt].

A partir dec ese momento se hicieron nonmerosos trabajos
" gobre ¢l tewa, entre los cuales wmerecen destacarse diteren=
tos aplicaciones en la teorfa del control [Bal, BeLi1, RBeli
2, Li1, Li2], en la mecdnica y la_ffsies [DuLi, Li3], on el
anflisis nuadrico [Ci. Gl, GlLiTr], en problenas de frontee
ra libre [BaCa, E10c¢, ¥ril, Tal, Ta2}, y ajquellos de funda=
mentacién matemdtica [Br, £iSt, LeSt, St2].

La' teor{a de las I.V.,, que venfa cusplienio un papel
inportante, cobrd una mayor relevancia cn el ano 1971 al rg
solversse, previo cambio:de funcibn incdrnita, un problewa
no-trivial de froatera libre en iHidrdulica, conocido en la
literatura cowo el problema del dique poroso [Huil, Hd&l.

Con respecto aul problona de Stofaa (conduccidn del ca-
lor con caubio de fase), la teorfa de lus I.V. fue aplicada
en 1973 &l problsua a una fase en [Dul, Du2], y wosterior-
wente al de dos feses en [Du3. Dui, rrel, Frel, Pal, Tu}},
vy en [ila1] para el caso unidimensional. A partir de ese 0=
zento se realizaron numorosos trabajos sobre la teorfa de
las I.V. aplicndos al problema de Stefan, ya sea desde un
punto de vista teérico, nusérico o de las aplicucionussy por
ejerzplo se han realizado los sijguientes conjresos [AlColio,
doda¥r, Favr, Fu, ‘Goilo, lio, a2, OcHo, Tud, wiSoBol, libros
[Ca, Cr, 510c, Fri, Jel, Ki5t, Rul y trubajos de revisidn
con una extensa bibliosraffa tCryr l{a3, Pr, Ta$b, HiSoTr].
stos trabajos pueden ser utilizados para obtouner lnforma-
¢ién oneral sobre el tema.

A continuacién analizaremos suscintanente el probleca
de Stefan wultidimensional a una y dos fases, el caso esta-
cicnario correspondiente al do dos fases y uljunas de sus
aproxiwvaciones nuzfricas.

II. PROBLEMA D& STEFAN ULTIDINELSSTONAL A UJA FASE

Se considerard{ el trabajo [Duil, Dul] on cl cual se es=-
tudia un bloque de hielo & 0 C jue ocupa el doanlnio ucotado
Qc® coun frontera [=31 resular. 3e supone que [ ostd com-
puesta do tres porciones 'y, Tz y Ty s8in puntos en couln,
Se supone adeads que ¥; y s no tienen froantera cosfn y que
'y tiens una wedida de superficie positiva {ucd(l:)>0).

21 probleza consiste en hallar la evolucién del blogue
de hielo cuando la frontera a2 es una parcd iupsrmnoable al
calor, Ty e3 muntenida & 0 C y sobre I'; existe un flujo de
calor del tipo Ley do llewton (con coeflicisnte de transferon
cia de calor ¢ y teaperatura exterior vu,>bj,
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56 supona que todos los covliciwntes téruicos son i-:une
les a la unidad y se dogiiau con &H(t) u la superficio do se
paracién de las fases s8lida (a tumperatura 0 C) y 1fquida
(a touporatura 6>0), coanocida coao la frountoru libre del pro
bloma de fusidén en ardlisis. -

Si se supone, por .aonotonfu del problewa plaatesdo, que
la frontera libre estd derinida por la ocuacién

t= L(x) (x= (xl.xa.x.)-c R*) (1)
ontoncos el probleua cousiste en hallar L=2{x), T>0 y

0= 9(x,t) con xa. y ¢t «(0,T) de wmanera que se satisfaian
lug siguientes condiclones:

r:L) -g—?‘-’--ae-u ,  t>2(x)
i1) @ 20 , t<i{x)

< 111) Vo, VL = s x=l{x) (2)

93 o)
iv) - f;lr
1

a(o-Jl) e V) ’a'ﬁlr s« 0
2

vi) u| . . vii) 0{x,0) = 0 , X& %
l!
\ )

Si sa introducs la nueva runcidén inebraita u=u(x,t), de
finida do la sijuiente uanurat

¢ _

j U{x,s) ds 31  t>i(x)

L(x

u(xotJ" (3)
g si  t<i(x)

el problema (<) co transiorna wun ol 8ijuiente

1) T - bu = -1 . t>4(x)

i1) us0 o b<i(x)

111) uso ’ Vu=Q ’ t,-ﬂ.(x) (4)

Ju su -
iv) = salr - a(u—ﬂlt) e V) Bnlr 0
_ ) 1
Lvi) ' ulr = . vii) u(x,0) = 0 , xé&0
)

Adends, de (4), ss daduce que lu aplicacidn u=u(t) (funcidn
de la variable espacial x) satisface la sisuiente inecuacidn
variacional parabllica:
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(ui{t),v-u(t)) + & (u(t),v-u(t)) > L (v-u(t)) ., ¥vek,

u(t)ex , u{0)s=0 (5)
dondé‘
1 )
Ve cu(n) / = 0
RUCYMNEES
k= fvev/v20 enn ]

aa(u.v)- jVu.W dx + aj uv dy
¥4 I

) (6)
La(v)- - fv dx + uﬁ‘tj v dy
i .
\ (u,v)= juv dx
0

En [Du?,Du2] se estudia la existencis y unicidad de la
soluciédn de la inecuacién variacional (%), como as{ tambidn
la converyencla cuando el pardwuetro o tiende a infinito, ob
tenidndose de cate wodo la solucidén del probloua (2) ‘reem=
plazando la condieidén (2iv)} por

G' = g (24vbis)

Puede notarse gue 8l conjunto convexo que se obtiene en ess-
te cuso dopende del tiempo.

Esta forasulacidn y alunas da suy cencralizacionos han
sido wstudiadas desds un punto do vistm tubrico en [Ca, Ca-
I'r, DiSh, Freil, Ga, LiL-5, Ro2-do&j 4 desde el punto de
vista do su cflculo o andlisis numdrico en [L1l1, Fel, Jel,
Je2, Odki, PiVe, Sa3]. Adeuds, so han realizudo aplicaciones
al prgoblema de la colada continua {solidificacién de motales
les Br1, Br2, ChRo, Rol-Ro3, Koo}, a la teorfa de la homo-
seneizacidn [Boba, Da3, Li5, Li6, Ro5), a la teorfm cuasie
entaclonaria (ilele-Shaw {low y elvctrochewlcal wzachinirn)

£11, £13, ElJa2] con 8u correspondiente andliais nuaérico
£12, ElJal, LlJa3], y a la teorfa de control éptimo {Ba 2,
iloSa, Sa3, Sad, Sa j.

Con respecto al caso unidiwensional del problena de
Stefan a una feso pusaden zenclionarse dosde un punto do vista
tebrico [Co, Fri2, GCa, dal, Sa2, 5a5, Yu]. dol ¢dlculo o ané
lisis numérico [Dj, XaSa, Ni-Ni6, Sal, Sa2, Sa5], del con=-
trol 4ptimo {Sal, SaS]. Por otra parte, el probleua es estu-
diado]a través do una inecuacidn cussi-variscional en [Fri3,
Fri{i2].

Se considerarf{ a continuacidn el andlisis nuuérico del
%rob}oma de Stafan multidicensional a una fase siguiendo

Fel]:
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{ (u'yveu) + a{u,v-u) > (f,v=u) , Vvg K(t).‘

(7)
u=u(t)€ K(t) , u{0)=0
donde
(ve{veur(a) / I, -0 }
< K(t)= {v-cv / v20 en u, vy -w(x.t)}
r (8)
:
a(u,v)s= jw.w dx , (u,v)= Juv dx , fe€L3(q)

. 0 )

Si se penaliza la condicién de Dirlchlet sobre I'; se obtiene
la sipulente inecuacidn variacional:

!, va - > - ;
(uloveuy) + a (u_yveu ) 2 <f ,veu> , ¥v& £,

(9)
u‘-u‘(t)cx. . uc(O)-O
donde
r P - N
K = {VCV,/V_{O en al} ’
‘ ac(u.v)-a(‘u.v) +% Suv dy
T (10)
{ (rc’V>-(r|V) + % j‘bv dY .
r
)
obtenidéndose que
lim Iluc-ull =0 (11)

€+0 LI(OOT'V)

Para hallar la solucién de la inecuacién vsriacional (9) pus
de utilizarse la cetodolo;fa dada en [GlLiTr]): diferencias
finitas en la variable tisupo t € [0,T oleuontos finitos
on las variables vspacialos x=(x;,X2,X3) € il.

El intorvalec [0,7] se divide en N sub-intervalos de en-
plitud kX y el coajunto 2 se triangulariza (T €71, ) con eleuen
tos finitos regulares, affn equivalentes de claBe C° con pa=
rémetro h, obtonidndose un conjunto V, de diuensién finita
que aproxima & V, Sea

Kh' ivhevh / vh(b)_:'_o. ¥b nodo de la triangulaci&x} (12)

el conjunto que aproxima a K,
81 la fuccién u=u(x,t) se aproxima por
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=1 1 i
uh.k(x.t)-;);,o uh(x) xk(t) »  upev, ,
| - {13)
xi : funciédn caracter{stica do [1k.(1+1)k]

entonces se dofine la aproxinacién de la inecuucién varia-
cional (9) de la sizuiente manera (se siiue notando u en 1y
gar de u_, por conveniencia):

(441 1
u - U , .
Sl ¢l vt 2

141 i+1 , '
{ 2 Eep e vpmup 2 ¥vien (14)
+
* “}11 e Kn
dande

, (1+1)k
i+ 1
ik

u1+9

n" al ¢ oot o WY (15)

h h “h
8€ [0,1] (e=1 : faplifcito, 0=0 1 wxy1lfeito,

0-% t Cranke-ilicholson) ,

La inecuacidn variacional elfptica (14) con incdgnita ub ¢

puede expresarse de la siguiente forua h

(ui+1 ’ v-ug+1) + %0 ac(ui*1 . v-ut") >

+ ' +
> (ué . v-u; 1) - k(1-8) ac(ui ’ v~u; 1) +

(16)
+ + .
ex ettt oyt wven,
$41
up e,Kh .

Teniendo en cuenta la relacién existente untre inecuae
ciones variacionales elfpticas con forna bilineal sindtri-
oa y minizizacién de funcionales, se tione que.u, satiafa-
ce ol siguiente probleza de afnizos
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+ : -
J ' 3 v, +vek

" (17)
+ v

donde

Jy(v)e= % [(vov) + <0 a_(v,v)] - [(ui.V) -

(18)
- k(1=-0) ac(ut.v) t k “'ri;”"”]

con lo cual on cada puso du tivupo se debe hallar la solue
ciba de un probleuma de ufuiwo pura el funcional J, en K
(1'0...0 ”-1 * 1 h

Zn [Fel), ss dan conldicionus nara que la uproxinmacién
utilizada sou converunte,

IIT. PHROBLsaa Us SWeSMd LULTIDLGGISTIORAL A DOS FASLS

Se consldera un doulnio matorial wcBR? a una tempera-
tura inicial Ug=Uo(x) (x &), ul cuul oe le uplica una tone
peraturu b=b(x) sobru I'y y uu rlujo do calor B=fi(x,t) aobru
'3 @ un {nstante dou tiempo t>0, e considera adesds, sin
pérdida do onerulldud, que lu touperaturu del camblio de [a
80 8 0 C, Se ustudia la tewpuratura uv=v{x,t), dofinida pa=
ru xE2 y t €(0,T) coa >0, tienpo Jaudo. A cada instante
t>0, ol conjunto : estd divididoe ¢n dos reziones ocupadas
por la fase 8dlida i;(t) y lu faso 1fquilda 22(t) las gualas
se encuentran separadas por la I'rountera librej$(t) (H(0)
es un dato dsl prodbleun).

Soe definea log si ;ulontey conjuntos:

Qe \,/ hi(t)xlt)

U <?

t= U Bloxw )

Get <y
doaoux(0,T) = 0 YUy Vi
1 2

cou lo cual la teaperatura J pusde expresarsc en ¢ de la o1
2ulente foruus '

ul(x.t)<o st (x,t)e Q‘

o(x,t)={ 0 38  (x,t)€l : (2)
6=(x.t)>0 3 (:c.t.)f-'il3

debiendo satisfacer las siguientes condiciones:



( C,oogp— = ky 86, = o en Q (i=1,2)

9,(xst) = 0fx,8) =0, x «H(t) , O<t<T

20 v | ]
k, -51 -k gLV, x e-‘?(t_) . 0<t<T
3‘ ub
r, : ‘ (3)
ot ~
-k sa*lr fh ,|si 0'? <0
2 ' 1

L]

20
-l 5—1 - 0 >0
2 n I[‘ h si lr
2 2

k. 6(x.0)=0°(x) , X €f

donde l:,>0 os lu conductividud térnica do la fase i, C,>0
es el cilor espec{fico por unidad de volunen de la fnst i,
a=1{z,t) 03 el uporte de enersfa por unidad de tieupo y de
volumen, n 83 un vector normul a B(t) oa R* , L>0 es el ca
lor lateate de fusidn por unidad de voluwon, T=l'1VU[; es la
frontera de i con I';1T2= § y wed(l;)>0, 11 y 1=2 represen
tan la rfase ud8lida y lfquida raespectivaacnta.
Si se realiza ¢l cambioc de funcidu incbé:nita

t
u{x,t)= 5 [kl 6% (x8) - k 6~ (x,s)) de (2)
0
~entonces u satisface ol problesa (se siaboliza con u'(t} la
Caplicacidn quo a cada x €& le hiace correspondor ut(x.t) 3

( S(u?) = &u =G - L X{9>0) » 6n D'(Q)
uIP = tbo.
3 ¢ - (5)
- ‘S‘ﬁ'lp = n(t) 5 h(s) ds
L 0
u(0)=0

\

y, en consecuoncia, la inecuacién variacional parabdlica de
tipo II sizuientes
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(B(ut(t),veut(t)) + alu(t),v-u’(t)) + L j(v) =« L J{u'(t)) >
2 <r(t),veut(t)> , #ver , te[0,7] ($)
w(vex , eg |, (o)

donds

[ Ve a¥(n) ;(-ivgvlvlr -b.}
|

U
c c 7
8(v)= 2 v . 2 v . (uw)se juv dx (7

3 : b,

<f(t),v>s <i(t),v> - I n{t) v dy o Jlv)= ‘fv’ dx ,
\ * Y

} |

\ + - o t
< G(t)ec ol -co v L (o) +j 2(s) ds

donde il es lu funcibn de ilcaviside y x, ropresonta la fun-
0ién cafacter{stica dul coajunto A, !

Puede notarse yuo si bsb{x,t) sobre [, , entonces el
conjunto convaxo K jnpnndo dul tieapo,.

Observacién 13

Si on (5) se incorpora la tunclén caractorf{atica x a 1la
funcibn B, se oblisns de ests uwodo una funcidn, lluunada en-
talpfa, qua tiene un sulto en ol orien {i:ual al calor laten
to. Ue osta nuuva acuacién ource la foraulacién ontdlvica,
que no se tratard uquf, y sobre la cual so han roalizado nu-
merosos trabajos, yu sea desde un punte de vista tedrico, nu
oérico y de las uplicaciones.

La formulacidn () y sl ;unas de sus :enorulizuciones
han sido eatudiadus desde un punto de vista tedrico en [Axlbr,
Co, bal, Da2, Du3-Dud, srel, rre2, Pal, Pa2, Ta3, Ta7] v des
de ol punto de vista duv au cdlculo o anflisis nuadrico [Ue,
Fel, Iec Ki, #ile, tiiPa, Pad, vadi, TiTi]. Adeads, se han ria
lizado aplicaciones u lu teorfa de control [HeTi. PaB-PuB],
a la solidificucidn ae aloancionoa binarias [Do], a la ident}
ficacida de pardiiutros [JoﬁiPaSp]. in el caso unidimensional
fue aplicudo a lu teorfa de control on [Sal].

IV, Ca80 JoTaCIOJARICG DEL PaOLEJA DZ STIOFAGw MULTIDI-
JiwSIOLAL A DOS FASES Y SU AGALISIS HUneRICO

Se considera un nmaterial ., douinio acotado en R?®, con
frontera Isail.resular. So¢ supone quo la teuperatura del came
bio de fase o8 0 C y que I' estd coupuesta de dos porciones
3 y I'z con wed(l,)>0., So aplica una teaporatura b=b(x) so-
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bro '3 y un flujo de calor q=q(x) sobre [;.

21 problema consiste en estudiar la teaporatura 8=0{(x),
definida para x €.l. cl conjunto Q1 puedo expresarse de la for
wa U= 13UV VL, donde

zl’- ! xen / 0(x)<0} . ﬁ.-‘xcsl / 8(x)>0}

L = {xgu / 0(:)-0}

son la fase sblida, la fase lfquida y la frontera libre que
las separa,

La toaperatura ¢ puede ser representada en 2 do la si-
guiente nanoral .

(1)

0‘(::)(0 sl x€a,

8(x)w= 0 i xe¢l (2)
0 {(x)>0 81 x¢i |
2 2

y satisface laa sijulentes condiclionest

( a0,= 0, en g (1%1,2)
90 a0
8= 0= o k, 5-54 - k' 3-53 sobro L
3] = b '
Ir
1
- -‘—‘ -
k;3n l[‘ q si 0'[‘ >V
b ¢ |
sy
’kxﬁ-llr = q 31 o!r (O
2

\

donde x,>0 es la conductividad téruica de la fase § (i=1 :fa
80 séli&a, i=2 :fase lfquide).
St se define una nueva funcida inecd:nita [Tai, Tas]

u=k ¥ ek 0 en i, ()
2 } 3

donde o y 07 represantan la parte positiva y la parte nega-
tiva do 1la funcibda 9 rospectivazente, ontonces ¢l problema
(3) se transforua on ‘

du= 0 , en D'(Q)

s ot -
o P boé koo =k b (5)
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3u :
- = q (5)
SRR T
cuya formulacién variaciocnal estd dads por:

a(u.v-UJ' <f.v-u> ) ¥ veE K

()
uek ‘
donde
4 n 1y » =
ve H3(Q) ’ V. {V ev/ Vlr 0 } »
. H
< K-{v €V / v = b ; . K= L2(.1) .
r -]
! ' (7)
alu,v)s= SVu.Vv dx » .<f.v>- - S qv dy ,
Y Fz

Bajo la hipdtesis bG.H‘/’(P ) ss tieno que existe 3¢V
tal que B‘Sr‘. Bo. zntonces, si 2d define Us u-L€ Ve, se tiv-

ne quo (67" 'es equivalunte a (&), donde
a(U,v)= <p,v> | R ¥ veé V.
(8)
UeVv
1]
con
<i',v>= <f,v> - a(li,v) . (y)

Si aden{s se tione lu hipbtesis o€ L*(l:), ontoncos jpor
el Teoroma de Lax=-iiljram ge deduce que existe una dnica so-
lucién U de (8) y por ende una dnica solucidn u de (6).

Sean { un dowinio poli:oual convexo con frontera rojue--
lar y 1, una triansulacién rosular de {, donde h>0 es un pa=-
rduotro destinado a tender & cero, rormada por eleaentos fi=-
nitos affn-equivalentes do e¢laso C°. Se toza h i-ual a 1a,
lonzitud del lado mds ygrandes do los tridnulos Tet, v se a-
proxima Vg por:

= ° G -3
Vo }vhgc (@) / vh/TG Pz , ¥ T€Th , vh/l" 05 (10)
. 1

donde P; es el conjunto de los polinouios de zrado aenor o
izual a 1.

Sea §, el oporador de interpolacién lineal correspon-
dlonte, Se'considara el siyujente problsna aproximado, en di
mousidn finita, dol probleua continuo (8): '
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a(Uh.vh)- <F v >  FV eV, (1)

Uhe Vh
obtenidndose los siruientes resultados:
Propledad 13
Jajo las hipdtesis anteriores, so tivnen las sigulentos
propiedados:
1) Zxiste una finica solucién U, de (11), que satisfaco
a(U-Up,vp )= 0, ¥ vV (12)
63 docir que U = th(U).

1i) La sucesién Uy, estd acotada en V; ufs aln, se tiene

oy th, < HEL v oo, (13)

donde a es la constante do la coercitividad de¢ la forma bil}i
neal a on V,, 08 decir:

alvov)= |lvil? 2 a |Ivl]2 , #vev , (14)
v, v .

114)U, > U en V débil cuando h+0,

iv) Uh_’ U en V fuerte cuando h+0, os deecir:

lin Ith-UII =0 . (15)
h~+0 Vv
v) Se tiene la siguiente estinacibns
Hug~ull < 1or  [uev il (16)
v vhivh v

vi) Cxiste una conatante C >0 (indepondiente de h) de
aanera gue ' .

Huy-ull <¢ h. (17)
Si se definen
k= v, + 1 (B)
u= U, 4 nh(n)ezck1 o Gpm g

U"U'I'BGI‘Z » U =
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eatoncas so deducen los si,uientuos resultados:

Propiedad 2
1) sajo las hip5te$ia anteriores, so tieno:

la |ty ~ul} = 113, -Ull . (1))
tie0 v 1"'0

ii) 51 udeuds, los datos dol problema b y ¢ soa tales
que se tenga la nipéttols JUplthHtﬂriu 5 €1(1) (ver Propiy
dad si'uiunto), entoncus oxisten dos constantas Ca>0, Cy>0
(1nuawendiont0a do h) do smanara que:

[lu, -u}] <Cn '
# Y 2 (20)
llﬁh—dlL:< ch .

ii1) Bajo nipbtesis uﬂlclonnlos. los rosultadoa (20)
vueden genoralizarse cod a* touwuado P, (polinouios de grado
k>1) en lugar de 2.

Propiedad 3

i) 51 so notu con u=u, lu solucidn corresyondiente a
los datos b ¥y 4y, enteacus sc tione el resultado de coapara-
cida siguioiute:

o < b soorv T g
1= 2 1
=> u en . (1)

b g

= u
e - “b q
3, £ g, sobre I' ) 17 22

11) SYi b=b(x)>0 sooro P; y q»q(x)>0 sobre I'; verifican
la desigualdad {cou uei(l;)>0): .
i aed(T
Int  q(x) > —F—p—==2= - Sun b(x)
xcrz xcl‘l

donde C es una constanto adocuuada [TnS], untoncos sa tienu un
problona de Stofan a dog lasus.

i31) S4,108 datos by 4 504 CO.O on (11), satistacen
(22) y be KY(r1) eatoucss 3eit?(d).
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