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Abstract—We consider the one-phase Stefan problem with a convective boundary condition at
the fixed face, given by the temperature of the external fluid (G(t)) depending on time. We study
the asymptotic behavior of the corresponding free boundary sg(t) when the time goes to infinity and

we obtain lim; .o (sg(t)/ 2_[; G(7)dr) =1 for all heat transfer coefficients § > 0.
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In this paper, we study the asymptotic behavior when ¢ — oo of the following parabolic free
boundary problem (one-phase Stefan problem with a convective boundary condition on the fixed
boundary z = 0):

Problem (P):

Zggp = 2ty in Dr; (1)

S(0) = 1; (2)
z(s(t),t) =0, 0<t<T; (3)
zz (8(2),t) = —5(¢), 0<t< T, (4)
z(z,0) = o(x), 0<z <l (5)
z:(0,t) = B{2(0,t) — G(t)], O0<t<T, (6)

where Dr = {(z,t) |0 <z < s(t),0<t< T}, >0,90(z) 20,0<2z<1,G(E) >20,t >0 and
the compatibility conditions ¢’(0) = 8 [¢(0) — G(0)] and ¢(1) = 0.

Existence and uniqueness for Problem (P) is given in {1]. Asymptotic behaviors for the one-
phase problem with temperature boundary condition on the fixed face are given by [2,3].

For the particular case G(t) = Const > 0, the study of the asymptotic behavior is obtained
by using the variational inequality for the multidimensional case [4,5] and in [6] for the one-
dimensional case. A general boundary condition is considered in (7,8] by using a quasi-variational
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inequality for the one-dimensional case. The same problem for the supercooled Stefan problem
(p(x) €0, G(t) <0) is considered in [9].

THEOREM 1. Let (T, sg,2g) be a solution of Problem (P) satisfying the following hypotheses
on ¢ and G.

Y'() <0 for0 <z <1, (H1)
G(t) >0, fort > 0; (H2)
max p(z) < G(0); (H3)

then

(a) zp(z,t) < zoo(2,t) in D7, sp(t) < s00(t) VB >0, ¢t > 0.

(b) By < Ba, then zg, (z,t) < zg,(x,t) in Dy and s, (t) < sg,(t).
ProoOF. This is obtained by using the maximum principle.

LEmMA 2. Problem (P) depends monotonically on G.
Proor. This is obtained by using the maximum principle.

THEOREM 3.

) If fo T)dT < 00, then limy o 8(t) = Soo Where so, = (v/1+ 284 — 1)/ is the unique
positive solumon of the equation

x<1+§m>=A(ﬂ,<p,G), z>1,

where A(B,¢,G) =1+ /2 + [} (1 + &) dg + B[ G
(b) Let (s, 2) be a solution of Problem (P) with fo T)dr = 00. For eachty > 0, let (o, v) be
the solution of the following problems:
(i) vgz = v, 0 <z < 0(t), t > to;
(il) vz(0,t) = B[v(0,¢) — G(t)], t > to;
(iti) v(o(t),t) =0, t > to;
(iv) o(to) =0;
(v) 6(t) = —vz(o(t),t), t > to.

Then we obtain )
5(t) C(to)
< { —= <
1—Qw>—1+ﬂm’ P>t

where "
C(to) = Sz(t()) + 2S(t0) + f (1 + )6‘7:) ('E,tO) d.’I,"
B B
and "
dm e T

PrOOF. (a) The solution of the Problem (P) satisfies
,8 3(t)
() (1+550)) =) - [ s@nde < Q) < 4(6.6.6),

where Q(t) = 1+ /2 + [y (1 + Bz)p(z) dz + B [y G(r) dr.
Thus we obtain s(t) < s for t > 0.



One-Phase Stefan Problem 23

When the function G has compact support, let W be the solution of the following problems:
(i) Wi =Wy, 0 <7 < 8c0;

plz) f0<z<l,
(if) W(z,0) = ,
0 ifl<x <8

(iil) W(Sec,t) =0,¢t > 05
(iv) W(0,t) = BIW(0,t) — G(t)], t > 0.

Using the maximum principle, we obtain z(z,t) < W(z,t) in Dr and we deduce that

s(t)
lim (1+ Bz)z(z,t)dz = 0.

t—00 0
Then the proposition holds.
We have to complete the proof for general G not necessarily with compact support. Let

G(t), 0<t<n,
0, t>n.

@m:{

For each G,, we have a problem noted P, for z, and s,. Since G, has compact support
1im¢ o0 Sn (t) = Snco. Using monotonicity, it follows that s, < sm, for all n < m (since G, < Gr,),
and Snco < Smoo a0d liMy 00 Snoo = Soo (liMp_oo G = G).

(b) Using the maximum principle and the fact that o(t) < s(t) for t > to, we obtain z(x,t) >
v(z,t), 0 < x < o(t), t > to. Now, we use an integral representation associated to Problem (P),

with an adequate initial condition at t = ¢y and we get

s(t) + — = s(t) (1 + g-s(t)>

¢ o(t)
/502(t0) +/0 ﬁG('r)d‘r—/O 1+ Bz)v(z,t)dz

o 2
= O'(t) (1 —{-o’(t)g) + _@_@ < S(t) + B ;t) i ﬂC2(t0);

AN

then o2(t) < s2(t) < o?(t) + C(to), t > to, from which we obtain the result. ]
THEOREM 4. Let (T,sg,25) be a solution of Problem (P) with the hypothesis (H3); then if
¢ t
/ G(r)dr = o0, G(7)dr < o0, for all t and ty,
0

to

and lim, 0o MaX(zy o0y G(T) = liMgy—oo |Glifte,00) = 0, we have

lim —-————-sﬂ(t)
T2 [y Gy dr

PRrROOF. We will use the definition of the function v(z,t) of Theorem 3(b).

If we write an integral representation for the pair (o,v) = (0g,v3) and use the maximum
principle, we obtain vg(z,t) < ||Gl|jz,,q and then

=1 for all g > 0.

B t oa(t)
o5(t) (1+ 5050)) > [ p6tryar = [ 1+ )Gl de

> [ 86(r)dr = 1Glop(®) (1 + Sostt)).
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Thus we obtain ft
8 t G(r)dr ( B )
—3 <l ogg(t) |1+ =0s(t) }.
T+ Gl ~ PO 12760

For (sg, z3), we have
sg(t) (1 + —g—s;;(t)) < Q(t) = D(B,¢) +/0 BG(7) dr.

Since o5(t) < sg(t), dividing by 3 fot G(7)dr and taking the limit when { — oo and the limit
when to — 00, the inequality becomes

1 < tim S8 +(6/2)s5(8)
tooo B [IG(r)dr

COROLLARY 5. (Convergence when 8 — oc.) If (sg, 23) is a solution of the Problem (P) and
(800, 200) Is a solution of the Problem (P, ), with the hypotheses (H1), (H2) and (H3), then

(i) limg_co 88(t) = Soo(t) for each t > 0,
(ii) limg_eo 28(x,t) = 2eo(x,t) for each 0 < = < 850(t), for each t > 0.

Proor. The solutions zg and z,, satisfy the following inequality for all 3:

20 -20)
( ﬂ)<:j”UHmM

sp(t)
0< / T (2o(,t) — 2p(z,t)) dx + 2 <
0

Using the fact that sg(t) < seo(t) and 23 < z4 for all B, the left-hand side terms of the inequality
are positive. Thus,

EAORE0

< s°°ﬁ(t) (1+]Cll)  for all B.

< 2 <

Letting 5 tend to infinity for each ¢t > 0, then limg .o 55(t) = Seo(t) and limg e fos""(t)

z(zoo(z,t) — 2g(z,t))dz = 0. Then we can conclude limg o 2(2,t) = zoo(z,t) for each

0 <z < 8xo(t), for each t > 0. (]
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