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Abstract—Formulas are obtained for the simultaneous determination of two of the four coefficients, k (thermal
conductivity), I (latent heat of fusion), ¢ (specific heat), p (mass density), of a material occupying a semi-infinite
medium. This determination is obtained through an inverse one-phase Lamé—Clapeyron (Stefan) problem
with an overspecified condition on the fixed face of the phase change material. To solve this problem, we
assume that the coefficients hy, o, 6, > 0 are known from experiments (where h, characterizes the heat flux
through the fixed face, o characterizes the moving boundary and 0, is the temperature on the fixed face).
Denoting the temperature by 6, the results we obtain concerning the associated moving boundary problem are
the following:

(i) When one of the triples {6,k,1}, {6, k, p} is to be found, the corresponding moving boundary problem
always has a solution of the Lamé—Clapeyron—-Neumann type.

(ii) If one of the triples {6, k,c}, {6,1, ¢}, {6,1, p}, and {6,c, p} has to be determined, the above property is
satisfied if and only if a complementary condition for the data is verified.

Formulas are also obtained for the simultaneous determination of other physical coefficients and the
inequality &2 < Ste/2(Ste: Stefan number)for the coefficient ¢ of the free boundary s(t) = 2a¢t'/? of the Lamé—
Clapeyron solution of the one-phase Stefan problem without unknown coefficients.
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NOMENCLATURE

¢,  specific heat;

S, error function;

k, thermal conductivity;

I, latent heat of fusion;

coefficient defined by equation (2¢);
Ste, Stefan number, c0,/1;

s,  position of phase change location;
t, time variable;

x, spatial variable.

Greek symbols
a, thermal diffusivity, k/pc (=a?);
p, mass density;
g, coefficient defined by equation (1);
0, temperature;
0,, temperature on the fixed face, x = 0;
¢, dimensionless parameter, o/a.

1. INTRODUCTION

SupposE that two of the four coefficients, k (thermal
conductivity), / (latent heat of fusion), c (specific heat), p

+ This work has been presented at the Reunion Nacional de
Fisica-1981 held at San Luis (Argentina) on 24-27 November
1981 and was written while the author was staying on a
fellowship of the Italian C.N.R. (G.N.F.M.) in the Istituto
Matematico “Ulisse Dini”, Univ. di Firenze, Viale Morgagni
67A, 50134 Firenze, Italy.

(mass density) of a phase (e.g. liquid) of some given
material are known. If, by means of a change of phase
experiment (fusion of the material at its melting
temperature) we are able to measure the quantities
ho > 0,6 > 0 and 6, > 0, then we will be able to find
the formulas for the simultaneous determination of
the unknown coefficients.

Consider the inverse one-phase Lamé—Clapeyron
problem (or the inverse one-phase Stefan problem with
constant thermal coefficients) [7, 18, 35, 45, 54, 60] with
an overspecified condition on the fixed face x = 0 [53,
54]. This overspecified condition consists of the
specification of the heat flux through the fixed face of
the material undergoing the phase change process.
Other boundary value problems for the 1-dim. heat
equation with an overspecified condition on a part of
the boundary have been analyzed [5, 8,9, 11-17, 22,23,
29-31, 42]. (See also the references listed in ref. [54].)

In ref. [59], it was shown that the solution of the
inverse conduction problem is characterized by a
discontinuous dependence on data. Other references
dealing with inverse problems are refs. [ 3, 38,47] ; those
on the identification of parameters are refs. [19-21, 24,
34, 49], and those on improperly posed problems in
partial differential equations are refs. [36, 37,43, 50, 58].

If we suppose that the melting temperature is zero
and the moving boundary is given by

s(t) = 20t'2, with ¢ >0,

4y

our problem is reduced to finding the temperature
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0 = 0(x, t) of the liquid phase, defined for 0 < x < s(¢)
and t > 0, and two of the four coefficients k, I, ¢, p such
that they satisfy the following conditions:

00 0%0
E=a2—a?, 0<x<s(), t>0, (2a)
0[s(t),t1 =0, t>0, (2b)
00
—k—[s(0),t] = pls'(®), t>0, (20
O0x
0(0,8) =6y, t>0, (2d)
a0 hy
k&(o,t)=—t17, t>0 (25)

where a? = k/pc represents the thermal diffusivity of
the material and 0, is the temperature on the fixed face
x=0.

Remark 1

We suppose that h, > 0 and ¢ > 0 are known. The
coefficient h, characterizes the heat flux on the fixed
face x = 0, equation (2¢), and ¢ characterizes the
moving boundary (1). These must be determined
experimentally. It is assumed that the temperature
0o > 0 at x = O is given.

In Section 2, we shall consider six different cases with
the following unknown coefficients:

() ke (i) k! (i) k,p

@iv) Lc

. 3)
™ Lp (Vi) c,p.

We shall prove that there is not always a solution of
the Lamé-Clapeyron—-Neumann type [7, 18, 35,45, 53,
54, 60] for problem (2) for all the six different cases
(3). Namely, the explicit solution exists for cases (i),
(iv),(v) and (vi) if and only if a complementary condition
is satisfied; the explicit solution always exists for
cases (ii) and (iii). This fact has been already observed in
ref. [54] for the determination of an unknown
coefficient of the phase change material and in refs. [ 52,
53] for other problems of the Stefan type.

The determination of the thermal conductivity
k = k(t) is studied in refs. [10, 27] through a one-phase
Stefan problem. The determination of one or two
unknown coefficients is studied in ref. [48] through a
two-phase Stefan problem. A review of the control of
parabolic systems involving free boundaries has been
made[28] as has one on free boundary problems for the
heat equation [44, 55]. The determination of thermal
coefficients by other physical methods has been studied
[1,2,4,6,25, 26, 32, 33, 3941, 46, 51, 56, 57].

The main result of this paper can be stated as follows :

Main result

Knowing the three elements 6, > 0, h, > 0 and
o > 0 given by equations (2d), (2e) and (1) respectively,
it is possible to obtain formulas giving two of the four
thermal coefficients k, I, ¢, p. Moreover, in cases (ii)
and (iii) it is always possible to find an explicit solution
to the associated inverse one-phase Lamé—Clapeyron
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(Stefan) problem with the overspecified condition (2) ;in
the remaining cases, the same conclusion is true if and
only if a complementary condition is satisfied.

In Section 3, we shall consider the simultaneous
determination of hy and one of the thermal coefficients
k, I, p, c and we shall obtain the inequality (32) for the
element ¢ of the free boundary s(tf) = 2aét!/? of the
Lamé—Clapeyron solution of the one-phase Stefan
problem without unknown coefficients.

2. SOLUTION OF THE SIX DIFFERENT CASES
The solution of problem (2) is given by
0o

Floa) /24

0(x,t) = 0p—

with )]

2 X
fx)= =v;3 L exp (—u?)du = erf (x)

where the two unknown coefficients, chosen between k,
I, p, c, must satisfy the following system of equations:

o exp(a?/a®) = ho/pl

O
a/f(o/a) = hon'?/pcB,, with a® = %

If we define

¢=- ©)
we have

exp(£?) = ho/plo, (7a)
£f(8) = peabo/hom™2. (7b)
Property 1. (Simultaneous determination of the

coefficients k and c)
If the data hy > 0, 6 > 0 and the coefficients of the

phase change material p > 0,/ > 0 verify the condition
h
2 >1 8)

plo

independently of 6,/0, then problem (2) has the solution
(4) where k and c are given by

hont/? ohon'/? f(&
=T epp, k=Tt SO )
poby bo ¢
and ¢ is the unique solution of the equation
h
exp(x’)=—, x>0 (10a)
plo
which is given by
h 1/2
&= [log (—°>] . (10b)
ple
Property 2. (Simultaneous determination of the

coefficients k and )
For any data hy >0, 0 >0, 6, > 0 and for any
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coefficients of the phase change material p > 0,c > 0,
problem (2) has the solution (4) where k and [ are given
by

pca?

h
I=—exp(—¢%), k="3 QY
pG ¢
and ¢ is the unique solution of the equation
pcall, (12)

xf (x) =W, x> 0.

Property 3. (Simultaneous determination of the
coefficients k and p)

For any data Ay >0, 6 > 0, 6, > 0 and for any
coefficients of the phase change! > 0,c > 0, problem(2)
has the solution (4) where k and p are given by

_ ho 2 honl/z
P = XP(= ) =" Q)
(13)
§ = hoco exp(—¢?) _ ahon'? f(8)
S e 6 ¢
and ¢ is the unique solution of the equation
0
xf(x) exp (x2) = I:;—l%, x> 0. (14)

Property 4. (Simultaneous determination of the
coefficients | and c)

Ifthedata hy > 0,0 > 0,0, > 0and the coefficient of
the phase change material k > 0 verify the condition

k6,
2h00

independently of p > 0, then problem (2) has the
solution (4) where / and ¢ are given by

<1 (15)

k h
c=—3& I=—exp(=¢) (16)
po po
and ¢ is the unique solution of the equation
Jx) _ ko
A A . 1
x  hoom'/?’ x>0 (17

Property 5. (Simultaneous determination of the
coefficients | and p)

Ifthedata hy > 0,0 > 0,6, > 0and the coefficient of
the phase change material k > 0 verify the condition
(15), independently of ¢ > 0, then problem (2) has the
solution (4) where ! and p are given by

_ hoco exp(—¢?)

& (18)

k
__£2
o &%
and ¢ is the unique solution of equation (17).

Property 6. (Simultaneous determination of the
coefficients ¢ and p)

Ifthedatahy > 0,0 > 0,60, > Oand the coefficient of
the phase change material k > 0 verify the condition
(15), independently of I > 0, then problem (2) has the
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solution (4) where ¢ and p are given by

h ki
=t ew(=EY c= EepE (19
o hoo

and ¢ is the unique solution of equation (17). For the
proofs of these properties see the Appendix.

Remark 2.

In cases (iv), (v) and (vi) the parameter { is defined
by the same equation (17). Moreover, if we define ¢;, and
I,, by equations (16), p, and [, by equations (18), and p,;
and c,; by equations (19) corresponding to cases (iv),
(v) and (vi) respectively, we have:

(a) if weput p = p,;in the definition of ¢;,, we obtain

(b) (;; i\i/e put p = p, in the definition of [,,, we obtain

©) ivf ,we put ¢ = ¢,; in the definition of p,, we obtain

(d) ll’iY iv:/e put ¢ = ¢, in the definition of /,, we obtain

(e) lll; ;ve put I = [, in the definition of p ;, we obtain

) ll)fv \’;ve put ! = [;, in the definition of c,;, we obtain
Ciy-

Remark 3

The solution {6(x,t),s(t)} of the Lamé—Clapeyron
(Stefan) problem without unknown coefficients [7, 18,
35,45,54,60], defined by (2a)(2d) and 5(0) = 0, is given
by

6(x,1) = 6, ]% f(x/2at),

20
s(t) = 2at'’? 20

(free boundary)

where £ is the unique solution of equation (14). In this
case, we have hy = kfy/af (£)n'/?, thus, the inequalities
(8) and (15) are verified. The condition (15) is always
verified because of the well-known properties of the
error function, and condition (8) gives us the following
inequality :

Ste
£ < =g
@n
0
Ste = Lo
l
which is of physical interest for all Stefan numbers and
can be obtained trivially from equation (14).
Moreover, for the coefficient &, the following
inequality is obtained in ref. [54, equation (29)]:

1 < (3 Sre)m
T

whichis only of physical interest when Ste < n/2.1n this
case, wereplace < by = and wedenote by £, and &, the
solutions of the equations from the inequalities (22) and
(21), respectively. We get &, < &, since we have f(x)

(Stefan number)

22
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< (2/n'?)x,Vx > 0,and xf(x)is an increasing function
in R*.

Remark 4

In case (iii) of this work, and cases (i) and (iv) of ref.
[54], the parameter ¢ is defined by the same equation
(14). Moreover, if we define p;; and k;;; by equations (13),
g, and k, (see equation (11) of ref. [54]), and 6, and p,
(see equation (25) of ref. [54]) by

h 2

01 = p_‘; exp(—¢%), k= :c(;g 0, @)
L o,

04 = h0n1/2 my Pa= kcogf (é), (24)

corresponding to case (iii) of this work, and cases (i) and
(iv) of ref. [54] respectively, we have:

(a) ifweputo = o, in the definition of p;;;, we obtain

(b) ‘1’f4 vi/e put ¢ = g, in the definition of k;;;, we obtain

(©) ’:fl v,ve put p = p;; in the definition of k,, we obtain

d) lic}l;;le put k = k;; in the definition of p,, we obtain
P

This remark completes ref. [54] Remark 1.

3. SIMULTANEOUS DETERMINATION OF
OTHER PHYSICAL COEFFICIENTS

We shall consider the simultaneous determination of
ho and one of the thermal coefficients k, I, p, c. Using a
method similar to the one developed in Section 2, we
obtain:

Property 7

(i) For any data o, 6, > 0 and for any coefficients of
the phase change material k, p, ¢ > 0, the simultaneous
determination of hy, [ > 0 is given by

ko, & cfy exp(—&?)
0T T E A LT EfE
on'’* f(§) na ¢f(d) 25)
with &=-—.
a

(ii) For anydata g,6, > 0 and for any coefficients of
the phase change material [, p, ¢ > 0, the simultaneous
determination of hy, k > 0 is given by

pco?
2

k=

ho = plo exp(£?),

26
where ¢ is the solution of equation (14). 26)

(iii) Foranydataa, 6, > 0and for any coefficients of
the phase change material , [, ¢ > 0, the simultaneous
determination of hy, p > 0 is given by

kl k
ho = ;fz exp(¢?), p= ?52

27
where £ is the solution of equation (14).
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(iv) If the data g, 6, > 0 and the coefficients of the
phase change material k, I, p > 0 verify the condition

k0,
2lpa?

>1 (28)

then the simultaneous determination of hy, ¢ > 0 is
given by

k
ho = plo exp(£?), ¢=—5¢& (29)
po
where ¢ is the solution of the following equation:
k6
f(x)exp(x?) = m ° x> 0. (30)

— 13 X
0.2":1/2 4

Moreover, for the four cases the temperature 6
[solution of problems (1) and (2)] is given by
equation (4).

Remark 5

If 6 > 0 is given, then the simultaneous determi-
nation of {6, h,, j } withj e {k,, p, ¢}, given by Property
7,is equivalent to the determination of {6, j } [solution
of problems (1), (2a)}+2d)] and h, given by

k0,
=— 1
° " af (o/ayn'? 31
Remark 6
From equation (28), we deduce the following
inequality for the parameter & of the free boundary of
the Lamé-Clapeyron solution of the one-phase Stefan

problem without unknown coefficients (20) (cf. Remark
3)

g <t (3
2
which is of physical interest for all Stefan numbers Ste.
If we denote by &, the solution of the equation
obtained from the inequality (32) by replacing < with
=, ie. & = (Ste/2)'/?, we get &4 < &, (cf. Remark 3).

Remark 7. (Simultaneous determination of the coef-
ficients k and a)

If the coefficient p>0 is a data, then the
simultaneous determination of k and a is equivalent to
the simultaneous determination of k and c. Moreover, if
the data verify the condition (8), then the coefficients k
and « are given by

i = oo f{[log (ho/plo)]"%}
~ 6, [og(ho/ple)]'?

0.2

0=—"
log (ho/plo)

Remark 8

If the coefficient p>0 is a data, then the
simultaneous determination of ¢ and « is equivalent to
the simultaneous determination of ¢ and ¢ (cf. [54]).

(33)
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Moreover, if the data verify the condition

P ;‘;? <1 (34)
then o and « are given by 2
o=%exp(—{z), oz=ph2—(;2ﬂ)—(§:2@ (35)
where ¢ is the solution of the equation
j%:—) = h%l% exp(x?), x>0. (36)
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APPENDIX

Proof of Property 3
By removing p in equation (7) we obtain for £ the equation
(14), the function

G (x) = xf(x) exp(x?), (A1)
defined for x > 0, has the following properties:
G,(0")=0, Gy{(+)=+o, G;>0. (A2)

It follows from equations (A2) that equation (14) has a unique
solution ¢ > 0. The coefficient p is obtained from equations
(7a) and (14), and the coefficient k is obtained from

k o?

pc &
using equation (14) and the value of p already calculated.

2

(A3)

Proof of Property 4
From equation (A3), we have
k&2
c= ;}7. (A4)

From equations (A4) and (7b) we obtain equation (17) for &.
The function

/&)
Gy(x) =—, (A3)
x
defined for x > 0, has the following properties:
G,(0%) = Gy(+00)=0, G,<0. (A6)

—1/2°
nl/l

It follows from equations (A6) that equation (17) has a unique
solution if and only if the condition (15) is verified. Then the
coefficient [ is obtained from equation (7a).

To prove the remaining properties and remarks, we use a
method similar to the one developed above and to that in ref.

[54].



Simultaneous determination of two unknown thermal coefficients

DETERMINATION SIMULTANEE DE DEUX COEFFICIENTS THERMIQUES INCONNUS
PAR UN PROBLEME INVERSE A UNE PHASE DE LAME-CLAPEYRON (STEFAN) AVEC
UNE CONDITION SUPERSPECIFIEE SUR LA FACE FIXE

Résumé—On donne des formules pour la détermination de deux des quatre coefficients k (conductivité
thermique), ! (chaleur latente de fusion), ¢ (chaleur massique), p (masse volumique) d’un matériau semi-infini.
Cette détermination est obtenue a travers un probléme inverse monophasique de Lamé-Clapeyron (Stefan)
avec une condition surspécifiée sur la face fixe du matériau qui change de phase. Pour résoudre ce probléme,
nous supposons que les coefficients h,, o, 8, > 0 sont connus par I'expérience (ou h, caractérise le flux
thermique a travers la face fixe, o caractérise la frontiére mobile et 8, est la température de la face fixe). Notant
par 0 la température, les résultats concernant le probléme associé de frontiére mobile est: (1) quand un des
triplets (6, k, I), (8, k, p) est & trouver le probléme correspondant de frontiére mobile a toujours une solution de
type Lamé-Clapeyron—Neumann, (2) si un des triplets (6, k, ¢), (6, , ¢), (6, I, p) et (6, c, p) est a déterminer, la
propriété ci-dessus est satisfaite si et seulement si une condition complémentaire pour les données est vérifiée.

On obtient des formules pour la détermination simultanée des autres coefficients physiques et 'inégalité &2
< Ste/2(Ste,nombre de Stefan) pour le coefficient £ de la frontiére libre s(f) = 2aét'/* de 1a solution de Lamé—

Clapeyron du probléme a une phase de Stefan sans coefficient inconnu.

SIMULTANE BESTIMMUNG ZWEIER UNBEKANNTER THERMISCHER KOEFFIZIENTEN
DURCH EIN INVERSES EINPHASIGES LAME-CLAPEYRON-STEFAN-)PROBLEM MIT
EINER UBERBESTIMMTEN BEDINGUNG AUF DER FESTEN SEITE

Zusammenfassung— Es werden Gleichungen fiir die simultane Bestimmung von zwei der vier Koeffizienten k
(Wérmeleitfihigkeit), / (Schmelzwarme), ¢ (specifische Warmekapazitit), p (Dichte) eines halbunendlich
ausgedehnten Korpers gefunden. Die Bestimmung wird durch ein inverses einphasiges Lamé—Clapeyron-
(Stefan-)Problem mit einer iiberbestimmten Bedingung an der festen Seite des phasenwechselnden Mediums
erhalten. Um dieses Problem zu 19sen, nehmen wir an, daB die Koeffizienten hy, o, 8, > 0 aus Messungen
bekannt sind, (wobei h, die Wiarmestromdichte durch die feste Hilfte darstellt, o die wandernde Grenzfliche
und 6, die Temperatur der festen Begrenzungsfliche). Wenn man die Temperatur mit 6 bezeichnet, so erhilt
man folgende Ergebnisse fiir das entsprechende Problem mit wandernder Grenzfliche:

(1) Wenn eines der Tripel {6,k,1}, {6,k,p} gesucht ist, hat das zugehorige Problem mit wandernder
Grenzfliche eine Lésung vom Lamé—Clapeyron—Neumann-Typ.

(2) Wenn eines der Tripel {6, k, ¢}, {6,1,c}, {6,1, p} und {6, c, p) zu bestimmen ist, wird die obige Eigenschaft
erfiillt, wenn und nur wenn eine komplementire Bedingung fiir die Daten verifiziert wird.

Weiterhin erhalten wir Gleichungen fiir die simultane Bestimmung anderer physikalischer Koeffizienten
und die Ungleichung &2 < Ste/2 (Ste: Stefan-Zahl) fiir den K oeffizienten & der freien Grenzfliche s(t) = 2a&tt/?
der Lamé-Clapeyron-Losung des einphasigen Stefan-Problems ohne unbekannte Koeffizienten.

OJHOBPEMEHHOE OMNPEAEJIEHUE ABYX HEMU3BECTHbIX KO3®PULMUEHTOB
TEIMNJIONEPEHOCA NMYTEM PEIIEHHUS OBPATHON OJHO®A3HOW 3AJJAYM
JIAME-KJIANIEHPOHA (CTE®AHA) C 3AJAHHBIM YCJIOBUEM HA
®UKCUPOBAHHOHN MOBEPXHOCTHU

Annoraums—I1osyueHbl BbIpaXeHus sl OJHOBPEMEHHOTO ONPEIENEHUs KaKUX-IHOO0 ABYX U3 Clieayro-
IIMX YeTbipeX KO03((hHHHEHTOB MaTepuasa, 3alOJIHAIOLIErO MNOJyOeCKOHEYHOe HPOCTPAaHCTBO: K
(k03hPHLHEHT TeNIONPOBOAHOCTH), / (CKpbITas TEMJOTa IUIaBiieHHus), A (TEMI0EMKOCTh), p (MaccoBas
MJOTHOCTh). BbipaxkeHus mosly4yeHbl W3 pelieHdss obpaTHo# omHodasHoi 3amaun Jlame- KnanedipoHa
(Credana) ¢ 3aaHHBIM YCIOBHEM Ha (PMKCHPOBAHHOM NOBEPXHOCTH MaTepHasa NMpH M3MEHEHHH €ro
arperaTHoro cocrosiHus. IIpH pewieHHM 3aja4H mpeanosaraercs, 4to KoddouuueHThl hy, o, 6y > 0
U3BECTHBI M3 IKCNEpHUMEHTa (34ech hy — TEMIOBOH NMOTOK uYepe3 (PMKCHPOBAHHYIO MOBEPXHOCTb, O
XapakTepH3yeT NOJBHXHYIO rpaHully, 0, — TeMnepaTypa Ha GMKCHPOBaHHOH noBepxHocTH). O603HauMB
TeMmnepaTypy uepes 0, U3 peleHus 3aja4d C NOABHXHOM rpaHulell BbiTEKaeT cieaytoulee: |) B ciyyae,
KOrza HeoOXOOMMO ONpeleNuTh OOMH M3 HabopoB koadduumeHtos {6, k, [} nwmm {0, k, p}, 3anaua
Bcerja HMeeT peuieHHe B Buae peiueHHs Jlame-Knanefipona—-Heiimana; 2) ecnn onpeneneHuio
NOJUIEXHT OaMH U3 Habopos koadpduuuentos {0, k, A}, {0,1, 1}, {0,1, p} nnn {6, A, p}, oroBopeHHOE
BbIlLIE PELIEHHE BO3MOXHO TOJBKO B TOM Clly4Yae, €C/IH BBINMOJHEHO YCIOBHE MPHBJIECHEHHS NOMOJIHHU-
TeNbHBIX JaHHbIX. KpomMe TOro, mosyueHbl BbIpaKeHHMs Ui OJHOBPEMEHHOTO ONpEACSIEHHS APYTHX
¢busnveckux ko3(pPULUMENTOB, a Takxe kodpduunenTa ¢ M3 HepaBeHCTBA &2 < Ste/2, XapaKTepH3ylo-
LEero NOABHXHYIO rpaHuLy s(7) = 2aé\/; B peiueHnu Jlame~ KnanelipoHa oaHoga3sHo# 3agaun Credana
MPH OTCYTCTBHH HEH3BECTHBIX KO3 PHULHEHTOB (Ste- uncno CredaHa).
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