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ABSTRACT. We consider a heat conduction problem S with mixed boundary
conditions in a n-dimensional domain € with regular boundary I and a family
of problems S, where the parameter a > 0 is the heat transfer coefficient
on the portion of the boundary I';. In relation to these state systems, we
formulate simultaneous distributed-boundary optimal control problems on the
internal energy g and the heat flux ¢ on the complementary portion of the
boundary I's. We obtain existence and uniqueness of the optimal controls, the
first order optimality conditions in terms of the adjoint state and the conver-
gence of the optimal controls, the system and the adjoint states when the heat
transfer coefficient « goes to infinity. Finally, we prove estimations between
the simultaneous distributed-boundary optimal control and the distributed op-
timal control problem studied in a previous paper of the first author.

1. Introduction. We consider a bounded domain €2 in R™, whose regular boundary
T consists of the union of the two disjoint portions I'y and T's with |I'y] > 0 and
IT2] > 0. We denote with |T';| = meas(I';) (for i = 1,2), the (n — 1)-dimensional
Hausdorff measure of the portion I'; on I'. Let [0,7] a time interval, for a T > 0.
We present the following heat conduction problems S and S, (for each parameter
a > 0) respectively, with mixed boundary conditions (we denote by u(t) to the
function (-, t)):

ou ) ou

E—Au:g in Q u’rl—b —a—nr2:q u(0) = vy (1)
ou ou ou
EfAufg in 7%1“170[(”71)) f%m g u0)=v (2

where u is the temperature in Q x (0,7), g is the internal energy in Q, b is the
temperature on I'y for (1) and the temperature of the external neighborhood of
Iy for (2), v, = b on T'y, ¢ is the heat flux on 'y and « > 0 is the heat transfer
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coefficient on I'y, which satisfy the hypothesis: g € H = L2(0,T;L*(2)), ¢ € Q =
L2(0,T; L)), b€ Hz(I'1) and v, € HX().
Let u and u, the unique solutions of the parabolic problems (1) and (2), whose
variational formulations are given by [16, 17]:
u—wy € L2(0,T; Vp), uw(0) =v, and € L?(0,T;V) 3)
such that  (a(t),v) + a(u(t),v) = L(t,v), Yv eV,
uq € L2(0,T;V), ua(0) =v, and 1, € L2(0,T;V") (4)
such that  (44(t),v) + aa(ua(t),v) = Lo(t,v), Yo €V,
where (-,-) denote the duality between the functional space (V or Vj) and its dual
space (V' or V{) and

V=HY(Q); Vo={veV:ol, =0}; Q=L*T2); H=L*Q);

(g,h)Hz/ghdaf; (%U)Q:/ qndy;

Q I

a(u,v) = / VuVudzr;  aq(u,v) = a(u,v) —l—a/uvd'y;
Q

I

L{t,0) = (o(6)0)as ~ (@0 v)oi La(t.) = Lit.o) +a [ by,
N1
X >0 such that a(v,v) > \o|[v||3, Yo € V.
We consider H = L?(0,T; H), with norm ||.||3 and internal product
T
(9. = [ (o(0) h(®) mat
0
and the space @ = L?(0,T;Q), with norm ||.||g and internal product
T

@mgz/mwmwmw

0

For the sake of simplicity, for a Banach space X and 1 < p < oo, we will often
use LP(X) instead of LP(0,T; X).

If we denote by ugq and uag, the unique solution of the problems (3) and (4)
respectively, we formulate the following simultaneous distributed-boundary optimal
control problems P and P, on the internal energy g and the heat flux g, as a vector
control variable, respectively [11, 16, 24]:

find (g,9) € H x Q suchthat J(g,9) = min J(g,q) (5)
gE€H,qeQ
find (9,,q,) € Hx Q such that J,(9,,q,) = min J,(g,q), (6)
gEH,qeQ
where the cost functionals J and J, are given by

1 M,y M,
T(9:0) = gllug — zalle + 5 ol + 2 lally )

1 M My
Ja(g,Q):§\|Uagq—Zd||3{+7|\9||2ﬂ+7\|Q||297 (8)

with z4 € H given and M7, M5 positive constants.
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In [10], the authors studied boundary optimal control problems on the heat flux
q in mixed elliptic problems and they proved existence, uniqueness and asymptotic
behavior of the optimal solutions, when the heat transfer coefficient goes to infinity.
Similar results were obtained in [11] for simultaneous distributed-boundary optimal
control problems on the internal energy g and the heat flux ¢ in mixed elliptic pro-
blems. In [17], convergence results were proved for non-stationary heat conduction
problems in relation to distributed optimal control problems on the internal energy
g as a control variable. In [7] and [8], were studied control problems on the source
g and the flux ¢ respectively, for parabolic variational inequalities of second kind.
Other papers on the subject are [12, 13, 14, 18, 19, 20, 21, 25, 26, 27]. Our inte-
rest is the convergence when o — oo, which is related to [4, 22, 23]. Variational
inequalities was popular in the 70's, most of the main techniques for parabolic vari-
ational inequalities can be found in [5]. It is well know that the regularity of the
mixed problem is problematic when both portions of the boundary I'; and I'; have a
nonempty intersection, e.g. see the book [15]. Sufficient conditions (on the data) to
obtain a H? regularity for an elliptic mixed boundary condition are given in [3], see
also [1], among others. Numerical analysis of a parabolic PDE with mixed boundary
conditions (Dirichlet and Neumann) is studied in [2], while a parabolic control pro-
blem with Robin boundary conditions is considered in [6, 9]. In the present paper,
in Section 2 and Section 3, we study simultaneous distributed-boundary optimal
control for heat conduction problems (1),(5) and (7), and (2), (6) and (8), respec-
tively. We obtain existence and uniqueness results of the optimal controls and we
give the first order optimality condition in terms of the adjoint states of the systems.
In Section 4, we prove convergence results of the optimal controls, and the system
and adjoint states corresponding to the problems (2), (6) and (8), when the heat
transfer coefficient a goes to infinity. In Section 5, we study the relation between
the solutions of the distributed optimal control problems given in [17] and the first
component of the simultaneous distributed-boundary optimal control problems (5)
and (6). Finally, we give a characterization of the simultaneous optimal controls by
using fixed point theory.

2. System S and its corresponding distributed-boundary optimal con-
trol problem. Here, we prove the existence and uniqueness of the simultaneous
distributed-boundary optimal control (g, q) for the optimal control problem (5) and
we give the optimality condition en terms of the adjoint state D57

Following [11, 16, 17], we define the application C : H x Q — L?(Vy) by C(g,q) =
Ugq —Uoo Where g is the solution of the problem (3) for ¢ = 0 and ¢ = 0. Moreover,
we consider IT: (H x Q) x (H x Q) = Rand £ : H x Q — R defined by

H((gv(J)a (hﬂ?)) = (C(gv Q)7 C(hﬂ?))H + Ml(ga h)H + M2(q777)Q7
L(g,9) = (C(9,9),2a — uoo)r,  V(g,9), (h,n) € H x Q

and we give the following result.

Lemma 2.1. i) C is a linear and continuous application.
it) II is a bilinear, symmetric, continuous and coercive form.
it1) L is a linear and continuous application in H x Q.

i) J can be write as:

1 1
J(g,q) = 5 1(g, 9); (9,9)) — L(g,q) + 5\|Uoo — zall3, V(g,q) €H x Q.
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v) J is a coercive functional on H x Q, that is, there exists N > 0 such that
Y(92,q2), (91, @1) € H x Q, Vt € [0,1]
(1 =1t)J(92,92) +tJ(g91,q1) — J((1 = t) (g2, q2) + (g1, 1))
t1—1)

= B) mugzqz _u91q1||3-t+M1H92—91||§-L+M2HQ2—(]1H2Q]

Nt(1—1t)
2
vi) There exists a unique optimal control (g,q) € H x Q such that (5) holds.

> H(92*91a42*fh)||3-txg-

Proof. (i) Following [17], we obtain that there exist different positive constants K
such that
IVC(g, @)l < Kll(g, @)ll2xe-
1C(g DIy < K9, Dllrxe-
2

/
10(g7q)(t) dt} < K||(9,0)lxxo-
v

T
[ lewonl,
Therefore, C : H x Q — {v € L2(Vo) N L>®(H) : v € L?(V{§)} is a continuous
operator.
(ii)- (v) It follows from the definition of J, II and £ and a similar way that [11].
(vi) It follows taking into account [11, 16]. O
S

We define the adjoint state pyq corresponding to problem (3) for each (g,q)
H x Q, as the unique solution of the variational equality

{ Pgq € L*(Vo), pgq(T) =0 and  pgq € L*(Vy) 9)
such that — (Pgq(t),v) + a(pgq(t),v) = (ugq(t) — 24,v)H, Yv € V.

Lemma 2.2.
i) The adjoint state py, satisfies the following equality

(C(h,n),ugq — za)m = (hypgq)m — (10, Pgq) Q-
it) J is Gateauz differentiable and J' is given by: ¥(g,q), (h,n) € H x Q

(J'(9:0), (h=g.n = )
= (Uny — Ugq, Ugq — Za)n + Mi(g,h — g)n + Ma(q,n — q)o
=1((9:9),(h—g,n=q)) = L(h — g, — q).
iii) The Géteauz derivative of J can be write as: VY(h,n) € H x Q
(J'(g:), (h,m)) = (Myg + pgq, h)ae + (Maq — pgq, ) e-
iv) The optimality condition for the problem (5) is: ¥(h,n) € H x Q
(J'(9,), (h,n)) = (M1g + pgz, W) + (Mag — p535,m)0 = 0.
Proof. (i) Following [17], if we take v = C(h,n)(t) € Vb in (9) and we integrate

between 0 and T', we have

T
— (Pogs Ol ), + / a(pya(t), Ch, 1) (1))dt = (tgq — 2, C(h )3t

On the other hand, taking v = pgq(t) in (3), for g =0, ¢=0and g =h, ¢ =1, we
obtain

(it (£) =100 (t), Pgq (t)) 1 +a(tinn () —tio0 (t), Paq(t)) = (1), Pgq(t)) 1 —(n(t), Paq (1))@
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and integrating between 0 and 7', we have

T
(ﬁhn - dOOapgq)H + /0 a(C(ha ﬂ)(t)apgq(t))dt = (h7p£IQ)H - (napgq)Q'

Therefore

d

T
(C(hvn)zugq - Zd)?—[ = _A it (pgq(t)v C(’%U)(t))H dt + (hvpgq)ﬂ - (?%qu)g

and by using that pye(7T") = 0 and C'(h,n)(0) = 0, we have (i).
(ii) It follows in similar way that [11, 17].
(iii) From (i) and (ii), we obtain

<Jl(97Q)v (h777)> = (Mlg +pgq7h)ﬂ + (ng —quﬂ?)ga v(hvn) EHxQ.
(iv) From (iii), we have
(MIE +p§Ea h)'H + (MQE - pggﬂ))g = 07 v(han) € H x Q
]

3. System S, and its corresponding distributed-boundary optimal con-
trol problem. We will prove, for each @ > 0, the existence and uniqueness of
the simultaneous distributed-boundary optimal control (g,,q,) € H x Q for the
problem (6) and we will give the optimality condition in terms of the adjoint state
5.5 - For this purpose, following [11, 16, 17], we define C,, : Hx Q — L?(V) given
by Ca(9,q) = Uagq — Uaoo, Where uqgp is the solution of the variational problem (4)
forg=0and ¢=0,and I, : (Hx Q) x (Hx Q) > Rand L, : Hx Q — R are
defined by

o ((9,9), (h,n) = (Calg, q); Ca(h, )2 + Mi(g, ) + M2(q,m) 0,
La(9,q) = (Calg,q), 2a — Ua00)# V(g,q), (h,n) € H x Q.

Lemma 3.1.

i) Cy is a linear and continuous application.

it) 11, is a bilinear, symmetric, continuous and coercive form.
i11) Lq is linear and continuous in H x Q.

iv) Jo can be write as

1 1
Jal(9,4) = 51al(9:9): (9,9)) = La(9,9) + 5ltaco = zal|3, V(g.q) € H x Q.

v) Jo is a coercive functional on H x Q, that is, there exists N > 0 such that
V(92,42), (91,q1) € H x Q, Vt € [0,1]

(1 =1t)Jal92, 02) + tJa(91,01) — Ja((1 = t)(92,q2) + t(g1,q1))
t(1—1t)
= [tgaqs — tUgiay |1 + Millgz — g1ll3, + Mallga — q113)]
Nt(1—t)
#H(QZ — 91,42 — fh)”%—txg-

vi) There exists a unique optimal control (g,,,q,) such that (6) holds.

>

Proof. This results in a similar way that Lemma 2.1 and the proof is omitted. [
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We define the adjoint state pagq corresponding to (4) for each (g,q) € H x Q, as
the unique solution of

Pagq € L*(V),  Page(T) =0 and page € L2(V')
such that — (Pagq(t), V) + aa(Page(t), v) = (Uagqe(t) — 24, v)m, Y €V

and for each a > 0, we obtain analogous properties to Lemma 2.2, whose proof will
be also omitted.

(10)

Lemma 3.2.
i) The adjoint state pagq satisfies the following equality
(Ca(hyn), ttagq — 2a)1 = (B, Pagq)r — (1 Pagq) Q-
ii) Jo is Gdteauzx differentiable and J!, is given by ¥(g,q), (h,n) € H x Q
(Jal9,0); (h—g,m—q))

= (Uahn — Uagq) Yagg — Zd)?-t + Ml(Qv h — g)?—t + M2(Q77] - Q)Q
=1a((g,4), (h = 9,1 = ) = Lalh — g,n = q).

iti) The Gdteaux derivative of J, can be write as, V(h,n) € H x Q

(Ja(9,9), (hym)) = (Mvg + Pagg, W) + (Mg = Pagg; ) e-
i) The optimality condition for the problem (6) is, ¥(h,n) € H x Q

(J6(Ga:@a), (hym)) = (MiGs + 1oz 5. Wn + (M2Go — P55 .me = 0.

4. Convergence of simultaneous distributed-boundary optimal control
problems when a — co. For fixed (g,q) € H x Q, we can prove estimations for
Uagg a0d Pagq and we obtain the strong convergence to ug, and pyq, respectively,
when « goes to infinity.

Proposition 1. For fized (g,q), if uagq 1S the unique solution of the variational
equality (4), we have

||7:LGQQ||L2(VC§) + |[tagqllLoe () + [|vagall2(vy + V(@ = Dlltiagg = bl| Lo (z2(ryy) < K, (11)

for alla > 1, with K depending OfHuquL%Vo’)y ||ugq||L2(V’); [[Vugq|[2, ||ugq”L2(V);
[gq|l Lo (r)s 1191122, 1lal|l@ and the coerciveness constant A1 of the bilinear form a;.

Proof. Taking v = Uagq(t) — ugq(t) € V in the variational equality (4), taking into
account that ugq‘rl = b, and by using Young’s inequality, we have

g () = g (8) g (1) = (8 + 2 taga(t) ~ v DI

Fla-1) / (terg () — 11gq (1)) 2y

I

2 2 2 2
< Zlg®% + — g5 + — 2 4+ —||tgq ()%
< ,\1Hg( Mz + N o ll=[la(®)]]g + /\1||Vugq( Wi+ AlHugq( i

where 7 is the trace operator on I'. Next, integrating between 0 and 7', and using
that uagq(0) = 144(0) = vy, we obtain
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1 A1

*||Uagq(T) - ugq(T)H%{ + 5 Huagq ugq”%%v) + (o = 1)|uagq — bH%?(B(Fl))

y[llgl\a +1oll?llalf + [[Vugqll3 + lltggll72vr)]

where A = ||g]13, + [ol*[lal|5 + || Vugq| 3, + Hugq||L2(V, From here, we deduce

2
V(e = Dlftage = bllL2r2(ry)) <4/ /\71A’ (12)

2

[tagqllz2(vy < /\—1\/2+ |[ugqllL2(vy- (13)
2

[tagellLee )y < \/TT\/ZJF l[wgql|Loo (rry- (14)

Next, taking v € Vj in the variational equality (4) and subtracting with variational
equality (3), we have

(uagq(t) - T:qu(t),’l))H + a(uagq(t) ugq( ) ) = 0 Yv € Vo.

Therefore

(thagg(t) = tigq(t), ) 1 < |[tgq(t) = Uagg@)llv[[vllve Yo € Vo, (15)

taking supremum for v € V; with |jv||y, < 1 and integrating between 0 and T, we
obtain |[tiagg — Ugqllr2(vy) < [|tgq — UagqellLz(vy and therefore

. 2 .
[tagellL2(vy) < 71\/2+ 2||uggllrz vy + ligqllL2(vy)- (16)
Finally, from (12), (13), (14) and (16), the thesis holds. O
Y.

Proposition 2. For fized (g,q), if Pagq is the unique solution of the problem (10),
then we have

[[PagqllLz(vg) + IPagellLoe (1) + [PagellL2(v) + V(@ = Dl|pagqellz2z2ry)) < K, (17)

for all a > 1, where K is depending of ||pgq||L2(VO,), [1Bgqllzcvrys 1lglla, llallas

HVthI”H’ HpquL2(V)7 ||pgq||L°°(H)7 HZdHHﬂ ||iquHL2(V’)) ||VU’QQ||H1 ||quHL2(V);
|[tegq|| oo (1) and the coerciveness constant Ay .

Proof. From the variational equality (10) and with an analogous reasoning to Propo-
sition 1, we obtain the estimation (17) as in [17]. O

Theorem 4.1. For fized (g,q) € H x Q, when o — oo, we obtain:

i) if ugq and uagq are the unique solutions to the variational problems (3) and
(4) respectively, then ungy — Ugq strongly in L*(V)NL>®(H) and tiagq — tgq
strongly in L*(V{).

it) if pgg and pagq are the unique solutions to the variational problems (9) and
(10) respectively, then pagq — Pgq strongly in L>(V)NL>(H) and pagq — Pgq
strongly in L*(V{).
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Proof. (i) For fixed (g, q) € Hx Q, we consider a sequence {uq,, 44} in L?(V)NL>*(H)
and by estimation (11), we have that ||ua, ¢qll2(v) < K and [[tia, gql|r2(vy) < K,
therefore, there exists a subsequence {uq,, ¢} Which is weakly convergent to wgq €
L?(V) and weakly* in L>°(H) and there exists a subsequence {tq, 4,} which is
weakly convergent to 1y, € L?(V{). Now, from the weak lower semicontinuity of
the norm, we have that wy, = b on I'; and therefore wy, — v, € L?(Vp).

Next, taking into account that wg, satisfies the following variational problem

wgyq — vy € L2(Vp), wee(0) = v, and g € L2(VY)

such that (wgq(t),v) + a(wge(t),v) = L(t,v), Vv e Vj,
and by uniqueness of the solution of the problem (3), we have wgq = ugq.
Therefore, when a,, — oo (called @ — ), we get

Ungg — Ugq I L2(V),  Upgg — Ugq in L°(H)  and  fiagq — tgq in L*(VY).

Now, we have

1
§||uagq(T) - ugq(T)H%{ + At [tage — ugq||2L2(V) + (o = 1)[uagg — ugq”%?(L?(Fl))

< [ taga0) = 0 0)) = @ty 0): g 0) = (1)

— (lgq(t), Uagq(t) — ugq(t)) }dt
and by using the weak convergence of uagq to ugq, we prove the strong convergence
in L?(V) and the strong convergence in L?(L?(T';)). Now, from the variational
equalities (3) and (4), we have as in (15), that

(Uagq(t) — tigq(t), V) i < [|tgg(t) — vagelvIvllv,, Vv € Vo
then
|tiagq — ﬁgq”%%vo') < lugq — “agq||i2(v) — 0, when o — oo,

and we have that 1, is strongly convergent to 1y, in L*(Vy).

(ii) For fixed (g,q) € H x Q we prove that there exists a sequence in LZ(V) N
L>°(H) and ng, € L*(V) N L*>®(H) such that pa,gq — 7y weakly in L*(V) and
weakly* in L°(H) and pa, gq — 7lgq weakly in L?(Vy). Next, we obtain that 7,
verifies the variational problem (9), and by uniqueness of the solution we have that
Ngq = Pgq- Here, when oo — oo, we obtain that

Pagg = Pgg 1N LA V), Dagq - Pgq in L*(H) and pagq = Pgq In L(Vg).
Finally, the strong convergence of pagq t0 pyq in L2(V) N L (H) and of pagq t0 Pyq
in L?(Vy) is obtained in a similar way that (i). O

Now, in the next theorem we prove the strong convergence of the optimal controls,
the system and the adjoint states of the optimal control problems (6) to the optimal
control, the system and the adjoint states of the optimal control problem (5), when
a — o0.

Theorem 4.2. a) If us= and U,z = are the unique system states corresponding to

the simultaneous optimal control prgblems (5) and (6) respectively, then we get

(1) Im [luy5 5 —uggllezqy =0, (@) lim ligg 7 =gl =0 (18)
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b) [fpgg and Doz 5. are the unique adjoint states corresponding to the simultaneous
optimal control problems (5) and (6) respectively, then

(1) im [lp.g 7. —Pggllezqv) =0, (@) lim |5 5 — D55l =0 (19)

a—00

c) If (9,9) and (g,,3,,) are the unique solutions from the simultaneous distributed-
boundary optimal control problems (5) and (6) respectively, then

lim [|(7a,7a) — (3:@)|lxe = 0. (20)
a—r 00
Proof. We will do the proof in three steps.
Step 1. From the estimation (11) for uagq with g = ¢ = 0, there exists a constant
K1 > 0 such that ||[uaool|# < |[taool|z2(v) < K1, Va > 1. From the definition of .J,
and since J,(7,,q,) < Jo(0,0), we have:
1 My = My = 1
SMtag 7, — 2alld + SHGal B+ S2Talls < 3 lheaoo — zallh
Therefore, there exist positive constants Ky, K3 and K4 such that
lupg. 7. M1 < K2y [[G6]l < K3 and  [|g,]le < Ka.

Now, by estimation (11) in Proposition 1, we obtain that, for all a > 1 there exists
K5 > 0 such that

g 5. 12y + llieg, 7 120 + V(@ = Dllugg 5. = bll2e) < Ks - (21)
and by estimation (17) in Proposition 2, there exists a positive constant Kg such
that

Pz 5. 1le20v) + 1Pz 5. 220 + V(e = Dllpg 5 2z < Koo (22)
From the previous estimations, we have that there exist f € H, § € Q, u € L*(V),
fe L2(Vy), p€ LA(V) and p € L*(V{) such that

Go—~f€EH, G, —0€Q
Uz = pELHV), s —pe LV,
Pog.5. —~PELXV), puz5 —peL(Vy)
Step 2. Taking into account the weak convergence of u_= = to u in L?(V) and

G4 da
the estimation (21) we obtain in similar way to Theorem 4.1 (i), that p = uys.

Moreover, for the adjoint state, we have that Doz 5. 18 weakly convergent to p in
L3(V) and from estimation (22) we obtain in similar way that Theorem 4.1 (ii),
that p = pys. Therefore, we have

u —ups in L*(V) and Po7.7. — Pfs In L*(V).

aFoda
Now, the optimality condition for the problem (6) is given by

(MG +Poz. 5. Wu + (MaGy —po5. 5 ,mMa=0 VY(h,n) € HxQ
and taking into account that

Pog.7. — Pro in L*V), g,—~f€H, G, —d€Q

we obtain

(M1f+pf57h)?-l+(M257pf5777)g:O V(haU)EHX Q
and by uniqueness of the optimal control we deduce that f = g and 6 = g. Therefore
ugs = Ugg Pps = Pygy ps = lgg and prs = g,
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Step 3. We have, for all (g,q) € H x Q
== My - 2=
IGD) = gz — zallf + LG + 2T

a— 00

1 My — My, =
< limint [ a7, =l + 5l + 52

. 1 My - My —
<timsup |3l 7, - sl + 5T+ ST

a—0o0

< limsup Jo (9, q)

a—0o0

. 1 M,y M,

|3y = 2l + e+ S el
1 M, Mo

= §||ugq — za|[3 + 7||9||3¢ + 7||CI||QQ = J(g,9).

By taking infimum on (g, q), all the above inequalities become equalities and there-
fore we get

) 1 Ml — M2 =
hnéo [2|uagaqa _Zd|%{+2||ga||%{+2||qa|29:|

a—
1 My — 2=
= Dl — zall + LG+ 22 i,
that is
hm H(\/ M26a7 \% Ml?a’uaﬁ E - zd)||2Q><7-[><7-[
\/ qv \/ gau** 2d HQX’HXH

The previous equality, the convergence g, — ¢in Q, g, ~ginHandu z = — u==

Jala 94
. 2 . = = = =
in L*(V), imply that (q,, 94 taz 5 ) = (4,9, u53), when o — oo, then (20) holds.

Finally, if we take v = u,z 7 () — uzz(t) € V in (4) for Uyz 7. > we have
(U5 5. (1) = i55(1) ugz 5 (8) = us5(1)) + Mlluyg 7 () —usz (T
Ha=1) (a7, 0 - uz0)d

Iy
< (Ga(t) —U55(t), uyz 5 (1) —usz(0))m — (@a(t), ues 5 (1) —u55(t))q
—aluz5(t), uez 7 (1) —us5(t)).

If we call z, = u, 5.7. ~ U575 from the previous equality, we obtain

Mz < @alt) = t55(1), 2a(0) 1 = ([@a(t), 2a(t))q — aluz7(t), za(t),

and integrating between 0 and T', we have

MllzallErry = M [ lza (Ol
0

T
< [ [@a0) = 5700 20O — @0 2000 — alugzlt), 20(6)] dt.
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Since z, — 0 weakly in L?(V), g, — q strongly in Q and g, — g strongly in H we
obtain, when o — 00

[ [@att) = 5500, 200 — @, (0), 20 00— aluzz(0) ()] dt 0

then (18 i) holds.
From the variational equalities (3) and (4), we have

(Za(t),v) + aza(t),v) = (Ga(t) = 9(t), ) + (A(t) = Qa(t),v)q, Vv €W,

and therefore there exists a positive constant K7 such that
2allZ2cvy < K7 [ll2allZ2r) + 1150 — 3113 + |17 —ﬁal\zg} :

Since g, — q strongly in Q, g, — g strongly in H and Uys 7 — uzz strongly in
L?(V) when a — oo, we can say that Z, — 0 strongly in L?(V{)), that is Uys 5 =
li== strongly in L?(V{), then (18 ii) holds.

In similar way, we prove that (paﬁﬁa ,p@ja) — (P57, P57) strongly in L3(V) x
L3(Vy), when a — oco. O

5. Estimations between the optimal controls. In this Section, we study the
relation between the solutions of the distributed optimal control problems given in
[17] with the solutions of the simultaneous distributed-boundary optimal control
problems (5) and (6). Moreover, we give a characterization of the solutions of these
problems by using the fixed point theory.

5.1. Estimations with respect to the problem P. We consider the distributed
optimal control problem

find geH suchthat Ji(g) = Hél?{tl J1(9) for fixed ¢ € Q, (23)
g

where J; is the cost functional defined in [17] plus the constant 222||q||%, that is,

Ji:H— Rf{ is given by

M,y
2

where u, is the unique solution of the problem (3) for fixed g¢.

1 My
Ta) = g = zally + i1+ 2 gy (tied g € 0,

Remark 1. The functional J defined in (5) and the functional J; previously given,
satisfy the following elemental estimation

In the following theorem we obtain estimations between the solution of the dis-
tributed optimal control problem (23) and the first component of the solution of
the simultaneous distributed-boundary optimal control problem (5).

Theorem 5.1. If (g,q) € H x Q is the unique solution of the distributed-boundary
optimal control problem (5), G is the unique solution of the optimal control problem

(23), then

_ = 1
g —glln < mHUﬁ—UﬁHH- (24)
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Proof. From the optimality condition for g, with ¢ = g, we have (M1§+p§5, h)y =
0,Vh € H, and taking h = g — g, we obtain
(Mig +pgz.9 — 9)n = 0. (25)

On the other hand, if we take n = 0 € Q in the optimality condition for (g,q) we
have (M1g + pzz,h)u = 0,Vh € H, next, taking h =g — g, we obtain

(Mig +p55,9—9)u = 0. (26)

By adding (25) and (26), we have (M1 (G—9) +rg5— 1559 — g)H = 0. Here, we
deduce that

- _ 1
g —glln < EHPﬁ —p55lle2v)-

Next, by using the variational equality (9) for g =g and ¢ =g, and for g = g and
q = q, respectively, we obtain

d 1
= 5 lIP55(t) = pgz(B)l[7 + Mollpg5(H) — Pz @I < 3 [4at) = ugz (0|1

By integrating between 0 and T', and using that ng(T) = pgg(T) =0, we deduce

1
197700) = 25OV + Mollpg = pyglita, < 5 llug = g7
then
1
|lp55 — Pg3ll2o) < )TOH“EE — gz
and therefore (24) holds. O

Now, we will give a characterization of the solution of the simultaneous optimal
control problem (5) by using the fixed point theory. For this, we introduce the
operator W : H x Q@ — H x Q, defined by

1 1
W(g,q) = (_Mpgqa %pgq> .

Theorem 5.2. There exists a positive constant Cy = Co(Xo, Y0, M1, Ma) such that,
Y(g1,q1), (g2, q2) € H x Q

[[W(g2,q2) — W(g1,q1)|l1xa < Coll(92,q2) — (91,q1)|l#x 0

and W is a contraction if and only if the data satisfies the following condition

2 [ 1 [holl?
Cy = 1 < 1. 27

Proof. First, we prove the following estimates, ¥(g1,q1), (92,92) € H X Q

V2
9101 = Ugaaallzzer) < 5= (llg2 = grllw + [holl g2 = arfle) (28)

1
||pglth _p92LI2||L2(V) < YOHUQUH - ugzlJzHH' (29)
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In fact, for the estimation (28), we consider the variational equation (3) for g = ¢1
and ¢ = ¢, and for g = g9 and ¢ = ¢s, respectively. Next, we obtain

1d
5 77 101 (8) = gy (0)[ 71 + Nolltgia: () = ugaa (DY

< gy g, () = tgags (Dlv (Ilg1(t) = 9211 + [0l a1 () — a2(B)l]Q) -

Now, by Young’s inequality and integrating between 0 and T', we deduce (28). If
we consider the variational equality (9) for ¢ = g1 and ¢ = ¢1, and for g = g2 and
q = ¢, respectively, we obtain (29).

Finally, using the estimations (28) and (29), we obtain

[

W (g2,02) =W (g1, 01) I e < 35/ 51z + 1535 (L ol 11 (92, 42) = (g1, @)l laex,

2

and the operator W is a contraction if and only if (27) holds. O

Corollary 1. If the data satisfy that Cy < 1, then the unique solution (g,q) € Hx Q
of the optimal control problem (5) can be characterized as the unique fized point of
the operator W, that is

W(g,9) = (Mpgqa %Pg(I) =(9,9).

Proof. When Cy < 1, the operator W is a contraction defined on H x Q. Next,
there exists a unique (g%, ¢*) € H x Q such that

W(g ,q ): <_Mpg*q*v]w2pg*q*> = (g ,q )7

o equivalently

(M1g™ + pgrq=, Maq™ — pg+q-) = (0,0).
Here, (g*,¢*) verifies the optimality condition for the problem (5), therefore the
unique fixed point of W is the solution (g,q) € H x Q of this simultaneous optimal
control problem. O

5.2. Estimations with respect to the problem P,. For each o > 0, we consider
the following optimal control problem

find g, € H suchthat J1,(g,) = Hél;_ll J1a(g), for fixed ¢e€ Q (30)
g

where Ji, : H — R{ is given by
1 M, My
J1a(9) = 3 lluag — 2l + Mgl + Sl (xed g€ Q),

that is, J14 is the cost functional given in [17] plus the constant %Hq“é and Uag
is the unique solution of the problem (4) for fixed q.

Remark 2. For each o > 0, the functional J, defined in (6) and the functional
J1a previously given satisfy the following estimate

J(X(Eouaa) S Jl(l(?oz)? v‘] € Q

An estimation between the solution of the distributed optimal control problem
(30) with the first component of the solution of the simultaneous distributed-
boundary optimal control problem (6) is given in the following theorem whose prove
is omitted.
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Theorem 5.3. If (§,,q,) € H x Q is the unique solution of the simultaneous
optimal control problem (6), g, is the unique solution of the optimal control problem
(50), then

_ — 1

90 — Galln < m”“aﬁﬁa AR

In similar way to Theorem 5.2, we give a characterization of the solution of the
problem (6) proving that the operator W,,, which is defined after, is a contraction.
This result is presented in the following theorem, whose prove is omitted.

Let the operator W, : H x Q@ — H x Q, for each o > 0, defined by the expression

1 1
Wa(gaQ) = (_]V[lpagqv %pa9q> .

Theorem 5.4. W, is a Lipschitz operator on H x Q, that is, there exists a positive
constant Coo, = Coo (A min{l, a}, vo, My, Ms), such that ¥(g1,q1), (92,92) € H x Q

[[Walg2,q2) = Wa(91,1)|l1x 0 < Coall(g2, g2) — (91, 01)l|l1x0
and W, is a contraction if and only if the data satisfy the following inequality

2 L ol

Coo = lmin{t,anz\ 12 T 053

(L + 1ol < 1.

Corollary 2. If the data satisfy the condition Cy, < 1, then the unique solution
(Go,4.) € H x Q of the problem (6) can be obtained as the unique fized point of the
operator W, that is

Woz(gou(Ja) = <]\41p0‘9aqa7 %pagaqa> = (gaaQQ)'
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