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ABSTRACT
We consider an optimal control problem O governed by an
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elliptic quasivariational inequality with unilateral constraints.
We associate to Q a new optimal control problem Q,
obtained by perturbing the state inequality (including the set
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of constraints and the nonlinear operator) and the cost func-
tional, as well. Then, we provide sufficient conditions_which
guarantee the convergence of solutions of Problem O to a
solution of Problem Q. The proofs are based on convergence
results for elliptic quasivariational inequalities, obtained by
using arguments of compactness, lower semicontinuity, mono-
tonicity, penalty and various estimates. Finally, we illustrate
the use of the abstract convergence results in the study of
optimal control associated with two boundary value problems.
The first one describes the equilibrium of an elastic body in
frictional contact with an obstacle, the so-called foundation.
The process is static and the contact is modeled with normal
compliance and unilateral constraint, associated to a version
of Coulomb’s law of dry friction. The second one describes a
stationary heat transfer problem with unilateral constraints.
For the two problems we prove existence, uniqueness and
convergence results together with the corresponding physical
interpretation.
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quasivariational inequality;
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1. Introduction

The study of optimal control problems is motivated by important applica-
tions in Physics, Mechanics, Automatics and Systems Theory. For instance,
the control of mathematical models which describe the contact of deform-
able bodies, as well as their optimal shape design, is of considerable theor-
etical and applied interest in Civil Engineering, Automotive Industry and
Mechanics of Structures. Moreover, the control of the temperature field in
heat transfer proccesses is important in various industrial settings like
metal forming, among others.
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Most of the models in Physics, Mechanics and Engineering Science are
expressed in terms of strongly nonlinear boundary value problems with
partial differential equations which, in a weak formulation, lead to vari-
ational inequalities. The theory of variational inequalities was developed
based on arguments of monotonicity and convexity, including properties of
the subdifferential of a convex function. Because of their importance in
engineering applications, a considerable effort has been put into their ana-
lysis, control and numerical simulations and the literature in the field is
extensive. Basic references in the field are [2-6], for instance. Results in the
study of optimal control for variational and variational-hemivariational
inequalities have been discussed in several works, including [7-13] and [14,
15], respectively. Applications of variational inequalities in Mechanics could
be found in the books [16-22], for instance. Reference on optimal control
for inequality problems arising in Mechanics and Physics include
[1, 23-30].

In this paper we consider an optimal control problem for a general class
of elliptic quasivariational inequalities. The functional framework is the fol-
lowing: X and Y are real Hilbert spaces endowed with the inner products
(~.-)x and (- -)y, respectively, KC X,A: X - X,j: X xX - R,f €Y and
n: X — Y. Then, the inequality problem we consider is the following.

Problem P. Find u such that
uek, (Au,v—u)y +j(u,v)—j(u, u) > (f. nv—mu)y VveK. (1.1)

We associate to Problem P the set of admissible pairs defined by
Vai = {(u,f) € K x Y such that (1.1) holds} (1.2)

and we consider a cost functional £: X X Y — R. Here and below, X x Y
represents the product of the Hilbert spaces X and Y, equipped with the
canonical inner product. Then, the optimal control problem we study in
this paper is the following.

Problem Q. Find (u*,f*) € V,4 such that

L(uf*) = (ur}l)ielbdﬁ(u,f). (1.3)

Next, consider a set K C X, an operator A : X — X and an element f € Y.
With these data we construct the following perturbation of Problem P.

Problem P. Find i such that
ek, (Av—it)y+j(i,v)—ju) > (fav—nit), ¥YveK. (14)
We associate to Problem P the set of admissible pairs given by

Vai = {(ii,f) € K x Y such that (1.4) holds} (1.5)
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and, for a cost functional £ : X x Y — R, we construct the following per-
turbation of the optimal control problem Q.

Problem Q. Find (ii*,f ) € Vaq such that

L f) = min L(iL.f). (1.6)

The unique solvability of problems P and P, on one hand, and the solv-
ability of problems Q and Q, on the other hand, follow from well known
results obtained in the literature, under appropriate assumptions on the
data. Here, we shall use the existence and uniqueness results in [1], which
will be resumed in the next section.

Now, a brief comparation between problems P and P shows that
Problem P is obtained from Problem P by replacing the set K with the set
K, the operator A with the operator A and the element f with f‘ A similar
remark can be made concerning the optimal problems Q and Q, in which
the set V,4 was replaced by the set V,; and the functional £ was replaced
with £. Therefore, since problems P and Q represent perturbations of P
and Q, respectively, a natural question is to establish the link between the
solutions of these problems.

In this paper we provide a partial answer to the question above. Our aim
is three folds. The first one is to formulate sufficient assumptions on the
data which guarantee the convergence of the solution i of Problem P to
the solution u of Problem P. Our result in this matter is Theorem 4 below,
which represents the first novelty of this paper. Our second aim is to prove
that, under appropriate conditions, the solutions of Problem Q converge to
a solution of Problem Q. Our result in this matter is Theorem 6, which
represent the second novelty of this work. Finally, our third aim is to illus-
trate the use of these abstract results in the study of two relevant examples.
The first one arises from Contact Mechanics and the second one describe a
heat transfer process.

The rest of this manuscript is structured as follows. In Section 2 we resume
the existence and uniqueness results in [1] obtained in the study of problems
P and Q. Then, in Section 3 we state and prove our main result concerning
the link between the solutions of problems P and P, Theorem 4. In Section 4
we state and prove our main result concerning the link between the solutions
of problems Q and Q, Theorem 6. The proofs of the theorems are based on
arguments of compactness, lower semicontinuity, monotonicity, penalty and
various estimates. In Section 5 we illustrate these abstract results in the study
of a mathematical model which describes the frictional contact of an elastic
material with a rigid-deformable foundation. The process is static and the
contact is described with normal compliance and unilateral constraint,
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associated to a version of Coulomb’s law of dry friction. We apply the
abstract result in Sections 3 and 4 in the study of this problem and provide
the corresponding mechanical interpretations. We end this paper with
Section 6 in which we prove that Theorems 4 and 6 can be used to obtain a
version of our previous convergence results obtained in [23], in the study of a
heat transfer model with unilateral constraints.

2. Problem statement and preliminaries

In Sections 2-4 below we use the functional framework described in the
Introduction and we denote by ||-||y,|| - ||y the norms on the spaces X
and Y, respectively. All the limits, upper and lower limits below are consid-
ered as n — oo, even if we do not mention it explicitly. The symbols
“—“and “—“ denote the weak and the strong convergence in various
spaces which will be specified, except in the case when these convergence
take place in R.
In the study of Problem P we consider the following assumptions.

K is a nonempty, closed, convex subset of X. (2.1)

A is a strongly monotone Lipschitz continuous operator, i.e.,
there exists m >0 and M > 0 such that

(a)(Au—Av,u—v)y > mllu—v|[y Y u, veX,

(D) [Au—Av||y <M |[u—v|ly Y u, veX.

(2.2)

(a) For all n € X,j(n,-) : X — R is convex and lower semicontinuous
(Ls.c.),

(b) There exists a > 0 such that
J(nv2)=j(n1sv1) + (12, vi) —j(125 v2)
<o |[m=mllxllvi=vallx ¥V s 1 v, 2 €X

(2.3)
m> . (2.4)
fev. (2.5)
7 is a linear continuous operator,i.e.,
there exists ¢y>0 such that (2.6)

||y <co [IVllx ¥V veEX.

We now recall the following existence and uniqueness result, proved
in [1].

Theorem 1. Assume that (2.1)-(2.6) hold. Then, the quasivariational
inequality (1.1) has a unique solution.
In the study of Problem O we assume that

L(u,f) = g(u) + h(f) VueX, fey, (2.7)
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where g and h are functions which satisfy the following conditions.

g : X — R is continuous, positive and bounded, i.e.,
(@ v,—v in X = g(v,) —g).

(b) g(v) >0 VwvelX

(c) g maps bounded sets in X into bounded sets in R.

(2.8)

h:Y — R is weakly lower semicontinuous and coercive, i.e.,
(@) f,—f in Y = liminf h(f,) > h(f). (2.9)
®) [fully = o0 = h(f,) — oc.

{There exist f, 7 > 0 such that (2.10)

Jmv) =i va) < (B+0lnlly) [vi—wallx Vo v, meXo ™
m>y. (2.11)

For any sequences {#,} C X, {u,} C X such that
n, —neXu, —ucX onehas (2.12)
lim sup (j(1, v)=j(n, tn)) < j(nv)=j(ms ) ¥V v € X,

For any sequence {v,} C X such that (2.13)

v, —v in X onehas mnv, —mv in Y. )

The following existence result was obtained in [1].

Theorem 2. Assume that (2.1)-(2.4) (2.6)-(2.13), Then, there exists at least
one solution (u*,f*) € Va4 of Problem Q.

The proofs of Theorems 1 and 2 are based on arguments of compactness,
lower semicontinuity and monotonicity. We shall use these theorems in
Sections 3 and 4 below, in the study of specific perturbed versions of prob-

lems P and O.

3. A convergence result

In this section we state and prove a convergence result for the solution of
Problem P, in the case when this problem has a specific structure. To this
end, we consider two sequences {A,} C R,{f,} C Y and an operator G :
X — X. For each n € N let A, : X — X be the operator defined by

1
Au=Au +;— Gu VuelX, (3.1)

and denote by P, the following version of Problem P, obtained with A =
A, and f =f,.
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Problem P,,. Find u,, such that

- 1
u, €K, (Aupv—u,)y+ T (Guy, v—u)y + j(tn, v)—j (1, up) (32)

> (fo. mv—mtUy)y vV veKk.

Note that in the case when K = X, under appropriate assumptions on
G, Problem P, represents a penalty problem of P. Penalty methods have
been widely used in the literature as an approximation tool to treat con-
straints in variational inequalities, as explained in [4, 21, 31] and the refer-
ences therein.

To prove the unique solvability of Problem P, we use the following
assumptions.

K is a nonempty, closed, convex subset of X. (3.3)

G : X — X is a monotone Lipschitz continuous operator. (3.4)
In>0 VvV neN. (3.5)

fneyY vV neN. (3.6)

We have the following existence and uniqueness result.

Proposition 3. Assume (2.2)-(2.4), (2.6), (3.3)-(3.6). Then, for each n € N,
there exists a unique solution u, € X to Problem P,,.

Proof. Let n € N. Assumptions (2.2), (3.4), (3.5) imply that the operator A,
satisfies inequality (2.2)(a) with the same constant m as the operator A and,
moreover, it is Lipschitz continuous. We conclude from above that the
operator A, satisfies condition (2.2). Recall also assumptions (3.3) and (3.6)
on K and f,, respectively. These properties allows us to use Theorem 1 with
K, A, and f, instead of K, A and f, respectively. In this way we obtain the
unique solvability of the inequality (3.2) which concludes the proof. [ ]

To study the behavior of the solution of Problem P, as n — oo we con-
sider the following additional hypotheses.

n— 0 as n— oo. (3.7)
fa—f in Y as n— oo (3.8)
K CK. (3.9)

{ (a) (Guy—u)x<0 VueKveK (3.10)

(b) uek, (Guv-u)y=0 VveK=uecKk.

Note that, in the case when K = X, condition (3.10) is satisfied for any
penalty operator of the set K, see Definition 23 in [32] for details.
Our main result in this section is the following.



1332 M. SOFONEA AND D. A. TARZIA

Theorem 4. Assume (2.1)-(2.6), (2.10)-(2.13), (3.3)-(3.10) and, for each
n €N, denote by u, the solution of Problem P,. Then u, — u in X, as
n — oo, where u is the solution of Problem P.

Proof. The proof of Theorem 4 is carried out in several steps.

i) A first weak convergence result. We claim that there is an element u €
K and a subsequence of {u,}, still denoted by {u,}, such that u, —
u in X, as n — oo.
To prove the claim, we establish the boundedness of the sequence {u,}
in X. Let n € N. We use assumption (3.9) and take v=u in (3.2) to see
that

1
(Aup, up—u)y < - (Gup, u—uy)y + j(thn, ) —j(tn, tty) + (fr AU, —T11) .

Then, using the strong monotonicity of the operator A we obtain that

1
2 _
_ < (Au,u— — Guy,, u—
m (lun—ullx < (At u=un)y + 7= (Gutn, u=tin) (3.11)

+j<un’ Ll) _j(una un) + (fn» nun—nu)y.

Next, assumption (3.10)(a) implies that
(Gup, u—uy)y <0, (3.12)
and assumptions (2.3), (2.10) yield
J (s )= (v, un) = ((thns ) = (s i) + (14 1) —ji(u, ) + (i, ) —j(u, un))
< ol un—ull + (B + 7l [0 =l |-
(3.13)

On the other hand, using (2.6) we find that
(Au u—un)x + (fo ntp—mu)y < ([|Aullx + collfully)[[un—ully. (3.14)

We now combine inequalities (3.11)-(3.14) to see that

2
m ||un—ullx < ([[Aullx + col[fally)l[un—ullx (3.15)
) :
+ofun—ullx + (B + yl[ull) [ —ullx-

Note that by (3.8) we know that the sequence {f,} is bounded in Y.
Therefore, using inequality (3.15) and the smallness assumption (2.4),
we deduce that there exists a constant C>0 independent of n such
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that ||u,—ul||y < C. This implies that the sequence {u,} is bounded
in X. Thus, from the reflexivity of X, by passing to a subsequence, if
necessary, we deduce that

u, — u in X, as n — oo, (3.16)

with some # € X. Moreover, assumption (3.3) and the convergence
(3.16) implies that &z € K and completes the proof of the claim.
ii) A property of the weak limit. Next, we show that # is a solution to
Problem P.
Let v be a given element in K and let n € N. We use (3.2) to obtain that

1
T(Gun,un—v)x < (A, v—uy)y

n (3.17)
ks V) =tk 1) + (fo Tty —70) .

Then, by conditions (2.2), (3.8), (2.10), (2.6), using the boundedness
of the sequence {u,}, we deduce that each term in the right hand
side of inequality (3.17) is bounded. This implies that there exists a
constant D > 0 which does not depend on n such that

(Guy, uy—v)yx < AyD.

We now pass to the upper limit in this inequality and use the conver-
gence (3.7) to deduce that

lim sup (Guy, u,—v)y < 0. (3.18)

Next, we take v = u in (3.18) and find that
lim sup (Guy, u,—it)y < 0. (3.19)

Therefore, using assumption (3.4) and a standard pseudomonotonicity
argument (Proposition 1.23 in [31]) we obtain that

lim inf (Guy, u,—v)y > (Gl i—v) VveX. (3.20)

We now combine inequalities (3.20) and (3.18) to find that
(G, u—v)y < 0 for all ve K. Using now assumption (3.10)(b) we
deduce that € K.

Consider now an element v € K. We use (3.9) and (3.2) to obtain
that
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1
(At uy—v)y < = (Guy, v—uy)
n

+j(un> V) _j(una un) + (fn, nun—nv)y.

Therefore, using assumption (3.10)(a) we find that
(At uy—v)y < j(tn V) —j(thn> un) + (fo. Ty —7V) . (3.21)

Next, using (3.16) and assumption (2.12) we have
lim sup (j(tn, v)—j(un, tn)) < j(01,v)—j(i1, %). (3.22)

On the othe hand, assumption (3.8), (2.13) and the convergence
(3.16) yield

(fo- Tty —v)x — (f. U—TTV)y. (3.23)

We now use relations (3.21)-(3.23) to see that
lim sup (Aup, uy,—v)y < j(it,v)—j(it, ) + (f, mt—mv)y. (3.24)

Now, taking v = u € K in (3.24) we obtain that
lim sup (Aup, u,—it)y <O0. (3.25)

This inequality together with (3.16) and the pseudomonotonicity of A
implies that

(A, u—v)y <lim inf (Au, u,—v),V v € X. (3.26)
Combining now (3.26) and (3.24), we have
(A, u—v)y <j(u,v)—j(in, u) + (f. ns—nv)y

for all v € K. Hence, it follows that # € K is a solution to Problem
P, as claimed.

iii) A second weak convergence result. We now prove the weak conver-

gence of the whole sequence {u,}.

Since Problem P has a unique solution u € K, we deduce from the previ-
ous step that & = u. Moreover, a careful analysis of the proof in step ii)
reveals that every subsequence of {u,} which converges weakly in X has
the weak limit u. In addition, we recall that the sequence {u,} is bounded
in X. Therefore, using a standard argument we deduce that the whole
sequence {u, } converges weakly in X to u, as n — oc.
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iv)  Strong convergence. In the final step of the proof, we prove that u, — u
in X, as n — oo.

We take v = u € K in (3.26) and use (3.25) to obtain
0 <lim inf (Au, u,—u), <lim sup (Au, u,—u), <0,

which shows that (Au,, u,—i)y — 0, as n — oo. Therefore, using equal-
ity u = u, the strong monotonicity of A and the convergence u, — u in
X, we have

mA||u,,—u||§( < (Aup—Au, up—u)y = (A, up—u)x— (At uy—u)y — 0,

as n — oo. Hence, it follows that u, — u in X, which completes the
proof. O

4, Convergence of optimal pairs

In this section we associate to Problem P, an optimal control problem for
which we prove a convergence result. To this end we keep the notation
and assumptions in the previous section and we define the set of admissible
pairs for Problem P, by

V' = {(tpf,) € K x Y such that (3.2) holds}. (4.1)

Then, the optimal control problem associated to Problem P, is
the following.

Problem Q,. Find (u,fr) € V", such that

Lo(uw,fr)= min  L,(upfn)- (4.2)
() =, min_ La(uf)

In the study of Problem Q, we assume that
Lo(u,f) = gu(tr) + hn(f) VueXfevy, (4.3)

where g, and h, are functions which satisfy assumptions (2.8) and (2.9),
respectively, for each n € N. Note than when we use these assumptions for
the functions g, and h, we refer to them as assumption (2.8),, and (2.9),,
respectively. Using Theorem 2 we have the following existence result.

Proposition 5. Assume that (2.2)-(2.4), (2.6), (4.3), (2.8),, (2.9),
(2.10)-(2.13) and (3.3)-(3.6) hold. Then, for each n € N, there exists at
least one solution (u,f;) € V7, of Problem Q,.

To study the behavior of the sequence of solutions of Problems Q, as

n — oo we consider the following additional hypotheses.
u, —u in X = g,(u,) — gu). (4.4)
fo—f in Y = liminf h,(f,) > h(f). (4.5)
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Wally =00 = hu(fa) — oc. (4.6)
ha(f) = h(f) VfevY. (4.7)

Our main result in this section is the following.

Theorem 6. Assume that (2.1)-(2.4), (2.6)-(2.13), (3.3)-(3.7), (3.9), (3.10),
(2.8),, (2.9),,(4.3)-(4.7) hold and, moreover, assume that {(u),f’)} is a
sequence of solutions of Problem Q,. Then, there exists a subsequence of the
sequence {(u},f*)}, again denoted by {(u},f})}, and an element (u*,f*) €

n

X X Y such that

fi—=f" in Y as n— oo (4.8)
u, —u" in X as n— oo, (4.9)
(u*,f*) is a solution of Problem Q. (4.10)

Proof. The proof is carried out in several steps, as follows.
i) A boundedness result. We claim that the sequence {f} is bounded in Y.

Arguing by contradiction, assume that {f;} is not bounded in Y.
Then, passing to a subsequence still denoted {f}, we have

Ifi]ly — 400 as n— +oc. (4.11)

We use equality (4.3) and assumption (2.8),(b) to see that
Lo fy) 2 ha(f)-

Therefore, passing to the limit as n — oo in this inequality and using
(4.11) combined with assumption (4.6) we deduce that

lim £,(u,,f;) = +oo. (4.12)

On the other hand, since (u],f;) represents a solution to Problem Q,,
for each n € N we have

E”(”:’f:) S £ﬂ(uﬂ>fn) v (l’ln)fn) S VZd' (413)

We now denote by u? the solution of Problem P, for f, = f Then
(u%,f) € V", and, therefore, (4.13) and (4.3) imply that

La(ufy) < ga(tty) + ha(f). (4.14)

Note that the convergences (3.7) and (3.8) allows us to apply Theorem 4 in
order to see that

u2—>u in X as n— o (4.15)

where, recall, u represents the solution of Problem P. Then, assumptions
(4.4) and (4.7) imply that
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&n(tty) + hu(f) — g(u) + h(f). (4.16)

Relations (4.12), (4.14) and (4.16) lead to a contradiction, which con-
cludes the claim.

ii) Two convergence results. In this step we prove the convergences (4.8)
and (4.9).

First, since the sequence {f} is bounded in Y we can find a subse-
quence again denoted by {f,} and an element f* € Y such that (4.8)
holds. Next, we denote by u* the solution of Problem P for f = f*.
Then, we have

(u*,f*) € V. (4.17)

Moreover, assumption (3.7), the convergence (4.8) and Theorem 4 imply
that (4.9) holds, too.

iii) Optimality of the limit. We now prove that (u*,f*) is a solution to the
optimal control problem Q.

We use the convergences (4.8), (4.9) and assumptions (4.4), (4.5), to
see that

lim inf (g, (1) + ha(£")) > g(u*) + h(f*)

and, therefore, the structure (4.3) and (2.7) of the functionals £, and
L shows that

L(u",f*) <lim inf L,(u.f;). (4.18)

Next, we fix a solution (ug,f;) of Problem Q and, in addition, for each
n € N we denote by #° the solution of Problem P, for f, = f;. It follows
from here that (),f;) € V", and, by the optimality of the pair (u},f), we
have that

Lo(uif5) < L@, 1) vV neN.
We pass to the upper limit in this inequality to see that
lim sup £,(ul,f}) <lim sup L, (@ f;). (4.19)

Now, remember that u; is the solution of the inequality (1.1) for f = f;
and # is the solution of the inequality (1.1) for f, = f;. Therefore, the
convergence (3.7) and Theorem 4 imply that

0

u, —u, in X as n— oo

and, using assumptions (4.4) and (4.7), we find that
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g(@0) — g(uy),  ha(fy) = h(fy) as n— oo. (4.20)
We now use (4.3), (4.20) and (2.7) to deduce that
lim L,(@2,f5) = L(ug, ). (4.21)
Therefore, (4.18), (4.19) and (4.21) imply that
L(u*,f*) < L(ug fy)- (4.22)
On the other hand, since (u;,f;) is a solution of Problem Q, we have
L(ug, fy) = (u,I}l)zl’:'I%)udﬁ(u’f). (4.23)
and, therefore, inclusion (4.17) implies that
L(ug,fy) < L(u",f7). (4.24)
We now combine the inequalities (4.22) and (4.24) to see that
L(u"f*) = L(ug,fy)- (4.25)
Finally, relations (4.17), (4.25) and (4.23) imply that (4.10) holds, which
completes the proof of the Theorem. O

5. A frictional contact problem

The abstract results in Sections 2-4 are useful in the study of various math-
ematical models which describe the equilibrium of elastic bodies in fric-
tional contact with a foundation. In this section we provide an example of
such model and, to this end, we need some notations and preliminaries.

Let d € {2,3}. We denote by S the space of second order symmetric
tensors on R? and use the notation “”, ,0 for the inner product, the
norm and the zero element of the spaces R? and S*, respectively. Let Q C
R? be a domain with smooth boundary 9Q divided into three measurable
disjoint parts I';,I, and I'; such that meas (I'})>0. A generic point in
QUT will be denoted by x = (x;) and v =v; reptresents the unit outward
normal to I We use the standard notation for Sobolev and Lebesgue
spaces associated to Q and I. In particular, we wuse the spaces
12(Q)%, 12(T,)%, L*(I's) and H'(Q)?, endowed with their canonical inner
products and associated norms. Moreover, for an element v € H' (Q)d we
still write v for the trace of v to I'. In addition, we consider the space

V= {vEHl(Q)d :v=0on T},

which is a real Hilbert space endowed with the canonical inner product

(wv), = J e(u) - &(v) dx (5.1)

Q
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and the associated norm || - ||,,. Here and below & represents the deform-
ation operator, i.e.,

e(u) = (g5(u)),  &;(u) :% (u4i,j + w,1),

where an index that follows a comma denotes the partial derivative with
respect to the corresponding component of x, e.g., u;; = aa—'jf. The complete-
ness of the space V follows from the assumption meas (I';)>0 which
allows us to use Korn’s inequality. We denote by Oy the zero element of V'
and we recall that, for an element v € V, the normal and tangential com-
ponents on I are given by v, = v-v and v; = v—v,v, respectively. We also
recall the trace inequality

||V||L2(F)d < dol|v||y VveV (5.2)
in which d, represents a positive constant.

For the inequality problem we consider in this section we use the data
F, p> fo-f,» 1 and k which satisfy the following conditions.

(a) F:8% — s
(b) There exists Lx>0 such that
| Fei—Fe|| < Lr||ei—&|| for all &,8 € S (5.3)

(c) There exists mz>0 such that
(Fer—Feg,) - (81—8) > mz ||e1—&]|° for all &,8 € S

(a) p R — R+.
(b) There exists L,>0 such that
p(r1)—p(r2)| < Ly|ri—ra| for all ry, r € R. (5.4)

(c) (p(r1)—p(r2)) (rn—r) >0 for all ry, r, € R.
(c)p(r)y=0 iff r<o.

f, € I}(Q),  f,eI}I)% (5.5)
u>0. (5.6)

dé,uLp<mf. (5.7)

k>0. (5.8)

Moreover, we use Y for the product space L? (Q)d X LZ(F3)d equipped with
the canonical inner product, and K for the set defined by

K={veV:v, <k ae on I3} (5.9)

Then, the inequality problem we consider in this section is the following.
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Problem P°. Find u such that

uck, L]-"s(u) - (&(v)—&(u)) dx —I—J p(u,)(vy—u,) da

I

+ L p p(u)([[vel[—|lwe]|) da = Lfo - (v—u) dx (5.10)
—I—J f,-(v—u) da VY veK.
I,

Following the arguments in [31, 32], it can be shown that Problem P*
represents the variational formulation of a mathematical model that
describes the equilibrium of an elastic body Q which is acted upon by
external forces, is fixed on I';, and is in frictional contact on I';5. The con-
tact takes place with a rigid foundation covered by a layer of deformable
material of thickness k. In (5.10) and below we shall refer to this founda-
tion as foundation F,. Here F is the elasticity operator, f, and f, denote
the density of applied body forces and tractions which act on the body and
the surface I';, respectively, p is a given function which describes the reac-
tion of the deformable material and i represents the coefficient of friction.

Next, we consider the constants ay, a,, a5 and a function 6 such that

ap>0, a,>0, a3 >0, 0 € L*(T3). (5.11)
We associate to Problem P° the set of admissible pairs 1, and the cost
functional £ given by
°4=1{(u,f) € K x Ysuch that f = (f,,f,) € Y and (5.10) holds},
(5.12)

Llwf) :aoj fol 2 dx—i—azj IF, 1 da—i—a3J w—0F da  (513)
Q I, I

forall u € V,f = (f,.f,) € Y. Moreover, we consider the following optimal
control problem.

Problem Q°. Find (u*,f") € V¢, such that
L(u",f*) = ming, per: L(wf). (5.14)

Next, we consider a function ¢ and a constant k which satisfy the follow-
ing conditions.

(a) g: R — R,.
(b) there exists L,>0 such that
lg(r1)—q(r2)| < Lglri—r2| for all vy, r, € R. (5.15)
(c) (q(r1)—q(r2)) (rn—ry) >0 forallr, r,eR.
(d) g(r)=0 iff r<o.
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k > k>0. (5.16)
We introduce the set
K={veV:v,<konTs} (5.17)

and we assume that for each n € N the functions f,, f,,, 0, and the con-
stant 4, are given and satisfy the following conditions:

fOn e Lz(Q)d’ fzn e Lz(r3)d> (518)
>0, 0, € L*(T5). (5.19)

Then, for each n €N, we consider the following perturbation of
Problem P*.

Problem P;. Find u, such that

u, € K, JQ}"a(un) - (&(v)—¢&(uy,)) dx —i—J Pp(tny)(vi—uy,) da

Is

I

1
+TL_ Q(unu_k)(vv_”nV) da"‘ﬂj P(“m/)(Her_HuMH) da
>

J Fon - (v—u) dx +j fo(v—w) da ¥ veR.
Q I,
(5.20)

Following [31, 32], Problem 7, represents the variational formulation of
the contact problem with a foundation made of a rigid body covered by a
layer of deformable material of thickness k. This layer is divided into two
parts: a first layer of thickness k—k>0 located on the top of the rigid body,
and a second layer of thickness k, located above. Here, 4, is the deform-
ability coefficient of the first layer and, therefore, %ﬂ represents its stiffness
coefficient. In addition, g is a given normal compliance function which
describes the reaction of this first layer. We shall refer to this foundation as
foundation Fj. A short comparation between the variational inequalities
(5.10) and (5.20) reveals the fact that replacing the foundation F; with
foundation Fj give rise to an extra term in the corresponding variational
foumulation, governed by the stiffness coefficient ;-

We associate to Problem P; the set of adm1551ble pairs V. and the cost
function £, given by

“ = {(un,f,) € K x Y such that f = (f,,.f,,) and (5.20) holds},  (5.21)
Lol f,) = j Foull? dx+ j fonl? da + as j 0, da (522)
Q I,

I's
forall u, € V.f, = (fo,of2,) €Y
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Our main result in this section, which represents a continuation of our
previous results in [1], is the following.

Theorem 7. Assume that (5.3)-(5.8), (5.11), (5.15), (5.16), (5.18) and (5.19)
hold. Then:

a) Problem P° has a unique solution and, for each n € N, Problem P, has
a unique solution. Moreover, if

In =0, fou —fo in LZ(Q), fon —f,in LZ(F3) asn — oo, (5.23)

the solution of Problem P;, converges to the solution of Problem P*, i.e.,

u, —»u inV as n— oo. (5.24)

b) Problem Q° has at least one solution and, for each n € N, Problem Q;
has at least one solution. Moreover, if

Ap — 0, 0, — 0 in L*(T'3) as n — 00 (5.25)

and {(u},f,)} is a sequence of solutions of Problem Q;, there exists a subse-
quence of the sequence {(u,f,)}, again denoted by {(u}.f,)}, and a solu-
tion (u*,f*) of Problem Q°, such that

fi—f in Y, « —u in V as n— oo (5.26)

Proof. We start with some additional notation. First, we denote by n: V —
Y the operator v—(1v,7,v) where 1 : V — L2(Q)“ is the canonic embedding
and v, : V — L*(I',)? is the restriction to the trace map to I',. Next, we
consider the operators A:V — V,G:V — V, the function j: VxV —
IR and the element f € Y defined as follows:

(Auv), = J Fe(u) -&(v) dx + J p(u,)v, da, (5.27)
Q I
(Gu.v), = J q(u,—k)v, da, (5.28)
I3
j:Vx V=R, juv) = HJF p(w,)||v:|| da, (5.29)
f=Fof); (5.30)

for all u,v € V. Then it is easy to see that

{u is a solution of Problem P° if and only if (5.31)

uck, (Auv—u),+juv)—j(u,u)> (fiv—nu), Vvek.
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Moreover, for each n € N,

u, is a solution of Problem P; if and only if

- 1
u, €K, (Au,v—u,), +— (Guyv—u,), +j(t, v)—j(u, u,) (5.32)

An
> (f,.v—u)y VveK.

We now proceed with the proof of the two parts of the theorem.

a)

b)

We use the abstract results in Sections 2 and 3 with X = V, Y =
12(Q)? x L*(T',)%, K and K defined by (5.9) and (5.17), respectively, A
defined by (5.27), G defined by (5.28), j defined by (5.29) and f given by
(5.30). It is easy to see that in this case conditions (2.1)-(2.6),
(3.3)-(3.10) are satisfied.

For instance, using assumption (5.3) we see that

(Au-Aviu—v), > mellu—viP  [JAu-Avlly < (Lr + &Ly llu—vll,

for all u, v € V. Therefore, condition (2.2) holds with m = mzr.
Condition (2.3)(a) is obviously satisfied and, on the other hand, an
elementary calculation based on the definition (5.29) and the trace
inequality (5.2) shows that

(w1, v2)—j(ur, vi) + j(uz, v1)—j(ua, v2)
<ty [l —uslly |l —vally

for all u;, u,, vi, v, € V. Therefore, condition (2.3)(b) holds with
o = djuL,. Next, condition (2.10) holds with f=0 and y = djuL,
and, using (5.7) it follows that the smallness conditions (2.4) and
(2.11), too. We also note that conditions (2.12), and (2.13) arise from
standard compactness arguments and, finally, condition (3.10) is a
direct consequence of the definitions (5.28), (5.17) and (5.9), com-
bined with the properties (5.15) of the function gq.

Therefore, we are in a position to apply Theorem 1 and Proposition
3 in order to deduce the existence of a unique solution of the vari-
ational inequalities in (5.31) and (5.32), respectively. Moreover, if
(5.23) holds, by Theorem 4 we deduce the convergence (5.24). These
results combined with (5.31) and (5.32) allows us to conclude the
proof of the first part of the theorem.

Next, we use the abstract results in Sections 2 and 4 in the functional
framework already described above, with the functionals £ and £, given
by (5.13) and (5.22), respectively. It is easy to see that in this case condi-
tions (2.1)-(2.4), (2.6)-(2.13), (3.3)-(3.6), (2.8), (2.9),,(4.3)-(4.7) hold,
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with an appropriate choice of the functions g, h, g, and h,. Therefore,
we are in a position to apply Proposition 5 in order to deduce the exist-
ence of a solution of the optimal control problems in Q° and Q;, and
Theorem 6 in order to prove the convergence (5.26), as well. O

We now end this section with the following mechanical interpretation of
Theorem 7.

i)

The convergence result (5.24) shows that the solution of the frictional
contact with foundation Fj can be approximated by the solution of the
frictional contact problem with foundation F;, with a large stiffness
coefficient of the first layer of the deformable material. In other words,
if this layer is almost rigid, then the solution of the corresponding con-
tact problem is close to the solution of the contact problem in which
this layer is perfectly rigid.

The mechanical interpretation of the optimal control Problem Q° is the
following: given a contact process governed by the variational inequality
(5.10) with the data F, p, k and p which satisfy condition (5.3), (5.4),
(5.6), (5.7) and (5.8), we are looking for a couple of applied forces
(foof,) € L(Q)* x L2(T,)" such that the normal displacement of the
solution on the contact surface is as close as possible to the “desired”
displacement 6. Furthermore, this choice has to fulfill a minimum
expenditure condition. Theorem 7 guarantees the existence of at least
one optimal couple of applied forces (f;,f5). A similar comment can be
made on the optimal control Problem Q. Finally, the optimal solutions
of the contact problem associated to foundation Fj converge (in the
sense given by Theorem 7 c)) to an optimal solution of the contact
problem associated foundation Fy, as the stiffness coefficient of the first
deformable layer goes to infinity.

6. A heat transfer boundary value problem

In this section we apply the abstract results in Sections 2-4 in the study of
a mathematical model which describes a heat transfer phenomenon. The
problem we consider represents a version of the problem already consid-
ered in [23] and, for this reason, we skip the details. Its classical formula-
tion is the following.

Problem C'. Find a temperature field u : Q — R such that

u >0, Au+f <0, u(Au+f) =0 a.e. in Q, (6.1)
u=0a.e. only, (6.2)
u=>ba.e. onl),, (6.3)
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—% =gqae. on ;. (6.4)

Here, as in Section 5, Q is a bounded domain in R? (d=1, 2, 3 in appli-
cations) with smooth boundary 0Q =1, UI, UIs and outer normal unit
v. We assume that I';,I;, I are disjoint measurable sets and, moreover,
meas (I';)>0. In addition, in (6.1)-(6.4) we do not mention the depend-
ence of the different functions on the spatial variable x € QU 0Q. The
functions f, b and g are given and will be described below. Here we men-
tion that f represents the internal energy, b is the prescribed temperature
field on I'; and g represents the heat flux prescribed on I's. Moreover, 2—3
denotes the normal derivative of u on I';.

For the variational analysis of Problem C' we consider the space
V={veH (Q):v=0 on I}

We denote in what follows by (-,-), the inner product of the space H'(Q)
restricted to V and by || - ||,, the associated norm. Since meas (I'1)>0, it is
well known that (V, (-,-)) is a real Hilbert space. Next, we assume that

fel*Q), bel*T,), qe¢lIl*Ts), (6.5)
there exists vy € V such that vy > 0 in Q and vo = b on I', (6.6)

and, finally, we introduce the set
K={veV:vy>0inQ, v=bonl, }. (6.7)
Note that assumption (6.6) represents a compatibilty assumption on the
data b which guarantees that the set K is not empty. Then, it is easy to see

that the variational formulation of problem C', obtained by standard argu-
ments, is as follows.

Problem P'. Find u such that

u €Kk, JQVM - (Vv=Vu) dx+J q(v—u) da > J flv—u) dx VY vek.

I3 Q

(6.8)

We now introduce the set of admissible pairs for inequality (6.8) defined by
V! ={(uf) € K x L*(Q) such that (6.8) holds}. (6.9)
Moreover, we consider two constants , ¢ and a function ¢ such that
>0, 5>0, ¢ € L*(Q) (6.10)

and, with these data, we associate to Problem P* the following optimal con-
trol problem.
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Problem Q'. Find (u*,f*) € V!, such that

wL(u*—qﬁ)z dx + 5JQ(f*)2 dx = min(u,f)evzd{wjg(u—d))z dx + 5Lf2 dx}.
(6.11)

Next, we introduce the set
K={veV:v>0in Q} (6.12)

and we assume that for each n € N the functions f,, ¢, and the constants
Aw> @y, Oy, are given and satisfy the following conditions:

fn € L*(Q), (6.13)
In>0, ,>0, 5,>0, ¢, € L*(Q). (6.14)
Then, for each n €N, we consider the following perturbation of
Problem P*.
Problem 77;. Find u,, such that

u, € K, JoVin - (Vv=Vu,) dx+ [ q(v—u,) da

1

+—J (tn — b)(v—u,) da > J fo(v—u,) dx ¥V veKR. (6.15)
I, o

An

Using standard arguments it is easy to see that Problem 7 represents
the variational formulation of the following boundary value problem.

Problem C'. Find a temperature field u, : Q — R such that

u, >0, Au, +f, <0, un(Auy +f,) =0 a.e. in Q, (6.16)

u, =0 a.e. on I, (6.17)
0 1
- auy” :/I_(u"_b) a.e. on I'y, (6.18)
Ouy,
— ; =gq a.e. on [5. (6.19)
v

Note that Problem C! is obtained from Problem C' by replacing the
Dirichlet boundary condition (6.3) with the Neumann boundary condition
(6.18) and prescribing the internal energy f,, in Q, instead of the internal
energy f. Here 4, is a positive parameter, and its inverse h, = %ﬂ represents
the heat transfer coefficient on the boundary I';. In contrast to Problem P*
(in which the temperature is prescribed on I';), in Problem P! this condi-
tion is replaced by a condition on the flux of the temperature, governed by
a positive heat transfer coefficient.
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The set of admissible pairs for inequality (6.15) is defined by
VI = {(tn, f) € K x L*(Q) such that (6.15) holds} (6.20)

a

and, moreover, the associated optimal control problem is the following.

Problem Q'. Find (u’,f’) € V", such that
wnJ (u:—,)’ dx+5nJ (f)* dx
0 0

(6.21)
= min(u’f)evtn {C{)HJ (l/l—q’)n>2 dx + 6”J f2 dx}
ad Q Q

Our main result in this section is the following.

Theorem 8. Assume that (6.5)-(6.6), (6.10), (6.13) and (6.14) hold. Then:

a) Problem P' has a unique solution and, for each n € N, Problem 73;
has a unique solution. Moreover, if

Jn—0 and f, —fin L*(Q) asn— oo, (6.22)

the solution of Problem P’ converges to the solution of Problem P', i.e.,

U, —u inV as n — 00. (6.23)

b)  Problem Q' has at least one solution and, for each n € N, Problem Q;
has at least one solution. Moreover, the solution of Problem Q' is unique
if & = 012(q) and, for each n € N, the solution of Problem Q™ is unique,
if &, = Op2(q).-

c) Assume that

In—0, w,—w, & —05 ¢,—¢inl*(Q) asn—oo (6.24)

and let {(u®,f})} be a sequence of solutions of Problem Q.. Then, there
exists a subsequence of the sequence {(u},f’)}, again denoted by {(u},f*)},
and a solution (u*,f*) of Problem Q', such that
ff—f in L[*Q), u —u" in V as n— oo. (6.25)
Moreover, if & = 0p2(q), then the whole sequence {(u;,f;)} satisfies (6.25)
where (u*,f*) represents the unique solution of Problem Q'.

Proof. We start by introducing some notation which allow us to write the
problems in an equivalent form. To this end, we denote by n: V — L*(Q)
the canonical inclusion of V in L*(Q). Moreover, we consider the operators
A:V —V,G:V — V defined as follows:

(Au,v)y = J Vu- Vv dx + J qv da VuveV, (6.26)
Q I,
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(Gu,v)y = J (u—"b)v da VuveV. (6.27)
I,

Then, it is easy to see that

u is a solution of Problem P’ if and only if 698
u€K, (Auv—u)y, > (fv—u)pgq VveK (6.28)
Moreover, for each n € N,
uy is a solution of Problem P! if and only if
~ 1
u, €K, (Au,v—u), + }—(Gun,v—un)v (6.29)

> (fn,V—un)LZ(Q) Vove k

Next, denote by £:V x L?(Q) — R and L, :V x L*(Q) — R the cost
functionals given by

L(w.f) = ollu=¢|[q) + 3llfI[7:q) - (6.30)
Lo(u,f) = Oullu=,l[720) + On HfHLz (6.31)
for all (u,f) € V x L*(Q). Then, it is easy to see that

(u*,f*) is a solution of Problem Q' if and only if
{(u*,f*) Vi and L0 f) = mingepon Linf) 6
Moreover, for each n € N,
(u:,fr) is a solution of Problem Q' if and only if
(tfy) € Vag and  L(u.fy) = min  L,(uf) (6.33)

(wf)eve
We now proceed with the proof of the two parts of the theorem.

a) We use the abstract results in Sections 2 and 3 with X = V, Y =
L*(Q), K and K defined by (6.7) and (6.12), respectively, A defined by
(6.26), G defined by (6.27), and j = 0. It is easy to see that in this case
conditions (2.1)-(2.6), (3.3)-(3.10) are satisfied. Therefore, we are in a
position to apply Theorem 1 and Proposition 3 in order to deduce the
existence of a unique solution of the variational inequalities in (6.28)
and (6.29), respectively. Moreover, by Theorem 4 we deduce the con-
vergence (6.23). These results combined with (6.28) and (6.29) allows
us to conclude the proof of the statement a) in Theorem 8.

b) We use the abstract results in Sections 2 and 4 in the functional frame-
work described above, with the functionals £ and £, given by (6.30)
and (6.31), respectively. It is easy to see that in this case conditions
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(2.1)-(2.4), (2.6)-(2.13), (3.3)=(3.6), (2.8),, (2.9), (4.3) and (4.4)-(4.5)
hold, with an appropriate choice of the functions g h, g, and h,.
Therefore, we are in a position to apply Theorem 2 and Proposition 5
in order to deduce the existence of a solution of the optimal control
problems in (6.32) and (6.33), respectively.

The uniqueness of the solution of Problem Q' in the case ¢ = 072(q) fol-
lows from a strict convexity argument. Indeed, for any f € L*(Q) let u(f)
denote the solution of the variational inequality in (6.28). Then it was
proved in [23] that the functional

fL(u(f).f) = ollu(f)llz + Ollf 7

is strictly convex and, therefore, the optimal control problem in (6.32)
has a unique solution. The uniqueness of the solution of Problem Q'
in the case ¢, = 01>(q) follows from the same argument. These results
combined with the equivalence results (6.32) and (6.33) allows us to
conclude the proof of the statement b) in Theorem 8.

The convergence (6.25) is a direct consequence of Theorem 6. The
convergence (6.25) of the whole sequence {(u),f*)} in the case ¢ =
072(q) follows from a standard argument, since in this case Problem

Q' has a unique solution. O

We end this section with the following physical interpretation of
Theorem 8.

i)  First, the solutions of Problems P’ and 77; represent weak solutions of

the heat transfer problems C' and C', respectively. Therefore, Theorem 8
provides the unique weak solvability of these problems. Moreover, the
weak solution of the problem with prescribed temperature on I', can be
approximated by the solution of the problem with heat transfer on I',,
for a large heat transfer coefficient, as shown in [33].

The physical interpretation of the optimal control Problem Q' is the
following: given a heat transfer process governed by the variational
inequality (6.8) with the data b and g which satisfy condition (6.5) and
(6.6), we are looking for an internal energy f* € L*(Q) such that the
temperature u is as close as possible to the “desired” temperature ¢.
Furthermore, this choice has to fulfill a minimum expenditure condi-
tion which is taken into account by the last term in the cost functional.
In fact, a compromise policy between the two aims (“u close to ¢“and
“minimal energy f°) has to be found and the relative importance of
each criterion with respect to the other is expressed by the choice of
the weight coefficients w and 0. Theorem 8 guarantees the existence of
at least one optimal energy function f* and, if the target ¢ vanishes,
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the optimal energy is unique. A similar comment can be made on the
optimal control Problem Q!. Finally, the optimal solutions of the heat
transfer problem converge (in the sens given by Theorem 8 ¢)) to an
optimal solution of the thermal problem with prescribed temperature
on I';, as the heat transfer coefficient converges to infinity.
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