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Abstract. We review recent results concerning two different models for freezing (desublimation) in a
humid porous half space with a heat flux condition of the type g / Jt at the fixed face x =0. Exact
solutions for the coupled temperature and moisture distributions are obtained in both models. In each case,
an inequality for the positive coefficient g( is necessary and sufficient in order to obtain that explicit
solution. Furthermore, an equivalence between a phase change problem with a temperature condition at
x=0 and the corresponding phase change process with a heat flux condition of that type on the fixed
face for each model is also obtained.

Resumen. Se presenta una revision de recientes resultados concernientes a dos modelos diferentes de
congelamiento (desublimacion) de un semi-espacio poroso himedo con una dada condicion de flujo del
calor del tipo g / Jt en el borde fijo x =0. Se obtienen soluciones exactas para las distribuciones de
temperatura y humedad acopladas para ambos modelos. En cada caso, se deduce una desigualdad para el
parametro positivo g que resulta ser una condicion necesaria y suficiente para obtener las soluciones
explicitas de tipo similaridad. Mas aun, se demuestra también una equivalencia entre el problema de
cambio de fase con una condicion de temperatura constante en x =0 y el correspondiente problema de
cambio de fase con la dada condicién de flujo de calor para ambos modelos.
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1.- INTRODUCTION

Heat and mass transfer with phase change problems, taking place in a porous medium,
such as evaporation, condensation, freezing, melting, sublimation and desublimation, have wide
application in separation processes, food technology, heat and mixture migration in soils and
grounds (see [AlSo, Cr, Lun,Ta3]). Due to the non-linearity of the problem, solutions usually
involve mathematical difficulties. Only a few exact solutions have been found for idealized cases
{LaCl, Cala, FPT, Li, Mil, Mi2; Tal, Ta2]. Mathematical formulation of the heat and mass
transfer in capillary porous bodies has been established by Luikov [Lul, Lu2, Lu3, LuMi). Two
differents models was presented in [Mil] for solving the problem of evaporation of liquid
moisture from a porous medium. For the problem of freezing (desublimation) of humid porous
half-space, an exact solution is presented in [Mi2]. An exact solution for the desublimation
problem in a porous medium with a temperature condition on the fixed face is also presented by
[Li]. Other problems in this direction was given by [Ch, FGPR, FPT). A large bibliography on
free and moving boundary problems for the heat-diffusion equation was given in [Ta3].
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In the following, two different analytical models of freezing (desublimation) of moisture
in a humid porous medium with heat flux condition at x = 0 of the type g/ Jt (with g¢ >0)

will be presented. First, a desublimation process, following [Li, SaTa2] will be studied. An
analytic model of this process will be defined and exact solutions for the coupled temperature and
moisture distributions will be found. Furthermore, the position of the desublimation free
boundary that divides the frozen and the humid vapour phases will be found too. An inequality
for the coefficient g is necessary and sufficient in order to obtain the corresponding explicit

solution. Finally, an equivalence between a phase change problem with a constant temperature
condition and a phase change process with a heat flux condition of the that type at the fixed face
is also obtained. Secondly, a freezing process, following [Mil, SaTal] will be studied and similar
conclusion of the first part can be obtained. This article generalizes the results obtained for the
temperature distnibution in the solid-liquid phase change problem due to [Tal], for the
desublimation problem (coupled of temperature and moisture distributions) in a porous humid
half-space with a heat flux condition at the fixed face.

2.- Desublimation in humid porous half spaces
Let us consider a solid, rigid, porous half-space containing a uniform mixture of air and
moisture in a vapor form. Initially the porous body is at a uniform moisture concentration C; and

an uniform temperature 7;. The vapor is desublimated by maintaining a heat flux condition of the

type 4o / Jt on the surface at x=0. For the formulation of the problem, we made the same
assumptions as made in [Li}:
(1) In the frozen region, 0< x < s(¢), there is no moisture movement, where s =s(?) locates the
desublimation front. In the vapor region, s(f) < x <+, there are heat and moisture mass flows;
(2) The convective terms in the vapor region are small and may be neglected;
(3) The thermophysical properties of the frozen and vapor regions remain respectively constants;
(4) The Soret effect, or the thermal diffusion, gives rise to a mass flux which is normally very
small relative to the normal Fickian flux, and may be neglected.

The following differential equations describe the process of desublimation:

o, 8Ty(x0)

=a , O<x<s(r), t>0 1
Pl Ry @) )
2 2
o7 =aj g T2(x,t)’ E=a,,, 27t C(x,t), s()<x<oo,t>0 (2)
ot ox2 ot Ixt

where a] and a, are the volume averaged thermal diffusivities in the frozen and vapor regions,
respectively, and a,, the volume averaged mass diffusivity of the vapor in the porous body. T}

denotes the temperature in the frozen region, and 7, and C denote the temperature and the
moisture concentration of the vapor region respectively. The initial and boundary conditions and
the heat and moisture mass balance at the desublimation front x =s(¢f) can be described as
follows:

Ty (0,0) =Ty (x,0)=T;, Clof)=C(x0)=C;, x>0, t>0; s(0)=0 3)
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ﬂl(m)_—-— £>0 )

Vi
Ii(s()n) =Ta(s()N) =Ty, Cis)n)=C; <, t>0 ()

kq 5—2(s(t),t) —ky 5;3 (s(),t) = CoLs(t), ap —Z—g—(s(t),t) =(Co-C5)s(t),1>0  (6)

where k] and &, are the volume averaged thermal conductivities in the frozen and vapor regions
respectively, L is the latent heat of desublimation, C; is the moisture concentration of the vapor
phase at the desublimation front and Cy(Cy >C;) is the moisture concentration of the frozen

phase, which is an unknown of the problem and it must to be determined as a part of the solution.
The heat flux condition (4) was firstly considered by [Tal] for a solid-liquid phase-change
problem. The solution of the desublimation process (1)-(6) is given by:

R =T, JQJJE(W,«(,C/W)_W,( ) @
Taen =T, ~ werfc(v/zﬁ 1), Cn=C;i- fc( ,/;2/7 )vrﬁ:(x/2ﬁ ) (®)

ay | C; —Cq am
S(t) =2/1@ R CO =CS +%(—I/—_’7]F‘]( an /IJ (9)

where erf and erfcare the error and the complimentary error functions, defined by

X 2
erf(x)=72;—j xp(V)dv ,  erfx)=1-erf(x) , F(x)="PF %,fc(x) (10)

and A is a dimensionless constant which characterizes the desublimation front and must satisfy
the following equation

ay ky(T; - Ty) _am a2 o _
qoexp[ —=2 ] ——‘/—— )~ Cs)LFl(‘,aml) CsLay i ,A>0.(11)

a] Tap

Theorem 1. We have: (i) If the coefficient g verifies the condition

>£2’g‘i‘:‘TL)’+(Ci_Cs)L ’a_,,,’ (12)
ra) T

then there exists one and only one solution 4> 0 ofthe equation (11). In this case, the solution of
the problem (1)-(6) is given by (7)-(9) for that 4.

% k2(1i Ty)
If ==L
(1) If go < (—2

phase change problem; it is only a heat conduction problem for the initial vapor phase.
Proof. See [SaTa2]. =

+(C; -Cq )L"a—"‘ , then there i1s no solution of the problem (1)-(6) as a
T
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We assume the case when data verify condition (12). Then we can compute 7;(0,#) wich

1s given by
Tp = Tj(0) =T, - 20¥7% ‘I‘C;’“‘eq{ f‘;—fz) <T, (13)

Next, we can enunciate the following property:

Lemma 2. A phase change problem (1)(6) for temperature and moisture distributions in a
porous half-space with a heat flux condition on the surface x =0 verifying the condition (12), is
equivalent to a phase change problem (1)-(3), (5)-(6) with a temperature condition (14) at x=0.
Moreover, the relationship among qq and T is given by (13), where A is the coefficient which

characterizes the free boundary given by the unique solution of the equation (11). ®

3.- Freezing of humid porous half-space
Let us consider the flow of heat and moisture through a porous half-space during freezing
[Mi2]. The position of phase change front at time ¢ is given by x = s(¢). It divides the porous
body into two regions. In the freezing region, 0 < x < s(¢), there is no moisture movement and the
temperature distribution ¢ is described by the heat equation
2
O _g 00D o se), 150 14)
ot Ix?
The region s(7) < x < +o0 is humid capillary porous body in which there are coupled heat
and moisture flows. The process is described by the well known Luikov's system [LuMl] for the
case € =0 (¢ is the phase conversion factor of liquid into vapor):

2 2 2
oty zazo” tz(x,t)) Q:ama u+am5a t2’
ot Ix? ot 7 gx? o’

The initial distributions of temperature and moisture are uniform:

x>s(t), t>0 (15)

ty(x,0) =1ty (+0,0) =ty ; u(x,0) =u(+w,t)=uy; x>0,t>0 (16)

It is assumed that on the surface of the half-space the heat flux depends on the time in the
way (4), like in [Tal],where gg >0 is a coefficient which characterizes the heat flux at the fixed

face x = 0. On the freezing front, there exists an equality between the temperatures:
H(s@),t)=ty(s@®),t)=t,, t>0 (17)

where £, < #,. Heat and moisture balance at the freezing front yields

Ky %(s(t), -k, %t%(s(t),t) =u(s(t),1) pyri(t), t>0 (18)

%(s(t),t)+%(s(’):’) 0, 150 (19)
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If we consider the next transformations (/; is a characteristic length):
X=x/ly,  Fy=ayt!ly* (Fourier number);  S(Fy)=s(t)/1
(20)
T,(X,Fo)=(t; () -t ) (o —1,):i=1,2 ;  O(X,Fp)=(up—u(x.t))/ug

after some computations we obtain the following solution:

T\(X, Fy) = [\ argo / ky(to -t lerf (X 12JasF )-erf (47 Jars ) @1)

Ty(X.Fy) = (e ) erf(x 12[Fp )-erf ), S(Fo)=24yFo (22)
O(X, Fp) =1-[exp(A? / L) (L, exp(A2)erfe(A)lerfe( X/ 2L, Fy) (23)

where the parameter A must be determined as the solution of the following equation:

{qu} xp(= ) eD(-A) | o ;{ [ILIL) jl(l H(ﬂ.)] A>0  (24)
apn

ky(tg —t,) 1-erfd uin

where L, ,P, and K, are the Kuikov, Posnov and Kossovitch numbres, a,, =4, /a, and the real
functions Q and H are defined by:

0(x) = Varexp(-x2 )1 - erf (x)) ; H(x)= g(/’;) 25)

We can enunciate the following property:

Theorem 3: We have:(1) If
ky(tg -t
90 > _2_(_Q_v) =400 (26)
V7 az
then there exists one and only one solution A2 > 0 of the equation (24).
(i) If go < ggp then there is no solution of the problem (14)-(19) as a phase change problem; it

is only a heat conduction problem for the initial phase. Moreover, the limit case gg = q¢pcan be
interpretated as the limit of the solution for the caseq( > gy when r —» .

Proof. See [ SaTal]. =

If we consider the case where data verify condition (26) then we can compute the
temperature at the fixed x =0 which is given by:

ty =11(0,0) =t, — 7 q —er ] (27)
v a2

Next, we can enunciate the following property.
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Lemma 4. A freezing problem for temperature and moisture distributions in a porous half-space
with a heat flux condition on the surface x =0 of the type (4), is equivalent to a phase change
problem with a temperature condition at x=0 considering #(0,7) =f; <t,. Moreover, the

relationship among ggand ¢, is given by (27) where A is the coefficient which characterizes the
free boundary which is the unique solution of a certain equation. =

Remark 1. An inequality for the coefficient 4 which characterizes the phase-change interphase
can be obtained for both problems (in sections 2 and 3) when a constant temperature boundary
condition is impossed at x =0 [SaTal, SaTa2].
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