International
Journal of
Engineering

PERGAMON International Journal of Engineering Science 38 (2000) 1651-1665 Science

www.elsevier.com/locate/ijengsci

Explicit solution for freezing of humid porous half-space with a
heat flux condition

Eduardo Adrian Santillan Marcus *, Domingo Alberto Tarzia

Depto. Matemdtica and CONICET, FCE, Universidad Austral, Paraguay 1950, 2000 Rosario, Argentina
Received 11 August 1999; accepted 25 October 1999

(Communicated by J.T. ODEN)

Abstract

Explicit solutions for temperature and moisture distribution in a porous half-space with a heat flux
condition at x = 0 of the type go/+/? are obtained. An inequality for the coefficient ¢, is necessary and
sufficient in order to obtain that exact solution. An equivalence between this problem and the analogous
corresponding to a phase change problem with a temperature condition is also obtained. © 2000 Elsevier
Science Ltd. All rights reserved.

Keywords.: Phase change; Porous medium; Freezing; Similarity method

1. Introduction

Heat and mass transfer with phase change problems, taking place in a porous medium, such as
evaporation, condensation, freezing, melting, sublimation and desublimation, have wide appli-
cation in separation processes, food technology, heat and mixture migration in soils and grounds,
etc. Due to the non-linearity of the problem, solutions usually involve mathematical difficulties.
Only a few exact solutions have been found for idealized cases (see [1,5,10,11], for example). A
large bibliography on free and moving boundary problems for the heat-diffusion equation was
given in [13].

Mathematical formulation of the heat and mass transfer in capillary porous bodies has been
established by Luikov [6-9]. Two different models was presented by Mikhailov [10] for solving the
problem of evaporation of liquid moisture from a porous medium. For the problem of freezing
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Nomenclature

A, B, i=1,2,3 constants of integration

a, i=1,2 thermal diffusivity of the i region phase
an ratio of thermal diffusivities from region 1 to 2
A moisture diffusivity

F Fourier number

ki, i=1,2 thermal conductivity of the i region phase
k1> ratio of thermal conductivity from region 1 to 2
Ko = rug/caAt Kossovitch number

ly the characteristic length

L= an/a Luikov number

P, = OAt]uy Posnov number

90 coefficient that characterizes the heat flux at x =0
r latent heat

s(1) position of the evaporation front

ti(x,7), i=1,2 temperature in the region i

to initial temperature

1 temperature at surface x =0

ty temperature at vaporization state

T, i=1,2 non-dimensional temperature

u mass-transfer potential

X length coordinate

X non-dimensional length

Z potential defined by Eq. (21)

Greek symbols

g phase change criterion

0 thermal gradient coefficient

05 density of the porous body in the region 2
/ non-dimensional constant

T time

e non-dimensional mass transfer potential

(desublimation) of humid porous half-space, Mikhailov also presented an exact solution [11].
Other problems in this direction are in Refs. [2-4].

In the following, freezing (desublimation) of moisture in a porous medium with heat flux
condition at x = 0 of the type qo/v/?, with gy > 0, will be studied. An analytical model of the
process is defined and exact solutions for temperature and moisture distributions are obtained. An
inequality for the coefficient ¢, is necessary and sufficient in order to obtain the corresponding
explicit solution. Finally, an equivalence between a phase change problem with a temperature
condition and a phase change problem with a heat flux condition of the type ¢o/+/t on the surface
is also obtained.
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Let us consider the flow of heat and moisture through a porous half-space during freezing. The
position of phase change front at time 7 is given by x = s(t). It divides the porous body into two
regions. In the freezing region, 0 < x < s(1), there is no moisture movement and the temperature
distribution is described by the heat equation

ot ot
a—;(x,r):alazl(x,r), 0<x<s(t), ©>0. (1)

The region s(7) < x < 400 is humid capillary porous body in which there are coupled heat and
moisture flows. The process is described by the well-known Luikov’s system [10] for the case e = 0
(e 1s the phase conversion factor of liquid into vapor):

ot 0%t
@) =az7(x1), x>s), 1>0, 2)
ou %u 0%t

a(x,r) :am@(x,r)—l—améa > (% 1), x>s(1), ©>0, (3)

The initial distributions of temperature and moisture are uniform
t(x,0) = tr(+00,7) = ty, u(x,0) = u(+00,1) = up. (4)

It is assumed that on the surface of the half-space the heat flux depends on the time in the
following way, like in [12]:

ot

kla

(0,7) =0/, (5)

where ¢y > 0 is a coefficient which characterizes the heat flux at the fixed face x = 0. On the
freezing front, there exists an equality between the temperatures:

t(s(z),7) = ta(s(x),7) =t,, 1>0, (6)

where ¢, < 1.
Heat and moisture balance at the freezing front yields

b L (5(2),7) — ko o2 (5(6), %) = u(s(a), Do & (1), >0, )
Ou on
2 (5(2, 1) + (50,1 =0, >0, o

The set of equations and conditions (1)—(8) is called problem P.
In Section 2 we obtain an exact solution for the problem P when an inequality on gy holds.
Next, in Section 3 we introduce the problem P, which is the problem P changing condition (5) by
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a temperature condition in x = 0, and we study the behavior of the solution of this problem
considering when the parameter latent heat r tends to infinity. In Section 4 we establish a rela-
tionship between problem P (heat flux condition at x = 0) and P (temperature condition at x = 0),
and we obtain an inequality that the coefficient which characterizes the free boundary verifies.
Finally in Section 5 we give some illustrative results in order to study the effects of the parameter
go on our phase change process. In particular, we give the behavior of 4 (which characterizes the
free boundary (22)) as a function of ¢, and the behavior of the temperature distributions as a
function of the position x for a given time Fy, = 1 for different values of ¢,.

2. Solution of the problem

If we consider the next transformations

X =x/ly, Fy=ax/l}, S(F)=s(t)/l,
TX.F) = (600 7) — 6)/ (0 — 1), i=1,2,

O(X, £y) = (uo — u(x, 7)) /uo,

then the set of equations and conditions (1)—(8) can be put in a dimensionless form as follows:

aTI(XF) ﬂ(XF) 0<X<S(R), Frb>0 (9)
oF, 0 “”axz 1 40), 0), Fo )
0T 3T
R (X, Fo) =737 (X R), X >S(FR), >0, (10)
00 0’0 ?T,
o (X, F) =%, 32 (x,7) + L2 = e (x,71), X>S(RK), F >0, (11)
T(X,0) = h(+00,R) =1, O(X,0) = O(+00,F) =0, (12)
T,
o (O0F) = qovaz / [k (0 — 1)V (13)
N(S(Fy), Fo) = T(S(Ry), o) = 0,  Fy >0, (14)
00 or:

(S(R), o) + 2= (S(Fo), o) = 0, Fy >0, (15)

X oX
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o7, o7, oS

bia 5 (S(R). o) — 52 (S(F0). Fo) = Kol = O(S(Ro). o)) g (), Fo> 0. (16)

For convenience in the derivation of the solution, we introduce now a new unknown function,
which couples 7> and O, i.e.

After some elementary computations we obtain

oz 0*Z
aF (X Fb) gu@(xaE)% X>S(E))7 F > 0. (18)

Then Egs. (9), (10) and (18) have the following solutions:

Ti(X,F) = 4, + B, erf(X/zm), 0<X<S(R), F>0, (19)
B(X,Fy) = A, + B erf<X/2\/ﬁ5), X > S(F), Fy >0, (20)

Z(X,F) = A; + B; erf(X/2\/$—FO> X > S(F), Fy >0, (21)
S(R) =2\/R, F >0, (22)

where the constants 4, 4; and B;, i = 1,2,3, must to be chosen so that they satisfy the seven
conditions corresponding to the initial and boundary conditions (12)—(16).

From the initial condition (12) we obtain a system of two algebraic equations and its solution
yields

Ay=1-B,, A;=1—B;. (23)

Eq. (13) leads to

By = /rnaiqo/ ki (to — t)]. (24)
From condition (14), we obtain
—[vmargqo/ (ki(to — t,))] erf(4/\/ar), (25)

By =(1—erf )" (26)
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It follows from Eq. (15) that

B3 = exp (lz/ffu)/ [\/Zexp ()»2)} (1 —erf 2). (27)

After determining the constants 4, 4, 43, By, B, and B; from Egs. (23)—(27) the solutions (19),
(20) and (22) can be written as

T(XF) = [Vargo/ (ka(to — ) (erf (X /2v/anky ) = erf(/van) ). (28)
(X, F) = (1 —erf )" (erf (X/z\/ﬁg) —erf z), (29)

o(x, k) =1 - {exp (2/2,) [{|[VZuiexp ()| (1 — et )} } (1~ exf (x/20/ZF) ).

(30)

All three functions 77, 7> and @ are explicited as a function of the parameter 4 which must be
determined by condition (16) which gives us the following trascendental equation:

{V/raxqo/ lka(to — )]} exp (= 2 /ar2) — F(2)
:\/EK0}°(1_[(1_gu)/(gu*@n)](l_[—];{)))a /1>07 (31)

where
Fi(x) = exp (=) - (1 —erfx) ",
O(x) = ymxexp (—x*)[1 — erf ], (32)
H(x) = 0(¥/v/%.) /0(x)

are real functions defined for x > 0.
For convenience in the notation, we define the following real functions:

n(x) = {Vraqo/lka(to — 1))} exp ( = x*/an) = A(x), x>0, (33)
B(x) = VrKox(1 = [(1 = 2.)/(£.2,)|(1 — H(x))), x>0. (34)

Then Eq. (31) can be written saying that A must be the solution of the equation
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then we can enunciate and demonstrate the following property:
Theorem 1. If

q0 > ky(to — t,) //may, (36)

then there exists one and only one solution 4 > 0 of Eq. (35).
If go < ka(to — 1) /\/Taz, then there is no solution of problem (1)—(8) as a phase change problem; it
is only a heat conduction problem for the initial phase.

Proof. In order to solve Eq. (35) we shall study the behavior of the functions y and f. In [12] were
studied the properties of Fj(x) and its derivative. We know that

F(0)=1, F(+00)=+occ and F/(x)>0Vx>0.
By the way, the function Q has the following properties:
00)=0, O(+x)=1 and Q'(x)>0Vx>0.

Then, we see the properties of the function H (x):

H(0) = imO(x/V/Z,) /0(x) = £,'%, H(+00) = 1,

/ . ~1/2 Q(x) -1 Q(x/\/?u) -1 2
H) = 2An )™ (FI(xNZ) - VZF(x >[F‘ (I

Then we get

H'(x)>0 if #, <1,
H((x)<0 if Z,>1,
H((x)=0 if Z,=1.
Therefore, H is a strictly increasing function if £, < 1, and is a strictly decreasing function if

L. > 1.
Now, we can obtain the properties of the function f(x), that is

p(0) =0, p(+00) = +oo,
B x) = VrKo(1 = [(1 = £.)/(Z.2,)](1 — H(x))) + VrKox([Z.2,/(1 = L)H (x)).  (37)

Note that if #, < 1, we have [¥,2,/(1 — %,)] > 0 and H'(x) > 0, and then

ViKyx([Z.2,/(1 = £.)]H (x)) > 0, (38)



1658 E.A.S. Marcus, D.A. Tarzia | International Journal of Engineering Science 38 (2000) 1651-1665

Similarly, if £, > 1, [Z.,2,/(1 — Z,)] <0and H'(x) < 0, and again (38) is valid. Therefore, in
any case we have '(x) > 0 Vx > 0.
Finally, we deduce the properties of the function pu(x):

1(0) = {V/raxqo/[kx(to — t,)]} — 1,  p(+o00) = —o0,
1(x) = —{({v/Tazgo/lka to — 1)} (2x/ar)) exp (= 2 /ar) + F{(x)} <0 vx>0.  (39)

Therefore, p(x) is strictly decreasing for x > 0. Then, we obtain one and only one solution of
Eq. (35) in the case {\/Taxqo/[k2(ty — t,)]} — 1 > 0, that is, g, satisfies inequality (36). In the case
q0 < ka(ty — t,)/\/Taz, there is no solution of Eq. (35) and then there is no solution of problem (1)—
(8) as a phase change problem. So, if ¢y < k() — t,)/\/Ta, there exists only a heat conduction
problem for the initial phase. [

As we said above, if gy < ky(t) — t,)/+/Ta; there exists only a heat conduction problem for the
initial phase. Let us consider this problem. In this case we have the following.

There is no phase change front, so the porous body consists of only one region. The region
0 < x < 400 is humid capillary porous body in which there are coupled heat and moisture flows.
The process is described by the well-known Luikov’s system [10] for the case ¢ = 0 (& is the phase
conversion factor of liquid into vapor):

0ty 62t2

a(x,r):azﬁ(x,r), x>0, t>0, (40)
d & ¢
a—Z(x,r):ama—;;(x,f)—i—am5§22(x,r), x>0, 7> 0. (41)

The initial distributions of temperature and moisture are uniform:

t(x,0) = tr(+00,7) =ty, u(x,0) = u(+00,7) = up. (42)

It is assumed that on the surface of the half-space the heat flux depends on the time in the
following way, like in [12]:

Oty

kza(oa 1) = qO/\/%v (43)

where gy > 0 is a coefficient which characterizes the heat flux at the fixed face x = 0. The set of
equations and conditions (40)—(43) is called problem F;.. Its solution is given by

tg(x, T) =1ty — ((]0@/[(2)(1 —erf (x/2\/@)) (44)
We remark that

£(0,7) = 1o — (qov/maz/k») (45)
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which is a constant in time. Then we can say that there exists a phase change on this problem if
and only if 1,(0, 7) < t,, that is to say, if g9 > (ty — t,)k»//Ta,. This fact certifies the result obtained
in Theorem 1, but obviously it does not give us the corresponding explicit solution which must be
obtained by the previous method.

The resolution for the problem for the moisture distribution is slightly different. It is assumed
that on the surface of the half-space the moisture distribution is related to the temperature dis-
tribution in the following way:

Ou Oty
( ’ T) + ax

- (0,7) = 0. (46)

Then considering (44) the problem for the moisture distribution is

Ou 0%u aAm0qox )

a(x,r) = ama—xz(x,r) RN exp [ — (¥ /4axt)], x>0, 1>0,

u(x,0) = u(+o0,1) = uy, (47)
Y05 = -2

ox ’ N kz\/i

We consider a change of variable of the similarity type, that is to say, let n = x/2/t and
u(x,t) = H(n) be. Then the problem appears in the following way:

azH 2 aH 45(]0 2

a—nz(”) —an&M) =k, &P [— (i*/a)], n>0,

H(+00) = uy, (48)
Z2(0) = — =210

o (0) a

The solution of this problem is obtained using the knowledge of the non-homogeneous ordi-
nary differential equations, and it is given by

or returning to the primal variables by

%fqgferf<2jﬁ> +kZE{T—mj%) <1 e i/Zerf<2\/x"_ﬂ>>'
(50)

u(x,t) =up +
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Then we have the following result:

Lemma 2. If qo < k2(ty — ty)//Ta, the solution of the heat problem for the initial phase is given by
(44) and (50).

Remark 1. The limit case qy = kx(ty — t,)/+/Tay can be interpretated as the limit of the solution for
the case qy > ky(ty — t,)/\/Tay when r — 400 (see Proposition 3).

Remark 2. In Section 5 we give some illustrative results corresponding to the previous results in
order to see graphically A versus qq, and T1&T» versus x for different values of qo and a given time
=1

3. Statement of the problem P

Now, if we replace the heat flux condition (5) by a constant boundary temperature condition at
the fixed face x = 0 as

1(0,7) = ¢, (5a)

where f; < t,, let problem P given by conditions (1)-(4), (5a), (6)—(16); it was studied by Luikov
[9]. Its solution is given by:

Ti(X, Fy) = Ay + Brerf (X/2/anFy ) = T, (1 _ el (X/2Vank) ) L 0<x<3(R), (51)
erf(i/@)

(X, Fy) = 4, +Eerf<X/2\/Fo) = (1 —erf z>71<erf(X/2\/Fo> —erf I), X > S(R),

(52)
é(XaE)) = [yu@n/(l - gu)]
A, e (312.)ert (x 2V Z.F) L el ef(x/2/F) )
VZ, exp <72) [1 —erf 7] 1 —erf L 1 —erf ] ’
S(R) = 2i\/F, (54)

where T, = (&, — #,)/(to — t,) < 0, and 7 satisfies the following equation:
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where

a(x) = —kin Tu(an) ™ (exp (- ¥*/an) ferf(x//an)), x>0

and f(x) is given by (34).
The function «(x) is a continuous decreasing function, with the following properties:

x(0) = +o00;  a(4o00) = —o0; &(x) <0, x>0

(Note that [#,2,/(1 — Z,)]H'(x) > 0 V&, # 1.) Therefore, there is one and only one solution of
Eq. (55). ~

If now we consider the latent heat » as a parameter in problem P, then we have a dependence of
the solutions about this new parameter, say

’7\:1 = fflr; 7—'2 = ’TZr; e = @r, S = Sr, A= }v(l")
and we can easily see the following statement:

Proposition 3. If r — +oo, the parameter = E(r) — 0, and the solutions of the P problem tends
to:

lim T, (X, Fy) = erf(X/z\/Fo), X >0, (56)

r—+00

lim @,(X,F) = [Z.2,/(1 gu)](1 - erf<X/z\/F0) - (zu)*”zerf()(/z\/ﬁ)),

r—+00 (57)
X >0,
lim S, (1) = 0. (58)

Remark 3. (i) We remark that (56)—(58) is the solution for the heat transfer problem without a phase
change process for the initial phase with constant temperature condition on the surface x = 0. (ii) We
can interpretate (51)—(54) for the case r — +o0, saying that the initial phase cannot reach the another
phase. (iii) The solution of problem P for the limit case qy = ky(ty — t,)/+/Ta; is given by (56)—(58).

4. Relationship between heat transfer problems with temperature and heat flux at the fixed face

Now, we are back to the initial problem P with heat flux condition, considering the case
qo > ky(ty — t,)/\/ma,. Evaluating (28) in x = 0, we obtain

11(0,7) = —[vmarqo/ (ki (8o — #,))] erf(2/\/ar). (59)
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Returning to the dimensionless variables, we observe that

t (0, ‘C) = —(l() — l‘v)(\/alz/klz) erf(/l/\/alz) +t <. (60)
Then we can consider the P problem putting
—[\/nalqo/kl] erf(l/valz) +t, <. (61)

The solution of this problem is given by (51)—(54) where Jis solution of Eq. (55). We know that
for this problem exists one and only one 4 > 0 such as oc()) p(4). Now we want to demonstrate
that / = J; for that we shall prove that 7. is also solution of Eq. (35). We have

11t et S

= V@ (ka(to = ) exp (= 7/ar) = £ (7) = (7). (62)

that is / is a solution of 'Eq. (35) which has a unique solution 4, then J=
Besides, the constant 4, and B; belonging to the solution T] are

—[vmaiqo/ (ki (to — 1)) erf(2/\/ar) = 4u, (63)
B, = —T, " etf(i/\/an) = Vraige/ (ki(ty — 1) = By (64)

and A4,, A3, B>, B; are the same as in (22), (25) and (26). It is obvious that if 4 = /, then S = S.

Therefore, we obtained that the solutions of problem P are the same of the initial problem, that
is to say, T, = Tl, T = Tz, 0= 0 S = S. This immediately implies that t;, = #,; b =t; u=1u
and s ='s. Next, we can enunciate the following property:

Theorem 4. A phase change problem for temperature and moisture distributions in a porous half-
space with a heat flux condition on the surface x = 0 verifying condition (36), is equivalent to a phase
change problem with a temperature condition considering

1(0,7) =t < ty. (65)
Moreover, the relationship among qq, t, and t; is given by
— [Vraiqo/k] exf (Z/v/ar), (66)
where A is the coefficient which characterizes the free boundary.

As a consequence of Theorem 4, we can translate inequality (36) for go for problem P to an
inequality for A for problem P, that is to say,
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_ 0 0
ka(ty — t,)(Tay) 2 < qo =k all (OJ)\/% =k Fy/ax(ty — tv)a—Xle’FO)

= k] (ts — t\,)/[\/ﬁ(llerf(i/\/(llz)}. (67)
Therefore, we obtain the inequality

erf (1//an) < kalty — 1)/ v/an(h - 1) (68)

which is valid for the P problem. This quotation has sense when the right side of the equation is
minor than 1, that is to say.

Corollary 5. When data for problem P verifies the inequality

kia(ty —65)/Van(ty — ty) < 1 (69)

then the coefficient 2. of the free boundary S(Fy) = 2.\/Fy satisfies the inequality

)< Jan etf ha(ty — ) /an(t — t.)]- (70)

5. Some illustrative results

In order to study the effects of the parameter g, (coefficient which characterizes the heat flux on
the fixed surface x = 0) over our process we shall give firstly the graphics of the function 4 vs g,
where A is the dimensionless coefficient which characterizes the free boundary (22). Let
g6 = qo\/Taz/ky(ty — t,) be the dimensionless corresponding coefficient. For a given positive time,
Fig. 1 shows the behavior of 4 as a function of ¢ considering all the other parameters fixed. We

1

0.9f

0.8}

0.7

0.6f

0.5}

0.4}

0.3}

0.2t

0.1p

0

0 0.5 1 1.5 2 25 3 3.5 4

Fig. 1. Behavior of 4 as a function of g;.
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0o . 2 4 6
90 : +

Ty0.Fy) |— 22y
9, =05 \
9,=07 Yy
W= Ty

q0'=145\'

%EZN
q0'=2.25\
qD'=2..’N
9,=275 Y
s
2 22N } . } . 2
0 2 4 Fo 6

Fig. 2. Behavior of the constant temperature distribution 7 (0,F,) as a function of the dimensionless time F, con-
sidering ¢; > 0.

putap =1,Ky=12,%,=04,2,=1.1f ¢g; > 1, A increases as g increases. If g; <1, A =0, and
there is no phase change.

Fig. 2 shows the behavior of the constant temperature distribution on the fixed face x = 0 (see
(45)) as a function of the dimensionless time F, given certain values of 0 <g; <1 and g; > 1.
Notice that

_ 6(0,1) ¢

7»(0,7) P ~=1-—g;,

and when ¢ = 0, we have 7, = 1, and when g; = 1, we have 7, = 0. Here we notice when g, tends
to +oo, T> tends to —oo.

Finally, Fig. 3 shows the behavior of the dimensionless temperature distributions 77 and 75 as a
function of the position, given a fixed time (see (28) and (29)). Here we consider Fy = 1, and the
values of the other parameters are the same as above. Notice the change of derivative when
temperature distributions reaches from above and below the value 0 (the dimensionless phase
change temperature) when g; > 1. Furthermore, when the temperature distribution begins from a
positive value, there is no phase change in the process (that is to say, 0 < g; <1).

From all these figures we have verified numerically the theoretical results obtained before
analytically.

6. Conclusion
Exact solutions for temperature and moisture distribution in a porous half-space with a heat

flux condition at x = 0 of the type go/+/¢ are obtained. An inequality for the coefficient ¢, is
necessary and sufficient in order to obtain that explicit solution. Next, we introduce the problem
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T T T

10 900y

No phase change

T

Temperature

With phase change

Y q'p=3.4309

n 1
~3,0 0 3

X (position)

oF

Fig. 3. Behavior of the temperature distributions as a fuction at the position x, taking Fy = 1.

P, which is the problem P changing the heat flux condition by a temperature condition on the
fixed face x = 0, and we study the behavior of the solution of this problem considering when the
parameter latent heat r tends to infinity. Finally we establish an equivalence between the above
two phase change problems finding an inequality that the coefficient which characterizes the free
boundary verifies.
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