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Abstract

In this paper we obtain self-similarity solutions for a one-phase one-dimensional frac-
tional space Stefan problem in terms of the three parametric Mittag-Leffler function
Eq m.1(z). We consider Dirichlet and Neumann conditions at the fixed face, involving
Caputo fractional space derivatives of order 0 < « < 1. We recover the solution
for the classical one-phase Stefan problem when the order of the Caputo derivatives
approaches one.

Keywords Fractional space Stefan problems - Explicit solution - Similarity method -
Caputo derivative
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1 Introduction

This paper deals with a fractional space Stefan problem. More precisely, we consider
a phase-change problem where the heat flux is modeled through fractional integrals,
and the governed equation is a fractional diffusion equation.

Fractional diffusion equations are a wide scope which could be related to different
theories, all of them, converging to the classical diffusion equation which, in a simple
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one dimensional form can be written as
ur(x,t) =ux(x,t) + F(x,1), x € 2 CR, te(,T7). (1.1)

Regarding fractional diffusion equations for Caputo and Riemann-Liouvlle derivatives
and its applications, a complete view of the state-of-the-art can be found in [18]. A
rigorous mathematical analysis is presented in [14, 19] and for applications we refer
the reader to [8, 15].

We will work with the following fractional diffusion equation, where a Caputo
derivative on the spatial variable is involved

3
u(x, 1) = ang;u(x, N, xeR2x(0,T), ac,l). (1.2)

Recall that, for « € (0, 1), the fractional integral of Riemann-Liouville ,/ I—a of
order « is defined for every summable function f as

1

al®f(x) = m

/X f(p)x—p)*ldp, 0<a<l, (1.3)

and the Caputo and Riemann-Liouville derivatives of order o € (0, 1) are defined for
every f € ACla, b] by

CD"f(x) = 0" f'(x) and fLD“f(X)=%all_“f(X), (1.4)

respectively.

We will denote by € D and R D¢ to the Caputo and Riemann-Liouville derivatives
respect on the spatial variable.

In the whole paper we will consider o € (0, 1), butin general we have such operators
defined for arbitrary o > 0 (see [4, 9]). Moreover, the subscript x in fractional integral
and derivatives will be omitted in the context of one variable functions.

It is worth noting that equation (1.2) is a consolidated model to anomalous diffusion
[3, 16, 18] whereas it was proved in [1] that the equation

ur(x, 1) = S D Mu(x, 1)

cannot provide a suitable model for anomalous diffusion.

The fractional Stefan problem for the one-dimensional time-fractional diffusion
equation has been recently widely studied. Different models are presented in [7, 20]
and [31]. A rigorous existence analysis of self-similar solutions was done in [12], and
results related to explicit solutions were established in [21-23] and [25]. Moreover,
an equivalent formulation for the fractional Stefan condition is given in [24].

Space-fractional Stefan problems have been proposed in [30] and the literature
about this topic is currently emerging. Recently, K. Ryszewska provided in [26] the
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mathematical analysis of a one dimensional, one-phase free boundary problem gov-
erned by a space-fractional diffusion equation. In that article, it is proved that the
problem to find a pair {u, s} verifying that

u,(x,t):%ngu(x,t) O<x<s(),0<t<T,

uy(0,t) =0 O<t<T,

u(s(t),t) =0 O0<t<T, (1.5)
u(x,0) = ugp(x) 0<x<s(0) =0,

§(t)=— lim §D%u(x,t) 0<t<T

x—s(t)~

has a unique solution under suitable regularity on the initial condition and the assump-
tion that b is a positive number.

In this paper two similar problems are treated. Let Q, 7 be the parabolic domain,
defined as

Qs =1{(x,1): 0<x <s(),0<rt<T}.

We consider two instantaneous melting fractional space Stefan problems. The first one
addressed with a Dirichlet condition: Find the pair of functions u: Qs v — R and
s: [0, T] — R with sufficiently regularity such that

9 C

ur(x, 1) = 33, D%u(x,t) O<x<s(),0<t<T,
u(,1) = g() O0<t<T,
u(s(t),t) =Uy, O0<t<T, (1.6)
s(0) =0,
§(t)=— lim §D%(x,1) 0<t<T.
x—s(t)~

And the second one addressed with a Neumann condition: Find the pair of functions
w: Qg7 — Randr: [0, T] — R with sufficiently regularity such that

w,(x,t):%ngfw(x,t) O<x<r(),0<t<T,
§Dew(0T, 1) = —h(r) 0<t<T,
w(r(t),t) = Up 0<r<T, (1.7)
r(0) =0,
F(t)=— lim §D%w(x,t) 0<t<T.
x—r(t)”

Note that a Neumann condition (1.7)—(i7) is different than (1.5)—(ii) and it will
be justified in the next section, where the model is presented.

The structure of the paper is the following: Problems (1.6) and (1.7) are derived
from physical assumptions in Sect. 2. Then, some useful properties related to the
special functions involved in the self-similarity solutions are presented in Sect. 3. In
Sect. 4, we apply the similarity method in order to obtain a solution as a function of
the three-parameter Mittag-Leffler function E, ,, ;(z) and the non-negative property
of the function defined in (4.16) is proven. In Sects. 5 and 6 we obtain the unique
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explicit solutions for the one-phase fractional space Stefan problems (1.6) and (1.7)
with a prescribed Dirichlet and fractional heat flux condition at the fixed face x = 0,
respectively.

2 The mathematical model for instantaneous phase change

Consider an instantaneous phase change problem corresponding to the melting of
a semi—infinite slab (0 < x < o00) of a material, which is initially at the melting
temperature U,,, by imposing a temperature or a heat flux condition at the fixed face
x = 0. All the thermophysical parameters are considered to be constants.

The notation related to heat conduction with its corresponding physical dimensions
are given in the next table:

[u] temperature T

Ld thermal conductivity ‘¥—t§

(o] mass density =

[c] specific heat ;<_t22 2.1
[d] = [ﬁ] diffusion coefficient XTZ

[7] latent heat per unit mass %2,

where T : temperature, t: time, m : mass, X : position.

Let u = u(x,t) be the temperature and let ¢ = ¢g(x, t) be the heat flux of the
material at position x and time 7. Let x = s(f) be the function representing the
(unknown) position of the free boundary (phase change interface) at time ¢ such that
s(0) =0.

Suppose that, at every time ¢ the heat flux at a position x is a generalized weighted
sum of the classical fluxes occurring at every position from the initial position to the
current one, where the nearest local fluxes are more relevant than the farthest. That is,
we model the heat flux in the slab by the expression

(x. 1) 1 ka (p.x — p)~d kot =2 x, 1)
X, 1) = —Vyg——— u ,H(x — = —y —(x,1).
q o rd—a ) x(pP p p K 01y I
(2.2)
Equation (2.2) can be expressed in terms of Caputo derivatives as follows:
q(x, 1) = —vgk § DYu(x, ). (2.3)

Note that k is the thermal conductivity whereas the parameter v, has been added
to preserve the consistency with respect to the units of measure in equation (2.2) such
that

li =1 2.4
al/ml Vo 24
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From the units of measure given in (2.1), we have that [¢g] = % Then

l—a

(vl [ 1k x, )] =[va][ L [fhup }

= [vy] =m
rd—-a)Jo c—py "] %8

(2.5)

and [vy] = m*~ L.

Now, let us derive the two governing equations of the problem. From the first
principle of the thermodynamics, we have that

ey = =22 (x,n) 2.6)
c—(x =——(x,1). .
YA ax

Then, by replacing (2.3) in the continuity equation (2.6), the governing equation
(now with all the physical parameters) becomes

ou

C
paz

0 C no
(6. 1) = vako— § Du(x. 1) 2.7

which in terms of the fractional diffusivity constant, defined by

is expressed as
ou d
E(x,:) =kaagD)‘fu(x,t). (2.8)

With respect to the interface, we are considering a sharp model where the solid
phase is at constant temperature equal to U,,. Then the Rankine—Hugonoit condition
gives

lal§ = —pli (), 2.9)
where the double brackets represents the difference between the limits of the fluxes
from the solid phase and the liquid phase and / is the latent heat of fusion by unit of
mass. The fractional Stefan condition then, is obtained from (2.3) and (2.9) and it is

given by

ols(t) = —vgk lir?) (§D%u)(x,1), t€(0,T), (2.10)
x—>s(t)~

which, for simplicity, will be written as
pls(1) = —vek § Du(s(t), 1), t € (0,T). (2.11)
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Then, by supposing that the melting temperature is given by u(s(¢), t) = U,,, we
can address the problem with a Dirichlet type condition

u(,1) = g() (2.12)

or by considering a Neumann boundary condition at x = 0 which, according to (2.3),
is given by

lim §D%(x,1) = —h(), (2.13)
x—0t

where g(t) > U, for every t and & is a positive function conforming to the melting
model considered.

Thus, the one-dimensional fractional space one-phase free-boundary problems for
Dirichlet and Neumann conditions at x = O are given respectively by the following
expressions:

) 2ute,t) —rat§D%u(x,1)=0, 0<x<s(t),0<t<T,

Qi) w00 =gy, 0<t<T
(iii) u(s(t),t) = Uy, O0<t<T, (2.14)
(iv) s(0)=0,

W) pls(t) = —vek(§ DEu)(s(2), 1), 0<r<T,
and

() 2w, 1) —hei §Dw, 1) =0, 0<x<st),0<t<T,

@9x 0
(i) lim, ngfw(x,at) = —h(1), 0<t<T,

(i) w(s(t), 1) = Uy, 0<t<T, (2.15)
(iv) s(0)=0,

(W) pls(t) = —vek(§ DXw)(s(1), 1), 0<r<T.

In [30] the quasi-stationary case was solved. There, it was shown that the pair

xC(

[+ )T 175

1

s =[I2+a)]Te e (2.16)

ulx,t)y=1-—

is a solution to problem

() 2 §D%ux, 1) =0, O<x<s(),0<t<T,

(i)  u(0,1) =1, O0<t<T,

(iii) u(s(t),1) =0, 0<t<T, (2.17)
(iv) s(0)=0,

W) $() =—(§D%u)(st), 1), 0<t<T.
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3 Some basics of the fractional calculus involved in this model

Proposition 1 The following properties involving the fractional integrals and deriva-
tives of order o € (0, 1) hold:

1. The fractional Riemann—Liouville derivative is a left inverse operator of the frac-
tional Riemann—Liouville integral of the same order o € (0, 1). If f € L'(a,b),
then

RLp* . 1°f(x) = f(x) a.e.in (a,b).

2. The fractional Riemann—Liouville integral, in general, is not a left inverse operator
of the fractional Riemann—Liouville derivative.
In particular, if f is such that ,1'™ f € AC|0, b], we have ,I* (51‘ D% f)(x) =
o' f(ath)
fx) — 1=
I'(a)(x —a)' @
3. Ifthere exist some function ¢ € L' (a, b) such that f = ,1%¢, then

for every x € |[a, b].

Jd°BEDY f(x) = f(x) Vx ela,b]
4. If f € ACla, b), then

f(a)

RL na _
« DO =F1r "0

(x—a) ™+ D*f(x) ae.in (a,b). (3.1)
5. Forevery f € ACla, b] such thatall_“f’ € ACla, b] it holds that

a4 CDYf(x) = REDo(fY(x), a.e.in(a,b).
dx

Proof See Chapter 2 of [4] for 1, 2 and 3, Chapter 3 of [4] for 4, and [9,Theorem 2.1]
for 5. O

Proposition 2 The following limits hold:

1. Ifwe set ,1° = Id, the identity operator, then for every f € L'(a, b),
li{‘% JfF(x) = alof(x) = f(x), a.e.in(a,b). 3.2)
o
2. Forevery f € ACla, b,
lim D% f(x) = f'(x), and lim CD*f(x) = f'(x) a.e.in(a,b).
a1 a1

Proof 1. See [27,Th.2.7].
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2. We note that f' € L'(a,b) and $D* f(x) = ,1'~% f'(x). Then, by (3.2)
. C no T 1—a g/ g .
ilfml a DY f(x) _il/vml ad TS (x) = f(x), ae.in(a,b).
Then, using (3.1), we deduce

. RL ma T fa) N C na Y
il/mla D f(x)_oltl/'rnl<—r(1—0[)(x a)y ™+ ;D f(x))—f(x),

where the limits hold a.e. in (a, b).

O
The fractional integrals and derivatives of a power function are well known, as
reg+1
1(x —a)?) = —L2 "~ (x —a)P*®, forever > —1, 3.3
al® (( )F) F(ﬁ+a+1)( ) y B (3.3)

and

LD (b g s O
5LD“ ((x — a)ﬁ) = F(ﬂ—a+1)(x a) ‘ B>-1p#a Y
0 ifg>—1,p=a—1.

Fractional integrals and derivatives are evaluated also for most of the special
functions related to fractional order models, considered as particular cases of the
Wright generalized hypergeometric functions, see [11]. Especially, in [10] one can
find Riemann-Liouville integrals and derivatives of the Mittag-Leffler type function
with 3 parameters, introduced by Kilbas and Saigo, that are presented below.

Definition1 Let « > O,m > 0, and / such that «a(jm +1) # —1,-2,-3,...
(j =0,1,2,...). The three-parametric Mittag-Leffler function E, ,, ;(z) is defined
by

[ee) n—1 .
. I'(a(jm+1)+1)
Eqmi(2) = chz", with co=1, ¢, = 1—[ : ., neN.
= o Fa(jm+I1+1)+1)

(3.5)

Remark 1 In [10,Th. 1], itis prove that forevery @ > 0, m > 0, and [ such that o (jm+
N #—-1,-2,-3,... (j=0,1,2,...), the function Ey ,, ;(z) is an entire function
of the variable z. The proof is based on the next asymptotic behavior [5,1.18(4)]

reta) _ ol o1
re+b P+0<)}(““*w“”““ﬂﬂ<ﬂ, (3.6)

from where

cupt _ T(@m+1) +1)

o, " T@emiliDID ~ (amn)™% - 0 (n — 00). 3.7
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Hence, the power series (3.5) converges in the whole complex plane, and therefore
Eq m.1(z) is an entire function.

Remark 2 In particular E1 1,0(z) = e° and we recover the classical Mittag-Leffler

function for m = 1 and [ = 0 Ey10(z) = Eq(2). Also, a two paramet-

ric Mittag—Leffler function is recovered for the case Ey1:(z) = ['(al + 1)
232

Eq «i+1(z). Finally, a special case of our interest is Eq 2,1 (—ﬁ> = ¢~ (3" For the

theory and details on the classical Mittag-Leffler functions with 1 and 2 parameters,
see [0].

We will focus on the function o,(z) = z“_lEa 14l ( 1+a) defined in R,

which will take part in the explicit solutions that will be presented in the next section.
By applying Theorem 4 in [10] to function oy, for the particular case

it yields that

RL 1 p'te 1 l+a
o o— o
(et [ unss () ) 0 = e B (5155)

(3.8)

for every x € R™.
Besides, the next interesting convergence statement holds.
w 1+o

X
- . -1
Proposition 3 Ler fy(x) ._/O w® Ea,1+$,1 ( T

we have

>dw fora € (0,1). Then

lim fo() = V[ (%) forevery x € R{,

where f(x) := erf(x) is the error function defined in R(J)r by the expression erf(x) :=

2 * —s2
‘/_7?./0 e ds.

Proof Note that

x D A+a)=2

0o (x) = x*E S Zc( '
ot = wl+p\ T g " (1 + )"

n(l+a)+2a

= chﬂ( 1)nm-

n=0

(3.9)
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We will show that the series above is uniformly absolutely convergent. In fact, let us
denote

Mn(1+(x)+2a

an = Cn+1(—1)nm,
for arbitrary M > 0. Then, by (3.7) we have

_ Cn+lM1+a
cn(l+ o)

an+1
dn

— 0, n— oo.

Hence, integrating term by term in the series in (3.9), the following expression to
fo holds

o x(n+1)(l+oz)+a

o = - n 1
Jal®) =3 ;)C A DU T @ T el + @y

o n(1+<x)+a

;—’_ch(_ [n(1 + o)+ a](1l +a)?

n=1

o xlra\"
- g (n+1)(1+ot)—1] (_1+a) '

=

=

(3.10)

o0

We can see that the series Z m <_ﬁw

a\ 1
o ) is uniformly absolutely con-

vergent. Hence, taking 1nt0 account that

n—1 .
. . rqj+1Hd+aw) 1
1 =1 =
a1 " ozl/'mljl:!) FG+D0+a) +a) 2! G.1D
we have
00 2\
1 X
lim f,(x) = _x
a0y far () an:;:Z”n![Z(n—l—l)—l]( z)
_iixml (3.12)
- 2n
2220l 2n + 1)
X
= nerf(z).
O
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4 The self-similar solution in terms of the Mittag-Leffler function and
its properties

The aim of this section is to obtain an exact solution to problems (2.14) and (2.15). For
simplicity, all the thermophysical parameters will be considered as constants equals
to one.

First, we will look for a self-similar solution through the method of similarity
variables [2, 17, 29]. Suppose that © = u(x, t) is a solution to the space fractional
diffusion equation (1.2) and let the function u, be defined by

x 1
u}\('x5t):u<Xa ﬁ)’ (41)

forb € Rand A > 0.

Proposition 4 A function u = u(x,t) is a solution to (1.2) in [0,d] x (0, T) if and

only ifu) = u) (x,t) is a solution to (1.2) in [0, %] X (O, )L,%)forb =1+« forall

A > 0.

Proof Let us define the function u; (x, #): = u(X, 7) where x = AX and r = AP7. It is
straightforward to see that

3 1
Euk(xst):ut_(-x»t)ﬁv (4’2)

3 1
auk()ﬂ t) = M)Z(xvt)X7 (43)
SD%us(x, 1) = 27§ D%u(x, 1), (4.4)

and
3 3 _

§D%; (x, 1) = A7 — § D%u(x, 7). (4.5)

ax ° ax °

Then, from (4.2), (4.3) and (4.5) it follows that

) 3 _ 3 _
—up (0, 1) — — §D%u; (x, 1) = A7Pup(x, 1) — A7 = SDYu(x, ). (4.6)

at ox 0 ox 0
From equality (4.6) our thesis holds. O
The scaling in the previous result indicates that the ratio —— plays an important role

t THa

in equation (1.2). This fact suggests us to search for a solution u(x, t) = 6 < . >
t THa
Thus we define the one variable function

0(z) :=u(x,1t), 4.7)
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where z is the similarity variable defined as

gi= .8)

Now, we apply the chain rule in order to obtain an ordinary fractional differential
equation for the function 6 = 6(z). Note that

d z
— 1) = S — LAY 4.9
2t D= et @ (4.9)
Also, by making the substitution w = L it follows that
t THa
) 0 1 < 9’
2 (ngju(x, t)) =2 / BCACHR
X Ix \I'l —a) Jo T4 (z — w)® (4.10)
= —— D% (2).
197077 @

From (4.9) and (4.10), we deduce

0= Lute )= 2 CD%ue, 1) = 1[ e(>+3CD“9(>} (@.11)
—au.x a ux, = 1+ Z N .

and then,

9 CD“G(z) =0. (4.12)

1+

Reciprocally, if 6 is a solution to (4.12), we can go back over previous calculations
and obtain that u is a solution of (1.2). More precisely:

Proposition 5 The function u is a self-similar solution to equation (1.2) if and only
if the function 0 defined by (4.7) with the similarity variable (4.8) is a solution to
equation (4.12).

Now, we seek for a solution to (4.12). Making the substitution o (z) = 6’(z), and
using Proposition 1 (part 5), we convert (4.12) into the next equation

2 RL
= aa(z) + "D (0)(z) = 0. (4.13)
From [9,Example 4.3] we know that a solution to (4.13) is given by
Z(n+1)(1—&—01) -2

U(Z):ZQ—IEO[’I_‘_()[“I( 1—{—05) ch( D' dtay (4.14)
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where ¢, is given in (3.5).
Hence,

z ol wl+a
G(Z):A+BA w E(X,l—}-é,l <_H—_(x>dw

(1)1 ZD+a)-1 (4.15)

is a solution to equation (4.12) for arbitrary real constants A and B.

Remark 3 Note that the unique continuous solution to (4.13) at z = 0 is the null
function, that is, the solution such that 8'(0%) = 0. But, adressing the problem with
initial conditions in terms of fractional integrals, we obtain solutions with a singularity
at z = 0 that verify the requirest initial condition.

Remark 4 We can say that 6 is an absolutely continuous function, since 6 (z) = 6(0) +

/ 6’ (w)dw. Therefore, by Proposition 1, - 320 D"‘G(z) RLD?(O’)(z).
0

Hereinafter we denote by

. wlte
O‘a(U)) = w* EO(,1+$,1 (_H_a) . (416)

Proposition 6 For every A, B € R, the function u : RS‘ x (0, T) — R such that

1

x/t T+«
u(x, 1) = A+ Bf o0 (w)dw 4.17)
0

is a solution to the space-fractional diffusion equation (1.2).

Proof The proof is a direct consequence from the chain rule, property (5) of Proposi-
tion 1 and expression (3.8). O

Remark 5 1t is also interesting the series approach in the aim to prove that (4.17) is a
solution of (1.2). First, note that

o Cn(—l)n x(n+l)(l+oz)—l

u(x,t):A—}—BZ

()1+1)(1+a) 1

T+ [+ DA+ ) — 11

where the series in right side is absolutely convergent over compact sets in R(‘)" x (0, T).
Then, we can interchange g D¢ and partial derivatives with the series, obtaining that

(=" T'(n+ DA +a)—1) xd+o)
“(1+a) T'((n+ D1 +a) —a) 20l

o
§Du(x.) =B (4.18)
n=
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cn(=1)'n T((n+ D1 +a) —1) x"(dFeo-l
I+ 1 T((n+ D1 +a) —a)  o4to=1?

CD"‘u(x 1) = BZ (4.19)

and

o0
Cn—l(_l)n xn(l+a)—l
u,(x,t)=B; (tay EEaT (4.20)

-1 canl(n+ DA +a)—1)
1+ I'n+1H(1+4+a) —a)

Then, if we denote Cy , 1= , we have

1 "2 I+ D +a)

Can = (1+a) le TG+ D(I+a) +a)

n—1

“T1 rG+Hd+ae) nl((r+HA+a)—1
il rg+nd+a)+a) 'Nn+H( +ao) —a)

n—2

_ 1 1—[ r'G+bHld+aw)
(I+0) 1 4 TG+ D +a) +a)

[ _n(l+a)"(n(l+a) I'((n+ D +a) — 1)] 4.21)
Trmd+a)+a) 'r+DA+a)—a)
n—2

_ 1 I i+ (1l +a)
(I+0) 1 4 TG+ D +a) +a)

|: _I'n(l+a)+ 1) I'(n(1 +ot)+oc):|
'nd+o)+o) Fn(l+a)+1)
n—2

1 I (G +DHd+a)
_(1+oz)j=1F((j+1)(1+oe)+a)

[1-1]=0, VneN.

The result (4.21) holds for every n € N, hence function u is a solution to (1.2).

Proposition 7 If u is the selfsimilar solution given in (4.17), then we have

& S (=1 n—1 ,n(l+a)
CD%(x.t) = B ﬁ) g il )n+1 ol — (4.22)
t T+ — n(l +(X) tn+ “Tra

or equivalently,

1
N Bt Tia [yt w!te
C no _ b o [
_ ODxu(x’t) = —BIl'(a)t T™e + l+o /(; w Ea,1+é,1 ( l+a)dw

(4.23)
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Proof Using the fact that

I'(n(l + a))
I'n(l+a)+a)
e I'nl+a)+1) 4.24)
I'n(l+a)+a)n(l + )
it F'(in+ DI +a)—a)

Ta(ta) T+ D +a)— 1)

Cn = Cn—1

and replacing the above expression in (4.18) we get

C no
— oD , 1 - —
0 xu(x ) T (1+Ol)" F((}’l-i- 1)(1+Ot) —0[) (n+1)(1+oz) 1

BT (o) i%(—l)" I+ D +a)—1) x4

Cn_l(—l)n_l n(l+a)

= —BI'(a)t i@ + B . 425
(@) Z} TR - (4.25)
Then
S -1 n(l+oz)
C na o Cn—1(=1)"
—oD ,t) = —BI'(x)t T+« + B
0 xu(x ) () + 2;n(l+a)”+1 ”+1—m
— —BI(a) T
1
+Bt71+7 /x/,+ 4 ch 1(=D"" wn(1+a) dw
l+a Jy dw \ = n(l +a)"
=— Br(a)t—u%a (4.26)
1
THa o0
/x/t cp(—=1)" lZ D7 mha+e-1g,,
1+a (l+a)”
= —BI(a)t T
BI_I%‘ x/t% w1+a
“E — dw.
+ 1+Ot/0 w “»Hi»l( 1+a> w
O

The last aim of this section is to prove that the kernel of the selfsimilar solution given
in (4.16) is non-negative in R* and the proof will be supported in a weak extremum
principle for the space fractional diffusion equation

)
P $D%u=f (4.27)

ur —
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in the region
Os7={(x,1):0<x <s(),0<t<T}, (4.28)

for a given function s : [0, T] — R such that s € C[0, T'], s(0) = b > 0 and there
exists M > 0/0 < s(t) < M for every ¢t € [0, T]. We define the parabolic boundary

of QS,T by
oys,t =1 Uy Uys,

where y1 = {(0,¢) : 0 <t < T}, »» = {(x,0) : 0 < x < s(0) = b} and
y3=A{(s@),1):0=<t<T}
The next weak extremum principle was stated in [26] and we recall it below for the
benefit of the reader.
Theorem 1 Let u be a solution to (4.27) in the region Q.1 defined in (4.28), such that
u has the following regularity: u € C(Qs.1), ur € C(Qs.1) and for everyt € (0, T),
1 1
forevery) < n < w < s(t) we have u(-,t) € Wz’m(n,w) ={feLT¥F: Dkf €
1
LT=F, 0 < |k| <2} forsome B € (a, 1]. Let dys.1 be its parabolic boundary. Then,

1. If f <O, then u attains its maximum on dy; T,
2. If f =0, then u attains its minimum on 0y; T.

In the next proposition we prove that the function o, which is the kernel of the
selfsimilarity solution is a non-negative function in R™. The idea of the proof is to
proceed by contradiction. We suppose first that there exists zg > 0 suchthatoy (z9) < 0
and construct a solution u®(x, t) = u(x, t 4+ €), in terms of o4, to a moving-boundary
problem, for arbitrary ¢ € (0, 1), where u is of the form (4.17). Then, we obtain that
u® > 0 by using Theorem 1. After that, we define the function w] = u® + kv, for
k > 0 aconstant to be determined, such that w{ verifies the assumptions in Theorem 1
and we finally get a contradiction by choosing a suitable k.

Proposition 8 Let o € (0, 1). Then the function o, defined in (4.16) is a non-negative
function in R,

Proof We know that o, (07) = +o0c and that o, € C!(R™). Suppose that there exists
zo > 0 such that o,(z9) < 0. Then we can affirm that there exists a “first value”
¢ > 0 for which o4 (c¢) = 0. Also, from [10,Th. 1] we know that the complex variable
Mittag-Leffler function E wltl (z) is an entire function, then it has isolated roots and
we can choose a sufficiently sr;all 6 > Osuchthatoy(z) > Oforz € (0, cl,04(2) <O
for z € (¢, ¢ + 8] and

c+6
/ oy (w)dw > 0. 4.29)
0

Now, let 0 < & < 1 be, and consider the functions 5% and u® defined by
s = (c+ 8)(r + E)H%", t>0, forte(0,7T) (4.30)

@ Springer



The similarity method and explicit solutions for...

1
(c+8)g ™

Fig.1 Region Q.5 1 and its parabolic boundary

and

/() /(4
/ oy (w)dw
0

c+8
/ oy (w)dw
0

where u is the function defined in (4.17) for A =0 and B = c+8+
/ oy (w)dw
0

Then, if we define the region Qs 7 = {(x,1) : 0 <x < s&9(1),0 <t < T}, and
its parabolic boundary 0yses T = V1 Uy2 Uys, where y; = {(0,7) : 0 <t < T},
y2 = {(x,0):0 < x <5%9(0) = (c +8)eTe ) and y3 = (). 1) : 0 <1 < T}
(see Figure 1), it results that u° is a solution to the moving-boundary problem

uf(x,t) =u(x,t+¢) =

for 0 <x <s%(1),0<t<T,

i) u— L §D%u(x, 1) =0, 0<x<s%@0), 0<t<T,
(ii) u(0,1) =0, O0<t<T,
(i) u(s®P(1),1) =1, 0<t<T,
x/el/ @31)
/ oy (w)dw .
(iv) u(x,0) =<0 T3 >0, OSXSSE’S(O):(c—l—E)gITx > 0.
/ oy (w)dw
0

Moreover,
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ee]

! Cn(_l)n
uf(x,t) = - .
/ 5 o () Z(:) I+ o) [(n+ D +a) —1] (4 +e)"+‘*1+%,

x(n+1)(l+ot)—l

O\ (4.32)
((m)nia) i en(=1)" <x1+“>"

c+o - —
/ 0q(w)dw n=0 A+a)'fn+Dd+a)-1]\1+¢

The power series in (4.32) is absolutely convergent on Qs r. Then, u® €
C(Qges 1) and u® € C®(Qes 7). In particular, u® € Cz(ng.a’T), and for every

0 <8 < w < s%°(t) and an arbitrary 8 € (e, 1), we have u®(-, 1) € Wz’ﬁ(é, w).
Thus, by Theorem 1 (or [26,Lemma 6]), it results that u* attains its minimum and
its maximum at the parabolic boundary dy,.s 7. Hence it easily straightforward that
u®(x,t) > Oforall (x,7) € Qges 7.
Next, we analyze the behavior of #® at the parabolic boundary dy;es 7. Let fi (x) :=
u®(x, t). Thus,

X
Oy (([+8)l/(l+a)>

c+6
(+ 8)1/(1+“)/ oy (w)dw
0

[l =

’

being f/(x) > 0 in (0,c(t + &)"/0+®)) and f/(x) < 0in (c(t + &)1+ (c +
8)(r + &)/1+®) We conclude then that f; attains its maximum over [0, (¢ +
8t + o)V/I+0] = [0,55%(r)] at the point x = c(t + &)/1T9 Moreover,
file(t 4+ &)V IF) > fi(s59(1)).

Besides, if we denote by & = c(¢ +8)1/1+"‘, forevery t € [0, T'], we can state that

/‘C oy (w)dw
0

c+o =u’(&, 1) = fp&), Vit €[0,T],
/ oy (w)dw
0

fi&) =uE, 1) =

and then, u¢ attains its maximum on Qges 7 at every point (&, t), forall r € [0, T].
In particular, u® attains its maximum at (§, 0) € 0y,e.s 7. Denote by A 1= u®(&, 1),
for every ¢ € [0, T]. Note that A = u®(&,, 1) > u®((s*%(1),t) = 1,Vt < T.

Let us consider now the function v(x, 1) = ’ir: + I'(1 + )t and define

wi(x, 1) =u’(x, 1) + kvx, 1), (4.33)
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where the constant x will be specified latter. Observe that v and w;. are both solutions
to (4.31)—(i), for every « > 0, and w¢ verifies the hypothesis of Theorem 1. Then,

max wy = max wy. (4.34)
Qs Ves 1

Finally, let us make some computations in order to evaluate w? at the parabolic
boundary:

max wg(x,0) < max u®(x,0)+« max v(x,0)

x€[0,s589(0)] - x€[0,55:9(0)] x€[0,s589(0)]
= u® (&, 0) + kv(s*°(0), 0) (4.35)
8 1+o
— A+ KM_
1+«

Also, we have that

max  wg(x,1) > wg(§,1)
x€[0,559 (1)]
TP (436)

(1 .
e + (+a)]

:A+/<|:

. I+o_ . l+a .
Then, taking fy > S%T:ﬂ) > 0, it holds that

l+ott 81+a
CTWTE) L ey > ETD TE
1+« 1+«

and therefore, taking into account (4.35) and (4.36) we get:

max  wi(x,fo) > max wi(x,0),
x€[0,589 (1)) x€[0,589(0)]

and we conclude that wf, does not attains its maximum at y;.
On the other hand, v(-, #) is a strictly increasing function for every fixed 7. Then,
w¢ does not attains its maximum at y;.

Finally, asking « to verify that k < (A=1)(@+])

(o) _cray ey Ve can affirm that

14+a
w,’i(sg"s(t),t)zl—l—/c c+d) T@+e) + I'(l + a)t
1+«
(4.37)
Cl+a(t+8) .
<A+4k|———+ T +a)|=w(,1), Vt<T,
1+«

from where we claim that w{ does not attains its maximum at y3.
Therefore, wy does not attains its maximum at the parabolic boundary 9y es ,
which contradicts the equality (4.34).
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This contradiction comes from assuming that there exists zg > 0 such that oy (z9) <
0. Thus,

0q(z) =0, Vz>0, (4.38)

and our thesis holds. |

Corollary 1 The three parametric Mittag-Leffler function involved in the kernel of the
self-similar solution (4.17) verifies that

x o
Ea,1+$,1 <_1+a>20 forall x > 0. (4.39)

5 Explicit solution for the fractional space one-phase Stefan problem
with a Dirichlet condition at the fixed face

Let us return to problem (2.14) for a constant Dirichlet boundary data g = Uy and

melting temperature Uy, such that Uy > U, given by the following free boundary
problem:

@) ZuG,)—LSD%ux, =0, 0<x<s®),0<t<T,

() 0.0 = Ug = U, 0O<i<T,

(ii)  u(s(t), 1) = Up, 0<r<T, (5.1
(iv) s(0)=0,

W) $@) =—(§D%u)(s(t), 1), 0<t<T.

Let u be defined by (4.17). From (5.1)—(ii), we deduce that A = Up. Now, from
condition (5.1)—(iii), we have

S([)/tl/(l+ot)
u(s(t),t) = Uy + B/ oy (w)ydw = U,,. 5.2)
0

Note that (5.2) must be verified for all t € (0, T'), then the free boundary s must be
proportional to #!/17 that is to say

1

s(t) =&, forsome £ e RT, re(0,7), (5.3)
which satisfies (5.1)—(iv). Replacing (5.3) in (5.2) yields that

B — _(UO - Um)

= , 5.4
fos oy (w)dw 6

where we have used inequality (4.38), the fact that oy, is positive in a neighborhood
of 0 and that £ > 0.
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Replacing (4.23) on (5.1)(v), and deriving (5.3), we have

& _ _a t_'%"‘ £
t " Tve = —Bl(a)t” ™+« + B / woy (w)dw
1+« 1+a Jy
w (5.5)
Bt~ T+« §
= (—F(a)(l + o) +/ woa(w)dw> .
14+« 0
Then, combining (5.4) and (5.5), we have the following condition
&
Uo — Un) (F(a)(l +a) — / waa(w)dw>
£ = : (5.6)

3
/ oy (w)dw
0

Therefore, we seek for a positive number & which verifies the following equation
x=Hkx), x>0, 5.7)

where the function H : ]R(J{ — R is defined by the expression:

(Uo — Un) (F(a)(l +a) - /X waa(w)dw>
0

/x oy (w)dw
0

Or equivalently, we seek for a positive root of p(x) = x — H(x). Observe that

Hx) =

(5.8)

X X
lim / woy(w)dw =07 and  lim / o (w)dw =0T,
xN\O Jo xN\O Jo
Then p(0") = —oco because (Up—U,,) I' (@) (1+a) > 0. Moreover, by Proposition 8,

—(WUo — U)oy (x) [F(a)(l +a)+ f (x = w)aa(w)dw:|
0

X 2
(/ oa(u))dw)
0

from where p’(x) > 1. Thus, we can affirm that there exists a unique & > 0 such that

p&)=0.

From the preceding analysis, the next theorem follows.

H'(x) = <0

— Y

(5.9)
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Theorem 2 An explicit solution for the fractional space one-phase Stefan problem
(5.1) is given by

Uo— U x/tl/(l+ot)
ug(x, 1) = Uy — M/ oq (w)dw, (5.10)
/ oy (w)dw 0
0
Sa(t) = a1, 1 € (0,T), (5.11)

where &, € R is the unique solution to the equation
H,(x)=x, x>0, (5.12)

and the function Hy, is defined by (5.8).

Remark 6 1f we take @ = 1 in (5.1), we recover the classical Lamé-Clapeyron-Stefan
problem

) BuGe)— Lu,n=0, 0<x<sn,0<r<T,

@)  u(,t) =Up > Uy, O0<tr<T,

(i) u(s(t),1) = Up, 0<t<T, (5.13)
(iv) s(0)=0,

W) §0) =—Luls@), 1), 0<t<T.

By Remark 2 we know that
w? 2
=0 )=
o(w)=w E1’2,1< ) )—e 27 (5.14)

Then, the pair

Uo—Un) [
ui(x,t) = Uy — M/ o (w)dw
0

&
/ op(w)dw
0
Uy — Un) X
=Uy— —————erf (—) , (5.15)
’ erf (%) NG
sl = &3, 1€ 0,7), (5.16)

is a solution to (5.13) where & € R is the unique solution to the equation
Hix)=x, x>0, 5.17)
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with

X
_ _ —w?/4 .
WUo — Up) (2 [) we dw) - Uo — Uy, 267(7)2

Hi(x) = - .
e 2% erf (%) Vrooerf(3)

F

Thatis, we have recovered the classical Lamé-Clapeyron-Stefan solution to problem
(5.13) given in [13].

6 Explicit solution for the fractional space one-phase Stefan problem
with a Neumann condition at the fixed face

Now, we consider the problem (2.15) for a heat flux boundary data given by h(t) =
got~ T+« and melting temperature g,, such that go > g,

(i) %v(x,t) — 2 CD;‘v(x, t)=0, O0<x<s(t),0<t<T,

x 0 i
(ii) 1in01+ SD%v(x,t) = —got T+, O0<t<T,
x—
@@ii) v(s(®),t) = gm, O0<t<T, (6.1)
(iv) s(0) =0,
W) 5 =—(§D%v)(s(1), 1), 0<t<T.
Let v be defined by (4.17). From (6.1)—(ii) and (4.22), we deduce that B = — Fg&),
because

. C .
xl_lg)lJrngv(x,t) = lim B

(F(a) R e )_ BI'(a)

x—0F tﬁ It n(l + a)rtl t"-H—ﬁ tﬁ
6.2)
From condition (6.1)—(iii), we have
20 S(t)/tl/(l+u)
v(s(), 1) = A — og(w)dw = g, (6.3)
I'(@) Jo

and from where, we will ask again the free boundary s to be proportional to ¢!/1+e

s(t) = niTia, forsome neR, 1e(0,T). (6.4)
Then
g [

A=gn+ — og(w)dw. (6.5)

I'(a) Jo
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From conditions (6.1)(v), (4.23) and (6.4), we have

n go t T

o o
t T+a = gotim —

n
d
I +a F(a)1+a/0 wou (w)dw

) . (6.6)
—got THa (1 ——— woy(w)dw |,
% ( 1+l @ /0 «() )
or equivalently,
1 Ul
= 1 - — dw ). 6.7
n= 8o (( + o) @ Jo wog (w) w) (6.7)
Therefore, 1 should verify the following equation
x=G(x), x>0, (6.8)
where the function G is defined in Ra’ by the expression
1 X
G(x)=go ((l +o)— —— waa(w)dw> . (6.9)
I'(a) Jo

Observe that G is continuous in [0, 400). From Proposition 8, it easily follows that
G is an decreasing function. Moreover,

G(0) =go(l +a) > 0.
From the preceding analysis, we conclude that there exists a unique n € R™ such
that » = G (1), and the next theorem follows.

Theorem 3 An explicit solution for the space-fractional Stefan problem (6.1) is given
by

I+
80 Ta w
Ve (x,1) = —_— w'E —— | dw
a (X 1) g"1+F(a) 0 al+g.1 l+a

20 X/t o wite
w* T E, 1| — dw
' (o) Jo ©liTy, 1+«

wlte

80 e a—1
= E —— ) dw, 6.10
§m + (@) Jy /04w v @ l+g.1 < I+ (X) v (6.10)

1
Sa(t)znatm’ r e (07 T)’ (6.11)
where 1o € R is the unique solution to the equation
Gy(x)=x, x>0,

and the function G is defined by (6.9)
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Remark 7 For o = 1 in (6.1), we have

O v - Lo =0, 0<x<s@),0<t<T,

(i) lim v, ) =—gut 2, 0<i<T,
x—07t (6.12)
i) v(s(),t) = gm, 0<t<T, ’
(v) s(0) =0,
W 0 =—2vs®),0), 0<t<T,
and
0 w2 w2
o1(w) = wE) 4 (—7> = (3)7, (6.13)
Then, the pair
N1 0 w?
vix,H) =gn+g0 | | wEi2:1 — dw
x/t2
_ my _ o
—gm+goﬁ[erf(2) erf(zﬁﬂ, 6.14)
s1(t) = mtZ, t € (0,T) (6.15)

is a solution to the classical Lamé-Clapeyron-Stefan problem (6.12), where n; € R™
is the unique solution to the equation

Gi(x)=x, x>0, (6.16)

with
Gi(x) = go (2 - /x wal(w)dw> = Q,gog_(%)z’
0

as stated in [28, 29].

Remark 8 For the solution (6.10) to the space-fractional Stefan problem (6.1) a clas-
sical Neuman condition of the form v, (0", #) = g(t) cannot be considered. In fact,
observe that

o _ylta k
ve(x, 1) = — - | —— ) , 6.17
x (X, 1) gotm§k<(l+a)t) (6.17)

and ¢ < 2 for all k. Then, the series in the right hand of (6.17) is convergent for
x < 1. Moreover, for x = 0, the series is equal to 1. Hence, since ¢ — 1 < 0, we

conclude that

lim vy(x,t) = —o0.
x—0F

@ Springer



S.D. Roscani et al.

7 Conclusions

We obtained exact self-similarity solutions for a one-phase one-dimensional frac-
tional space Stefan problem in terms of the three parametric Mittag-Leffler function
Ey m.1(z). We considered Dirichlet and Neumann boundary conditions at the fixed
face, involving Caputo fractional space derivatives of order 0 < o« < 1. In both

1
cases, the free boundary term is proportional to ¢ T+« . Finally, we recover the solution
for the classical one-phase Stefan problem when the order of the Caputo derivatives
approaches one.
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