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Abstract
In this paper we obtain self-similarity solutions for a one-phase one-dimensional frac-
tional space Stefan problem in terms of the three parametric Mittag-Leffler function
Eα,m,l(z). We consider Dirichlet and Neumann conditions at the fixed face, involving
Caputo fractional space derivatives of order 0 < α < 1. We recover the solution
for the classical one-phase Stefan problem when the order of the Caputo derivatives
approaches one.
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Caputo derivative
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1 Introduction

This paper deals with a fractional space Stefan problem. More precisely, we consider
a phase-change problem where the heat flux is modeled through fractional integrals,
and the governed equation is a fractional diffusion equation.

Fractional diffusion equations are a wide scope which could be related to different
theories, all of them, converging to the classical diffusion equation which, in a simple
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one dimensional form can be written as

ut (x, t) = uxx (x, t) + F(x, t), x ∈ Ω ⊂ R, t ∈ (0, T ). (1.1)

Regarding fractional diffusion equations for Caputo andRiemann-Liouvlle derivatives
and its applications, a complete view of the state-of-the-art can be found in [18]. A
rigorous mathematical analysis is presented in [14, 19] and for applications we refer
the reader to [8, 15].

We will work with the following fractional diffusion equation, where a Caputo
derivative on the spatial variable is involved

ut (x, t) = ∂

∂x
C
0 Dα

x u(x, t), x ∈ Ω × (0, T ), α ∈ (0, 1). (1.2)

Recall that, for α ∈ (0, 1), the fractional integral of Riemann-Liouville a I 1−α of
order α is defined for every summable function f as

a I α f (x) = 1

Γ (α)

∫ x

a
f (p)(x − p)α−1dp, 0 < α < 1, (1.3)

and the Caputo and Riemann-Liouville derivatives of order α ∈ (0, 1) are defined for
every f ∈ AC[a, b] by

C
a Dα f (x) = a I 1−α f ′(x) and RL

a Dα f (x) = d

dx
a I 1−α f (x), (1.4)

respectively.
Wewill denote by C

a Dα
x and RL

a Dα
x to the Caputo andRiemann-Liouville derivatives

respect on the spatial variable.
In thewhole paperwewill considerα ∈ (0, 1), but in generalwehave suchoperators

defined for arbitrary α > 0 (see [4, 9]). Moreover, the subscript x in fractional integral
and derivatives will be omitted in the context of one variable functions.

It is worth noting that equation (1.2) is a consolidatedmodel to anomalous diffusion
[3, 16, 18] whereas it was proved in [1] that the equation

ut (x, t) = C
0 Dα+1

x u(x, t)

cannot provide a suitable model for anomalous diffusion.
The fractional Stefan problem for the one-dimensional time-fractional diffusion

equation has been recently widely studied. Different models are presented in [7, 20]
and [31]. A rigorous existence analysis of self-similar solutions was done in [12], and
results related to explicit solutions were established in [21–23] and [25]. Moreover,
an equivalent formulation for the fractional Stefan condition is given in [24].

Space-fractional Stefan problems have been proposed in [30] and the literature
about this topic is currently emerging. Recently, K. Ryszewska provided in [26] the
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mathematical analysis of a one dimensional, one-phase free boundary problem gov-
erned by a space-fractional diffusion equation. In that article, it is proved that the
problem to find a pair {u, s} verifying that

ut (x, t) = ∂
∂x

C
0 Dα

x u(x, t) 0 < x < s(t), 0 < t < T ,

ux (0, t) = 0 0 < t < T ,

u(s(t), t) = 0 0 < t < T ,

u(x, 0) = u0(x) 0 < x < s(0) = b,

ṡ(t) = − lim
x→s(t)−

C
0 Dα

x ux (x, t) 0 < t < T

(1.5)

has a unique solution under suitable regularity on the initial condition and the assump-
tion that b is a positive number.

In this paper two similar problems are treated. Let Qs,T be the parabolic domain,
defined as

Qs,T = {(x, t) : 0 < x < s(t), 0 < t < T } .

We consider two instantaneous melting fractional space Stefan problems. The first one
addressed with a Dirichlet condition: Find the pair of functions u : Qs,T → R and
s : [0, T ] → R with sufficiently regularity such that

ut (x, t) = ∂
∂x

C
0 Dα

x u(x, t) 0 < x < s(t), 0 < t < T ,

u(0, t) = g(t) 0 < t < T ,

u(s(t), t) = Um 0 < t < T ,

s(0) = 0,
ṡ(t) = − lim

x→s(t)−
C
0 Dα

x u(x, t) 0 < t < T .

(1.6)

And the second one addressedwith a Neumann condition:Find the pair of functions
w : Qs,T → R and r : [0, T ] → R with sufficiently regularity such that

wt (x, t) = ∂
∂x

C
0 Dα

x w(x, t) 0 < x < r(t), 0 < t < T ,
C
0 Dα

x w(0+, t) = −h(t) 0 < t < T ,

w(r(t), t) = Um 0 < t < T ,

r(0) = 0,
ṙ(t) = − lim

x→r(t)−
C
0 Dα

x w(x, t) 0 < t < T .

(1.7)

Note that a Neumann condition (1.7)−(i i) is different than (1.5)−(i i) and it will
be justified in the next section, where the model is presented.

The structure of the paper is the following: Problems (1.6) and (1.7) are derived
from physical assumptions in Sect. 2. Then, some useful properties related to the
special functions involved in the self-similarity solutions are presented in Sect. 3. In
Sect. 4, we apply the similarity method in order to obtain a solution as a function of
the three-parameter Mittag-Leffler function Eα,m,l(z) and the non-negative property
of the function defined in (4.16) is proven. In Sects. 5 and 6 we obtain the unique
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explicit solutions for the one-phase fractional space Stefan problems (1.6) and (1.7)
with a prescribed Dirichlet and fractional heat flux condition at the fixed face x = 0,
respectively.

2 Themathematical model for instantaneous phase change

Consider an instantaneous phase change problem corresponding to the melting of
a semi–infinite slab (0 ≤ x < ∞) of a material, which is initially at the melting
temperature Um , by imposing a temperature or a heat flux condition at the fixed face
x = 0. All the thermophysical parameters are considered to be constants.

The notation related to heat conduction with its corresponding physical dimensions
are given in the next table:

[u] temperature T
[k] thermal conductivity m X

Tt3

[ρ] mass density m
X3

[c] specific heat X2

Tt2

[d] =
[

k
ρc

]
diffusion coefficient X2

t

[l] latent heat per unit mass X2

t2
,

(2.1)

where T : temperature, t : time, m : mass, X : posi tion.
Let u = u(x, t) be the temperature and let q = q(x, t) be the heat flux of the

material at position x and time t . Let x = s(t) be the function representing the
(unknown) position of the free boundary (phase change interface) at time t such that
s(0) = 0.

Suppose that, at every time t the heat flux at a position x is a generalized weighted
sum of the classical fluxes occurring at every position from the initial position to the
current one, where the nearest local fluxes are more relevant than the farthest. That is,
we model the heat flux in the slab by the expression

q(x, t) = −να

1

Γ (1 − α)

∫ x

0
k ux (p, t)(x − p)−αdp = −ναk 0 I 1−α

x
∂u

∂x
(x, t).

(2.2)

Equation (2.2) can be expressed in terms of Caputo derivatives as follows:

q(x, t) = −ναk C
0 Dα

x u(x, t). (2.3)

Note that k is the thermal conductivity whereas the parameter να has been added
to preserve the consistency with respect to the units of measure in equation (2.2) such
that

lim
α↗1

να = 1. (2.4)
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From the units of measure given in (2.1), we have that [q] = m
t3

. Then

[να]
[

I 1−α
x kux (x, t)

]
= [να]

[
1

Γ (1 − α)

∫ x

0

kux (p, t)

(x − p)α
dp

]
= [να]

m

t3
m1−α

(2.5)

and [να] = mα−1.
Now, let us derive the two governing equations of the problem. From the first

principle of the thermodynamics, we have that

ρc
∂u

∂t
(x, t) = −∂q

∂x
(x, t). (2.6)

Then, by replacing (2.3) in the continuity equation (2.6), the governing equation
(now with all the physical parameters) becomes

ρc
∂u

∂t
(x, t) = ναk

∂

∂x
C
0 Dα

x u(x, t) (2.7)

which in terms of the fractional diffusivity constant, defined by

λα = ναλ, λ = k

ρc
,

is expressed as

∂u

∂t
(x, t) = λα

∂

∂x
C
0 Dα

x u(x, t). (2.8)

With respect to the interface, we are considering a sharp model where the solid
phase is at constant temperature equal to Um . Then the Rankine–Hugonoit condition
gives

�q�s
l = −ρlṡ(t), (2.9)

where the double brackets represents the difference between the limits of the fluxes
from the solid phase and the liquid phase and l is the latent heat of fusion by unit of
mass. The fractional Stefan condition then, is obtained from (2.3) and (2.9) and it is
given by

ρlṡ(t) = −ναk lim
x→s(t)−

( C
0 Dα

x u)(x, t), t ∈ (0, T ), (2.10)

which, for simplicity, will be written as

ρlṡ(t) = −ναk C
0 Dα

x u(s(t), t), t ∈ (0, T ). (2.11)
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Then, by supposing that the melting temperature is given by u(s(t), t) = Um , we
can address the problem with a Dirichlet type condition

u(0, t) = g(t) (2.12)

or by considering a Neumann boundary condition at x = 0 which, according to (2.3),
is given by

lim
x→0+

C
0 Dα

x u(x, t) = −h(t), (2.13)

where g(t) ≥ Um for every t and h is a positive function conforming to the melting
model considered.

Thus, the one-dimensional fractional space one-phase free-boundary problems for
Dirichlet and Neumann conditions at x = 0 are given respectively by the following
expressions:

(i) ∂
∂t u(x, t) − λα

∂
∂x

C
0 Dα

x u(x, t) = 0, 0 < x < s(t), 0 < t < T ,

(i i) u(0, t) = g(t), 0 < t < T ,

(i i i) u(s(t), t) = Um, 0 < t < T ,

(iv) s(0) = 0,
(v) ρlṡ(t) = −ναk( C

0 Dα
x u)(s(t), t), 0 < t < T ,

(2.14)

and

(i) ∂
∂t w(x, t) − λα

∂
∂x

C
0 Dα

x w(x, t) = 0, 0 < x < s(t), 0 < t < T ,

(i i) lim
x→0+

C
0 Dα

x w(x, t) = −h(t), 0 < t < T ,

(i i i) w(s(t), t) = Um, 0 < t < T ,

(iv) s(0) = 0,
(v) ρlṡ(t) = −ναk( C

0 Dα
x w)(s(t), t), 0 < t < T .

(2.15)

In [30] the quasi-stationary case was solved. There, it was shown that the pair

u(x, t) = 1 − xα

[Γ (2 + α)]
α

1+α t
α

1+α

, s(t) = [Γ (2 + α)]
1

1+α t
1

1+α (2.16)

is a solution to problem

(i) ∂
∂x

C
0 Dα

x u(x, t) = 0, 0 < x < s(t), 0 < t < T ,

(i i) u(0, t) = 1, 0 < t < T ,

(i i i) u(s(t), t) = 0, 0 < t < T ,

(iv) s(0) = 0,
(v) ṡ(t) = −( C

0 Dα
x u)(s(t), t), 0 < t < T .

(2.17)
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3 Some basics of the fractional calculus involved in this model

Proposition 1 The following properties involving the fractional integrals and deriva-
tives of order α ∈ (0, 1) hold:

1. The fractional Riemann–Liouville derivative is a left inverse operator of the frac-
tional Riemann–Liouville integral of the same order α ∈ (0, 1). If f ∈ L1(a, b),
then

RL
a Dα

a I α f (x) = f (x) a.e.in (a, b).

2. The fractional Riemann–Liouville integral, in general, is not a left inverse operator
of the fractional Riemann–Liouville derivative.
In particular, if f is such that a I 1−α f ∈ AC[0, b], we have a I α(RL

a Dα f )(x) =
f (x) − a I 1−α f (a+)

Γ (α)(x − a)1−α
for every x ∈ [a, b].

3. If there exist some function φ ∈ L1(a, b) such that f = a I αφ, then

a I α RL
a Dα f (x) = f (x) ∀ x ∈ [a, b].

4. If f ∈ AC[a, b], then

RL
a Dα f (x) = f (a)

Γ (1 − α)
(x − a)−α + C

a Dα f (x) a.e.in (a, b). (3.1)

5. For every f ∈ AC[a, b] such that a I 1−α f ′ ∈ AC[a, b] it holds that

d

dx
C
a Dα f (x) = RL

a Dα( f ′)(x), a.e. in (a, b).

Proof See Chapter 2 of [4] for 1, 2 and 3, Chapter 3 of [4] for 4, and [9,Theorem 2.1]
for 5. ��
Proposition 2 The following limits hold:

1. If we set a I 0 = I d, the identity operator, then for every f ∈ L1(a, b),

lim
α↘0

a I α f (x) = a I 0 f (x) = f (x), a.e. in (a, b). (3.2)

2. For every f ∈ AC[a, b],

lim
α↗1

RL
a Dα f (x) = f ′(x), and lim

α↗1

C
a Dα f (x) = f ′(x) a.e. in (a, b).

Proof 1. See [27,Th. 2.7].
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2. We note that f ′ ∈ L1(a, b) and C
a Dα f (x) = a I 1−α f ′(x). Then, by (3.2)

lim
α↗1

C
a Dα f (x) = lim

α↗1
a I 1−α f ′(x) = f ′(x), a.e. in (a, b).

Then, using (3.1), we deduce

lim
α↗1

RL
a Dα f (x) = lim

α↗1

(
f (a)

Γ (1 − α)
(x − a)−α + C

a Dα f (x)

)
= f ′(x),

where the limits hold a.e. in (a, b).
��

The fractional integrals and derivatives of a power function are well known, as

a I α
(
(x − a)β

) = Γ (β + 1)

Γ (β + α + 1)
(x − a)β+α, for every β > −1, (3.3)

and

RL
a Dα

(
(x − a)β

) =
{

Γ (β+1)
Γ (β−α+1) (x − a)β−α if β > −1, β �= α − 1,

0 if β > −1, β = α − 1.
(3.4)

Fractional integrals and derivatives are evaluated also for most of the special
functions related to fractional order models, considered as particular cases of the
Wright generalized hypergeometric functions, see [11]. Especially, in [10] one can
find Riemann-Liouville integrals and derivatives of the Mittag-Leffler type function
with 3 parameters, introduced by Kilbas and Saigo, that are presented below.

Definition 1 Let α > 0, m > 0, and l such that α( jm + l) �= −1,−2,−3, . . .
( j = 0, 1, 2, . . . ). The three-parametric Mittag-Leffler function Eα,m,l(z) is defined
by

Eα,m,l(z) =
∞∑

n=0

cnzn, with c0 = 1, cn =
n−1∏
j=0

Γ (α( jm + l) + 1)

Γ (α( jm + l + 1) + 1)
, n ∈ N.

(3.5)

Remark 1 In [10,Th. 1], it is prove that for every α > 0, m > 0, and l such that α( jm+
l) �= −1,−2,−3, . . . ( j = 0, 1, 2, . . . ), the function Eα,m,l(z) is an entire function
of the variable z. The proof is based on the next asymptotic behavior [5,1.18(4)]

Γ (z + a)

Γ (z + b)
= za−b

[
1 + O

(
1

z

)]
(|z| → ∞, |arg(z + a)| < π), (3.6)

from where

cn+1

cn
= Γ (α(nm + l) + 1)

Γ (α(nm + l + 1) + 1)
∼ (αmn)−α → 0 (n → ∞). (3.7)
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Hence, the power series (3.5) converges in the whole complex plane, and therefore
Eα,m,l(z) is an entire function.

Remark 2 In particular E1,1,0(z) = ez and we recover the classical Mittag-Leffler
function for m = 1 and l = 0 Eα,1,0(z) = Eα(z). Also, a two paramet-
ric Mittag–Leffler function is recovered for the case Eα,1,l(z) = Γ (αl + 1)

Eα,αl+1(z). Finally, a special case of our interest is E1,2,1

(
− z2

2

)
= e−( z

2 )
2
. For the

theory and details on the classical Mittag-Leffler functions with 1 and 2 parameters,
see [6].

We will focus on the function σα(z) = zα−1Eα,1+ 1
α
,1

(
− z1+α

1+α

)
defined in R

+,
which will take part in the explicit solutions that will be presented in the next section.

By applying Theorem 4 in [10] to function σα for the particular case

l = 1, m = 1 + 1

α
, a = − 1

1 + α
,

it yields that

(
RL
0 Dα

x

[
pα−1Eα,1+ 1

α
,1

(
− p1+α

1 + α

)])
(x) = − 1

1 + α
xα Eα,1+ 1

α
,1

(
− x1+α

1 + α

)

(3.8)

for every x ∈ R
+.

Besides, the next interesting convergence statement holds.

Proposition 3 Let fα(x) :=
∫ x

0
wα−1Eα,1+ 1

α
,1

(
−w1+α

1 + α

)
dw, for α ∈ (0, 1). Then

we have

lim
α↗1

fα(x) = √
π f

( x

2

)
for every x ∈ R

+
0 ,

where f (x) := erf(x) is the error function defined in R
+
0 by the expression erf(x) :=

2√
π

∫ x

0
e−s2ds.

Proof Note that

σα(x) = xα−1Eα,1+ 1
α
,1

(
− x1+α

1 + α

)
=

∞∑
n=0

cn(−1)n x (n+1)(1+α)−2

(1 + α)n

= xα−1 −
∞∑

n=0

cn+1(−1)n xn(1+α)+2α

(1 + α)n+1 .

(3.9)

123



S. D. Roscani et al.

We will show that the series above is uniformly absolutely convergent. In fact, let us
denote

an = cn+1(−1)n Mn(1+α)+2α

(1 + α)n+1 ,

for arbitrary M > 0. Then, by (3.7) we have

∣∣∣∣an+1

an

∣∣∣∣ = cn+1M1+α

cn(1 + α)
→ 0, n → ∞.

Hence, integrating term by term in the series in (3.9), the following expression to
fα holds

fα(x) = xα

α
−

∞∑
n=0

cn+1(−1)n x (n+1)(1+α)+α

[(n + 1)(1 + α) + α](1 + α)n+1

= xα

α
+

∞∑
n=1

cn(−1)n xn(1+α)+α

[n(1 + α) + α](1 + α)n

= xα
∞∑

n=0

cn

[(n + 1)(1 + α) − 1]
(

− x1+α

1 + α

)n

.

(3.10)

We can see that the series
∞∑

n=0

cn[(n+1)(1+α)−1]
(
− x1+α

1+α

)n
is uniformly absolutely con-

vergent. Hence, taking into account that

lim
α↗1

cn = lim
α↗1

n−1∏
j=0

Γ (( j + 1)(1 + α))

Γ (( j + 1)(1 + α) + α)
= 1

2nn! (3.11)

we have

lim
α↗1

fα(x) = x
∞∑

n=0

1

2nn![2(n + 1) − 1]
(

− x2

2

)n

=
∞∑

n=0

(−1)n

22nn!(2n + 1)
x2n+1

= √
π erf

( x

2

)
.

(3.12)

��
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4 The self-similar solution in terms of theMittag-Leffler function and
its properties

The aim of this section is to obtain an exact solution to problems (2.14) and (2.15). For
simplicity, all the thermophysical parameters will be considered as constants equals
to one.

First, we will look for a self-similar solution through the method of similarity
variables [2, 17, 29]. Suppose that u = u(x, t) is a solution to the space fractional
diffusion equation (1.2) and let the function uλ be defined by

uλ(x, t) = u

(
x

λ
,

t

λb

)
, (4.1)

for b ∈ R and λ > 0.

Proposition 4 A function u = u(x, t) is a solution to (1.2) in [0, d] × (0, T ) if and

only if uλ = uλ(x, t) is a solution to (1.2) in
[
0, d

λ

] ×
(
0, T

λ1+α

)
for b = 1+ α, for all

λ > 0.

Proof Let us define the function uλ(x, t) : = u(x̄, t̄) where x = λx̄ and t = λbt̄ . It is
straightforward to see that

∂

∂t
uλ(x, t) = ut̄ (x̄, t̄)

1

λb
, (4.2)

∂

∂x
uλ(x, t) = ux̄ (x̄, t̄)

1

λ
, (4.3)

C
0 Dα

x uλ(x, t) = λ−α C
0 Dα

x̄ u(x̄, t̄), (4.4)

and

∂

∂x
C
0 Dα

x uλ(x, t) = λ−α−1 ∂

∂ x̄
C
0 Dα

x̄ u(x̄, t̄). (4.5)

Then, from (4.2), (4.3) and (4.5) it follows that

∂

∂t
uλ(x, t) − ∂

∂x
C
0 Dα

x uλ(x, t) = λ−but̄ (x̄, t̄) − λ−α−1 ∂

∂ x̄
C
0 Dα

x̄ u(x̄, t̄). (4.6)

From equality (4.6) our thesis holds. ��
The scaling in the previous result indicates that the ratio x

t
1

1+α

plays an important role

in equation (1.2). This fact suggests us to search for a solution u(x, t) = θ

(
x

t
1

1+α

)
.

Thus we define the one variable function

θ(z) := u(x, t), (4.7)
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where z is the similarity variable defined as

z := x

t
1

1+α

. (4.8)

Now, we apply the chain rule in order to obtain an ordinary fractional differential
equation for the function θ = θ(z). Note that

∂

∂t
u(x, t) = − z

(1 + α)t
θ ′(z). (4.9)

Also, by making the substitution w = p

t
1

1+α

, it follows that

∂

∂x

(
C
0 Dα

x u(x, t)
)

= ∂

∂x

(
1

Γ (1 − α)

∫ z

0

θ ′(w)

t
α

1+α (z − w)α
dw

)

= 1

t

∂

∂z
C
0 Dα

z θ(z).

(4.10)

From (4.9) and (4.10), we deduce

0 = ∂

∂t
u(x, t) − ∂

∂x
C
0 Dα

x u(x, t) = −1

t

[
z

1 + α
θ ′(z) + ∂

∂z
C
0 Dα

z θ(z)

]
, (4.11)

and then,

z

1 + α
θ ′(z) + ∂

∂z
C
0 Dα

z θ(z) = 0. (4.12)

Reciprocally, if θ is a solution to (4.12), we can go back over previous calculations
and obtain that u is a solution of (1.2). More precisely:

Proposition 5 The function u is a self-similar solution to equation (1.2) if and only
if the function θ defined by (4.7) with the similarity variable (4.8) is a solution to
equation (4.12).

Now, we seek for a solution to (4.12). Making the substitution σ(z) = θ ′(z), and
using Proposition 1 (part 5), we convert (4.12) into the next equation

z

1 + α
σ(z) + R L Dα

z (σ )(z) = 0. (4.13)

From [9,Example 4.3] we know that a solution to (4.13) is given by

σ(z) = zα−1Eα,1+ 1
α
,1

(
− z1+α

1 + α

)
=

∞∑
n=0

cn(−1)n z(n+1)(1+α)−2

(1 + α)n
, (4.14)
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where cn is given in (3.5).
Hence,

θ(z) = A + B
∫ z

0
wα−1Eα,1+ 1

α
,1

(
−w1+α

1 + α

)
dw

= A + B
∞∑

n=0

cn(−1)n

(1 + α)n

z(n+1)(1+α)−1

(n + 1)(1 + α) − 1

(4.15)

is a solution to equation (4.12) for arbitrary real constants A and B.

Remark 3 Note that the unique continuous solution to (4.13) at z = 0 is the null
function, that is, the solution such that θ ′(0+) = 0. But, adressing the problem with
initial conditions in terms of fractional integrals, we obtain solutions with a singularity
at z = 0 that verify the requirest initial condition.

Remark 4 We can say that θ is an absolutely continuous function, since θ(z) = θ(0)+∫ z

0
θ ′(w)dw. Therefore, by Proposition 1, ∂

∂z
C
0 Dα

z θ(z) = R L Dα
z (θ ′)(z).

Hereinafter we denote by

σα(w) := wα−1Eα,1+ 1
α
,1

(
−w1+α

1 + α

)
. (4.16)

Proposition 6 For every A, B ∈ R, the function u : R
+
0 × (0, T ) → R such that

u(x, t) = A + B
∫ x/t

1
1+α

0
σα(w)dw (4.17)

is a solution to the space-fractional diffusion equation (1.2).

Proof The proof is a direct consequence from the chain rule, property (5) of Proposi-
tion 1 and expression (3.8). ��
Remark 5 It is also interesting the series approach in the aim to prove that (4.17) is a
solution of (1.2). First, note that

u(x, t) = A + B
∞∑

n=0

cn(−1)n

(1 + α)n

x (n+1)(1+α)−1

[(n + 1)(1 + α) − 1]t (n+1)(1+α)−1
1+α

,

where the series in right side is absolutely convergent over compact sets inR
+
0 ×(0, T ).

Then, we can interchange C
0 Dα

x and partial derivatives with the series, obtaining that

C
0 Dα

x u(x, t) = B
∞∑

n=0

cn(−1)n

(1 + α)n

Γ ((n + 1)(1 + α) − 1)

Γ ((n + 1)(1 + α) − α)

xn(1+α)

t
(n+1)(1+α)−1

1+α

, (4.18)
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∂

∂x
C
0 Dα

x u(x, t) = B
∞∑

n=1

cn(−1)nn

(1 + α)n−1

Γ ((n + 1)(1 + α) − 1)

Γ ((n + 1)(1 + α) − α)

xn(1+α)−1

t
(n+1)(1+α)−1

1+α

, (4.19)

and

ut (x, t) = B
∞∑

n=1

cn−1(−1)n

(1 + α)n

xn(1+α)−1

t
(n+1)(1+α)−1

1+α

. (4.20)

Then, if we denote Cα,n := cn−1

(1 + α)
− cnnΓ ((n + 1)(1 + α) − 1)

Γ ((n + 1)(1 + α) − α)
, we have

Cα,n = 1

(1 + α)

n−2∏
j=1

Γ (( j + 1)(1 + α))

Γ (( j + 1)(1 + α) + α)

−
n−1∏
j=1

Γ (( j + 1)(1 + α))

Γ (( j + 1)(1 + α) + α)

nΓ ((n + 1)(1 + α) − 1)

Γ ((n + 1)(1 + α) − α)

= 1

(1 + α)

n−2∏
j=1

Γ (( j + 1)(1 + α))

Γ (( j + 1)(1 + α) + α)

[
1 − n(1 + α)Γ (n(1 + α))

Γ (n(1 + α) + α)

Γ ((n + 1)(1 + α) − 1)

Γ ((n + 1)(1 + α) − α)

]

= 1

(1 + α)

n−2∏
j=1

Γ (( j + 1)(1 + α))

Γ (( j + 1)(1 + α) + α)

[
1 − Γ (n(1 + α) + 1)

Γ (n(1 + α) + α)

Γ (n(1 + α) + α)

Γ (n(1 + α) + 1)

]

= 1

(1 + α)

n−2∏
j=1

Γ (( j + 1)(1 + α))

Γ (( j + 1)(1 + α) + α)
[1 − 1] = 0, ∀n ∈ N.

(4.21)

The result (4.21) holds for every n ∈ N, hence function u is a solution to (1.2).

Proposition 7 If u is the selfsimilar solution given in (4.17), then we have

C
0 Dα

x u(x, t) = B

(
Γ (α)

t
α

1+α

−
∞∑

n=1

cn−1(−1)n−1

n(1 + α)n+1

xn(1+α)

tn+1− 1
1+α

)
(4.22)

or equivalently,

− C
0 Dα

x u(x, t) = −BΓ (α)t−
α

1+α + Bt−
α

1+α

1 + α

∫ x/t
1

1+α

0
wα Eα,1+ 1

α
,1

(
−w1+α

1 + α

)
dw.

(4.23)
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Proof Using the fact that

cn = cn−1
Γ (n(1 + α))

Γ (n(1 + α) + α)

= cn−1
Γ (n(1 + α) + 1)

Γ (n(1 + α) + α)n(1 + α)

= cn−1

n(1 + α)

Γ ((n + 1)(1 + α) − α)

Γ ((n + 1)(1 + α) − 1)

(4.24)

and replacing the above expression in (4.18) we get

− C
0 Dα

x u(x, t) = − BΓ (α)

t
α

1+α

− B
∞∑

n=1

cn(−1)n

(1 + α)n

Γ ((n + 1)(1 + α) − 1)

Γ ((n + 1)(1 + α) − α)

xn(1+α)

t
(n+1)(1+α)−1

1+α

= −BΓ (α)t−
α

1+α + B
∞∑

n=1

cn−1(−1)n−1

n(1 + α)n+1

xn(1+α)

tn+1− 1
1+α

. (4.25)

Then

− C
0 Dα

x u(x, t) = −BΓ (α)t−
α

1+α + B
∞∑

n=1

cn−1(−1)n−1

n(1 + α)n+1

xn(1+α)

tn+1− 1
1+α

= −BΓ (α)t−
α

1+α

+ Bt−
α

1+α

1 + α

∫ x/t
1

1+α

0

d

dw

( ∞∑
n=1

cn−1(−1)n−1

n(1 + α)n
wn(1+α)

)
dw

= −BΓ (α)t−
α

1+α

+ Bt−
α

1+α

1 + α

∫ x/t
1

1+α

0

∞∑
n=0

cn(−1)n

(1 + α)n
w(n+1)(1+α)−1dw

= −BΓ (α)t−
α

1+α

+ Bt−
α

1+α

1 + α

∫ x/t
1

1+α

0
wα Eα,1+ 1

α
,1

(
−w1+α

1 + α

)
dw.

(4.26)

��

The last aim of this section is to prove that the kernel of the selfsimilar solution given
in (4.16) is non-negative in R

+ and the proof will be supported in a weak extremum
principle for the space fractional diffusion equation

ut − ∂

∂x
C
0 Dα

x u = f (4.27)
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in the region

Qs,T = {(x, t) : 0 < x < s(t), 0 < t < T }, (4.28)

for a given function s : [0, T ] → R such that s ∈ C[0, T ], s(0) = b > 0 and there
exists M > 0 / 0 < ṡ(t) ≤ M for every t ∈ [0, T ]. We define the parabolic boundary
of Qs,T by

∂γs,T = γ1 ∪ γ2 ∪ γ3,

where γ1 = {(0, t) : 0 ≤ t ≤ T }, γ2 = {(x, 0) : 0 ≤ x ≤ s(0) = b} and
γ3 = {(s(t), t) : 0 ≤ t ≤ T }.

The next weak extremum principle was stated in [26] and we recall it below for the
benefit of the reader.

Theorem 1 Let u be a solution to (4.27) in the region Qs,T defined in (4.28), such that
u has the following regularity: u ∈ C(Qs,T ), ut ∈ C(Qs,T ) and for every t ∈ (0, T ),

for every 0 < η < ω < s(t) we have u(·, t) ∈ W 2, 1
1−β (η, ω) = { f ∈ L

1
1−β : Dk f ∈

L
1

1−β , 0 ≤ |k| ≤ 2} for some β ∈ (α, 1]. Let ∂γs,T be its parabolic boundary. Then,

1. If f ≤ 0, then u attains its maximum on ∂γs,T ,
2. If f ≥ 0, then u attains its minimum on ∂γs,T .

In the next proposition we prove that the function σα which is the kernel of the
selfsimilarity solution is a non-negative function in R

+. The idea of the proof is to
proceedby contradiction.We supposefirst that there exists z0 > 0 such thatσα(z0) < 0
and construct a solution uε(x, t) = u(x, t + ε), in terms of σα , to a moving-boundary
problem, for arbitrary ε ∈ (0, 1), where u is of the form (4.17). Then, we obtain that
uε ≥ 0 by using Theorem 1. After that, we define the function wε

κ = uε + κv, for
κ > 0 a constant to be determined, such thatwε

κ verifies the assumptions in Theorem 1
and we finally get a contradiction by choosing a suitable k.

Proposition 8 Let α ∈ (0, 1). Then the function σα defined in (4.16) is a non-negative
function in R

+.

Proof We know that σα(0+) = +∞ and that σα ∈ C1(R+). Suppose that there exists
z0 > 0 such that σα(z0) < 0. Then we can affirm that there exists a “first value”
c > 0 for which σα(c) = 0. Also, from [10,Th. 1] we know that the complex variable
Mittag-Leffler function Eα,1+ 1

α
,1(z) is an entire function, then it has isolated roots and

we can choose a sufficiently small δ > 0 such that σα(z) ≥ 0 for z ∈ (0, c], σα(z) < 0
for z ∈ (c, c + δ] and

∫ c+δ

0
σα(w)dw > 0. (4.29)

Now, let 0 < ε < 1 be, and consider the functions sε,δ and uε defined by

sε,δ(t) = (c + δ)(t + ε)
1

1+α , t ≥ 0, for t ∈ (0, T ) (4.30)
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Fig. 1 Region Qsε,δ ,T and its parabolic boundary

and

uε(x, t) = u(x, t + ε) =

∫ x/(t+ε)1/(1+α)

0
σα(w)dw

∫ c+δ

0
σα(w)dw

for 0 < x < sε,δ(t), 0 < t < T ,

where u is the function defined in (4.17) for A = 0 and B = 1∫ c+δ

0
σα(w)dw

.

Then, if we define the region Qsε,δ,T = {(x, t) : 0 < x < sε,δ(t), 0 < t < T }, and
its parabolic boundary ∂γsε,δ,T = γ1 ∪ γ2 ∪ γ3, where γ1 = {(0, t) : 0 ≤ t ≤ T },
γ2 = {(x, 0) : 0 ≤ x ≤ sε,δ(0) = (c + δ)ε

1
1+α } and γ3 = {(sε,δ(t), t) : 0 ≤ t ≤ T }

(see Figure 1), it results that uε is a solution to the moving-boundary problem

(i) ut − ∂
∂x

C
0 Dα

x u(x, t) = 0, 0 < x < sε,δ(t), 0 < t < T ,

(i i) u(0, t) = 0, 0 < t < T ,

(i i i) u(sε,δ(t), t) = 1, 0 < t < T ,

(iv) u(x, 0) =

∫ x/ε1/(1+α)

0
σα(w)dw

∫ c+δ

0
σα(w)dw

≥ 0, 0 ≤ x ≤ sε,δ(0) = (c + δ)ε
1

1+α > 0.

(4.31)

Moreover,
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uε(x, t) = 1∫ c+δ

0
σα(w)dw

∞∑
n=0

cn(−1)n

(1 + α)n[(n + 1)(1 + α) − 1]
x (n+1)(1+α)−1

(t + ε)n+1− 1
1+α

=

(
x

(t+ε)
1

1+α

)α

∫ c+δ

0
σα(w)dw

∞∑
n=0

cn(−1)n

(1 + α)n[(n + 1)(1 + α) − 1]
(

x1+α

t + ε

)n

.

(4.32)

The power series in (4.32) is absolutely convergent on Qsε,δ,T . Then, uε ∈
C(Qsε,δ,T ) and uε ∈ C∞(Qsε,δ,T ). In particular, uε ∈ C2(Qsε,δ,T ), and for every

0 < δ < ω < sε,δ(t) and an arbitrary β ∈ (α, 1), we have uε(·, t) ∈ W 2, 1
1−β (δ, ω).

Thus, by Theorem 1 (or [26,Lemma 6]), it results that uε attains its minimum and
its maximum at the parabolic boundary ∂γsε,δ,T . Hence it easily straightforward that
uε(x, t) ≥ 0 for all (x, t) ∈ Qsε,δ,T .

Next, we analyze the behavior of uε at the parabolic boundary ∂γsε,δ,T . Let ft (x) :=
uε(x, t). Thus,

f ′
t (x) =

σα

(
x

(t+ε)1/(1+α)

)

(t + ε)1/(1+α)

∫ c+δ

0
σα(w)dw

,

being f ′
t (x) ≥ 0 in (0, c(t + ε)1/(1+α)) and f ′

t (x) < 0 in (c(t + ε)1/(1+α), (c +
δ)(t + ε)1/(1+α)). We conclude then that ft attains its maximum over [0, (c +
δ)(t + ε)1/(1+α)] = [0, sε,δ(t)] at the point x = c(t + ε)1/(1+α). Moreover,
ft (c(t + ε)1/(1+α)) > ft (sε,δ(t)).
Besides, if we denote by ξt = c(t + ε)1/1+α , for every t ∈ [0, T ], we can state that

ft (ξt ) = uε(ξt , t) =

∫ c

0
σα(w)dw

∫ c+δ

0
σα(w)dw

= uε(ξt ′, t ′) = ft ′(ξt ′), ∀t, t ′ ∈ [0, T ],

and then, uε attains its maximum on Qsε,δ,T at every point (ξt , t), for all t ∈ [0, T ].
In particular, uε attains its maximum at (ξ0, 0) ∈ ∂γsε,δ,T . Denote by A := uε(ξt , t),
for every t ∈ [0, T ]. Note that A = uε(ξt , t) > uε((sε,δ(t), t) = 1,∀t ≤ T .

Let us consider now the function v(x, t) = x1+α

1+α
+ Γ (1 + α)t and define

wε
κ(x, t) = uε(x, t) + κv(x, t), (4.33)
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where the constant κ will be specified latter. Observe that v and wε
κ are both solutions

to (4.31)−(i), for every κ > 0, and wε
κ verifies the hypothesis of Theorem 1. Then,

max
Qsε,δ ,T

wε
κ = max

∂γsε,δ ,T

wε
κ . (4.34)

Finally, let us make some computations in order to evaluate wε
κ at the parabolic

boundary:

max
x∈[0,sε,δ(0)]

wε
κ(x, 0) ≤ max

x∈[0,sε,δ(0)]
uε(x, 0) + κ max

x∈[0,sε,δ(0)]
v(x, 0)

= uε(ξ0, 0) + κv(sε,δ(0), 0)

= A + κ
(c + δ)1+αε

1 + α
.

(4.35)

Also, we have that

max
x∈[0,sε,δ(t)]

wε
κ(x, t) ≥ wε

κ(ξt , t)

= A + κ

[
c1+α(t + ε)

1 + α
+ Γ (1 + α)t

]
.

(4.36)

Then, taking t0 > ε
(c+δ)1+α−c1+α

c1+α+Γ (2+α)
> 0, it holds that

c1+α(t0 + ε)

1 + α
+ Γ (1 + α)t0 >

(c + δ)1+αε

1 + α
,

and therefore, taking into account (4.35) and (4.36) we get:

max
x∈[0,sε,δ(t0)]

wε
κ(x, t0) > max

x∈[0,sε,δ(0)]
wε

κ(x, 0),

and we conclude that wε
γ does not attains its maximum at γ2.

On the other hand, v(·, t) is a strictly increasing function for every fixed t . Then,
wε

κ does not attains its maximum at γ1.
Finally, asking κ to verify that κ <

(A−1)(α+1)
[(c+δ)1+α−c1+α](T +ε)

, we can affirm that

wε
κ(sε,δ(t), t) = 1 + κ

[
(c + δ)1+α(t + ε)

1 + α
+ Γ (1 + α)t

]

< A + κ

[
c1+α(t + ε)

1 + α
+ Γ (1 + α)t

]
= wε

κ(ξt , t), ∀t ≤ T ,

(4.37)

from where we claim that wε
κ does not attains its maximum at γ3.

Therefore, wε
κ does not attains its maximum at the parabolic boundary ∂γsε,δ,T ,

which contradicts the equality (4.34).
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This contradiction comes from assuming that there exists z0 > 0 such that σα(z0) <

0. Thus,

σα(z) ≥ 0, ∀z > 0, (4.38)

and our thesis holds. ��
Corollary 1 The three parametric Mittag-Leffler function involved in the kernel of the
self-similar solution (4.17) verifies that

Eα,1+ 1
α
,1

(
− x1+α

1 + α

)
≥ 0 for all x > 0. (4.39)

5 Explicit solution for the fractional space one-phase Stefan problem
with a Dirichlet condition at the fixed face

Let us return to problem (2.14) for a constant Dirichlet boundary data g ≡ U0 and
melting temperature Um such that U0 > Um , given by the following free boundary
problem:

(i) ∂
∂t u(x, t) − ∂

∂x
C
0 Dα

x u(x, t) = 0, 0 < x < s(t), 0 < t < T ,

(i i) u(0, t) = U0 > Um, 0 < t < T ,

(i i i) u(s(t), t) = Um, 0 < t < T ,

(iv) s(0) = 0,
(v) ṡ(t) = −( C

0 Dα
x u)(s(t), t), 0 < t < T .

(5.1)

Let u be defined by (4.17). From (5.1)−(i i), we deduce that A = U0. Now, from
condition (5.1)−(i i i), we have

u(s(t), t) = U0 + B
∫ s(t)/t1/(1+α)

0
σα(w)dw = Um . (5.2)

Note that (5.2) must be verified for all t ∈ (0, T ), then the free boundary s must be
proportional to t1/1+α , that is to say

s(t) = ξ t
1

1+α , for some ξ ∈ R
+, t ∈ (0, T ), (5.3)

which satisfies (5.1)−(iv). Replacing (5.3) in (5.2) yields that

B = −(U0 − Um)∫ ξ

0 σα(w)dw
, (5.4)

where we have used inequality (4.38), the fact that σα is positive in a neighborhood
of 0 and that ξ > 0.
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Replacing (4.23) on (5.1)(v), and deriving (5.3), we have

ξ

1 + α
t−

α
1+α = −BΓ (α)t−

α
1+α + B

t−
α

1+α

1 + α

∫ ξ

0
wσα(w)dw

= Bt−
α

1+α

1 + α

(
−Γ (α)(1 + α) +

∫ ξ

0
wσα(w)dw

)
.

(5.5)

Then, combining (5.4) and (5.5), we have the following condition

ξ =
(U0 − Um)

(
Γ (α)(1 + α) −

∫ ξ

0
wσα(w)dw

)

∫ ξ

0
σα(w)dw

. (5.6)

Therefore, we seek for a positive number ξ which verifies the following equation

x = H(x), x > 0, (5.7)

where the function H : R
+
0 → R is defined by the expression:

H(x) =
(U0 − Um)

(
Γ (α)(1 + α) −

∫ x

0
wσα(w)dw

)
∫ x

0
σα(w)dw

. (5.8)

Or equivalently, we seek for a positive root of p(x) = x − H(x). Observe that

lim
x↘0

∫ x

0
wσα(w)dw = 0+ and lim

x↘0

∫ x

0
σα(w)dw = 0+.

Then p(0+) = −∞ because (U0−Um)Γ (α)(1+α) > 0.Moreover, by Proposition 8,

H ′(x) =
−(U0 − Um)σα(x)

[
Γ (α)(1 + α) +

∫ x

0
(x − w)σα(w)dw

]

(∫ x

0
σα(w)dw

)2 ≤ 0,

(5.9)

from where p′(x) ≥ 1. Thus, we can affirm that there exists a unique ξ > 0 such that
p(ξ) = 0.

From the preceding analysis, the next theorem follows.
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Theorem 2 An explicit solution for the fractional space one-phase Stefan problem
(5.1) is given by

uα(x, t) = U0 − (U0 − Um)∫ ξα

0
σα(w)dw

∫ x/t1/(1+α)

0
σα(w)dw, (5.10)

sα(t) = ξαt
1

1+α , t ∈ (0, T ), (5.11)

where ξα ∈ R
+ is the unique solution to the equation

Hα(x) = x, x > 0, (5.12)

and the function Hα is defined by (5.8).

Remark 6 If we take α = 1 in (5.1), we recover the classical Lamé-Clapeyron-Stefan
problem

(i) ∂
∂t u(x, t) − ∂2

∂x2
u(x, t) = 0, 0 < x < s(t), 0 < t < T ,

(i i) u(0, t) = U0 > Um, 0 < t < T ,

(i i i) u(s(t), t) = Um, 0 < t < T ,

(iv) s(0) = 0,
(v) ṡ(t) = − ∂

∂x u(s(t), t), 0 < t < T .

(5.13)

By Remark 2 we know that

σ1(w) = w0E1,2,1

(
−w2

2

)
= e−(w

2 )
2
. (5.14)

Then, the pair

u1(x, t) = U0 − (U0 − Um)∫ ξ1

0
σ1(w)dw

∫ x/t1/2

0
σ1(w)dw

= U0 − (U0 − Um)

er f
(

ξ1
2

) er f

(
x

2
√

t

)
, (5.15)

s1(t) = ξ1t
1
2 , t ∈ (0, T ), (5.16)

is a solution to (5.13) where ξ1 ∈ R
+ is the unique solution to the equation

H1(x) = x, x > 0, (5.17)
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with

H1(x) =
(U0 − Um)

(
2 −

∫ x

0
we−w2/4dw

)

2
√

π

2 er f
( x
2

) = U0 − Um√
π

2e−( x
2 )

2

er f
( x
2

) .

That is,wehave recovered the classical Lamé-Clapeyron-Stefan solution to problem
(5.13) given in [13].

6 Explicit solution for the fractional space one-phase Stefan problem
with a Neumann condition at the fixed face

Now, we consider the problem (2.15) for a heat flux boundary data given by h(t) =
g0t−

α
1+α and melting temperature gm such that g0 > gm ,

(i) ∂
∂t v(x, t) − ∂

∂x
C
0 Dα

x v(x, t) = 0, 0 < x < s(t), 0 < t < T ,

(i i) lim
x→0+

C
0 Dα

x v(x, t) = −g0t−
α

1+α , 0 < t < T ,

(i i i) v(s(t), t) = gm, 0 < t < T ,

(iv) s(0) = 0,
(v) ṡ(t) = −( C

0 Dα
x v)(s(t), t), 0 < t < T .

(6.1)

Let v be defined by (4.17). From (6.1)−(i i) and (4.22), we deduce that B = − g0
Γ (α)

,
because

lim
x→0+

C
0 Dα

x v(x, t) = lim
x→0+ B

(
Γ (α)

t
α

1+α

−
∞∑

n=1

cn−1(−1)n−1

n(1 + α)n+1

xn(1+α)

tn+1− 1
1+α

)
= BΓ (α)

t
α

1+α

.

(6.2)

From condition (6.1)−(i i i), we have

v(s(t), t) = A − g0
Γ (α)

∫ s(t)/t1/(1+α)

0
σα(w)dw = gm, (6.3)

and from where, we will ask again the free boundary s to be proportional to t1/1+α ,

s(t) = ηt
1

1+α , for some η ∈ R, t ∈ (0, T ). (6.4)

Then

A = gm + g0
Γ (α)

∫ η

0
σα(w)dw. (6.5)
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From conditions (6.1)(v), (4.23) and (6.4), we have

η

1 + α
t−

α
1+α = g0t−

α
1+α − g0

Γ (α)

t−
α

1+α

1 + α

∫ η

0
wσα(w)dw

= g0t−
α

1+α

(
1 − 1

(1 + α)Γ (α)

∫ η

0
wσα(w)dw

)
,

(6.6)

or equivalently,

η = g0

(
(1 + α) − 1

Γ (α)

∫ η

0
wσα(w)dw

)
. (6.7)

Therefore, η should verify the following equation

x = G(x), x > 0, (6.8)

where the function G is defined in R
+
0 by the expression

G(x) = g0

(
(1 + α) − 1

Γ (α)

∫ x

0
wσα(w)dw

)
. (6.9)

Observe that G is continuous in [0,+∞). From Proposition 8, it easily follows that
G is an decreasing function. Moreover,

G(0) = g0(1 + α) > 0.

From the preceding analysis, we conclude that there exists a unique η ∈ R
+ such

that η = G(η), and the next theorem follows.

Theorem 3 An explicit solution for the space-fractional Stefan problem (6.1) is given
by

vα(x, t) = gm + g0
Γ (α)

∫ ηα

0
wα−1Eα,1+ 1

α
,1

(
−w1+α

1 + α

)
dw

− g0
Γ (α)

∫ x/t1/(1+α)

0
wα−1Eα,1+ 1

α
,1

(
−w1+α

1 + α

)
dw

= gm + g0
Γ (α)

∫ ηα

x/t1/(1+α)

wα−1Eα,1+ 1
α
,1

(
−w1+α

1 + α

)
dw, (6.10)

sα(t) = ηαt
1

1+α , t ∈ (0, T ), (6.11)

where ηα ∈ R
+ is the unique solution to the equation

Gα(x) = x, x > 0,

and the function Gα is defined by (6.9)
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Remark 7 For α = 1 in (6.1), we have

(i) ∂
∂t v(x, t) − ∂2

∂x2
v(x, t) = 0, 0 < x < s(t), 0 < t < T ,

(i i) lim
x→0+

∂
∂x v(x, t) = −g0t− 1

2 , 0 < t < T ,

(i i i) v(s(t), t) = gm, 0 < t < T ,

(iv) s(0) = 0,
(v) ṡ(t) = − ∂

∂x v(s(t), t), 0 < t < T ,

(6.12)

and

σ1(w) = w0E1,2,1

(
−w2

2

)
= e−(w

2 )
2
. (6.13)

Then, the pair

v1(x, t) = gm + g0

∫ η1

x/t
1
2

w0E1,2,1

(
−w2

2

)
dw

= gm + g0
√

π

[
er f

(η1

2

)
− er f

(
x

2
√

t

)]
, (6.14)

s1(t) = η1t
1
2 , t ∈ (0, T ) (6.15)

is a solution to the classical Lamé-Clapeyron-Stefan problem (6.12), where η1 ∈ R
+

is the unique solution to the equation

G1(x) = x, x > 0, (6.16)

with

G1(x) = g0

(
2 −

∫ x

0
wσ1(w)dw

)
= 2g0e−( x

2 )
2
,

as stated in [28, 29].

Remark 8 For the solution (6.10) to the space-fractional Stefan problem (6.1) a clas-
sical Neuman condition of the form vx (0+, t) = g(t) cannot be considered. In fact,
observe that

vx (x, t) = −g0
xα−1

t
α

1+α

∞∑
k=0

ck

( −x1+α

(1 + α)t

)k

, (6.17)

and ck < 2 for all k. Then, the series in the right hand of (6.17) is convergent for
x < 1. Moreover, for x = 0, the series is equal to 1. Hence, since α − 1 < 0, we
conclude that

lim
x→0+ vx (x, t) = −∞.
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7 Conclusions

We obtained exact self-similarity solutions for a one-phase one-dimensional frac-
tional space Stefan problem in terms of the three parametric Mittag-Leffler function
Eα,m,l(z). We considered Dirichlet and Neumann boundary conditions at the fixed
face, involving Caputo fractional space derivatives of order 0 < α < 1. In both

cases, the free boundary term is proportional to t
1

1+α . Finally, we recover the solution
for the classical one-phase Stefan problem when the order of the Caputo derivatives
approaches one.

Acknowledgements The present work has been sponsored by the Projects PIP N◦ 0275 from CONICET–
Universidad Austral, ANPCyT PICTO Austral 2016 N◦0090, Austral N◦006−INV00020 (Rosario,
Argentina) and European Unions Horizon 2020 research and innovation programme under the Marie
Sklodowska-Curie Grant Agreement N◦ 823731 CONMECH.

Declarations

Conflict of interest The authors declare that they have no conflict of interest.

References

1. Baeumer, B., Kovács, M., Meerschaert, M., Sankaranarayanan, H.: Boundary conditions for fractional
diffusion. Journal of Computational and Applied Mathematics 336, 408–424 (2018)

2. Cannon, J.R.: The One-Dimensional Heat Equation. Addison-Wesley Publishing Company, Menlo
Park (1984)

3. Castillo-Negrete, D.: Fractional diffusion models of nonlocal transport. Physics of Plasmas 13 (2006).
Art. 082308

4. Diethelm, K.: The Analysis Of Fractional Differential Equations: An Application Oriented Exposition
Using Differential Operators Of Caputo Type. Springer Science & Business Media, London (2010)

5. Erdélyi, A.: Higher Transcendental Functions, vol. 1. McGraw-Hill, New York (1953)
6. Gorenflo, R., Kilbas, A., Mainardi, F., Rogosin, S.: Mittag-Leffler Functions, Related Topics and

Applications, 2nd edn. Springer Publishing Co., Inc., Berlin (2014)
7. Gruber, C.A., Vogl, C.J., Miksis, M.J., Davis, S.H.: Anomalous diffusion models in the presence of a

moving interface. Interfaces and Free Boundaries 15, 181–202 (2013)
8. Hilfer, R.: Applications Of Fractional Calculus In Physics. Word Scientific Publishing Co., Singapure

(2000)
9. Kilbas, A., Srivastava, H., Trujillo, J.: Theory And Applications Of Fractional Differential Equations,

Vol. 204 of North-Holland Mathematics Studies. Elsevier, Amsterdam (2006)
10. Kilbas, A.A., Saigo, M.: On Mittag-Leffler type function, fractional calculus operators and solutions

of integral equations. Integral Transforms and Special Functions 4(4), 355–370 (1996)
11. Kiryakova, V.: Unified approach to fractional calculus images of special functions - A survey. Mathe-

matics 8(12) (2020). https://doi.org/10.3390/math8122260. Art. 2260
12. Kubica, A., Ryszewska, K.: A self-similar solution to time-fractional Stefan problem. Mathematical

Methods in the Applied Sciences 44(6), 4245–4275 (2021)
13. Lamé, G., Clapeyron, B.P.: Mémoire sur la solidification par refroidissement d’un globe liquide.

Annales de Chimie et de Physique 2◦ série 47, 250–256 (1831)
14. Mainardi, F., Luchko, Y., Pagnini, G.: The fundamental solution of the space-time fractional diffusion

equation. Fractional Calculus and Applied Analysis 4(2), 153–192 (2001)
15. Mainardi, F.: Fractional Calculus andWaves in Linear Viscoelasticity. Imperial College Press, London

(2010)
16. Metzler, R., Klafter, J.: The random walk’s guide to anomalous diffusion: a fractional dynamics

approach. Physics Reports 339, 1–77 (2000)

123

https://doi.org/10.3390/math8122260


The similarity method and explicit solutions for…

17. Pinchover, Y., Rubinstein, J.: An Introduction to Partial Differential Equations. Cambridge University
Press, Cambridge (2005)

18. Povstenko, Y.: Linear Fractional Diffusion-Wave Equation for Scientists and Engineers. Springer, San
Diego (2015)

19. Pskhu, A.V.: The fundamental solution of a diffusion-wave equation of fractional order. Izvestiya:
Mathematics 73(2), 351–392 (2009)

20. Roscani, S.D., Bollati, J., Tarzia, D.A.: A new mathematical formulation for a Phase Change Problem
with a memory flux. Chaos, Solitons and Fractals 116, 340–347 (2018)

21. Roscani, S.D., Caruso, N.D., Tarzia, D.A.: Explicit solutions to fractional Stefan-like problems for
Caputo and Riemann-Liouville derivatives. Communications in Nonlinear Science and Numerical
Simulation 90, Art. 105361 (2020)

22. Roscani, S., Santillan Marcus, E.: Two equivalent Stefan’s problems for the time-fractional diffusion
equation. Fractional Calculus and Applied Analysis 16(4), 802–815 (2013). https://doi.org/10.2478/
s13540-013-0050-7

23. Roscani, S., Santillan Marcus, E.: A new equivalence of Stefan’s problems for the time-fractional-
diffusion equation. Fractional Calculus and Applied Analysis 17(2), 371–381 (2014). https://doi.org/
10.2478/s13540-014-0175-3

24. Roscani, S.D., Tarzia, D.A.: An integral relationship for a fractional one-phase Stefan problem. Frac-
tional Calculus and Applied Analysis 21(4), 901–918 (2018). https://doi.org/10.1515/fca-2018-0049

25. Roscani, S.D., Tarzia, D.A.: Two different fractional Stefan problems which are convergent to the same
classical Stefan problem. Mathematical Methods in the Applied Sciences 41(6), 6842–6850 (2018)

26. Ryszewska, K.: A space-fractional Stefan problem. Nonlinear Analysis 199 (2020). Art. 112027
27. Samko, S.G., Kilbas, A.A., Marichev, O.I.: Fractional Integrals and Derivatives-Theory and Applica-

tions. Gordon and Breach, New York (1993)
28. Tarzia, D.A.: An inequality for the coeficient σ of the free boundary s(t) = 2σ

√
t of the Neumann

solution for the two-phase Stefan problem. Quart. Appl. Math. 39, 491–497 (1981)
29. Tarzia, D.A.: Explicit and approximated solutions for heat and mass transfer problems with a moving

interface. In: El-Amin,Mohamed (ed.) Advanced Topics inMass Transfer, pp. 439–484. Intech, Rijeka
(2011)

30. Voller, V.R.: Fractional Stefan problems. International Journal of Heat and Mass Transfer 74, 269–277
(2014)

31. Voller, V.R., Falcini, F., Garra, R.: Fractional Stefan problems exhibing lumped and distributed latent–
heat memory effects. Physical Review E 87 (2013). Art. 042401

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

123

https://doi.org/10.2478/s13540-013-0050-7
https://doi.org/10.2478/s13540-013-0050-7
https://doi.org/10.2478/s13540-014-0175-3
https://doi.org/10.2478/s13540-014-0175-3
https://doi.org/10.1515/fca-2018-0049

	The similarity method and explicit solutions for the fractional space one-phase Stefan problems
	Abstract
	1 Introduction
	2 The mathematical model for instantaneous phase change
	3 Some basics of the fractional calculus involved in this model
	4 The self-similar solution in terms of the Mittag-Leffler function and its properties
	5 Explicit solution for the fractional space one-phase Stefan problem with a Dirichlet condition at the fixed face
	6 Explicit solution for the fractional space one-phase Stefan problem with a Neumann condition at the fixed face
	7 Conclusions
	Acknowledgements
	References




