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1 Introduction

The fractional diffusion equation has been treated by a number of authors (see [10, 20,
15, 17, 22]) and, among the several applications that have been studied, Mainardi [19]
studied the application to the theory of linear viscoelasticity.

The free boundary problems for the one-dimensional heat equation are problems linked
to the processes of melting and freezing which have a latent heat-type condition at the
interface connecting the velocity of the free boundary and the heat flux of the temperatures
in both phases. This kind of problems have been widely studied (see [1, 3, 5, 6, 7, 11,
16, 18, 25, 26, 28, 29]). In this paper, we deal with a two-phase Lamé-Clapeyron-Stefan

problem for the time fractional diffusion equation, obtained from the standard diffusion
equation by replacing the first order time-derivative by a fractional derivative of order
a € (0,1) in the Caputo sense.

We use here the definition introduced by Caputo in 1967 [4], and we will call it fractional
derivative in the Caputo sense, which is defined by

a Y Evo= fj(t —r)relfm(ndr n—1<a<n
oDOf(t) = {JF‘“(W(t)) "

where a > 0 is the order of derivation, n € N, I' is the Gamma function defined by
[(z) = [, t" 'e7"dt and f is a differentiable function up to order n in [a, b].

An interesting physical meaning of the fractional Stefan problems is discussed in [9] and
many authors were recently studying this kind of problems (see. [2, 7, 23, 24, 30]). Some
applications are linked to the behaviour in simulations of gas in polymer glasses ([12]) or
propagation in porous media ([8]). In [14] the classical Lamé-Clapeyron-Stefan problem
was studied by using the fractional derivative of order 1/2.

In this paper we consider the following two-phase fractional Lamé-Clapeyron-Stefan Prob-
lem

(x,t) O<z<s(t),t>0,0<a<l,

(

( 1 (x,t) s(t)y<x<oo,t>0,0<a<l,
(131) kyuie(s(t),t) — kaug.(s(t),t) = pl o Ds(t) t >0,

(1) wui(s(t),t) = ua(s(t),t) = up, t>0,

( = U 0 <z < oo,

( ) u2<0a ) = Uo t >0,

(vii

k.

2

where u; < Uy, < ug and \? =
PCj

, j = 1(solid phase), 2 (liquid phase).

238



In this problem, the two governing diffusion equations (1-iz) and (1-i) for w; and wus
respectively, and the governing condition on the free boundary s(t) (1-iii) include a frac-
tional time derivative in the Caputo sense of order 0 < a < 1. The goal of this paper
is to obtain an explicit solution of the free boundary problem (1), called a generalized
Neumann solution with respect to the classical one given in [5], [27], [31]. This explicit
solution is obtained through the Wright and Mainardi functions ([21]). In Section 2 a
summary of some properties related to these special functions are given which will be
useful in the next section. In Section 3 the existence of a generalized Neumann solution is
given and an open problem for the uniqueness is posed. Moreover, the classical Neumann
solution for the two-phase Lamé-Clapeyron-Stefan problem for a semi-infinite material is
well recovered by considering the limit when @ 1.

2 The Special Functions Involved

Definition 2.1. For every z € C , a > —1 and 5 € R the Wright function is defined by

Zk:

Wiz o;8) = kZ:O m. (2)

This function will play a fundamental role in this paper. It is known that the Wright
function is an entire function if o > —1.

Taking o = —% and § = %, we get

11 1 2
wil—_22) =M _ R
< Z’ 2’2) 1/2(2) \/Ee (3>

where M /5(2) is the Mainardi function (see [10]), defined by

M, (2) = W(=2,—11=v) = 3 — (_(V:ﬁnl — FECv<L (4)

which is a particular case of the Wright function.

Due to the uniform convergence of the series on compact sets, we have (see [33])

%W(z, a,p) =W(z,a,a+ ). (5)

Then, for z € Ry, and taking account that
W(_OO7 _%7 1) =0, if ae (07 2)7 (6>
we have
1 1 1 Y70 1
() (o b)) [ (e L))
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= [ow(cagg)ae= [Tw(-agg)ae= [ Jmeeag

= % /m: e_§2d§ = erfc (g) ,

W (—m, —%, 1) — erfe (g) C1-w (—x, —%, 1) — orf (g) . (7)

where erf and erfc are the error and complementary error functions.

that is,

The next two propositions were proved in [23].
Lemma 2.2. If 0 < a < 1, then:

1. My o(x) is a positive and strictly decreasing positive function in R such that

Ma/2<$> < F(11%)7'
2. W (—]3, -5, 1) is a positive and strictly decreasing function in RT such that
0<W (-z,-2,1) <1, Vo e R{.

Lemma 2.3. If x € R} and o € (0,1) then:

8
N

1. CIMI;H‘I Ma/g (I) = Ml/z(x) = £ 2 ;

7T

2. lim [1—-W (—z,—%,1)] =erf(%).

Due to the results in [35], the following assertions are true

lim W (—x, —%, 1) =0 and lim M,/ (z) =0. (8)

T—00 T—00

Let us work on some problems in the first quadrant. It is known that (see [20])

o0 t*% i,
u(z,t) = o Mg (le = IAT172) f(§)dg (9)
is a solution for the fractional diffusion problem
Do e 0,0 1
oDu(z,t) = w(x,t) —o0<xr<00,t>0,0<a<l, (10)
u(z,0) = f(x) —00 < & < 00.

Using this fact, it is easy to see that

R T A [z =&\ ., (rFE
v(x,t) = 2)\t3/0 {M;( Ve ) Ma < Ve )] fod§ (11)
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is a solution for the fractional diffusion problem

52
ODav(x,t):)\Qa—Z(x,t) 0<zr<oo,t>0,0<a<l,
T
v(z,0) = fo 0<z< oo, (12)
v(0,t) =0 t > 0.

An equivalent expression of (11) is given by

1 = lz =&\ NEERRS

U(x’t)_Q)\tE“/o {M; (—/\t3 ) M?(Até‘ )}fodf
N A A R A S A U Ll B <
B Vo At‘iMz(At‘z* )d“/x At3M2< At%‘)df /o At%Mz( v >d5]

(i) ()] o (i)

Analogously we can check that

T «
w(w,t) :‘QOW(_W’_§’1> (13)

is a solution for the fractional diffusion problem

52
oDw(z, t) = A?a—f(a;,t) O<z<o0,t>00<a<l,

x
w(z,0) =0 0<z< oo, (14)
w(0,t) = go t>0.

3 The Two-Phase Fractional Lamé-Clapeyron-Stefan
Problem

Hereinafter we will call D“ to the fractional derivative in the Caputo sense of extreme
a = O, ODoz.

Let us return to problem (1). Taking into account the previous section and the method
developed in [23], the following explicit solution is obtained.

Theorem 3.1. An ezplicit solution for the two-phase Lamé-Clapeyron-Stefan problem (1)

s given by
(
1-W(—-—275,-%.1
a/2 20
uz(,t) = uo — (Uo — ) 1*W(>;2£)\7*%71) )
< W (s -) )
U1 (,r, t) = U; + (Um - ul) W(— 7_%71>
s(t) = Ent*/?

\
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where £ is a solution to the equation

F(z) = ?g_;x, x>0
and the function F : RS — R is defined by
F(z) = —kQ(;O/\l_A:m)H(AI) - —kl(upn;/\g ui)F2(x)
v Maya(2) Maya(z) At
B = Wiy P T G ey TN

Proof. The following solution is proposed

ug(z,t) = A+ B 1—W<— L —

w(et) = C+D[1=W (=527, -
s(t) = EXte/?

where A, B,C, D and £ > 0 must be determined.

(16)

(19)

According with the results in the previous section and the linearity of the fractional
derivative D*, functions us and u; are solutions of the fractional diffusion equations (1-i)

and (1-ii) respectively.
From conditions (1-iv) and (1-vi) we have,

us(0,t) = A+ B [1 W (0,—%,1)] — ug

us(s(t),t) =up+ B [1 4 (—f%, —%, 1)] = Up,.

and therefore we obtain:
Uy — Um

A= B=—- .
ug, and W (_5)\7 "y 1)

So,

1-W (-W, -y 1)
1—W(=€X—%,1)

ug(z,t) = ug — (ug — U, < U,

or equivalently

)W (~5m—5:1) =W (=60 -5.1)

U (2, 1) = Uy + (Ug — Uppy

1—W (=€X, —2,1)

(24)

Taking into account the results in Proposition 2.2, (23) and (24) it is easy to see that

U < Ug(, 1) <up, 0<x<s(t),t>0.
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From conditions (1-v) and (1-iv) we have,
u1<x,o)=C+D[1—W(—oo,—%,1)] —C+D=u, (26)
a

w(s(t),t) =C + D [1—W<—f,—§,1>} = U, (27)

and therefore we get:

O = U, + = 5 D - — a (28>
W(_ga_ial) W(_§7_§71)
Accordingly,
W(T%ﬁ %)
ur(z,t) = u; + (U — uy) - - , (29)
W(=¢-5.1)
or equivalently
W <_+/7 _Q’ 1>
w (2,8) =ty — (i — 03) |1 = —— 2 (30)
w (_ga 9 1)
Taking into account Proposition 2.2, (29) and (30) we obtain
Uy < up(2,1) < Uy x> 8(t) = ENEY? > 0. (31)

In order to determine & > 0, let us work with the “fractional Lamé-Clapeyron-Stefan
condition” (1-7i7). From (2) and (5) we have

B T D T
wnles) = 5 2o (s ) wnten) = 5o (50 )

which evaluated on (s(t),t), gives

B D
uan(5(0).0) = T M2 06, w1s(6(0).0) = T € (32

Taking into account that ([22])

D%ﬁ%:rmﬂ+n i B> 1,

1+3-a)
it results that

<1 + %)t—a/?

Ds(1) = D*(Ent%) = MWED (%) = M (3
2

Replacing (32) and (33) in the fractional condition (1-iii), we get for the unknown coeffi-
cient ¢ > 0 the following equation:

kiui,(s(t),t) — kouoy(s(t),t) = pl D%s(t) <
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Wy, — Uy 1 Uy — U, 1

_ M
kll W (_5, _%’ 1) Alta/g a/2(€) + k21 W (_)\57 _%’ 1) )\Qta/Q

Ma/Q()\g)

['(1+92)
= pI\E 27 o
PT(1-19)

kQ(uO - um) Ma/Q()‘é—) - kl (um - u'L) Ma/Z(g) o F(l + %)
A2 1—W (=X -2,1) A W(=¢-4,1) _gpmm_%) <
k2(uo - Um) kl(um - Uz) o F(l + Q)
Wﬂ()\f) - pl—)\%F2(£) = 1“(1——2)5 &
Cr+9)
& F(§) = F(l——é)g’ (34)

that is, the equation (16) holds, where F', F} and Fy where defined in (17) and (18)
respectively.

In order to guarantee the existence of a solution of the equation (16), we will study the
behavior of the functions F', F} and F». From Proposition 2.2 and (8), it results that

Fy is a positive decreasing function, Fy(07) = oo, and Fj(+00) =0 (35)
and )
F5is a positive function and F5(0) = T —a/3) (36)
Let us prove that

In [34, 35] the asymptotic expansion for x — oo of the Wright function was studied, and
an interesting summary of these results can be founded in [32], from where we can say
that if a € (0,1) we have

Mapa(e) = (§2) 7 exp {(1=2) (32) 77 } lao+ O ((52) ™) |, a0 = ot
Therefore . .
Mayal) ~ ba)a ™+ exp { —c(a)a7 | (38)

where b(a) = ———— (9)75%z > 0 and c(a) = %2 (%)ﬁ > 0.

V/2m(1—a/2) \2 2
On the other hand
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From (38) and (39), we have
Fy(x) ~ <—)E TTa,  as T — 00 (40)
and then (37) holds.

Now, from Proposition 2.2 and properties (36) and (37), we can ensure that

F is a continuous function, F(0%) =400 and F(+o0) = —o0. (41)

Therefore, there exists at least one £ > 0 which is solution of the equation (16). Finally,
we are able to state that (15) is a solution to the free boundary problem (1).

Remark 3.2. We will denote (15)-(16) as the generalized Neumann solution of the two-
phase fractional Lamé-Clapeyron-Stefan problem (1).

Theorem 3.3. The limit when oo /1 of the generalized Neumann solution (15)-(16) is
the classical Neumann solution for the two-phase Lamé-Clapeyron-Stefan problem.

Proof. We denote u$, u§ and s, as the functions defined in (15), and &, the solution of
the equation (16) for each 0 < o < 1. Now, we analyze the convergence of (15) when
a /1. Applying Proposition 2.3 we obtain

W(—L _a ) erfc< z )
. . Aite/20 20 21/t
lim u(z,t) = u; + (U, — u;) lim =u; + (U, — U; 42
L P (2, 1) ( )Om W (-¢,-2,1) ( ) erfe (§) (42

lim v (7, 1) ( ) li 1_W<_Mfa/2’_%’1> (

1111 Uy (T, = Uy — (Ug — Uy ) 11IN = Uy — \Uyg — Um )7~

a1 2 oo o/l 1—W (=€X, —2,1) v erf (2)
(

iiﬂni Sa(t) = iifn% EaMt™? = EMVE = 2u0 V1 (44)

where p = % is a solution to the equation

ko (uo — um) exp {=Np’}  ki(um - u;) exp {—p?} S (45)
pidiAg  /merf (Ap) pINt  /merfe (p)

The expressions (42)-(45) give us the classical Neumann solution, given in [5, 27, 31], for
the two-phase Lamé-Clapeyron-Stefan problem defined by the following equations, and
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constant boundary and initial conditions:

( 8u2 . 282’21,2
E(az,t)—)\Q o (z,t) 0<z<s(t),t>0,
LI L v s(t) <z < o0, >0
ot~ Tl o2 . ’ ’
kiui(s(t),t) — koo (s(t),t) = pl $(t) ¢ > 0. (46)
uy(s(t), t) = ua(s(t), t) = up, t>0,
uy(z,0) = u; 0<z<oo
UQ(O,t) = Ug t> 0.
[ s(0)=0

Remark 3.4. [t is an open problem to prove that Fy is an increasing function, which is
a sufficient condition to could ensure the uniqueness of the solution to equation (16). By
using Maple we show below some graphs for different values of 0 < o < 1, from which it
can be seen that Fy is an increasing function on RT.

0 T T T T T T T 1 0 T T T T T T T 1
0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8
T 0=1/16 =~~~ o=3/3 st o=5/8 0=7/8 - a=15/16 — -~ 0=3/4
— — o=/ o=1/2
(a) Fy is an increasing function for a@ = (b) F3 is an increasing function for: o =
1/16,1/8,1/4,3/8 and 1/2. 1/2,5/8,7/8,3/4 and 15/16.

4 Conclusions

By using the Wright and Mainardi functions and the fractional error function 1 — W (—z,
—a/2,1), a generalized Neumann solution for the two-phase fractional Lamé-Clapeyron-
Stefan problem is obtained for each 0 < a < 1. Moreover, the classical Neumann solution
is recovered through the limit when o« 7 1.
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