Commun Nonlinear Sci Numer Simulat 90 (2020) 105361

Contents lists available at ScienceDirect

nd
imulation

Commun Nonlinear Sci Numer Simulat

journal homepage: www.elsevier.com/locate/cnsns

Explicit solutions to fractional Stefan-like problems for Caputo = m)
and Riemann-Liouville derivatives

updates

Sabrina D. Roscani®* Nahuel D. Caruso®, Domingo A. Tarzia®

2 CONICET - Depto. Matematica, FCE, Univ. Austral, Paraguay 1950, S2000FZF Rosario, Argentina

b Depto. Matemadtica, EFB, UNR, Pellegrini 250, Rosario, Argentina

CCIFASIS - Centro Internacional Franco Argentino de Ciencias de la Informacion y de Sistemas, CONICET, Bv. 27 de Febrero 210 Bis,
Rosario, S2000EZP Argentina

ARTICLE INFO ABSTRACT

Article history: Two fractional two-phase Stefan-like problems are considered by using Riemann-Liouville
Received 6 September 2019 and Caputo derivatives of order « (0, 1) verifying that they coincide with the same clas-
Revised 19 May 2020 sical Stefan problem at the limit case when o = 1. For both problems, explicit solutions in
ACC.EptEd 24 M ay 2020 terms of the Wright functions are presented. Even though the similarity of the two solu-
Available online 28 May 2020 . . . .

tions, a proof that they are different is also given. The convergence when « 71 of the one
MSC: and the other solutions to the same classical solution is also given. Numerical examples
Primary: for the dimensionless version of the problem are presented and analyzed.
35R35 © 2020 Elsevier B.V. All rights reserved.
26A33
35C05
Secondary:
33E20
80A22

Keywords:

Two-phase Stefan-like problem

Explicit solution

Caputo and Riemann-Liouville derivatives
Wright functions

Contents
B PO ¥ 3V o Ta LT (o) o P 2
2. Basic definitions and PrOPeIties . . .. ..ot v ittt ettt et e et e e e e e e e e 3
3. The fractional Stefan-like problems . . ... ... ... it i et i e e e e, 5
4. The dimesionless problems and numerical TeSUILS ... ... ...ttt i et e e 12
ST 0] 1 ol L) (o) o VO PP 16
Declarations of COMPeting INteIeST . . ...ttt ittt ettt ettt e et et et et ettt ettt 17
ACKNOWIBAZEIMENLS . . . ..ttt ittt ettt ettt et et et e et e e e e 17
RO I EIICES . . . . ot e 17

* Corresponding author.
E-mail addresses: sabrina@fceia.unr.edu.ar (S.D. Roscani), ncaruso@fceia.unr.edu.ar (N.D. Caruso), dtarzia@austral.edu.ar (D.A. Tarzia).

https://doi.org/10.1016/j.cnsns.2020.105361
1007-5704/© 2020 Elsevier B.V. All rights reserved.


https://doi.org/10.1016/j.cnsns.2020.105361
http://www.ScienceDirect.com
http://www.elsevier.com/locate/cnsns
http://crossmark.crossref.org/dialog/?doi=10.1016/j.cnsns.2020.105361&domain=pdf
mailto:sabrina@fceia.unr.edu.ar
mailto:ncaruso@fceia.unr.edu.ar
mailto:dtarzia@austral.edu.ar
https://doi.org/10.1016/j.cnsns.2020.105361

2 S.D. Roscani, N.D. Caruso and D.A. Tarzia/Commun Nonlinear Sci Numer Simulat 90 (2020) 105361
1. Introduction

This paper deals with Stefan-like problems governed by fractional diffusion equations (FDE). A classical Stefan problem
is a problem where a phase-change occurs, usually linked to melting (change from solid to liquid) or freezing (change from
liquid to solid). In these problems the diffusion, considered as a heat flow, is expressed in terms of instantaneous local flow
of temperature modeled by the Fourier Law. Therefore, the governing equations related to each phase are the well-known
heat equations. There is also a latent heat-type condition at the interface that connects the velocity of the free boundary
and the heat flux of the temperatures in both phases known as “Stefan condition”. A vast literature on Stefan problems is
given in [1-5].

For example, the problem (1) is the mathematical formulation for classical one-dimensional two-phase Stefan problem:
Find the triple {uq, u,, s} such that they have sufficiently regularity and they verify that:

) Fupxt) =23 Zuy(xt), O0<x<s(t),0<t<T,

(i) Fuix.t) =22 Zup(xt), x>s(t),0<t<T,

(iii)  u1(x,0) =U;, 0 <x,

(iv) up(0,t) = U, 0<t<T, (1)
) u(s@),t) = ua(s(t), t) = Un, 0<t=<T,

i) plds(t) =k Lug(st), t) —ky Zup(s(t),t), 0<t<T,
(vii)  s(0) =0,

where U; <Un < Uy, )L? = F% j=1 (solid), j =2 (liquid) and we have assumed that the thermophysical properties are
constant as well as the free boundary can be represented by an increasing function of time.

Problem (1) is clearly governed by the heat equations (1—i) and (1—ii), and it has a phase-change condition (namely the
Stefan condition) given by equation (1-wvi).

When the governing equations (1—i) and (1-ii), or the Stefan condition (1-vi) are replaced by other equations involving
fractional derivatives in problems like (1), we will refer to them as fractional Stefan-like problems.

For example, the heat equation can be replaced by a fractional diffusion equation (FDE), which is closely linked to the
study of anomalous diffusion. A detailed explanation about the relation between anomalous diffusion and randon walk
processes can be founded at the work done by Metzler and Klafter [6]. As we know, the diffusion equation is connected to
the Brownian motion, where the mean square displacement (msd) of particles is proportional to time. However, in Random
Walks the msd is proportional to a power of time. When the exponent of the power law is less than one, the phenomenon
is called subdiffusion. It is also interesting the approach given in [7-9] where it is suggested that anomalous diffusion could
be caused by heterogeneities in the domain.

For the relation between fractional diffusion equations and their applications, we refer the reader to [10-13] and refer-
ences therein where applications to the theory of linear viscoelasticity or thermoelasticity, among other, are presented.

In this paper, two approaches leading to subdiffusion are considered. The first one linked to the mathematical interest as
generalized operators which interpolates classical derivatives (see [14]), and the second one related to Fourier’s generaliza-
tion laws (see [15]). These two approaches derived in two different formulations for the FDE. In order to present them, let
u=u(x,t) be a function of the one-dimensional spatial variable x and time t. A first formulation for the FDE given in terms
of fractional integrals (see [16]) is given by:

olfux (%, £) = u(x,t) —u(x,0) (2)

where, oI is the fractional integral of Riemann-Liouville of order o in the t—variable defined as

t
olu(x, t) = ﬁ/o (t — ) lu(x, r)dr

for every u such that u(x, -)eL'(0, T) for every x> 0. Eq. (2) is also derived in [6], when a fractal time random walk is
considered. As it can be seen, no partial derivative in time is part of Eq. (2), but differenciating respect on time to both
members we get a second formulation for a FDE

6'Df U (X, £) = e (X, 1), 3)
where gLDg*“ is the fractional derivative of Riemann-Liouville in the t—variable defined for every o €(0, 1) as

1 9 [t o
Wﬁ/O(t—ﬂc) Tu(x, T)dt

for every u € AG[0, T] = {u | u(x, -) is absolutely continuous on [0, T] for every x € R*}.
Nevertheless, when discussing about FDE associated to fractional time derivatives, the reader may retract on the FDE for
the Caputo derivative, that is

EDXu(x, £) = U (X, ). (4)

Ripl=u(x, t) = % olfu(x, t) =
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In Eq. (4), the partial time derivative has been replaced by a fractional derivative in the sense of Caputo respect on time.
The Caputo derivative SD‘[" is defined for every o (0, 1) as

t
6DF ux, t) = [ ol ™ (uo) ] (x.t) = ﬁfo (t — 1) %u;(x, T)dt

for every ucAG][O, T].

As we said before, in this paper, problems like (1) governed by equations like (3) or (4) will be studied. The literature on
time fractional phase-change problems is rather scant: In [17] a fractional two-phase moving-boundary problem is approx-
imated by a scale Brownian motion model for subdiffusion. In [18] sharp and diffuse interface models of fractional Stefan
problems are discussed. In [19] a formulation of a one-phase fractional phase-change problem is given leading to a time de-
pendence on the initial extreme of the fractional derivative. When the starting time considered in the fractional derivative
of the governing equation is equal to 0, the mathematical point of view becomes interesting because the problem admit
self-similar solutions in terms of the Wright functions (see [20-25]). It is worth noting that in the problems deduced as in
[19] and [26] the starting time is not constant, in fact, it depends on the location of the interface due to the assumption
that u=0 when x> s(t). See [27] for more details. For a numerical approach we refer to [28] and [29].

It is worth noting the presence of recent publications related to space-fractional Stefan problems modeled by a fractional
Laplacian [30,31] or modeled by fractional diffusive fluxes which take the form of Caputo or Riemann-Liouville derivatives
[32].

This paper is a continuation of a previous work [33], related to fractional one-phase change problems. In Section 2 some
properties of fractional calculus which will be useful later are given. In Section 3, two fractional two-phase Stefan-like prob-
lems are considered, both problems admit exact self-similar solutions. Although the two governing equations are equivalent
under certain assumptions for boundary-value-problems, when different “fractional Stefan conditions” are considered, the
solutions obtained seem to be different. The uniqueness of the self-similar solution for one of the problems is obtained
while it is an open problem for the other (see [25]). Finally, numerical examples and plots of the solutions obtained before
are presented in Section 4 by considering a dimensionless model.

2. Basic definitions and properties

Proposition 1. [14] The following properties involving the fractional integrals and derivatives hold:

1. The fractional derivative of Riemann-Liouville is a left inverse operator of the fractional integral of Riemann-Liouville of the
same order o € R*. If fe ACla, b], then

Ripe o f(t) = f(t) for every t e (a,b)
2. The fractional integral of Riemann-Liouville is not, in general, a left inverse operator of the fractional derivative of Riemann-
Liouville.
In particular, if 0 <o <1 then I (RL,DY f)(t) = f(t) — @)
' S F@c-a
3. If there exist some ¢ €L(a, b) such that f = 41%¢, then
Jd*RDf(t) = f(t) for every t € (a,b).
4. If fe AC[a, b], then

RL o _ f(a) ) Cno
EDS(O) = i gy (€~ 07+ DS,
The fractional integral and derivatives of power functions can be easy calculated (see e.g. [11]). In fact, for every t>a we
have
rg+1
“((t—a)f)= —E T 7 (¢ _q)f+e f -1
o ((t = a)P) F(,3+oe+1)(t a)f+e, or every f> —1, (5)

and

F — .
MDY ((t - a)f) = %(t*a)ﬁ « ifBAa—1,
‘ B .
0 lfﬁ:a_‘l.

Note that if > 0 then KLD* ((¢ — a)#) = $D*((t — a)#) due to Proposition 1 item 4 and that the Caputo derivative of (t —a)f
is not defined for -1 < 8 < 0.

(6)

Proposition 2. [34] The following limits hold:

1. If we set (I% = Id for the identity operator, then for every f € Ll(a, b),
liI\I}J JdOf(t) = I°F(t) = f(1), a.ein (a,b).
o
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2. For every fe AC[a, b], we have
li;r} prf(t) = f/(t) and li{l‘% CDrf(t) = f/(t) — f'(a®) for all t € (a, b).

3. For every fe AC[a, b],
li;l} Rpefty=f(t) and li{r} Ripef(t)y = f/(t) aein (a,b).

Definition 1. For every x € R, the Wright function is defined as

o) Xk
W(XHO?,B):’{X:(;ms p>-1and g eR. ()

An important particular case of the Wright function is the Mainardi function defined by
- (=x)"

My(x) =W(-x,-p,1-p) = ,
P gn!l"(—pn-l—l—p)

O<p<1.

Proposition 3. [12, 35] Let « >0, p (0, 1) and B € R. Then the next assertions follow:

1. For every x € R we have

S W 9. B) =W p.p + ).
2. For every x>0 and c> 0,

o [XFTIW (—ex P, —p, B)] = ¥PTTIW (—ex P, —p. B+ ). (8)
Proposition 4. [33, 35] For every >0, p (0, 1):

1. The Wright function W (—-, —p, B) is positive and strictly decreasing in R*.
2. For every x>0 the following equality holds

PXW (=X, =p, = p) =W (=X, —p, B = 1) + (1 = BYW (=X, —p. B).
3. If, in addition 0 < p < u <8, then for every x> 0 the following inequality holds
LW (=x,—p,8) < T(W(=x,—p, h). 9)
Proposition 5. [36] For every 8 >0 and p (0, 1) the following limit holds
lim W(-x, —p, B) =0.
Proposition 6. [24, 33]Let x € R} be. Then

—x2

) . o o e
Ll;l} My2(2%) = Ll;r}W(—Zx, -5 1= 5) =Mip(20) = —=. (10)
limW(—Zx _¢ g) _er (11)
a1 T 272) VT ’
lim [1 —W(—Zx, _e 1)] — erf(x), (12)
a1 2

and
lim [W(—Zx, e 1)] = erfc(x), (13)
a1 2

X
where erf(-) is the error function defined by erf(x) = %/ e~?dz and erfc(-) is the complementary error function defined by
0

erfc(x) = 1 — erf(x). Moreover, the convergence is uniform over compact sets.

Proposition 7. The fractional initial-boundary-value problems for the quarter plane
(i) §Dfu(x.t) = Lu(x.t), 0<x 0<t,
(i)  u(x,0) = up(x), 0<x, (14)
@)  u(0,t) = g(t), 0<t
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and
(i)  Zu@xt)=EDI(Lux ), 0<x0<t
(i) u(x,0) = ug(x), 0<x, (15)
@)  u(0,t) = g(t), 0<t,
are equivalent, if there exists B >0 such that B <o <1 and ux(x, -) is an O(t=F) when t — 0*.
Proof. Let u = u(x, t) be a function satisfying equation (14—i). Applying gLD}*O‘ to both sides and using Proposition 1 item
1 we get (15—1i).

Let now, for the inverse suppose that u satisfies equation (15-i). Applying oltl“" to both sides and using Proposition 1 item
2 yields that

. o 92
11\%101 (Wu(x,t)) ,

ra o) , <x, O0<t. (16)

52
CDYu(x,t) = Wu(x, t) —

Now, for every x fixed we have that ux(x, -) is an O(t=#) when t — 0*, then there exists § > 0 such that
—Ct P <upx,t)<Ct?, 0<tT<t<d. (17)

Multiplying by (t}f(();{l in (17), integrating between 0 and t and applying formula (5) yields that

ra-pge? ra - gyep

[ glal S A jid S A

Ta-B+1) < olf Uxx (X, 1) SCT((XfIBJrl)’

Taking the limit when t tends to zero in (18) and being 8 <o we conclude that equation (14—i) holds as we wanted to
see. O

t <é. (18)

Remark 1. Equations (14-i) and (15-i) have been treated as equivalent in literature, as it can be seeing at [6,10,15], but the
condition

. of 0°
ltl\rB ol <8x2u(x’t)> =0 (19)

must be considered and should not be forget it.

Remark 2. It is easy to check that the following functions verify equation (14-i) and (15-i) (we have taken A =1 without
loss of generality)

wy(x, t) = x> + ﬁt"‘. (20)

W (x, t) = Eq (t%) exp {—x} (21)
and

wﬂx,t):W(—ﬂ%,—%,l). (22)

The condition (19) trivially holds for function w; and w, and it is no difficult to check it for ws (at first differentiating and
then using Preposition 3).

3. The fractional Stefan-like problems

In this section, two fractional Stefan-like problems, which have explicit self-similar solutions, will be treated. Before that,
some clarifications about the used terminology is presented.

We refer to fractional Stefan Problems when the governing equations are derived from physical assumptions, like consid-
ering memory fluxes.

For example, suppose that a process of melting of a semi-infinite slab (0 <x <oo) of some material is taking place, and
the flux involved is a flux with memory. The melt temperature is Uy, and a constant temperature Uy > Uy, is imposed on
the fixed face x = 0. Let u; = uq(x,t) and up = uy (x,t) be the temperatures at the solid and liquid phases respectively. Let
J1 =Ji(x, t) and J, = J,(x, t) be the respective functions for the fluxes at position x and time t and let x = s(t) be the function
representing the (unknown) position of the free boundary at time t. Suppose further that:

(i) All the thermophysical parameters are constants.
(ii) The function s is an increasing function and consequently, an invertible function.
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(iii) J; and J, are fluxes modeling the material with memory which verifies that “the weighted sum of the fluxes back in time
at the current time, is proportional to the gradient of temperature”, that is, the following equations hold

Vaol! 1 . = k9 (1. 1) (23)

and

Ju
Va nolf (% 0) = —ka = 2 (x. 1) (24)

where the initial time in the fractional integral (24) is given by function h which gives us the time when the phase
change occurs. That is,
t=hx)=s1(x) (e x=s(t))
The number v, is a parameter with physical dimension (see(70)) such that
limvy, =1, (25)
a1

which has been added in order to preserve the consistency with respect to the units of measurement in equations (23) and
(24). Also, the parameter

- 26
Mo = - (26)
will be used in the following equations. More details about these parameters are given in Section 4.
Making an analogous reasoning for the two-phase free-boundary problem, in a similar way it was done for one-phase
free-boundary problems in [19], the mathematical model for the problem described above is given by

) Duy(x, t) = A2 fa, gx(%)D] “(Lu(x. 1)), O0<x<s(t),0<t<T,
(i) Hur(x.t) = A3 pra, 2 (81D (Zu1 (x. 1)), x>s(t),0<t<T,
(i) uy(x, 0) =U, 0<x,

(iv) uy(0,t) = Uy, 0<t<T,

) w (s(t) t) = up(s(t), t) = Un, 0<t<T,

(vi) s(t) = Ky oy D} Luy (x, t)|(s(t)+ o~ keka, R D &ua(x, t)|(s([):t), 0<t<T.

(vii) 5(0) =

(27)
where U; < Uy <Ugp and pg, = - j=1,2, (note that the parameters i1y, can be the same in Eqs. (27)—i and (27)—ii, then
i 0 M j Y H J
o

from now on we will take pq, = fLo, Without loss of generality).

Note that self-similar solutions to problem (27) had not been yet founded, due to the difficulty imposed by the variable
bottom limit in the fractional derivative for the liquid phase.

Now, as noted at the beginning of this section, this paper deals with Stefan-like problems admitting explicit self-similar
solutions. These problems come from the assumption of consider the botton limit ty = 0 in the fractional time derivatives
in the Caputo or Riemann-Liouville sense.

The Stefan-Like Problem for the Caputo derivative. The next problem was treated in [25] and can be obtained by
replacing all the time derivatives in (1) by fractional derivatives in the Caputo sense of order « (0, 1), i.e

O] SD?uz (x.t) = )»1212 5%112(?(, t), 0<x<s(),0<t<T,

(i) §Duy(x.6) = A2, Ly (x.0), x>s(),0<t<T,

@ii)  u1(x,0) =U;, 0<x,

(iv)  uy(0,t) = U, 0<t<T, (28)
) w(s(t), t) = uz(s(t), t) = Upn, 0<t<T,

(vi) plCD“s(t) = kg, ax”1 (s@®)*,t) — ke, ()Xuz(s(t) t), O0<t<T,

wii) s(0) =

where U; < Uy < Ug, M,- are positive parameters named as “subdiffusion coefficients” given by Ay, = A;/Ily for i=1,2, and
kq,; are positive parameters named as “subdiffusion thermal conductivities” given by ko, = kjta, i=1,2.

Definition 2. The triple {u, uy, s} is a solution to problem (28) if the following conditions are satisfied
1. uq is continuous in the region R+ = {(x,t) : 0 <x <s(t), 0 <t < T} and at the point (0, 0), u; verifies that

0< llmlnf ul(x t) < limsup u;(x,t) < +oco.
*.0)— (x.t)—(0,0)
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2. u, is continuous in the region {(x, t): x> s(t),0 <t <T} and at the point (0, 0), u, verifies that

0 < liminf up(x,t) < limsup up(x,t) < +oo.
(x,t)—(0,0) (x,6)—(0,0)

3. uy e C((0,00) x (0,T)) NC2((0,00) x (0, T)), such that u; e AC[0, T]
4. uy e C((0,00) x (0,T)) NC2((0, 00) x (0,T)), such that u, € AC[0, T].
5. seAC|[O, T).
6. uq, U and s satisfy (28).

Theorem 1. [25] A self-similar solution to poblem (28) is given by

00 = Uy — e [1 - W (e 5.1)]

oy 29
1 (€)= Uy + 9o )w(—xuﬁw,_%n) (29)
s(t) = 2Eq A, t*/?

where £ is a solution to the equation

ko, Up —Un)I'(1 - & ko, (Un —UDT (1 —
22 Uo = Un)T(A = 3) p 9 - Ko Wm ZUOTA = 5) p ) 1 P(1+ 5 )hapl2x x> 0 (30)
Ay Aoy 2
where A = % = A;% “—1 >0, and F; :R{ - R and K : R} — R are the functions defined by
M
F1 (X) — L(X) and Fz(x) — Lx)a (3‘1)
W(-x.-%.1) 1-W(-x,-%.1)

Note 1. The uniqueness of solution to Eq. (30) is still an open problem. However, the uniqueness of similarity solution will
be achived for the Riemann-Liouville Stefan-like problem.

The Stefan-Like Problem for the Riemann-Liouville derivative. Consider now the following problem:

() Fwalxt) =A% & (BD] (Fw2(x. 1)), 0<x<r(),0<t<T,

(i) Fwi(xt) =A2 LD/ (Fwi(x. 1)), x>r(),0<t<T,

@iii) w1 (x,0) =U;, 0<x,

(i) w(0,t) = Uy, 0<t<T, (32)
W) wi(r(0), 1) =wa(r (), t) = Un, 0<t<T,

i) plgr(t) = ke §DF“ Fwi X O 1~ Kay §DF w2 (X, D] (o O <t =T,

wii) r(0) =

where, as before, U; < Um < Ug, Aq; = Ai/le fOr i=1,2, and ky; = kjpte, i=1,2.
Remark 3. The expression kg, K-D}~* " Lwy (X, t)|(r(t)+ 5 is equivalent to
B
lim ke, BDI® —wy(x, ¢ 33
XS a1 0 Mt 8X 1( s )7 ( )
which should not coincide with

ke, &D}~ "‘( lim 3wl (x,t)). (34)

X—r(t)* 0x
Definition 3. The triple {wq, w,, r} is a solution to problem (32) if the following conditions are satisfied
1. w; is continuous in the region R+ = {(x,t) : 0 <x <s(t), 0 <t < T} and at the point (0, 0), u; verifies that

0 < liminf wy(x,t) < limsup wy(x,t) < +oo.
(x,t)—(0,0) (x,t)—(0,0)

2. w, is continuous in the region {(x, t): x>1(t),0 <t<T} and at the point (0, 0), w, verifies that

0 < liminf wyo(x,t) < limsup wyp(x,t) < +o0.
(x,t)—(0,0) (x,6)—(0,0)

. wie C((0,00) x (0,T)) NCZ((0, 0) x (0,T)), such that wy, e AC/(O, T)).

. wae C((0,00) x (0.T)) NC2((0, 50) x (0, T)), such that wyy € AC[O, T].
5. reCY(0, T).

SNw
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Rpl-a 0 RLp1-o
6. There exist RD}~* Lw;(x, t)|( o+ and §D{7 Fow (x. t)|( -0 forall te (0, T
7. w1, wy and s satlsfy (32)

Theorem 2. An explicit solution for the two-phase fractional Stefan-like problem (32) is given by

Up—Un
w20 = U~ e [1-W (e -5.1)]

—U, 35
Wi 6) = Uy + e l)w<—kalxw,—%,1) (35)
r(t) = 2ng g, t%/?
where 1y is the unique positive solution to the equation
ke, (Uo — Um) ko, (Unm —U;) ke, Um —U;)
2 T G(2Ax) - G (2x) = | pl + = — ) 2x, (36)
)\'011)"012 )“gz] )\’gll
where A = : j’% = A—l >0, Uj<Un <Up and Gy : R} — R and G, : Rf — R are the functions defined by
W(-x,-%1+¢ 2/aW(—x, —%, %
Gl (x) — (—2052) and GZ (x) — Lﬁz). (37)
W(-x.-%.1) 1-W(-x,-%.1)
Proof. Let the functions
wi iRy x (0, T) — R
6 = W) =A+B[1-W(- . -5.1)] (38)
be the proposed solutions for i = 1, 2. Rewriting expression (8) for the variable t and taking ¢ = ﬁ gives
ol th~ 1w< 0, —p, 5) :tﬂ+a1w<_;rp,—p,ﬂ+a>. (39)
o o

Then, by using (39) for 8 =1-% and Proposition 3 it is easy to check that w; verifies equations (32-i) and (32-ii)
respectively for i =1, 2.
From condition (32-v) we deduce that r(t) must be proportional to t*/2. Therefore we set
r(t) = 2ngAe, t*%, t>0 (40)

where 74 is a constant to be determined and An, was added for simplicity in the next calculations. Now, from conditions
(32—iii) (32—iv) and (32—1}) it holds that

P Um*Ui
=Ui+ w(- znn 1)’ By W(—27a.—%.1)
Az = Uo, By =~ Lot

1-W (-21,2,—-%,1)

As before, by considering (39) for 8 =1 — % and Proposition 3, it holds that

Bia/2 X o« ), Ba2x X a ,
Wl- —5 1t W - -5, 1 =1,2. 41
)“11 )witl—a/Z )”aita/z T2 + 2 * )\-ozl)\-a,- t )\ait"‘/Z 27 o 1 ’ (41)

Then replacing (41) and (40) in equation (32-vii), and evaluating the limits following (33) it yields that n, must verify
the next equality

Koy Un=Up) W(=20a.~ 5,1+ % ko (Un—U;)
PR2ngha, = — 1;qu \4(/(—2%:%,1;) - 2, 2Ma—
+kot2 (Uo—Un) W (=2M10.-§.1+% ) I kay (Up=Um) 2AnaW (=A210.~§.1) (42)
hajhay,  1-W(=A214,—%.1) Aajhay  1-W(=Ae27e,—%.1)
which leads to conclude that {wq, ws, 1} is a solution to (32) if and only if 7, is a solution to the equation
Ky (Up—Um) W (=22%,—% 1+ % )+22xW (-22x,— %, 1) Up U W(-2x-§.145) ka, (U,,. Up)
Yy Faty 1-W(-A2x—5.1) = ke - W(—2x-%.1) pl+ 2, x>0 (43)

which, by using Proposition 4-2 leads to Eq. (36).
The next step is to prove that Eq. (36) has unique solution. For that purpose we define the function G in R* as

kaz Up — U, km1 U, — U; ko(1 U, — U
Gl = #Gz(zm _ %Q (2x) - <,Ol + (k"é{‘)>2x.
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Note that G is a continuous function such that

G(0") = 4o0. (44)
From Proposition 4-3 for every x >0 we have that
W(-2x,-%,1+¢
0< ( 2 5) - 1! (45)

W(-2x,-%.1) r(§+1)
then G, is bounded. Also, from (45) it holds that

e fgl‘”’") e T "“2;”0 Um)Gz (2Ax) — (pl 4 K U0 (”'"] U))Zx <G < 7“’“ Um)Gz (2Ax) — <,Ol e ’”)2x,
(46)
and taking the limit when x — oo in (46), by using Proposition 5 we obtain that
G(400) = —00. (47)
Finally, consider the function K : R* — R defined as
K(x) = kal(U)me[Gl (2x) + 2x] — pl2x. (48)
)

(Um Up)

Applying Proposition 3 item 1 and being > 0 it results that K is a strictly decreasing function. On the other hand,

"‘1
from Proposition 4 item 1 we have that G, is a strictly decreasing function. Then it can be concluded that G is a strictly
decreasing function. Therefore Eq. (36) has a unique positive solution. O

Remark 4. The limits described in Remark 3 are different if we compute them for the functions w; and r. In fact, by using
the computation made in the previous theorem, we get

lim FDl~* Bwy(x,t) = 2 [ t“/2*1W(—2na, -1+ %) + %2nat“/2*1W(—2na, -<, 1)] (49)

x—>r(t)*

and from Proposition 4-2, we have:

o o o 2 a o
W(—Zna,—§,1+5)+2naW(—2na,—§,1):&W(—na,—j,g). (50)
Then
. d B o o
RLpl-a 9 — 21 ja2-1 -, —— =
Xl1£)+ Rip! axw1(x,t) )\alt W( Nes 2,2) (51)
whereas
) B r(i-%)
Ript-o ( [im 2 ) )= 2212 2 Mo (20). 32
o (H'rlﬁlw "1 % )> ™ r(g) a/2(2a) 2)

And we know that (51) and (52) are different due to Proposition 4-3.
Theorem 3. If A = 1, the explicit solution (35) to problem (32) and the explicit solution (29) to problem (28) are different.

Proof. Take U; = —1, Uy = 0 and Up = 1. Let {uy, uy, s} be the solution to problem (28). Then s(t) = 2Aq, £,4t%/2 where £, is
a positive solution to equation
ke, T (1-9%) Me 2 (2Ax) ke '(1=5)  Mapp(2%)
Aayha,  1-W(-22x,—%,1) A W(-2x.-%.1)

T+ %)ple. (53)

On the other hand, let {wy, w, r} be the solution to problem (32). Then n4 is the positive solution to equation

’(0‘22/‘1 W(—Z)\X,—%, %) _ kOtl ( 2%, _g 1+ ) _ kon
)\,m )\az 1-— W(—)\ZX, —%, 1) )\%1 (—ZX, _7’ 1) = /01 + )\51 2X, (54)

or equivalently,

key DA+$)2/aW(20x-5.8)  keT(1+§)W(-2%-5.1+%)+2W(-2x-5.1) ra+ %ol
Ak, 1-W(-21x, -4.1) M W(-2x,-%.1) 2

(55)
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hao(z)
0.3 ;
e a=0.6
/ '\\ ——a =0.7
0.2 //‘ N —o—a =0.8 1
/ ‘\\ ——a =0.9
/'/ N
0.1 | |
J \‘\‘
0 e p
-0.1 L L L L L L L

Fig. 1. The function hg (x) = F(%)W(—x, -2, %) —T(1 - %)Mqy2(x) for different values of c.

From Proposition 4-2, for every x >0 we have that
o o o 2 o o
w(—zx, —Z 1+ 5) + 2xW(—2x, -2 1) - aW(—zx, -2 5). (56)

F(1+ )

Then using the fact that the Gamma function verifies that =T'(%) and replacing (56) in (55) we deduce that 74

is the unique positive solution to the equation next (Fig. 1)
ke, T(EW(-22x,-%.%) key T(§ W(-2x,-%. %)
hnhay 1-W(-24x.-9.1) 23, W(-2x.— 2,1)

Then, if we suppose then that &, = g, it results that there exist £, > 0 such that

:1"(1—1—%),012)(, x> 0. (57)

kg TEW(-260.-%.%) ko, T~ 9MapRa)  key T(GW(-2050.-%.%)
Mo W(28.-51) R W(2%.-51)  rake 1-W(-20& -5.1)
Ka, F(l_g)Ma/Z()"zga
- . (58)
)\al)"aZ 1- ( 2}\";:017 bR )
By hypothesis A = 1, then we conclude that
kﬁ k“z
2 Ty ey
= , (59)
W(-2&,-%.1) 1-W(-2)&,-%.1)
or equivalently,
w(-26,,-% 1) = —L (60)
2 1 4 Kayhay
+ [ )‘“1

Replacing (60) in equation (53) yields that plAq, 28y = 0 which leads to &, = 0, contradicting the fact that £, >0. O

Note 2. It is worth noting that an analogous proof for Theorem 3 but considering A # 1 does not holds. In fact, if we define
the function hy : R* — R as

o o o o
he (x) = F(E)W<—x, -2 5) - F(l - j)Ma/Z(X)
then equality (58) can be expressed as
ke, ho (A2&4) _ ke, hy (250,
Aonhay 1= W(-A28, =%, 1) A% W(-2&.-%.1)
If A #1, it is not possible to cancel the espressions hg( AZSa ) and hy(2£,) in Eq. (61). Moreover the plots in Fig. 2 lead us
to suppose that there exists a positive solution to equation
)Lk(,;i hy (AX) _ _ k% ha(x)a x=0. (62)
aha, 1 =W (-2x,—%,1) A% W(-x,-%.1)

then, it is not possible to get a contradiction like in (60).

(61)
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(A=2)
77777 a=06 |
——a =0.7
——qa = 0.8 ]
——a = 0.9

Fig. 2. The left and right quotients of Eq. (62) for different values of .

However, if we take different values of A (which are different to 1) and the parameters &£, and 7, are estimated numer-
ically for different values of o, we see that they are different and both converge to the same value when o ~1. Numerical
examples will be given in the next section.

Theorem 4. The explicit solution (35) to problem (32) converges, when « 1, to the unique solution to the classical Stefan prob-
lem given by

i) Fuxt) =23 Luy(x.0), 0<x<s(t),0<t<T,

(i) Furt) =22 Luy(x.0), x>s().0<t<T,

(i) up(x,0) =Uj, 0=<x,

(iv)  ux(0,t) =Up, 0<t<T, (63)
W) ui(s(t), t) = up(s(t), t) = Up, 0<t<T,

i) ds(t) = ki Zui(s(t).t) —koLuy(s(t),t), 0<t<T,
(vii) s(0)=0
Proof. The unique solution to problem (63) is the Neumann solution given in [37],
erf %
z3(x,t) =Up — (U - Um)%
( ) (64)
erfc %
21, ) = Ui + (Un — U) —grepay > w(O) = 2ma Vi
where 14 is the unique solution to the equation
ka(Uo — Un) EXP{-2°X*}  ky (U —Up exp{-¥*}
Ahy merf (Ax) A2 Jmerfc (x)

Reasoning like in the previous theorem we can state that the solution to problem (32) is given by (35) where nq is the
unique positive solution to the equation

kaz (UO - Um) W(—Z}\X, _%’ %) ka1 (Um - Ui) W(—ZX, _%’ %)
1

plx, x>0. (65)

=plx, x>0. (66)

Aok, @ 1-W(-2x,-%.1) Mo W(-2x.-2.1)

Clearly, if we take o = 1 in Eq. (66) we recover Eq. (65). Now, let be the sequence {1y }«, where 1, is the unique positive
solution to Eq. (66) for each 0 < < 1.
Defining the function

koyUop —Um) W(=20%.=5.%) ke, (Un —Up W(-2x.—
pl)\.al )\aza 1- W(—Z)LX, —%, 1) ,Ol)\gllO{ W(—ZX, —

fa (X) =

for every x e R* and 0 <« <1, it holds that f, (ny) = 1 for every a (0, 1].
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From [38] we know that f; is a strictely decreassing function in R*. Taking a close interval [a, b] ¢ R* such that 1, €]aq,

b], using the uniform convergence over compact sets of all the positive functions given in Proposition 6 and proceding like
in [33, Theorem 2] we can state that

li =1n. 67
limne = m (67)
Finally, by taking the limit when « 71 in solution (35) and applying Proposition 6, the thesis holds. O

Remark 5. By using the same technique described before, we can improve the result given in [25, Theorem 3.3] by consid-
ering the functions g, defined in R* by

ko, Uo —Um) T'(1 —0t/2) Mgy (—2A%) Kay (Un —Up) I'(1 —0t/2)  Maa(—2X)

X) = _
£ (1) Plhata, T +a/2)1-W(-24x.-%.1) PG T +a2) w(-2x,-%.1)

and a sequence {£,}, were &, is a solution to equation g, (x) = x, x> 0.
4. The dimesionless problems and numerical results

With the aim of giving different plots of the solutions obtained in Section 3, the problems (28) and (32) will be rewritten
in their dimensionless form.

First, we give the following table exhibiting the usual heat conduction physical dimensions related to this work. Let us
write T for temperature, t for time, m for mass and X for position.

Uq, Uz, Wy, Wo temperatures [T]
ki, ko thermal conductivities [TT]
P mass density %
€1, C specific heats 1’% (68)

~Pt,
—_ | S—

N

X

2

M=k i-12 diffusion coefficients [
l latent heat per unit mass [

Proposition 8. For every « (0, 1) it holds that
1. [ol*f] = [f]t* for every f = f(t) € L1(0,T).
2. [fpof] = m for every f = f(t) e AC[O, T].

[CD“f] [f] for every f = f(t) € AC[O, T].

Recall that the parameters v, and (g given in (25) where added to preserve the consistency with respect to the units
of measurements in equations (23) and (24). That is, being [J] = [kux] = tm3 and using Proposition 8, it holds that

[ =10, 0)] = |:F(1l— _ O[ o), dt] - (69)
Then, replacing (69) in (23) one gets
pe= L1 (70)
[h(x)I[I a]]) t
Therefore,
(o] =t (71)

Proposition 9. Let xo be a characteristic position and let U* be a characteristic temperature. Then, if the following rescaling
variable are considered

X A2 _ow
== =1t d = — 72
Y= p an W= (72)
it holds that

* )\’2
off (Wx(x,0)) = U);(O (){;)10‘ olf Wy (y. 7)), (73)
1 0
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o U )‘% T-a jo (47
olf (W (x, 1)) = ﬁ 2 ol? (Wyy(.% 7)) (74)
X0
and
RLn1-« U~ )L 1— aRL 1-a
EDI Wu(x,0)) = o ( D14 (W (. 7)) (75)
0 \"0
Proof. We prove here Eq. (73). By considering the rescaling (72), we have
by, ) = HEQD-LD) 6)
Then
o 1 [ w2 =Wy (1, T(2))
ol (W 0) = w3 Jy [ et = iy | e =

_ VT/y(y V) X, U "
= F(Ol)/ ( )] a2 lt e )L%dl/ (Az) ol7 (Wy (. 7)).

O

Now, let us consider problems (28) and (32). By using Proposition 9 it is easy to state that the governing equation (32-i)

is equivalent to the following equation
d A2
3 W2, T) = kzm( (77)

0

)1 aRLDl aWZyy(y 'L')

2
Note that py = (X—g)]*“ is an admissible parameter because [iq]=t!"% and that lirr% Mo = 1. Then, the parameter
%

}\1
Ma( )1 ~2 in Eq. (77) can be omitted.
Analogously, transforming the governing equations, the Stefan conditions, the initial and boundary data, taking U, =0

and U* = |U;] in problems (28) and (32), it follows that the dimensionless associated problems are given by
(i) §DY¥My(y, T) = A2ilayy (v, 7). 0<y<5§(r),0<7<T,
(ii) ngm(y,r):ﬁzyy(y,r), y>3(1),0<t1<T,
(i)  1(y,0) = — 0<x,
(iv) 1,(0,7) = |U|, 0<t<T, (78)
)y 66(x),7)=i608(),7)=0 0<t=<T,
(vi)  §D%5(r) = Ste[i, (5()*, T) — %ﬁzy(s?(‘r)‘, )], 0<t<T,
(i)  §(0) =
and
(i) W (y,7) = A2RDlow,y (v, 7), 0<y<#1),0<t<T,
(i) Wi T) = RLD}*"‘wwy(y, 7), y>#1),0<1<T,
(i)  W(y,0) =— 0<y,
(i)  Wy(0,t) = g, 0<t=<T, (79)
) W), 7)) =wa(f(7), 1) =0 0<t<T,
W)  4F(r) = Ste[ 0D Wiy (1. D) oy oy — B 6DF Wy 0. D o T)] 0<t=T,
(vii)y 7(0)=0

where A = % and Ste = % is the dimensionless Stefan number.

In the following table there are different tests, i.e. sets of parameters for A, ;:—2 U= ‘ and Ste. For each test in Table 1
a correpondig graphic of the comparison between the £, and 7, is given in Fig. 3.
At the end, we present in Figs. 4 and 5 some color maps of temperature for tests 2 and 3, respectively. Three values of

o are considered and as expected from Theorem 4, both solutions approach themselves when o 71.



14

S.D. Roscani, N.D. Caruso and D.A. Tarzia/Commun Nonlinear Sci Numer Simulat 90 (2020) 105361

Q o
0 ™
L 41 o . 41 o
= IS — o
Il Il
X S
0 0
—_— 1 ® — 1=
o o
Il I
S 3 s
L i~ I~
I =} a <)
Il I
~< ~<
:‘ \ | o Il | o
Sgle \ < gle o
/.
/.
/.
/.
L 0 0
- © 0n© ©°
N} - - =
=} oS oS [}
o o
0 o
S | | — ! 1o
I © | ©
N =
wn n
~ L ) ~ L 1
— IS} — 5]
I 3 Il
SS Sis
L i~ L a1~
- [} .~ =}
e —I
Il Il
~< ~<
© L 4 ©
Il 1g I 3 s
Llg Sle| W
I
i
i
. . . 0 I 0
o o
8 @ 2 ? S g gy 2
<) [S) [S) <] [} =} =} =] o

d?\dw

Fig. 3. &4 vs. 1, for different values of «.
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Table 1
Different set of tests.
k U
A © U= Ste
Test1 05 05 1.0 0.5
Test2 20 20 1.0 0.5
Test3 05 05 1.0 1.2
Test4 20 20 1.0 1.2

| @ | Caputo Stefan-Like Pb. | Riemann-Liouville Stefan-Like Pb. |
= =
Lo o(y,7) » Lo Wo(y,T) »
0.8 0.8
0.5 0.5
0.6 0.6
=~ 0.0 [ 0.0
0.7 0.4 0.4
-0.5 -0.5
0.2 0.2
0.0 -1.0 0.0 -1.0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Yy Yy
U, T W, T
1.0 Ot(y7 ) 1.0 a(y> ) i
0.5
=~ 0.0
0.8
-0.5
. . -1.0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Y Y
U, T W, T
Lo (Y, T) 0 (Y, T) o
0.5
~ 0.0
0.9
-0.5
. = 1.0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Yy Yy

Fig. 4. Caputo’s approach Solutions Vs. Riemann-Liouville’s aproach Solutions for Test 2
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| @ | Caputo Stefan-Like Pb. | Riemann-Liouville Stefan-Like Pb. |
U (y, T Wo(y, T

Lo a(y,7) » Lo a(y,7) »

0.8 0.8
0.5 0.5

0.6 0.6
=~ 0.0 [ 0.0

0.7 0.4 0.4
-0.5
-1.0
1.0
0.5
. 0.0

0.8
-0.5
-1.0
1.0
0.5
~ 0.0
0.9
-0.5
. 8 : -1.0
00 02 04 06 08 10 00 02 04 06 08 10
Yy Yy

Fig. 5. Caputo’s approach Solutions Vs. Riemann-Liouville’s aproach Solutions for Test 3.

5. Conclusion

We have presented two different fractional two-phase Stefan-like problems for the Riemann-Liouville and Caputo deriva-
tives of order « € (0, 1) with the particularity that, if the parameter o = 1 is replaced in both problems, we recover the same
classical Stefan problem. In both cases, explicit solutions in terms of self-similar variables where given. It was interesting
to see that, the role of the different “fractional Stefan conditions” associated to each problem was decisive to conclude that
the solutions obtained were different. Also, as expected, we have proved that the two different solutions converge to the
same triple of limits functions when « tends to 1, where this “limit solution” is the classical solution to the classical Stefan
problem mentioned before.

Finally we would like to comment some open problems related to this research paper: is it possible to find explicit
solutions to problem (27) derived in [19]? Which is the best numerical approach for this kind or problems? If we could
estimate any solution to problem (27), how different it would be to the explicit solutions obtained in the present work?
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