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1. Introduction

The theory related to heat diffusion has been extensively devel-
oped in the last century. Modelling classical heat diffusion comes
hand in hand with Fourier Law. Nevertheless, we shall not forget
that this famous law is an experimental phenomenological princi-
ple.

In the past 40 years, many generalized flux models of the clas-
sical one (i.e. the one derived from Fourier Law) were proposed in
the literature and accepted by the scientific community. See e.g.
[8,16-18,37].

In this paper a phase change problem for heat diffusion under
the hypothesis that the heat flux is a flux with memory is anal-
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ysed. This kind of problems are known in the literature as Stefan
problems [41,42].

The model obtained under the memory assumption is known
as an anomalous diffusion model, and it is governed by fractional
diffusion equations. There is a vast literature in the subject of frac-
tional diffusion equations. We refer the reader to [24,30,31] and
references therein.

The study of anomalous diffusion has its origins in the investi-
gation of non-Brownian motions (Random walks). In that context it
was observed that “the mean square displacement” of the particles
is proportional to a power of the time, instead of being propor-
tional just to time. An exhaustive work in this direction has been
done by Metzler and Klafter [26]. Other articles in this direction
are [19,25,27,28]. It is worth mentioning that many works (see e.g.
[3,12,40]) suggest that the anomalous diffusion is caused by het-
erogeneities in the domain.

Before presenting the problem, let us establish some usual no-
tation related to heat conduction with the corresponding physical
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dimensions. Let us write T for temperature, t for time, m for mass
and X for position.

u temperature [T]
k thermal conductivity m—3x
Tt
densi m 7
ol mass density [F
. X2 1)
c specific heat —
pecifi [th |
k e ) X%
d= o diffusion coefficient |:t
) s
l latent heat per unit mass |:2
t

Consider a temperature function u = u(x, t) and its correspond-
ing flux J(x, t), both defined for a semi-infinite unidimensional ma-
terial. From the First Principle of Thermodynamics, we deduce the
continuity equation

ety =~ L. @)

The aim of this work is to derive a model by considering a special
non-local memory flux. For example, Gurtin and Pipkin [15] (ex-
perts in continuum mechanics and heat transfer) proposed in 1968
a general theory of heat conduction with finite velocity waves
through the following non local flux law:

Jx.t) = K(t) % (-kaaxu(x, t)) — _k [; Kt — r)%u(x, )dr.
(3)

where K is a positive decreasing kernel which verifies K(s)— 0
when s — co.

Let us comment on some different explicit and implicit defini-
tions of fluxes, and their effects on the resulting governing equa-
tions:

» Explicit forms for the flux: J(x,t) = F(x,t)
The classical law for the flux is the Fourier Law, which states
that the flux J is proportional to the temperature gradient, that
is:

Jx, t)—*k

If alternatlvely suppose that the flux at the point (x, t) is pro-
portional to the total flux, then the given law is the following:

u(x t). (4)

t
Jx.t) = %ﬁ —k%u(x,r)dr. (5)

In (5), T is a constant whose physical dimension is time. An-
other interesting thing is that (5) can be interpreted as a gen-
eralized sum of backward fluxes, where every local flux has the
same “relevance”.

The following expression for the flux is a generalized sum of
weighted backward fluxes. There is now a kernel which assigns
more weight (“importance”) to the nearest temperature gradi-
ents, that is:

t
Jx,t) = — F)Zaa) /_ (t - r)“‘lk%u(x, 7)dr. (6)

Here, « is a constant in the interval (0,1) that plays an impor-
tant role, and 7, is a constant imposed to equate units of mea-
sures. Both will be specified later.

Note that (4) and (6) result from considering the kernels
Ki(t)=4(t) and K, (t) = na%, respectively, in the generalized
flux equation (3).

o Implicit forms for the flux: F(x, t,J(x,t)) = G(x, t).

One of the most famous formulations for the flux, is given by

the Cattaneo’s equation [6]

J(x t)+fa](x t) = kau(x t) (7)

9 at 9 - ax £ 9
which was proposed with the aim of introducing an alternative
to the “unphysical” property of the diffusion equation known as
infinite speed of propagation. Eq. (7) can be seen as a first order
Taylor approximation of (8) in which the flux is allowed to ad-
just to the gradient of the temperature according to a relaxation
time T,
0

Jx,t+7T)=—-k u(x t). (8)
Another approach assumes that the integral of the back fluxes,
at the current time, is proportional to the gradient of the tem-
perature:

1 t](x T)dt = kiu(x T)

Yet another formulation considers that the integral of the
weighted backward fluxes at the current time, is proportional to
the gradient of the temperature:

Vo t o _ 9
raa [ dr = —kgui ), ©)

Note 1. Although when we talk about backward fluxes it is log-
ical to consider the lower limit of the integral at —oo, we can
suppose that the function u has remained constant (for some
reason) for all t <0, where with 0 we refer to a certain initial

time. Moreover, under this condition, that is u(x, t)=ug, for ev-
ery t <0, the expressions (6) and (9) become
Jot) = — o [ e ke yx e (10)

’ I'la) Jo ax ’
and

o —

F(l f(r )J(x, 7)dr = k u(x o), (11)
respectively.

Expressions (10) and (11) are closely linked to fractional calcu-
lus. Let us present the basic definitions that will be employed
throughout the article.

Definition 1. Let [a,b] c R and « € RT be such thatn—-1 <« <n.

1. For feL[a, b], we define the fractional Riemann-Liouville inte-
gral of order o as

t
JUF(E) = ﬁ [0

2. For f e AC"[a, b]={f | f™=V is absolutely continuous on [a,b]},
we define the fractional Riemann-Liouville derivative of order o
as

BLD f(t) = [D" ol ] (6) = / (t - Ty f(T)dr.

F(n o) dtn

3. For feW"(a,b) = {f| f™ e L'[a,b]}, we define the fractional
Caputo derivative of order o as

DU (t) = [ (D"H](®)

_ {r(n]_a)/at(t —T)relf(r)dr,n-1<a <n,
Fo,

o =n.
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Table 1
Flux and diffusion equations.

Equation for the flux  Resulting diffusion Eq. Observations

- 2 .
J=—kiu ‘3—2‘ =dis Heat equation
_ 1 ptpdu 9%u _ d 9%u :
J=—-% o kirdr =t Wave equation
J= —kng ol¢ 34 ¢DI+eu = nad;T’z‘ Superdiffusion equation
FOJ_ _fou du | #0%u _ o%u . i
]1+ Tﬁ] = kag ar +7 7 e Telegraph equation
— _fdu D [y d Pu) _ PR . .
= JoJdT = —k4k 5 (u o ) =0 Elliptic equation with

parameter t
Subdiffusion equation

2

Vo o) = —k prux,t) = L 2 uxt)

o 0X

=
|

t

L ) S ;
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Fig. 1. The free boundary h(x) vs x.

Note 2. With these definitions, Eqs. (10) and (11) can be rewritten
as

a
.](X’ t) = _nak Oltaﬁu(x’ t)

and

Vo ol 7 (x, T) = —k%u(x, t).

Table 1 exhibits the governing equations derived from (2) for
the different choices of the flux J.

There are many references about these different fluxes and their
corresponding governing equations [5,6,10,24,30,31]. Specially, the
subdiffusion equation is one of the most studied in the last
10 years: The Cauchy problem [11,14,23,29], initial and boundary
value problems [13,38], maximum principles [1,21,22,32]. Never-
theless, fractional phase change problems have been very poorly
studied [2,43]. Some of these articles propose a physical ap-
proach [4,7,44-46] and others do a purely mathematical treatment
[20,33,34].

The goal of this paper is to present a new mathematical model
for a one phase change problem with a memory flux, which de-
rives in a fractional free boundary problem, such that the gov-
erning equations of this model are consistent both mathematically
and physically speaking. We will pay special attention to the in-
terchange of limits and integrals, which is a sensitive issue when
working with fractional derivatives (see [36]).

In Section 2, some properties of fractional calculus which will
be useful later are provided.

In Section 3, a mathematical formulation for an instantaneous
phase-change problem for a material with memory is presented.
In this model, an implicit equation for the flux involving fractional
integrals is used.

Finally, in Section 4, an equivalent formulation is presented,
which allows us to give an integral relation for the free boundary,

which we consider important in future research on existence and
uniqueness of solutions, or properties of the free boundary.

2. Preliminaries of fractional calculus

Proposition 1. [9] The following properties involving the fractional
integrals and derivatives hold:

1. The fractional Riemann-Liouville derivative is a left inverse oper-
ator of the fractional Riemann-Liouville integral of the same order
a € R, If feLl]a, b], then

MDY f(t) = f(t) ae.

2. The fractional Riemann-Liouville integral is not, in general, a left
inverse operator of the fractional derivative of Riemann-Liouville.
In particular, if O<a<1, then *®DYf)(t)=f(t)—-
o' f(a")
L) (t —a)l—o"
3. If there exists some ¢ €L'(a, b) such that f = 4%¢, then

JORDYf(E) = f(t) ae.
4. If n—-1 <a <nand feAC"[a, b], then

n-1 (k)
fpi0 =3 o @ ),
=0

In particular, for 0 <o <1, we have

0 (1) = s (=0 + D).

Proposition 2. [39] The following limits hold:

1. If we set 4I° = Id, the identity operator, then for every feLl[a, b],
lim oI* f(t) =q I°f(t) = f(t).
a\0

2. For every fe Cl(a, b),
lim SDYf(¢) = f'(t)and lim SDYf(¢) = F(£) — f'(0%),
a1 aN1
Vt e [a, b.
3. For every fe AC'[aq, b],
li;l} Ripef(ty=f'(t) and li{l} Ripef(ty=f'(t), ae.te(a,b).

Remark 1. If we consider a function f supported in [0, co) and y
is the locally integrable function defined by

-1

te .
Xa® = 1T 1070
0 ift <0,

then we have the following properties for 0 <o <1:

a®f(t) = (Yo x ) (),
RL o d
DS = 5 e x H©).

D (O) = (tr-a) (0.

3. Modelling a phase change problem with a flux with
memory: a fractional stefan problem

The aim of this section is to formulate mathematical models
associated to a one-dimensional fractional phase change problem.
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The classical phase change problems for the heat equation ob-
tained by considering the Fourier Law for the flux are known in
the mathematical literature as free boundary problems, and under
certain conditions as Stefan problems.

The fundamental equations involved in Stefan problems are: the
heat equation and the Stefan condition (derived from the connec-
tion between the velocity of the free boundary and the heat fluxes
of the two temperatures corresponding to the different phases).

We will focus on deriving the fractional diffusion equation and
(making an abuse of language) the “fractional Stefan condition”.

Physical problem: Melting of a semi-infinite slab (0 <x < 00) of
a material with memory, which is at the melt temperature Ty, by
imposing a constant temperature Ty > T, on the fixed face x = 0.
All the thermophysical parameters are constants.

Mathematical problem Let u = u(x,t) be the temperature and
let J(x, t) be the memory flux of the material at position x and
time t. Let x = s(t) be the function representing the (unknown) po-
sition of the free boundary at time t such that s(0) = 0. We will
assume that s is an increasing function and consequently, an in-
vertible function.

The flux modelling the material with memory is considered un-
der the assumption that the generalized sum of the weighted back-
ward fluxes at the current time is proportional to the gradient of the
temperature, that is

ou
Vo h(x)lg*“](x, t) = 7](5(){, t), (12)

where the initial time in the fractional integral is given by the
function h which gives us the time when the phase change occurs.
That is

h(x) =s1(x)  (ie. x=s(t)).

The parameter vy is a parameter with physical dimension such
that

limvy, =1. (13)
a1

This parameter has been added to preserve the consistency
with respect to the units of measure in equation (12). In fact, con-
sidering the units of measure given in (1), we have

U] = [ku] = ?3 (14)

1 _ 1 toJx 1) m1_
[h(x)lt J&x t)] - [F(l —a) Joey (E—T) vl =Get=gw
Then, by (14), (15) and (12) one gets

du
g = L] _ — (16)

Remark 2. Due to the properties of the Riemann-Liouville integral,
the limit expression for & =1 in (12) yields the classical Fourier
Law.

Remark 3. Notice that, since we are assuming that the tempera-
ture is constant for x > s(t), then the gradient of the temperature is

null in the region x > s(t), t > 0, which implies that
Vo ol 7%J(x,£) = 0, Vx>s(t), t>0. (17)

Applying the inverse operator SLD;“" to both sides of equation
(17) leads to

V) (x,t) = BD]-20 =0, Vx>s(t), t>0.

Then, for every (x, t) such that 0 <x <s(t), t > 0 it results that

Vo 1)
Td-w) )y t—1)2

Ve h o
= dr
F(l—oe)/o (t—1)«

L Ve L 1)
F'ad—a) Jye t—1)°

Vo ol 7J (%, t) dt

= Vu I1(x)1t17aJ(Xv t)~

So, assuming that u(x, t)=Ty in the region x > s(t),t > 0, condition
(12) is equivalent to

Vo ol 74 (%, £) = —k%(x, t) VO0<x<s(),t>0. (18)

However, in the following, expression (12) will be chosen since
the dependence on starting time (linked to the free boundary) may
be overlooked if we consider (18).

Now, being the Riemann-Liouville fractional derivative of order
1 — « a left inverse operator of the fractional Riemann-Liouville in-
tegral (Proposition 1 —1), an explicit expression for the memory
flux at position x and time ¢t can be derived, and it is given by

k _q0u

J(x,t) = —E%D? "‘m(x,t), (19)
or

k1 9 [t w1 0U
Jx, t) = —EW& h(x)(t—r) ﬁ(x,r)dr. (20)

Putting

1

P = = (21)

from (16) and (13) it results that

(] =t
and
Ll;r},ua =1. (22)

Then, equation (20) becomes

ou
J (6 £) = —kita ity Dy~ 5 (%, ). (23)

Remark 4. Fractional explicit expressions for the flux such as the
given in (23) were considered in many publications (see for in-
stance [30,35]). Although it is a direct consequence of the formula-
tion (12), up to now, the physical meaning of the partial derivative
with respect to time in (23) was not clear.

Let us derive the governing equations of our problem. Note that
the starting time being a function of x in the fractional derivative,
the governing equation will not coincide exactly with the subdif-
fusion equation given in Table 1.

Let 0 <x <s(t), t>0 be. Differentiating equation (12) respect to
x yields that

9 w 9%u
ﬁ(])a h(X)Itl ](X, t)) = —ICW(X, t)

Or equivalently,

8 Vo t —a _ 32u
8)([F(1—05) fh(x)(t - 7)Y (x, r)dr] = ko (x.0).
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Differentiating the left-hand side of latter equation and using the
continuity equation (2) we have

v
ol t—1 c—u x, 7)dt
Ta-a) h(x)( ) %o (x.7)
e lim D6 o _k—(x ). (24)
b (1 —a)
Then the governing equation is
t-7)*

k 0%u
Pl DIUC £) + lim oS (6 D () = QWW).

(25)

0 I'1-a)

Remark 5. In case we use the alternative flux definition (18),
which is equivalent to (12), in the derivation steps of the governing
equation, we get

0 = t t o dt | = - 0u t

% mfo t—-1)%x t)dT | = —(W(X, ).

It must be pointed out that the flux | is not differentiable at
T = h(x) € (0,t). Then, we can not differentiate under integral in
the left-hand side of the latter equation. This fact is the main rea-
son why we will not arrive to a single Caputo derivative over [0,
t] for u in the left-hand side of equation (25), as has already been
suggested in literature.

Now, we turn to study the moving interface. The interface is a
curve where a discontinuity of the flux occurs. So, the energy bal-
ance between the latent heat and the difference of fluxes is given
by the Rankine-Hugoniot conditions at the interface

T = —pIS(e). (26)
Here, the double brackets represents the difference between the
limits of the fluxes from the solid phase and the liquid phase. Re-
call that the explicit flux is given by (23) in the liquid phase, and
the temperature is constant in the solid phase (which implies that
the flux is null in this region as we have seen in Remark 3). Then
condition (26) becomes

lim j(x t) = pls'(t),
xs(t

or equivalently (by using (23))

Jdu
—kua llm ﬁﬁ)‘)Dl « T —(x,t) = pls'(t). (27)
Makmg an abuse of language, we will call equation (27) the “frac-
tional Stefan condition”.
Assuming the continuity of the flux in the liquid region, the fol-
lowing equality holds
lim J(x,t) = llm ](x t). (28)
x/s(t)
Combining (25) and (28) we get the following governing equation
for the liquid phase

" pl  s'(h(x))W(x) k 9%u
pcg(X)Dt u(X, t) =+ F(_l — (X) (t — h(X))a = Ew(x, t) (29)
Being h the inverse function of s, it results that
, 1 1
"= 567 ®) = ey G0
Finally, using (30) in (29) leads to
c o (t—hx)™ k 0%u
pCh(x)Dt U(X,t)‘i‘plﬂ— Ew(x,t). (31)

If we consider the Stefan number defined by

c(To — Tn)

Ste = I , ([Ste] = 1) (32)

and we use it in (31), we get
(To = Tn) (£ —h(x)™
Ste ra-ow)

where d is the diffusion coefficient defined in (1) and w, was
given in (21).

g(x)D‘g‘u(x, t) + d—(x 1), (33)

Note 3. It is easy to check that

o (To=Tn) C—hx)*| _ ul T
[ng TS Ta-w) } - [““daxz] =@

Note 4. We would like to highlight the difference between the
fractional Stefan condition obtained in (27) and the fractional Ste-
fan condition considered in [33] which was given by

ou
pISDYs(t) = —k 2 (s(0), 1),

X
and was derived by replacing the classical derivative by the Caputo
derivative in the classical Stefan condition.

Finally, using equations (27) and (33), and adding appropriate
initial conditions, the system representing the physical problem
proposed at the beginning of the current section is given by

(i) fDruC )+ (Tos_teTm) (rr( f(_xz)*“
= [ad 82(xt) 0 <x<s(t),

0<t<T,
(i) s(0)=0
i) u(0,t) =To, 0<t<T,
() u(s(t),t) =Tn, 0<t<T,
) pls'(t) = —Mak 11m ’,f%x)Dl o‘iu(x, t), O<t<T,

(34)

where h(x) = s~1(x) for every x> 0.

Definition 2. A pair {u, s} is a solution of problem (34) if the fol-
lowing conditions are satisfied

1l u is continuous in the region Ry =
{(x,t):0<x<s(t),0<t<T} and at the point (0, 0), u
verifies that

0< llmlnf u(x,t) < limsup u(x, t) < +oo.
(*x.6)—(0.0) (x.t)—(0,0)

2.ue C(R7)NC((R7), such that ueW!((h(x),T)) where
WL((h(x),T)) :={f(x,-) : fe WI(h(x),T) for every fixed x €
[0,s(D)]}-

3. seCl(0, T).

4. There exists Rt D!~ Zu(x, )| s)-r) for all te (0, T].

5. u and s satisfy (34).

4. Integral condition

It is interesting to note that, from the definition (12) for the flux
and Proposition 1 — 3, it results that expression (12) is equivalent
to expression (19) for the flux. Then, if we replace (19) in the con-
tinuity equation (2) we obtain the following governing equation,
which is a fractional diffusion equation for the Riemann-Liouville
derivative:

8t (x t) = ped 88 (%)D] “au(x,t)), 0<x<s(t), t>0.
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Lemma 1. The following jumping formulas hold:

1 If w(x, -) and wy(x, -)eL'(0, T) then
0 9
hoolt ™ [ wi(x, t)] [h(x)ll “w(x.t)]
_ (t-—7v)
rl\lfll(]X) WD T gy r'a-ow)

2. If w(x, -)eACY(0, T) and ﬁ%X)D1 “[ L wix, t)] is a continuous
function then

aa [Re Dt wix. 0] -

W (x). (35)

a
Bl | e

9 -1y,
= m(J@E&)W(" ”m)h())

Proof. 1. Applying first the definition of fractional integral and dif-
ferentiating with respect to x we get

%[h(x)lg*"‘w(x, t)] = % [ 1 w(x, T)(t — r)“dt]

'a-a) Jiw

1 t 9 a
= - —oz)[ o 8Xw(x T)(t—1) %t

— lim wk, t)(t - t)”‘h’(x)i|. (36)
TN\h(x)

Equation (35) can be derived directly from (36).
2. Analogously,

0 o 0 d
% [RtoDi* w(x.0)] = a—&[h(x)l wx.t)]
d d
= &ai[h(x)l W(X t)]
a1 [ .
- BB[F(a) h()W(x,r)(t—r) dt]

O ( . wxo)(t-T)* T,
Tat <f1\‘,?3x) @ (X)>'

Proposition 3. Consider the following fractional Stefan problem

O

) %(x, t) = ““daax(’;%x)D] o0 u(x, t)), 0 <x<s(t),

0<t<T,
(i)  s(0) =
(iii)  u(0,t) =Ty > T, 0<t<T,
() u(st),t) =Tn, 0<t<T,
W)  pls'(t) = —ugk llm) ﬁle a9 u(x, t), O0<t<T
(37)

where h is the function defined by h(x) =s~1(x). Then problems
(34) and (37) are equivalent.

Proof. Being equations (ii) to (v) the same in both problems we
have to check only that equations (34 — i) and (37 — i) are equiva-
lent.

Applying I}~ to both sides of (37 —i) we get

a
heoDEU(x. 1) ::uadh(x)lga[ax<ﬁl(-x)Dr PRl U)} (38)

Proposition 1-1 implies that if we apply ﬁ%X)D1 ~@ to both

sides of (38) we recover equation (37 —i). Therefore (37 —i) and
(38) are equivalent.

On one hand, taking w(x, t) = h(x)Dl —( Xu(x, t)) in Lemma 1-
1 we get

ad o of 0
a)((ll(x)ll ﬁ%x)Dl (8xu(x, t)))

0 1 —a RL 1-a 0
3x|:l‘(l—a) h(x)(t B o (axu(x,r)>dr}

K e
=neo It [ax(ﬁfx)D] (axu(x,t)>>}

~ lim & p- a(iu(x,r)) C—D . (39)

Nh(x) rim-ow)

On the other hand, from (12) and Proposition 1 — 3, it holds
that

0
noole ™ <§§X)D1 —a <8Xu(x, t))) =

Then (39) together with (40) yield

| O a
I’Ladh(x)lt] a[a (ﬁ%x)Dl a(axu(x’t))>]

%u(x, t). (40)

82 d pls'(h(x))H (x)
452 ® ) - Fa -k t-ha)e
So, we can rewrite equation (38) as
02 d pls'(h(x))W (x)

C o — _ — e
e R N A e T T

(41)

Taking into account (30) and (32), we conclude that (41) is
equivalent to (34 —i) and then the thesis holds.
O

Definition 3. A pair {u, s} is a solution of problem (37) if the fol-
lowing conditions are satisfied

1l u is continuous in the region Ry =
{(x,t):0<x<s(t),0<t<T} and at the point (0, 0), u
verifies that

0 < liminf u(x,t) < limsup u(x,t) < +oo.
(x,t)—(0,0) (x,t)—(0,0)

2. ue C(R7°)NC:(Rr°), such that uy e ACl((h(x),T)) where
AC ((h(x),T)) :={f(x,-) : fe AC' (h(x),T) for every fixed x €
[0,s(T)]}.

3. s C1(0, T).

4. There exists KD}~ " Lu(x, t)|(s(t) 5 for all te(0, T].

5. u and s satisfy (37).

Lemma 2. If the pair {u, s} is a solution to problem (37) and
2 [ﬁ%X)Dl Yu(x, t)] is a continuous function, then

el d
P heoDi ux, t) = £, Dy "‘<8xu(x, t)).
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Proof. Since -% [ﬁ%x)Dl Yu(x, t)] is a continuous function, the par-

tial derlvatlves commutes and
2 [ﬁﬁx)m "‘u(x,t)] 2 1 e fh(x)u(x ) (t — 1) dt
=% F(a) [fh(x) (ax“(x 1"))(t T)* ldt
—u(x, h(x))(t = h(x))*~ 1h’(X)]
= ﬁfx)Dl (Fux.0)
3[ l"(oz) (t - h(x))a 1h/(X)
= ﬁl(_x)Dl a(dxu(x’t))
+Tm(1 —o) WX
T(a) (t-h(x))>«

= ﬁl(_x)Dl a(i?xu(x’ t))

T
+5x [ @) (—h())e ]
Then

3 . T (9
3% [ﬁfX)Dl ux, t)— NN a] =R D] (axu(x, t)).
(42)

Applying Proposition 1 —4 in (42) leads to
d ¢ ad
3% hooDi Cux, ) = §)Df~ "‘(axu(x, t)).

This concludes the proof.
O

Theorem 1. Let {u, s} be a solution of problem (37) with u such that
’;%X)Dl “u(x,t) and f D} “(Zu(x.t)) are in C'(Ry —{(0,0)}).
Then the following integral relation for the free boundary s(t) and the
function u(x, t) holds for every t<T:

—_ s(t)
(i - Tm>sz(t) = 2lqd To = Tn t — 2/ xu(x, t)dx
0

M'a+1)
t
—Z,uad/O hooDt YU, t)‘(s(r),t)dr' (43)
Proof. Recall the Green identity:

3 9
[ pat -+ Qux - //Q (mQ _ 8XP) dA.

where € is an open simply connected region, d€2 is a positively
oriented, piecewise smooth, simple closed curve, and the field F =
(P, Q) is defined by

0
P(x,t) = —pod X, DI~ (axu(x, t)) + Mad fo D (ux, £)=Tn)

d
—ad XD (axu(x, t)) + Mad § D ulx, t)

Q(x,t) = —xu(x,t).

Consider the region R:¢={(x,7)eR?/e <7 <t,0<x<5(1)}
for € >0 sufficiently small. Note that in this region, F is C!. Now,
taking into account that u verifies (37 —i) and using Lemma 2 we
get

0 0
ﬁQ(x, t) — aP(X, t)

i) —af O
—Xgou(xt) + Mad i D <8xu(x, t))

+ uadxaa [ﬁfx)Dl o (;Xu(x, t))}

d
— Wad o [E(X)Dg“"u(x, t)]

= —x|:§tu(x,t) — ad 88 <E€X)D] "‘(;xu(& t)>>i|

d d
+ ted R DE <axu(x, t)) — od 5[%@3‘%("7 0]

=0 forall (x,t) € Re.

Then, by Green’s theorem one obtains

Pdt +Qdx =0
ORe
Let ORe=0R{UIR,UIR3UIR,4 be, where 0R{=
{(x,€) :0<x<s(€)},0R; ={(s(r),T) 1€ <T <t}, —0R3 =

{(x,t):0<x<s(t)}and —0R4 ={(0,T) 1€ <T <t}.
Integrating the field (P, Q) over dR. we get

s© RL 1-a a
_/0 xu(x,e)dx—/ Hod &, D! <axu(x,t)>

+iadf DU, t)}(s(t).r)]dr

(s(1),7)

t s(t)
—/ s(t)Tms/(r)dr+/ xu(x, t)dx
€ 0

t
_/ Madf DI Ty dT = 0. (44)
€

Applying the fractional Stefan condition (37) yields

s(e) ) ,
7/0 xu(x, €)dx + <i Tm) |:5(;) B s(;) }

t
C 1-a
+“°‘d/€ h(x)Dt u(x’t)|(s(r).r)

s(t) (TO Tm)
+/0 xu(x, t)dx — uadm

Taking the limit when e\,0 in (45) it results that the integral
relation (43) holds as we wanted to prove.
O

(t* —€%) =0. (45)

Remark 6. It is worth noting the difference between

g(x)Dg*“u(x, £) |(s(r),r)’ (46)
and
heoDiu(s (), t) =4,y D{ T = 0. (47)

In (46) we first apply Caputo derivative and then evaluate at (s(t),
t). Instead, in (47) we first evaluate function u in (s(t), t) and then
the Caputo derivative is taken.

Remark 7. If we take o =1, T;; = 0 and all the physical constants
equal to 1 in the integral relation (43) we get

s(t)
s2(t) = —2/ xu(x, t)dx + 2Ty t,
0

which is the classical integral relation for the free boundary when
the classical Stefan problem is considered (see [5]-Lemma 17.1.1).

It was also proved in [5] that (7) is equivalent to the Stefan
condition

$(0) =~ u(s(0).0),

Hence, it is natural to wonder if the “fractional Stefan condition”
(27) and the “fractional integral relation” (43) are equivalent as
well.

Vt> 0. (48)

Theorem 2. Let {u, s} be a solution of problem

{(37 —i). (37 — i), (37 — i), (37 — iv), (43)} such that 55 u(x.t) €
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CY(Ry), %(X)D}*“u(x, )l (se).r) € L1(0, T). Then the functions s = s(t)
and u = u(x, t) verify the fractional Stefan condition (27).

Proof. Reasoning as in Theorem 1, we can state that again
(44) holds.

Taking the limit when €\,0 and using the integral relation
(43) it holds that
2 ‘ RLpyl-a O
Ls (r):—zuaa/ s Lux, t) dr. (49)
c 0 dax

(s(7).7)

Differentiating both sides of equation (49) whith respect to the
t—variable and being s(t) > 0 for all t > 0, the thesis holds. O

5. Conclusions

We have presented a physical phase change problem involving
a material with memory. In the mathematical model, a fractional
Riemann-Liouville integral is used for an implicit definition of the
flux. Then, the governing equations were obtained. As a result of
this analysis two equivalent fractional Stefan problems (34) and
(37) involving the Caputo and the Riemann-Liouville derivative, re-
spectively, were formulated. The comparison with the classical Ste-
fan problem was given in each case. Moreover, the classical Stefan
problem was recovered by making « 1. Finally, an integral rela-
tion which is equivalent to the fractional Stefan condition was ob-
tained.
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