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R RICCI & D A TARZIA
Asymptotic Behaviour of the Solutions of a Class of
Diffusion-Reaction Equations

The purpose of this paper is to give an explicit estimate for the asymptotic behaviour of
the solution of the problem:

Lu)=us—(u™)gz +uP=0,2>0,t>0; (1)
u(0,t)=1,t>0; (2)
u(z,0) = up(z) >0, z > 0. (3)

If 0 < p < m, it is well known [1], [3] that equation (1) has a stationary solution
corresponding to datum (2), which has compact support in [0, +00), namely

2

A
u*(:c) = [1 bl —L—]+ P 5 (4)
where the constant L is given by
v2m(m+p
L = L(m,p) = m(_ - ) (5)

The main result we prove here is the existence of super- and sub-solutions for equation (1),
which satisfy condition (2) at any time and which exponentially approach the stationary
solution u*(z). The exact statement of this result is the following;:

Theorem. If m + p <2, then the functions

2

w(z,t) = [1- 3—2”5];':‘7” , (6)
= 0

are respectively a super-solution and a sub-solution of (1) when the functions 3(t), s(t) are
defined by

3(t) =r(t) if Lo > L and s(t) = r(t) if 0 < Lo < L, where

() = /L2 + (L} - L2)expl—B(m — p)t], ®)

where the constant 8 is given by

1 (1+v) 9 —
=L%%—,7=—Tém7?,if7>0;ﬂ=lif7=0- (9)

B
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Proof. We define
_2

h(z,t) = [1- Tt)]:_p , (10)

and we compute L(h),

2—(m+

p—ZjL'"_" A+ -t} ()

ST -
p(t) 1+ Pz(t) m—p

Now we substitute the z-dependent part of (11) by its maximum in the interval [0, p(t)),
which is given by £(t) w1th B defined by (9). We thus obtain either a lower bound for E(h)

ﬂ ’
if p’ is negative or an upper bound if p' is positive. Let us suppose, for instance, that p’ is

L(h) = [1

negative: then

mp 1 2 p(t)
£(r) > 1- p(t)L ot e HORTRORS S (12)

Finally we equate to zero the expression in brackets and solve the O. D. E. thus
obtained with initial condition
p(0) = Lo > L. (13)

The solution of this O. D. E. is given by (8), and it satisfies the condition ' < 0. Then we
can conclude that the function h(z,t) defined by (6) is a super-solution for the operator L.
In the same way, if we take the initial condition Lg less than L we get a sub-solution. 0

We can now apply the comparison principle for the operator £ [2] and we obtain the
following result:

Corollary. Suppose m + p < 2 and that there exists an A such that the initial datum

satisfies ,

0 < uo(z) < [1- %]Z‘_‘? : (14)

Then the solution to (1) — (3) exponentially converges to the stationary solution u*(z).

The rate of convergence is faster than §-(m — p) since the difference between the upper
and lower solution which bounds the actual solution behaves like Const. -exp[—8(m — p)t].

Remark 1. The result of the corollary can be used, together with another estimate
for the vanishing of the solution inside the dead core [5], to prove that the solution of
the problem u; — uzz; +uv? = 0,0 < z < A, t > 0, (A > 2L), with boundary condition
u(0,t) = u(A,t) = 1 and initial condition u(z,0) = 1in 0 < z < A, converges exponentially
to the steady state solution [4].

Remark 2. To our knowledge, the condition m + p < 2 has no special interpretation
outside of this proof. This leaves open the question of characterizing the asymptotic
behaviour of the solution of (1) — (3) when m + p > 2.
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Remark 3. Our results generalize to the case us — (¢(u))zz + f(u) = 0, with appropriate
conditions on the functions ¢ and f [4].

We wish to express our acknowledgements to Profs. Bandle, Kamin, I. Diaz, and
Stakgold for their interest in our results and for many stimulating conversations we had
during the Irsee Conference.

References

[1] BANDLE, C., SPERB, R. P. AND STAKGOLD, I. Diffusion and reaction with mono-
tone kinetics, Nonlinear Analysis T. M. A., 8 (1984) 321-333.

[2] BERTSCH, M. A class of degenerate diffusion equations with a singular nonlinear
term, Nonlinear Analysis T. M. A., 7 (1983) 117-127.

[3] Diaz, J. I. Nonlinear partial differential equation and free boundaries, I: Elliptic
problems, Research Notes in Math., No. 106, Pitman, London, 1985.

[4] Ricci, R. AND TARZIA, D. A. Asymptotic behaviour of the solution of the dead
core problem, to appear.

[5] STAKGOLD, I. Reaction-diffusion problems in chemical engineering, in: A. Fasano
and M. Primicerio (eds.), Nonlinear Diffusion Problems, Lecture Notes in Math.,
No. 1224, Springer-Verlag, Berlin, 1986, 119-152.

R. Ricci D. A. Tarzia
Instituto Matematico “Ulisse Dini” PROMAR (CONICET-UNR)
Firenze Instituto de Matematica “Beppo Levi”
Italy Rosario
Argentina

721



