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ABSTRACT

Various authors with small variations have used different
expressions in order to compute the nutrient uptake for crop
roots. These expressions use the nutrient concentration on the root
surface and the corresponding influx, which are computed through
various numerical models. This study proposes an alternative
formula that uses the nutrient concentration computed by a
moving boundary model. The formula output was compared with
measured uptake of some nutrients in different crops and soils by
using experimental data extracted from the literature. The values
obtained were compared with predicted uptakes by other
numerical estimations as the Barber—Cushman model and our
moving boundary model by using the Cushman uptake formula.
Better predictions with respect to a single nutrient were obtained
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for the cases tested. Moreover, an algorithm to computing the
nutrient uptake is also given.

Key Words: Nutrient uptake; Moving boundary model

ANALYSIS

Several mathematical models have been proposed to estimate the nutrient
concentration at the root surface and corresponding influxes (1-4). More
recently, a model has been proposed in order to compute both taking into account
inter-root competition and variable root length through a moving boundary
problem (5-8). The objective of this study was to compute the nutrient uptake
with an alternative formula, which was a variant of the one given by Claasen and
Barber (2). The results of this formula was compared with those previously
expressed and proposed, in particular, by Cushman (3) for the same purpose.

The programs used in order to compute the nutrient uptake were built each
time by calculating the concentration at the root surface C(sy,t), where s, is the
root radius and the corresponding net influx J. From the knowledge of these data,
it was possible, by the addition of the subroutine, to compute the total uptake as
time passed:

U, = 2¢rs02 ALJ;At; [1]

=1

where U, is the total uptake for aroot element from timing zero up to time m, J; the
rate of uptake at the i’s interval and At; in seconds, s, is the initial root radius and Al;
is the root length grown. Computing the total uptake by a growing root system
since it was a quantity that could be measured and used to test the theoretical model
experimentally was of interest. In order to compute the total uptake by a growing
root system, initially finite increments, although later infinitesimal elements, were
used since the whole process was a continuous one. Since we wanted to compute
the total uptake at time t = tp,x, we did a partition of the interval (0,t,,,,) into n sub-
intervals of length equals to At = tp,«/n. From solution to the nutrient transport
equations coupled with absorption kinetic, various models indicated that the rate of
uptake J, changed with time for a given root element. At the beginning of the
process only an amount of root equal to 1, was present and the first increment in the
total uptake for the whole root system, U, was given by:

AU, = 2ms,l,Jo At (2]

where J, is the rate of uptake of aroot of zero age. The next increment for the uptake
(i.e., the nutrient incorporated for the initial root volume of length 1, plus the



FORMULA TO COMPUTE NUTRIENT UPTAKE FOR ROOTS 823

nutrient incorporated by the growing root volume of length 1; in the next time At)
would be:

AU, = 21TSOIOJ1At+21T81A11J1At [3]

where J| was the rate of uptake of a root element one-time step old and Al; was the
amount of root grown at the same step (the rate of uptake and the length grown were
simultaneous for each step, in contrast to the estimation of Claasen and Barber that
considered Al; the amount of root growth in the first step). The next increment was:

AU, = 2msoloJo At + 21s, Al T, At + 21ws, Al J, At (4]
Further steps were given by: (n € N, n > 1)
AU, = 2msloJ At + 27 AL T At + 275 AL T At + - - - + 278, Al T, At [5]

The total uptake between time zero and time equals t,,,, was the sum of the
corresponding increments for each sub-interval, that is:

i=1

= 2mS,

Xn: 1,J;At + Xn: Al T At + Xn: ALJAt+ -+ Xn: AaniAt‘|
i=1 i=1 i=2 i=n
[6]

and, taking the limit when At — 0, we deduced:

tmax l(tmax) tmax
AU = 2ms,l, / I(s)dt + 27rs, / { / J(s)ds} dI(t)
0 lo t

= 2,1, / ™ J)dt + 21rs, / - [ / - J(s)ds] i(H)dt (7]
0 0 t

where the first term represents the uptake for the initial root volume of length 1,
the second term represents the uptake for the successive growing volume
elements and 1(t) = dI(t)/dt was the root growth rate at the instant t.

The Claasen—Barber formula for the nutrient uptake was given by Claasen
and Barber (2):

AU = 2ais,1, / ™ J(s)dt + 2, / - [ / J(s)ds} i(t)dt 8]
0 0 0
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As noted by Cushman (3), the formula [8] was incorrect and Cushman’s
expression to calculate the nutrient uptake was given by Cushman (3):

Emax Emax tmax —t ]
AU = 21Tsolo/ J(s)dt + 21TSO/ [/ J(s)ds} 1(t)dt (9]
0 0 0

In order to compare the nutrient uptake obtained through the expression of
Cushman (see [9]) with our formula (see {7]), we analyzed the integrals in
brackets given by:

C(t) = / ™ Js)ds (Cushman) [10]
0

tmax
R@) = / J(s)ds (Reginato—Tarzia) . [11]
t

The expression C(t) can be reformulated as:

C(t) = / ™ J(s)ds = / J(s)ds + / ™ Js)ds + / ™ Js)ds
0 0 t tmax

— / J(s)ds — / ™ J(s)ds + R(t) [12]
0 t

max

Then we can deduce that the sign of C(t) — R(t) depends of the
monotonicity of the function J, that is

< 0 ifJisanincreasing function
C(t) — R(t){ > 0 ifJisadecreasing function [13]

= ( if Jis a constant function

Thus, the estimated nutrient uptake U(t) by Cushman’s formula and our
formula can be compared:

< 0 1ifJisanincreasing function

AUcCushman — AUReginato-Tarzia § = 0 ifJisadecreasing function [14]

= (0 if Jis aconstant function

Similarly to the previous deductions, in order to assemble our expression
[7] for the nutrient uptake in a computer program, we subdivided the interval of
mtegration (0, ty,.,) in n time subintervals of the same amplitude (At = ty,y/n)
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and we propose the following algorithm:

n—I .
AU = 275,16G(0) + 2moALY _ G(t)L(t) = 27selaG(0) + 275, AtG — (1) oL (1)
i=0

[15]
where e is the scalar product in £" and:
n—1 tmax
G(0) = At> _ J(t) <= / J(s)ds)
=0 0
n—i—1 tmax
G(t) = At Z J(ti+j)(= / J(s)ds), 1i=1,2,...,n—1
=0 .
with:
[ 1) \ [ GO [ LO) \
I(t) G(ty) L(t))
in=] - | Go= - |, Lo=
\ I \ Gtta-1) ) \ L) )
where we consider t, = 0 for convenience in the notation:
n—2
G(t) = G(0) — AUJ(0),.....,G(t,-1) = G(O0) — Atz I(t),
i=0
i=12,...,n—1
we obtain:
n—1
G(t) = Aty _J(t) = G(tip) + AU(E), i=1,...,n~1 [16]

=i

The equality [16] says us that it is convenient to compute the vector G(t)
beginning by the last temporal component of itself and from this we can obtain
the previous temporal component and so on. The algorithm [15] and [16] can be
easily translated in a program written in FORTRAN on a personal computer.
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Barber-Cushman model
6 LY =A+B*X=0.00322 +0.90489 * X
| R=098872 SD=0.19052 N=28

5

Predicted uptake (mmol/pot)

i i i . 1 I 1 4 1

0 1 2 3 4 .
Obsen{ed uptakc'a (mmol ppt' )

| Mo'ving boun'dary model
s LY=A+B*X=-0.04721 +0.93483 * X
SD =0.23655 N =28

L R =0.9838

5

Predicted uptake (mmol/pot)

0 2 1 A 1 " [| - 1 e

wn |-

2 k] 4
Observed uptake (mmol pot™)

| Moving boundary model with Cushman formula
s LY=A+B*X=-0.04073 +0.93517 * X
| R=0.98364 SD=0.23799 N=28

Predicted uptake (mmol/pot)

0 IS 1 L | " | . { " 1

2 3 4
Observed uptake (mmol pot™)

Figure 1.

Comparison between the observed nutrient uptake versus the predicted
nutrient uptake by: (A) Barber—Cushman model; (B) Moving boundary model, and (C)
Moving boundary model using the Cushman uptake formula.
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DISCUSSION

The formula [7] has been tested by using experimental data for the uptake
of magnesium (Mg), potassium (K), and phosphorus (P) for loblolly pine
seedlings during 180days in a modified A horizon soil mesic Typic Hapludult
(9). Moreover, the model was tested with data of sulfur (S) uptake by wheat
grown on Norwood silt loam (Typic Hapludalf) and Mhoon silty clay loam
(Typic Fluvaquent) for a period of 24 and 17 days, respectively, under glasshouse
conditions (10).

The comparison between nutrient uptakes predicted by the preceding
authors using the Barber—Cushman model through the NUTRIENT UPTAKE
program (6) and the estimation of this moving boundary model (11) by using
formula [7] and the Cushman uptake formula [9] is shown in Table 1.

From Table 1, we can remark, for example, that for K-uptake during
180days in pine seedling we verify the difference that R(t) is negative (i.e., net
influx is an increasing function from Eq. [14] for all time.

The model was also tested with data of NOj uptake by wheat, rice, and
rape grown for a period of 3 to 20days in soils Histosol (Paddy), Oxisol
(Red), and Aquic Fluvents (12). This study used the Cushman equations,
which were solved using a numerical integration method, a computer program
written in BASIC, and executed on a personal computer. The comparison
between nutrient uptakes predicted by Cushman and the estimation of this
moving boundary model (11) by using formula [7] and the Cushman uptake
formula [9] is shown in Table 2.

The predicted nutrient uptake by the moving boundary model by using
formula [7], the predicted nutrient uptake by the moving boundary model using
the Cushman uptake formula [9], and the predicted nutrient uptake by the
Barber—Cushman model versus the observed nutrient uptake for all the cases
tested above are compared in Fig. 1.

From graph A, the Barber—Cushman model underpredicted 0.9 times the
observed uptake while the moving boundary model using formula [7]
underpredicted 0.934 times the observed uptake (graph B), and the moving
boundary model using the Cushman uptake formula [9] underpredicted 0.935
times the observed uptake (graph C). Thus, from graphs B and C, it is concluded
that the moving boundary model predicted better results than the Barber—
Cushman model because the predicted uptake was independent of the formula
used for computing the nutrient uptake.

Thus, the moving boundary model using the formula [7] can be a good
option in order to compute the nutrient uptake by roots.
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