Asymptotic Analysis 52 (2007) 227-241 227
10OS Press

A distributed parabolic control with mixed
boundary conditions

Jose-Luis Menaldi * and Domingo Alberto Tarzia®

4 Wayne State University, Department of Mathematics, Detroit, MI 48202, USA
E-mail: menaldi@wayne.edu

b Universidad Austral, Departamento de Matemdtica—Conicet, FCE, Paraguay 1950,
S2000FZF Rosario, Argentina

E-mail: domingo.tarzia@fce.austral.edu.ar

Abstract. We study the asymptotic behavior of an optimal distributed control problem where the state is given by the heat
equation with mixed boundary conditions. The parameter « intervenes in the Robin boundary condition and it represents the
heat transfer coefficient on a portion /7] of the boundary of a given regular n-dimensional domain. For each «, the distributed
parabolic control problem optimizes the internal energy g. It is proven that the optimal control go with optimal state ug, o
and optimal adjoint state pg ., are convergent as @ — oo (in norm of a suitable Sobolev parabolic space) to g, ug and pg,
respectively, where the limit problem has Dirichlet (instead of Robin) boundary conditions on /7. The main techniques used
are derived from the parabolic variational inequality theory.
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1. Introduction
Let {2 be a bounded domain in R™ with a regular boundary 02 = I'; U I3, which is the union of two

essentially disjoint (and regular) portions I'} and /5, where I has a positive (n — 1)-Hausdorff measure.
Also suppose given a time interval [0, T'], for some 1" > 0. Consider the following two-state evolution
heat conduction problems with mixed boundary conditions,

Otu —Au =g in {2, ulr, = b, —0ulp, =g, (1.1)
and, for a parameter o > 0,

Oiu —Au =g in {2, —Opuln = a(u — ), —Onuln, = ¢, (1.2)
both with an initial condition

u(0) = vy, (1.3)

where g is the internal energy in {2, b is the temperature (of the external neighborhood) on I for (1.1)
(for (1.2)), ¢ is the heat flux on I3 and « is the heat transfer coefficient of 17 (Newton’s law on I7).
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All data, g, ¢, b, vy and the domain {2 with the boundary 02 = I'} U I3 are assumed to be sufficiently
smooth so that the problems (1.1) and (1.2) admit variational solutions in Sobolev spaces.

The data b, v, and ¢ are fixed, sufficiently smooth and satisfy the compatibility condition v, = b on
I, while g is taken as a control variable in L?(0,7"; L?*({2)), and « as a (singular) parameter destined
to approaches infinite. Thus, denote by u, and u4, the solution of (1.1) and (1.2), respectively, with the
initial condition (1.3) in the following standard variational form

ug — vy € LX0,T; Vo),  ug(0)=v, and u, € L*0,T;Vy) 14
such that = (4,(t), v) 4+ a(ug(t),v) = Ly(t,v), Vv € W, '
and
Ugo € L0, T5V),  uga(0) =v, and 1y € L*0,T;V) 03
such that  (tiga(t), v) + o (Uga(t), v) = Lga(t,v), Vv €V, '
where
Vo :={ve H'D2): v|p =0},
H=IXQ).  (hu= [ ghds,
9}
Ly(t,v) := (9(t),v) y — /F q(t)vdy,
2
(1.6)

a(u,v) := / Vu - Vvdz,
2

aq(u,v) := a(u,v) + a/ uv dy,

I

Lyo(t,v) == Ly(t,v) + a/ bv dv,
I

and (-, -) denotes the duality bracket. Note that the dual space Vj (and V') of V; (and V) is not an space
of distributions, since D({2) is not dense in V5 C V, due to the non-zero boundary conditions on [5.
The norm in V; is given by v +— ||Vo||g, while the norm in V' is (||v||3; + || Vv||3;)!/2. Nevertheless,
v +— Lgy(t,v) and v — Ly (%, v) are linear continuous functional satisfying

||L9(t’ )HVO’ < Hg(t)HVO/ + Hq(t)HH*‘/z(Fz)’ Yv € Vo,
||L9a(t’ )HV < ||g(t)”Vl+Hq(t)"H*I/Z(Fz)_’_a”b”HI/Z([‘l)a V’U € V,

and a(-, -) and a(-, -) are bilinear symmetric continuous forms on V;, and V', respectively. Also, it is clear
the compatibility assumption v, = b on I'} and that if b = 0 then Ly(t, ) = Ly (2, -).

One should remark that an element u of L*(0,T; V) such that 7 belongs to L?(0,7; V') then u can
be regarded as a continuous function from [0, 7] into H. This makes clear the meaning of the initial
condition at ¢ = 0 (and idem with 1} replacing V).
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On the space H := L*(§2 x 10, T[) with norm || - || and inner product (-, -)x, i.e.,

T
(u, )y = /0 (u(®), v(®)) y dt, Vu,v € H,

consider the nonnegative functional costs J and J,, defined by the expressions

1 m
J(g) 1= 3 llug = zallt + 5 9l (17

and
1 m
Ja(g) == EH“ga - Zd”%—l + ?HQH%-(’ (1.8)

where zg is a given element in H = L?(£2 x ]0, T[) and m is a strictly positive constant.
Our interest is on the distributed parabolic (or evolution) optimal control problems

Find § suchthat J(g) < J(9), VgeH (1.9)
and
Find g, suchthat J,(§n) < Jo(g), VYg€eH, (1.10)

as well as the asymptotic behavior as the parameter o approaches infinite.

This type of optimal distributed control problems have been extensively studied, e.g., see the book
Lions [10] among others. As point out early, our interest is the convergence as a — o0, a parabolic
version of Gariboldi and Tarzia [8], which is related to Ben Belgacem et al. [4] and Tabacman and
Tarzia [11].

2. Parabolic equations with mixed conditions

Note that if via Riesz’ representation H = H' thenonehas V. C H C V' and V) C H C Vj with a
continuous and dense inclusion.

As mentioned early the control parameter g belongs to H, and the data for the optimal control problems
are zq and m satisfying

24 € H=L*(0,T;L*2)) and m > 0. 2.1)

The regularity of the domain (2, the boundary I} U I'> and the regularity of the boundary data vy, b and
q are summarized on the assumption
there exists ¢ € L*(0,T; H*(£2)) with ) € L*(0,T; L*(£2))

2.2)
such that  (0) =v,, ¢|n, =0, 0%, =0, —0,9|p, =g,
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with the standard notation of Sobolev and Lebesgue spaces and the compatibility assumption v, = b
on I7. Note the over conditioning for ) on I, which is not necessary but convenient in some way (e.g.,
the adjoint state has a very similar equation with homogeneous boundary conditions).

Thus, the change of unknown function u into u — 1) reduces to analysis the case where the boundary
data vy, b and q are all zero, and g is replaced by g — (3; — A)yp. However, for a > 0 a new term appears,
namely,

(gp®),v) = (9(),v) ; + /F v () dy, YveV, (2.3)

i.e., the new Robin boundary condition is non-homogeneous and

lgs®lly = sup [(gu®,v)| < 9Dl 2) + 1aY D 111217,

lvllv <1

Thus, because of the over conditioning on I} one has g, = g. Anyway, both problems, (1.4) and (1.5)
become

ug € L*0,T;Vp),  with uy(0) = 0 and i, € L*(0,T;Vy) o

such that  (iy(t),v) + a(ug(t),v) = (9(),v) 4, Yv € Vy .
and

Ugo € LA(0,T;V),  with uy(0) = 0 and iy, € L*(0,T; V") 05

such that  (lga(t), v) + aa (uga(t),v) = (9(0),v) gy, Yv €V, '

where (-, ) g, a(-,-) and a,(-, -) are as in (1.6). Again Vi C V with inclusion continuous but not dense,
so that V' is not identifiable with a subset of Vj;. However, by Hahn—Banach Theorem, any element in
V{ can be extended to an element in V"’ preserving its norm.

Recall that for any element u in L*(0,T;V) with @ in L*(0,T;V’) such that the distribution
(3; — A)u belongs to L*(£2 x ]0,T[) one can integrate by parts to interpret 0,u as an element in
L*0,T; H/2(3£2)), where H~'/2(342) is the dual space of H'/2(d2) = ~(H'(£2)) and ~ is the
trace operator from H'(£2) onto H'/2(3£2). Again, to simplify the arguments, one may assume that
902 = I} U I such that for any v; in H'/2(I}) there exists v in H'({2) satisfying v = v; on I}, for
i = 1,2, e.g., the two pieces of the boundary are strictly disjoint, I7 N I3 = @ (i.e., [; = 02; and
2, C £2,). Therefore, the parabolic equations (2.4) and (2.5) mean the following:

e space of the solution: ug in L*(0, T’; Vy) with 1, in L*(0,T; Vy)), and ugq in L*(0,T; V) with 1, in
L0, T; V),

e initial condition: for either u = u, or u = ugy, the solution u belongs to C%0,T; L?(£2)) and so
w(0) = 0in L*(£2),

o equation in {2 x 10, T'[: for either u = ug4 or u = u4, the solution u is considered as a distribution
so that (3; — A)u = ¢ in D'(£2x]0,TY),

e boundary condition on I5: for either u = ug or u = u4, the trace of the solution u is defined and
dpu = 0in L*0,T; H~/2(I%)),
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e boundary condition on Ii: uy, = 0 in LZ(O,T;HI/Z(H)) and Opuga + Quge = 0 in
LX0,T; H='/2(I")).

Firstly, note that ug, |, belongs to L*0,T; H 1/ 2(I)) and
L2(0,T; H/2(I)) < L2(0,T; LX(I)) < L*(0,T; H~Y*(I)),

with continuous and dense inclusion. Secondly, when comparing the solutions u, and u4, one has both
in the larger space L*(0,T; V). However, the continuous inclusion V;; C V is not dense, and so the in-
clusion V' C VO’ is not injective, one has 4 and 4, elements in L*0,T; Vo’), which are not identifiable
as distributions.

3. State and adjoint state equations

To study the optimal control problem (1.9), denote by u, the solution u, of the parabolic variational
equality either (1.4) or equivalently (2.4) corresponding to ¢ = 0, and define the (linear) operator
C: H — L*0,T; V), given by C(g) := uy — ug. We have

Proposition 3.1. With the previous notation and assumptions, the functional (1.7) can be expressed as

1 1
J@) = 57(9,9) = Ug) + 5 ll2a — wlly, Vg € H,

where (g, h) = (C(g), C(h))x + m(g, h)y is a symmetric, continuous and coercive bilinear form on
H and U(g) := (C(g), zg — uo)y is a linear continuous functional on 'H. Moreover, J is strictly convex
and its Gateaux derivative is given by (J'(g9),h) = (ug — 24, C(9))n + m(g, h)y. Furthermore, as a
consequence, the optimal control problem (1.9) has a unique minimizer ¢ in 'H, i.e., J(§) < J(g), for
every g in 'H, any solution g of the equation J'(g) = 0 is indeed a minimizer. Also, if pg is the adjoint
state defined by the parabolic variational equality with a terminal condition

{pg € L*0,T;Vy), withpy(T) = 0and p, € L*(0,T;Vy) A

such that  —(pg(t),v) + a(pg(t),v) = (ug — z¢, V), Vv € 1,
then J'(g) = mg + py for every g in H and J'(§) = mg + p; = 0.
Proof. Note the boundary conditions for the adjoint state p, are
pg(t) =0 onl} and 0,pys(t)=0 onl;

for almost every ¢ in ]0, T'[.
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First, we check the expression of J, if 2/, := zq — u then
1 m
J(9) = 51C9) =zl + 5 lalle
1 2 m
= S UIC@I + NIzl = 2(Clo). 20) ] + S llg

1 1
= 57(9:9) = L(g) + Fllza — o3,

To verify that g +— C(g) is a linear application, one checks that the function rjug, + roug, + (1 —
r1 — T2)Ug is a solution of the parabolic variational equality (1.4) with g = 7191 + 1292, for every real
numbers 71, 7; and by uniqueness one has

Upy g +ryg, = T1Ug + T2Ug, + (1 — 71 — T2)up, (3.2)
for every r;,7, in R and g1, g» in H. Hence,
C(rig1 +1r292) = Up g 4129, — U0 = T1Ug, + T2Ug, + (1 — 71 — 12)up — U
= r1(ug, — uo) + r2(ug, — ug) = r1C(g1) + 12C(92),

i.e., the operator C' is linear.
Now to check the continuity of C', we note that since I} has positive measure, Poincaré inequality
implies that the bilinear form a(-, -) is coercive on Vj, i.e., there exists Ay > 0 such that

a(v,v) = || V|3, Yo e V. (3.3)
We have

(tg(t) — to(1), v) i + a(ug(t) — ug(t),v) = (g(),v) 5, Yv € Vp,
and, in particular, for v = wuy(t) — uo(?),

1d

5 a7 s = wo®)3) + Xol|V (atg(®) — o) I

1 A
< (90, ug(t) — uo®)) 5 < = lgON57 + 22|V (ug(t) — uo®)) |35
20 0 2
where the dual norm is given by
ol = sup {(w, Q) @ € Vo, lllls < 1}

This yields

1 T ) 1/2
IVC@ll,, < A—O[/O Hg(t)HVO,dt} ,

1/2

1 T 2
s [Coly < | [l
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and going back to the equation, we get

Il

Hence the operator

2

1/2 2 T 1/2
o < [ sl
VZ)’ 0 LJO

d
q@ (Clo)®)

2

C: L*0,T;Vy) — {v e L*0,T; Vo) N L0, T; H): v € L*0,T;Vy)}
is actually continuous. As a consequence, the bilinear form (-, -) is symmetric, continuous and coercive
on H x H, since H C L*(0,T;Vy).

To complete the argument, we choose v = C(h) in (3.1) and v = py in (1.4) withg =0 and g = h to
obtain, after integrating in ¢, the equalities

T
— (g C(h)5, + /0 a(py (1), CYD) dt = (g — 20, C(B)) 5,

and

T
iy — 0, D) + /0 alun(t) — uo(t), pg(®) dt = (h po).

Thus
T d
— /o @ (pg(), C(W)@®)) fy dt + (h, pg) = (ug — 24, C(h)) 4y,

and because py(T") = 0 and C'(h)(0) = 0, we deduce J'(g) = mg + Dg-
To show that g — J(g) is strictly convex, one makes use of (1.7) and (3.2) to check that

1
(1= 60)J(g2) +0J(91) = J((A = O)g1 + 09>) = 561 = O)[|ug, — g3 +mllgr — g2l
for every 6 in [0, 1] and any ¢, g, in’H. O
Similarly, to study the optimal control problem (1.10), denote by w,, the solution u4, of the parabolic
variational equality either (1.5) or equivalently (2.5) corresponding to ¢ = 0, and define the (linear)

operator Cy, : H — L*(0,T;V), given by Cy(g) := Uga — U We have

Proposition 3.2. With the previous notation and assumptions, the functional (1.8) can be expressed as

| 1
Ja(9) = 57a(g.9) = balg) + |2 - wal3y g €H,

where T, (g, h) := (Co(9), Co(h)) + m(g, h)y is a symmetric, continuous and coercive bilinear form
on H and U(g) := (Cuo(9), zqg — Uoa) IS a linear continuous functional on H. Moreover, J, is strictly
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convex and its Gateaux derivative of Jo, is given by (J;(9), h) = (ug — zq4, Ca(9))1 + m(g, h)p. Fur-
thermore, as a consequence, the optimal control problem (1.10) has a unique minimizer g, in 'H, i.e.,

Jo(Ga) < Ju(9), for every g in H, and any solution g,, of the equation J'(§,) = 0 is indeed a minimizer.
Also if pyq is the adjoint state defined by the parabolic variational equality with a terminal condition

(3.4)
such that _<ngé(t)9 /U> + Qo (pgoc(t), ’U) = (uga — Zd» U)H’ V/U € V’

{pga € LX0,T;V), with po(T) = 0 and pye € L*0,T; V")
then J!,(9) = mgqa + pq, for every g in H and J}(§o) = mga + pg, = 0.

Proof. The calculations are similar to the previous proposition. We remark that the boundary conditions
for the adjoint state pgy,, are

—0nPgal(t) = apge only and 0,pga(t) =0 onl)
for almost every ¢ in ]0, T'[. Moreover, we assume « > 0 so that the coerciveness (3.3) becomes
aa(v,v) = Armin{1, @} [[|Vol[f + [[vol[3], Yo e V. (3.5)

Indeed, by contradiction one can show that a;(v,v) > c¢;||v||%; for every v in V, which implies (3.5).
The continuity of a(-, -) in V' uses the continuity of the trace in H'({2), namely, for some A; > 0 one has

ao(u,v) < Ay max{1, a}||u|lv|v|v, YveV, (3.6)

which depends on o > 0.
The operator C,, actually maps the space L>(0,T’; V') into the space

{ve L0, T;V)NL®0,T;H): v € L*0,T;V")}
and the estimates

1 T 1/2
INCall < 5| [ sl at]

1/2

’

1 T 2
Calg)(t <—/ Dy dt
s [Caoblly < | [ ol
2

T 12 5T 5 !
I » | <[ sl

are independent of o > 1, but

5

/2

d
5 (Cal9)®)

2

d 12 1 har T 1/2
d dt] < U ||g(t)||zv,dt]
v’ 1 0

dt

(Cale)®)
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is depends on a. Certainly, also one deduces

T
a /O |Cal))®| 12y 4t < N9l 203 | Ca@ll 2070y

which is uniformly bounded in & > 1. On the other hand, note that the functions b and ¢ (or v)) intervene
to estimate g, and g
To show that g — J,(g) is strictly convex, one show that

(1 = 0)Ja(g2) + 0Ja(g1) — Jo((1 — O)g1 + 092)
1
= 3001 = O)[[[ugia — tgsalf + milg = g2l
for every 6 in [0, 1] and any g;,¢g, in H. O

Remark that one has nice estimates for the affine application g — w44, namely

1
Hvu.‘]la - VugzaHH < /\_ngl - ngLz(O,T;V’)’

1
SuETHUgla(t) - ugza(t)HH < \/—)\—IHQI — 0l

O\\

. . 2
[ g0 — ngoz||L2(o,T;vg) < )Tngl — 9ll201v7),

. ) 14+«
||u9101 - ugzOz”U(O,T;V’) < A g1 — 92||L2(0,T;V/)’

1
||Ugla - nga||L2(o,T;L2(F]) < m”gl - 92||L2(0,T;V/)’

and similarly, for the adjoint state mapping g +— pgya, One obtain estimates as above replacing ug,q
with pg,q.

On the other hand, g4, — ug,q is the unique solution of a parabolic variational equality (1.5) with
q=0,0=0and g = g1 — g, 1.€., (0t — A)(Ug,a — Ugya) = g iN L?(£2 x 10, T[) with homogeneous
mixed (Robin on I and Neumann on I) boundary conditions. Hence, regularity results implies that
Ug,0 — Ugya belongs to L2(0, 75 H*(£2)) N H'(0,T'; L*(£2)). Similar arguments apply to ug, — ug,, i.€.,
(0 — A)(ug, — ug,) = g in L?(£2 x 10, T[) with homogeneous mixed (Dirichlet on I} and Neumann on
I%) boundary conditions. Note that some difficulties due to the mixed boundary conditions do arrives,
e.g., see Grisvard [9], but our interest is on the asymptotic behavior as o becomes infinite.

4. Asymptotic estimates

First one needs to obtain estimates on g, and py, uniformly in o > 1 and any given g.
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Proposition 4.1. Under the previous assumptions one has the estimate

”“gaHL*(O,T;H) + Huga”Lz(o,T;V) + V(o — l)Huga - bHLZ(le]O,T[) < C(l + HngHLZ(O,T;V’))’ (4.1)

for every a > 1 and any g in 'H, where the constant C' depends only on the norms |[ig|| 120 1.v1»
|Vug|l 207 11)> and the coerciveness constant Ay in (3.5). Moreover, as o — 00 one has uge, — Uy
strongly in L*(0,T; V)N L>(0,T; H) and Uge — Ug In NOrM L*0,T; Vy).

Proof. First note that [, C V' is a continuous (nondense) inclusion and the norms ||v||y, = ||Vv| g is

equivalently to ||v||y = y/||v|lv, + [[v]|z on Vj.

Let ¢ be a function in L*(0,T; V) such that ¢ belongs to L*(0,T; V"), ¢(0) = v, and ¢ = b on
I, e.g., an extension of b and v, such as ¢ in (2.2). Now, on the equality (1.5) defining u,, take
V= Uga(t) — p(t) := 24a(1) to get

<uga(t)’ Zga(t)> + (vuga(t)a vZgoz(t))H + a<ugo¢(t), Zga(t)>pl

= (g(t)’ Zgoe(t))H - <Q(t), Zgoe(t)>[*2 + Oé<b, Zgoz(t)>pl >
and because ¢ = b on I one deduces
1d
2dt
= (g(t), Zgoz(t))H - <Q(t)’ Zga(t)>L2<p2) - <90(t), Zgoz(t)> — Vo, VZga)H,

Hzga(t)H?{ + Hvzga(t)HfH + 0‘|’29a(t)H2L2(F1) (4.2)

which together with coerciveness (3.5) and the condition z,4,(0) = 0 yield the bound (4.1). By means of
estimate (4.1), there exists a sequence o, — oo and z in L*(0,T; V)N L°(0, T'; H) such that 2oy — 2
weakly in L?(0,T; V) and weakly* in L°>°(0,T; H), and z = 0 on I, i.e., z belongs to L*(0, T’; Vp).

Hence, note that a(u,v) = a(u,v) and Ly (t,v) = Ly(t,v) if u belongs to V' and v belongs to Vj,
and take v in V{ in Eqs (1.4) and (1.5) defining v, and w4, to obtain (Z4q,v) + a(zga,v) = 0, for every
v € Vy. Therefore, 4., — % weakly in L*0,T; Vy) and because z4,(0) = 0 and z = 0 on I, one
deduces z = 01in L*(0,T; V).

Thus, as & — oo one has z4, — 0 weakly in L*(0,T;V) and weakly* in L>°(0,T; H). It is clear
that the inclusion Vj) C V is continuous and because the norm of V restricted to V; is equivalent to the
norm of Vj, Hahn—Banach Theorem implies that any element ¢ of Vj can be extended to an element
in V'’ preserving its norm, in particular iy can be extended to be an element in L*(0,T;V"). Then,
take ¢ = u, in the equality (4.2) and considering 1, an element in L?(0,T; V"), one deduces that the
convergence of ug, toward u, is indeed strongly in LZ(O, T,V)N L>(0,T; H). Moreover, zyo — 0in
norm L*(I" x 10,T[) and Zga — 01in norm L0, T; Vy). O

Proposition 4.2. Under the previous assumptions one has the estimate

IpgallLe oz + |Pgall 201y + V(@ = Dlpgall r2cr xory < C(1+ ugall 20rvry)s  (4:3)

for every o > 1 and any g in 'H, where the constant C depends only on the norms || 24|, ||Dgl| L2077
Vgl 20.7.1)> and the coerciveness constant A\ in (3.5). Moreover, as oc — oo one has pga — Py
strongly in L*(0,T; V)N L>(0,T; H) and Dga — Pg In norm L*0,T; Vo).
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Proof. Note that even when b # 0 the (Robin) boundary condition of pg and py. on I'} does not involve
b directly. Certainly, the norm ||ugq || £2(0 7y, is bounded by ||gq | 20 7. £r)» Which is uniformly bounded
in a.

The technique used in Proposition 4.1 applies for the adjoint states py, and p,. Perhaps the only point
to remark is the convergence as @ — oo. Indeed, one needs to make use of the weak (and later strong)
CONVErgence g, — Ug in L?(0,T; V"), which is deduced for the convergence in L>(0,T; H). O

5. Optimal control problems

We are now ready to consider the distributed control problems (1.9) and (1.10). Our purpose is to
establish

Theorem 5.1. Let assumptions (2.1) and (2.2) be hold, and G and §,, be the minimizers in H of problems
(1.9) and (1.10), respectively. Then, as the parameter o — 00, the minimizers G, — § Strongly in
H. Moreover the corresponding optimal state and adjoint state satisfy (ug,qa,Ug,o) — (ug, Ug) and
(Pgac Pgaa) — (Pg, Bg) strongly in L*(0,T; V') x L*(0,T; V).

Proof. We make several steps. First, be means of the estimate (4.1) in Proposition 4.1 one has
uoalln < C, Va>1

for some constant C. Now, from the inequality J(§,) < J(0) we deduce
19allx + ugaalln < €, Var>1

for some constant independent of o > 1.
Again, estimate (4.1) in Proposition 4.1 and estimate (4.2) in Proposition 4.2 yield

ltgaallzorv) + ligeall 201y + V(e = Dllugea = bl 201020 < €, Va > 1

and
1Pgacll20zv) + 1Pgacll 20zvy) + V(e = Dlpgaall 2o rizay < €, Vo> 1.

Hence, there exist g in H, @ and p in L*(0, T; Vp) with i andﬁ in L>(0, T VO’) such that, for a convenient
subsequence as o — oo we has g, — g weakly in ‘H, ug, o — U weakly in L*0,T;V), Ugoo — ﬁ
weakly in L2(0,T; Vi), Dioa — P weakly in L*(0,T; V), Dioa — f) weakly in L>(0,T'; Vi).

By taking v in Vj in the parabolic variational equality (2.5) and letting & — oo we deduce that u
solves parabolic variational equality (2.4), and by uniqueness @ = ug. In particular ug, o — ug weakly
in L?(0,T; Vy). Thus, by taking v in V; in the parabolic variational equality defining the adjoint state
Do in Proposition 3.2 and letting @ — oo we deduce that p = pg. On the other hand, taking limit in
the equality mg, + pg,o = 0 we deduce mg + pz = 0. Thus, by using Proposition 3.1, this proves that
g is a minimizer for the control problem (1.9), and by uniqueness § = g.
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At this point, we have
(gaa UG as ﬂgaa, Pioas pf]aa) - (g’ Ug, %, Dy pfj)

weakly in the corresponding spaces, initially for a convenient subsequence as &« — oo, but in view of
the uniqueness of the limit, the weak convergence whole as o — oo.

To prove the strong convergence we use the weak semicontinuity of the norm and the optimality of
J> Ja, namely,

m

. 1 R L1 m. .
TG = 3 = zalf+ 31915 < timine| g, — zalf + 3 19l

. 1 m, . .
< limsup {2”%&& - zd||%{ + 2”90{”%—(] < limsup J,(g),
a—0o0

a— 00

for any g in H. In view of Proposition 4.1, ugq — u, strongly in L?(0,7; V) as o — oo, which implies
that

. . [1 m
lim sup Jo(g) = all_,rgob\uga — zal3 + EHQH%} = J(9).

a— 00
By taking infimum on g, all the above inequalities become equalities and therefore

1 2 m.. . 2 1 2 m, . 2
§||U§aa — 24|37 + EHgaHH — §||U§ — 243 + EHQHH'

This and the weak convergence imply that (ga, t4,0) — (g, ug) strongly in H x H, as o — 0.
Finally, if 2z, = ug,o — uy then we deduce

T 2
/ [<2a(t),za(t)> + a1 (2a(t), 2a(t)) + (@ — 1)/ |za (2, 1) dx] dt
0 n
T
< /0 {<§1a — g, 2a) — AUy, 2a) — /F2 q(z, t)zo(x, 1) dx] dt.

Since 2z, — 0 weakly in L*(0,T; V) and g, — g strongly in H, we obtain ug,, — ug strongly in
L?*(0,T;V), as @ — 0o. Now, going back to the equation one has

<73a(t)a U> + CL(Za(t), U) = <ga -3, U>~
Now, taking sup for v in Vj with ||vg ||y, < 1 and integrating in ]0, 7' one obtains the strong convergence
of the time derivative. Similarly, (pg,a»Pg.a) — (Pg.Pg) strongly in L*0,T;V) x L*0,T; Vi), as

a — oo. This completes the proof. O

Also we have
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Proposition 5.2. If o, > o > ag > 0 then there exists a constant C' = C,, such that for every g in H
one has

uga; — tgas |l 20.1v) < Caglaa — anl|b — uga, | 120 1.5-1/2¢1,)) (.1
and
[Pgar — Pgas HLZ(O,T;V) < Cyylar — al)(”pgaz HLZ(O,T;H—‘/Z(FI))
+ 116 = wgas | 20112011 ) (5.2)

i.e., the dependency in « is Lipschitz continuous.

Proof. For a fixed g and o, > a1 > g > 0 set z = ugq, — Uga, to obtain from Eq. (1.5) with «; the
identity

(2(),v) + aq, (2(t),v) = (2 — oq)/F (b —ugay)vdy, YveV.

By taking v = z(t) and by means of the inequalities

T
|t [ 0= ugarzar| < Colly = gl ol
1
and
aa(v,v) = Mao)|vl}, Vv eV, a> a,

we deduce the desired estimate with Cy,, = Cj/ ().
Similarly, for a fixed g and c; > a1 > a9 > 0 set w = pPya, — Pya, to obtain from Eq. (3.5) with «;
the identity

<1b(7f), U> + Gq, (w(t), U) = (a1 — ap) A Pga,V dy + (ugaz — Uga, > V)H,

for every v in V. By taking v = w(t) and in view of the estimate (5.1), we conclude. O
Under some more restrict assumption we have monotonicity on «

Proposition 5.3. Let us assume the data b constant on I'1, vy, < bon §2,9 < 0in 2x]0,T[and q > 0on
I3 x 10, T[. Then uge, < ug < b forevery a > 0. Moreover, if 0 < ap < v then uga, < Uga, < Ug < b
in £2 x 10, T[. Furthermore, if b < zq in £2 x 10,T[ then pga, < Pga, < pg < 0in £2 x 10,T7, for every
ar > ap > 0.

Proof. First, the maximum principle implies that 14, < b. Indeed, if z = (u4o — b) then we have
GO 0) +al0.70) + o [ 0 O = (90,27 0) - [ a0
1 2

after using the fact that b is constant, which implies 2™ = 0.
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Similarly, if w = 1y, — Uga, With ay > «y then we get
(i), wr (1)) + aa, (w(t), W (D) + (a2 — o) /F (b — tgay (1) 2 (1) dy = 0,
1

which yields w < 0, 1.e., uga, < Ugq,-
Finally, if y = u4o — u4 then we obtain

.y ®) + aly®). v (®) + o /F (b — uga®)yH(t)dy =0,

1
which yields y < 0, i.e., uga < ug.
The estimate on the adjoint state follows from a comparison with the solution r of the parabolic
variational equality with terminal condition

{ re L*0,T;V), rT)=0 and 7€ L*0,T;V") 53

such that  —(7(t),v) + a(r(t),v) = (b — zg,v)g, Vv € V.

Indeed, if b < zg in §2 x 10,77 then the maximum principle (as above) yields p, < r < 0. Next,
similarly to the state v with b = 0, one deduces that gy, < Pga, < pg < 7 < 0in §2 x ]0, T, for every
ap>2ap >0 0O

Certainly, the maximum principle yields ug, < ug, and ug,o < Ug,o if g1 < g2, but a priori, it is not
clear when the minimizers satisfy g > g, to deduce the monotonicity ug, o, < Ug,,a, < Ug, < b

6. Final comments

Variational inequalities was popular in the 70’s, most of the main techniques for parabolic variational
inequalities can be found in various classic books, e.g., Bensoussan and Lions [5], among other.

It is well known that the regularity of the mixed problem is problematic when both portions of the
boundary I and I'; have a nonempty intersection, e.g. see the book Grisvard [9]. Recently, sufficient
conditions (on the data) to obtain a H? regularity for a (elliptic) mixed boundary conditions are given in
Bacuta et al. [3], see also Azzam and Kreyszig [1], among others.

Numerical analysis of a parabolic PDE with mixed boundary conditions (Dirichlet and Neumann) is
studied in Babuska and Ohnimus [2], while a parabolic control problem with Robin boundary conditions
is considered in Chrysafinos et al. [7] and Bergounioux and Troltzsch [6].

The state equation, i.e., a parabolic PDE with mixed boundary conditions (Robin and Neumann) has
been discussed in Ben Belgacem et al. [4] and Tarzia [12].

Certainly, there are several possible extensions, e.g., a state equation of the form

0ru — div(A(z, )Vu) + b(t,x)u = [ in 2 x 10,77,

with mixed boundary conditions. A carefully analysis is necessary, but the main techniques used to
let @« — oo in the parabolic variational inequality seems to be very well adaptable to more general
situations.



J.-L. Menaldi and D.A. Tarzia / A distributed parabolic control with mixed boundary conditions 241

References

[1] A. Azzam and E. Kreyszig, On solutions of elliptic equations satisfying mixed boundary conditions, SIAM J. Math. Anal.
13 (1982), 254-262.
[2] I. Babuska and S. Ohnimus, A priori error estimation for the semidiscrete finite element method of parabolic differential
equations, Comput. Methods Appl. Mech. Engrg. 190 (2001), 4691-4712.
[3] C. Bacuta, J.H. Bramble and J.E. Pasciak, Using finite element tools in proving shift theorems for elliptic boundary value
problems, Numer. Linear Algebra Appl. 10 (2003), 33-64.
[4] FE. Ben Belgacem, H. El Fekih and J.P. Raymond, A penalized Robin approach for solving a parabolic equation with
nonsmooth Dirichlet boundary conditions, Asymptotic Anal. 34 (2003), 121-136.
[5] A.Bensoussan and J.L. Lions, Applications of Variational Inequalities in Stochastic Control, North-Holland, Amsterdam,
1982.
[6] M. Bergounioux and F. Troltzsch, Optimal control of semilinear parabolic equations with state-constraints of Bottleneck
type, ESAIM: Control, Optim. Calc. Var. 4 (1999), 595-608.
[7] K. Chrysafinos, M.D. Gunzburger and L.S. Hou, Semidiscrete approximations of optimal Robin boundary control prob-
lems constrained by semilinear parabolic PDE, J. Math. Anal. Appl. 323 (2006), 891-912.
[8] C.M. Gariboldi and D.A. Tarzia, Convergence of distributed optimal controls on the internal energy in mixed elliptic
problems when the heat transfer coefficient goes to infinity, Appl. Math. Optim. 47 (2003), 213-230.
[9] P. Grisvard, Elliptic Problems in Nonsmooth Domains, Pitman, London, 1985.
[10] J.L. Lions, Controle optimal des systemes gouvernés par des équations aux dérivées partielles, Dunod-Gauthier Villars,
Paris, 1968.
[11] E.D. Tabacman and D.A. Tarzia, Sufficient and/or necessary condition for the heat transfer coefficient on I} and the heat
flux on I, to obtain a steady-state two-phase Stefan problem, J. Differential Equations 77 (1989), 16-37.
[12] D.A. Tarzia, Sur le probleme de Stefan a deux phases, C. R. Acad. Sci. Paris Ser. A 288 (1979), 941-944.



