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Abstract

We address a fractional spatial Stefan problem derived from a non-Fourier heat flux model
with a convective boundary condition at the fixed boundary. An explicit solution is obtained
in terms of a three-parameter Mittag—Leffler function. A dimensionless formulation is used
to derive a family of fractional spatial Stefan problems that depend on the Biot and Stefan
numbers. Finally, a straightforward numerical method for approximating the solutions
is presented, along with numerical experiments analyzing the influence of the physical
parameters and the order of fractional differentiation.
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1. Introduction

Fractional Stefan problems constitute a broad field that addresses free boundary prob-
lems of the Stefan type using fractional operators (e.g., fractional Laplacian [1], Riesz, or
Caputo derivatives [2]). These operators can be applied in the time or space variables,
generating different models. When applied in the temporal domain, they are associated
with memory effects, whereas when applied in the spatial domain, they describe nonlo-
cal phenomena. Such anomalous behaviors are often linked to the heterogeneity of the
materials or media being analyzed, as can be observed in [3-9].

In this article, we deal with a fractional variant of the classical one-dimensional, one-
phase Stefan problem with a convective-type boundary condition. The fractional model
is derived from the assumption of a nonlocal heat flux expressed in terms of a Caputo
derivative. That is

(x,1) —kn §D%u(x,t) forx <s(t) (Liquid)
x,t) =

I 0 fors(t) < x (Solid)

where k, is a constant introduced to maintain dimensional consistency, and thus we will
focus on a problem governed by a space-fractional diffusion equation. Examples in the
literature of spatial nonlocality include dendritic crystal growth [10], scaled Brownian
motion [11], and water infiltration in heterogeneous underground soils [12].
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A fundamental distinction between classical and fractional one-dimensional Stefan
problems lies in the evolution of the free boundary. As shown in [13-15], in the case of
fractional Stefan problems with a constant temperature prescribed at the fixed boundary, the
corresponding self-similar solutions reveal that the free boundary evolves proportionally
to t1/1+% (superdiffusion) or to t*/2 (subdiffusion), instead of the classical diffusion case,
where the advance of the interface is proportional to v/t. The same behavior has been
observed for quasi-stationary fractional problems [2].

In this work, we obtain an explicit self-similar solution to the one-dimensional frac-
tional Stefan problem with a convective-type boundary condition. By employing a self-
similar transformation, we reduce the governing partial differential equation to a fractional
ordinary differential equation, which allows for an analytical characterization of the free
boundary evolution. Furthermore, we introduce the corresponding dimensionless problem,
which is characterized by two physical parameters, the Stefan number (Ste) and the Biot
number (Bi). Through systematic variation of these parameters, we examine the behavior
of the fractional model and compare it with the classical Stefan problem. This analysis
is particularly relevant given that convective boundary conditions are among the most
frequently encountered in natural and engineering contexts. Our findings support the
suitability of the fractional model to describe a free boundary process involving anomalous
diffusion of nonlocal type, where the advance of the free boundary is a superdiffusive phe-
nomenon. To facilitate future implementations and applications of the model, we developed
an analytical-numerical simulation of the self-similar solution using an explicit scheme in
Python. This computational framework allows for the reproduction of the solution under
various configurations of the physical parameters, offering a practical tool for exploring
the implementation of a superdiffusion model with convective boundary conditions in a
phase-change process. The full codebase, along with usage examples and documentation,
is openly available on GitHub at https:/ /github.com/degarch/Stefan_problem (accessed
on 4 October 2025) and has been archived on Zenodo [16].

2. The Non-Fourier Caputo Model

Before proceeding with the full formulation of the model, we introduce a generaliza-
tion of Fourier’s law that allows for the incorporation of possible anomalous diffusion
behavior. This generalization is based on fractional operators in the Caputo sense, leading
to what is known as the non-Fourier Caputo model. With the aim of completeness, we
present the definitions of the fractional operators involved in our model.

Definition 1. Let —co < a < b < coand « € (0,1). The Riemann—Liouville fractional integral
of order a is defined for each f € L'(a,b) as

P10 = o [ = )

Definition 2. Let « € (0,1) and f € AC[a,b]. The Riemann—Liouville fractional derivative of
order w is defined for x > a as

R0 () = reayas L P f D),

and the Caputo fractional derivative of order w is defined for x > a as

EDf(3) = gy [ =) e f (D)
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2.1. Governing Equations

Consider a cylindrical domain () with a constant cross-sectional area A and length
[0,1], where [ > 1, composed of a phase-change material exhibiting anomalous diffusion.
Let u = u(x, t) denote the temperature of the slab at position x and time ¢, and letg = g(x, t)
denote the associated heat flux, assuming that the lateral surface and the end at x = [ of
the bar are thermally insulated.

We suppose that, initially, the bar is at its melting temperature u = U, and that a
sharp-interface-type melting process begins by imposing a temperature flux at the fixed
face x = 0. According to the sharp interface hypothesis, we can identify the free boundary
s as a function of time, s = s(t), which represents the position of the melting front at each
instant t > 0. Moreover, we consider s to be an increasing function x = s(t) with inverse
t = h(x).

In this way, for later times t > 0, a sharp interface located at x = s(t) separates the
liquid phase, with temperature u > U, to the left of s(¢), from the solid phase, which
remains at a constant temperature u = U,, to the right of s(t); the interface moves from left
to right as time increases.

The total energy of the model is given by the enthalpy, denoted as e. Since, by our
assumptions, e is zero in the solid region and is characterized by the sum of sensible and
latent heat in the liquid region, the enthalpy per unit mass is given as follows:

C+c(u(x,t) —Uy) forx <s(t) (Liquid)

e(x, t) =
0 fors(t) < x (Solid),

1)

where / is the latent heat energy per unit mass and c is the sensible heat capacity of the
liquid phase. Now, unlike the classical model, our heat flux g will not be described by
Fourier’s law, but rather by a fractional heat flux. More specifically,

—kg /x . 0 ..
e X — —u(p, t)dp forx < s(t Liquid
dot) = | TA— ) o (=P g,ulp dp () (Liquid) 2
0 fors(t) < x (Solid)
or, in terms of fractional derivatives,
—ky §D%u(x,t) forx < s(t) (Liquid
gy [ e SDRCD) forx <s(t) Liquid) o
0 fors(t) < x (Solid)
where k, = v,k, k is the thermal conductivity, [vs] = [L¥"!] is a constant introduced to

maintain dimensional consistency, and [L] is a generic unit of length (we refer to Table 1 for
complete nomenclature information).

The non-Fourier heat flux (3) reflects the nonlocal nature of the fractional derivative,
meaning that the flux at a given point x depends on the temperature gradient over the
entire region to the left of x. In particular, the Caputo-type formulation incorporates a
weighted contribution of the temperature gradients at all points to the left of x, with the
weights given by a power-law kernel (x — p)~*. This formulation is intended to capture
anomalous diffusion effects observed in certain complex media. The zero-flux condition in
the solid region simply reflects the fact that this part remains at a constant temperature and
no heat propagation occurs beyond the free boundary s(t).

Let us now derive the governing equations. The first law of thermodynamics states
that the change in internal energy, denoted by AL, in a given system is equal to the total
energy supplied, which includes the heat added to the system, Q, with no mechanical work.
This relationship is expressed as
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AE = Q. (4)

Table 1. Nomenclature table with property dimensions: [M] mass, [T] time, [L] length, and [©]

temperature.
Symbol Definition Dimension
u Temperature (O]
x Spatial position [L]
t Time [T]
k Thermal conductivity [ % ]
o Mass density (73]
c Specific heat [%}
d=_ Diffusion coefficient [LTZ]

pc

14 Latent heat per unit mass [%]
h Heat transfer coefficient [TIQ/I@}
Ua Temporal constant for dimensional consistency [Tﬁ}
Vi Spatial constant for dimensional consistency (LA 1]
U Phase change temperature (O]
U Ambient temperature (O]
Ste — © (u“e_ Unn) Stefan number -]
Bi — kah Biot number [—]

Moreover, since there are no pressure changes in the system, the variation in internal
energy depends entirely on the volumetric enthalpy, defined as the product of the density p
and the specific enthalpy function e given in (1). Therefore, the variation in internal energy
within the volume over the time interval [0, ] can be expressed as

AE = /Q ple(x,t) —e(x,0)]dV 5)

and the heat supplied in this time interval as

0= /Ot /m q(x,r)ds+/0't/0f(x,t)dv, ©)

where 0Q) denotes the boundary of the domain () through which heat enters or leaves the
system and f represents an external source. By substituting Equations (5) and (6) into the
expression of the first law (4) and assuming that no external heat source is present in the
system, we obtain the following heat balance equation:

/Qp[e(x,t)—e(x,O)]dV:/Ot /aQq(x,T)deT. @)

By definition (1), we have e(x,0) = 0. The bar has a constant cross-sectional area A
and is thermally insulated at the end x = I (q(I,t) = 0), as well as along its lateral surface.
Consequently, heat exchange occurs only through the boundary at x = 0. Under these
assumptions, Equation (7) can be rewritten as

A /Ol pe(x,t)dx = A /Ot g(x,7)dr. 8)
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We now observe that e(x,t) = 0 for x > s(t), as stated in (1), and the heat is only
stored in the liquid region. This allows us to express Equation (8) in the following form:

/OS(t) pe(x,t)dx = /Ot g(x, t)dT. )

Then, for an arbitrary point x; € (0, 1), the balance can be expressed as

s(t) t
/ pe(x,t) dx :/ q(x1, T)dT. (10)
Jxq 0

However, since the point x; initially lies in the solid phase, the heat flux q(x1, T)
vanishes for all T < h(x1), where h(x1) := s~!(x1) is the inverse of the free boundary s(t),
assumed to be increasing by hypothesis. At time T = h(x;), the phase change occurs and
the point x; enters the liquid region and the flux becomes non-zero. Consequently, the
balance simplifies to

/S(t) pe(x,t) dx = /t g(x1, T)dT. (11)

1 h(x1)

We now apply the time derivative operator % to both sides of Equation (11)

9 [ st 9/ ft
at(/xl pe(x,t) dx> =9 </h(x1) q(xl,T)dT) = q(x1,1). (12)

Differentiating the left-hand side and replacing e by its definition in (1), we obtain

s'(Hp[l+ c(u(s(t)~,t) — Un) +/ o[l +c(u(x, t) — Up)]) dx = q(xq,t).

Taking into account our assumption that the temperature at the free boundary s(t)
corresponds to the phase-change temperature, that is, u(s(t) ~, t) = Uy, it follows that

®)
"(t) ol + /s pciu(x,t) dx = q(xy,t). (13)
LT

And by the Fundamental Theorem of Calculus, we are allowed to write
s(f)

()70 =gt = [ =gl (14)

Now, if we substitute Equation (14) into Equation (13), and write the expression for
the non-Fourier heat flux given in (2), we obtain

O
/ peu(x, 1) — ku § Du(x, H)dx + ke S DL (s(1) 1)+ (pl = 0. (15)
X

1

The same argument holds for any other point x, > x1, leading to an analogous balance

s(t) P}
| peguta,t) ke §D%u(x, iy + ke §DSuL(s() 1) +5/ (Dot = 0. (16)

2

Subtracting the energy balance at x, from that at x;, we obtain

/ pc — ko §D%u(x, t)dx = 0
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and using the fact that the interval (x1, x) is arbitrary, it follows that
J Cru
pcgu(x,t) — ko gD%u(x,t) = 0. (17)

This yields an appropriate governing heat equation for the liquid phase. Furthermore,
upon substituting (17) into (15) or (16), we can deduce the fractional Stefan condition

pls' (t) = —ko SD%u(s(t) ™, t). (18)

The fractional Stefan condition expresses the balance of energy at the moving interface:
the advance of the free boundary, s'(t), is proportional to the heat flux that arrives at the
interface from the liquid region. The presence of the fractional Caputo derivative in space,
$D%u, reflects the spatial nonlocal nature of the diffusion process. Unlike the classical
derivative, the fractional operator captures and weighs the contributions of temperature
variations throughout the domain (0,s(t)), rather than relying solely on local gradients.
This leads to a more accurate description of anomalous diffusion phenomena, where
the phase change dynamics depends on a broader range of spatial interactions within
the material.

2.2. The Convective-Type Condition

The boundary of the domain is assumed to interact thermally with the external en-
vironment. This interaction can be modeled by convective-type boundary conditions,
which represent the balance between conduction within the medium and convective heat
exchange with the environment. These conditions are among the most prevalent in physical
applications, particularly when the surface is exposed to a fluid or ambient medium at a
prescribed temperature.

In this work, we propose a fractional extension of the classical convective boundary
condition. This formulation is intended for use in models governed by fractional diffusion
equations, where nonlocal effects may be relevant.

A convective-type boundary condition that incorporates Newton’s law of cooling is
now introduced. According to Newton’s law of cooling, the heat flux at the boundary is
expressed as

g=hu(0,t) — Us),

where & is the heat transfer coefficient, u(0, t) is the boundary temperature, and U is
the ambient temperature. In our fractional model, we generalize this classical flux by
introducing the non-Fourier fractional flux q(x, t) defined in (3).

The convective-type boundary condition then incorporates a rescaled time factor tTa,
as a generalization of the classical model presented in [17], and is expressed at the boundary
x=0as

K Tim SDRu(x, ) =~ (u(0, ) — Uso).
x—0+ FT+a

To maintain dimensional consistency with this time rescaling, we define h, = uuh,
where j1, is a constant introduced with dimensions [p,]| = [TT%], and [T] is a unit of time.
We suppose that U > Uy, (Uy, the melting temperature).
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Adding boundary and initial conditions, the one-phase fractional Stefan problem
modeled by the non-Fourier flux is given by finding the temperature u(x, t) and the free
boundary s(t) such that

() Zu(xt) =dy 2 §D%u(x,t), 0<x<s(t),0<t<T,
(i) ko lim §D%u(x,t) = Lo (u(0,t) — Us), 0<t<T,
x—0t tT+a
(i) u(s(t),t) = U, 0<t<T, (19)
(iv) s(0) =0,
(v)  pls'(t) = —ku §D%u(s(t)~, 1), 0<t<T.

Here, we define d, = v,d, with d = ﬁ being the classical thermal diffusivity coeffi-
cient.

3. A Self-Similar Solution

The aim of this section is to obtain an exact solution to problem (19). We begin by
seeking a self-similar solution using the method of self-similar variables presented in [15].
Then, consider a solution of the form

®(z) := u(x,t), where zis the self-similar variablez := — (20)
(dot) THa

Proceeding as in [15] (Section 4), we obtain the equivalent ordinary fractional equation
associated with (19)-(i). More specifically,

2]

0= Su(xt) - ;OD“( ):—H z

14+«

' (2) + %SD;‘@(Z) : 1)

Then, letting 0(z) = ®'(z), and using [18] (Theorem 2.1), which ensures that for all
f € ACla, b] satisfying ,I' %4 %f € ACla,b] with a € (0,1), it follows that

d CD"‘f( ) = RLD"‘ (;Zf(z)) a.e.in (a,b),
we obtain the desired fractional ODE

z
14+«

o(z) + 8D (z) = 0. (22)
In order to present the solution to Equation (22), we recall the following special function.

Definition 3. Let « > 0, m > 0, and | be such that a(jm +1) # —1,-2,-3,... for all
j=0,1,2,.... We define the three-parameter Mittag—Leffler function E, ,, ;(z) as

. 1 T(a(jm+1)+1)
Eymi(z chz withcy =1, Cnigl"(oc(jm+l+1)+1)' n € N. (23)

By applying [19] (Theorem 4), a solution to (22) can be written as
L+a 0 ; Z(n+1)(1+a)-2
Tre) = L S g 4

n=

0(z) =2"E, 1 1, (‘
141,
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with ¢, given by

T T(ja+1) +a+1)
=1, = ‘ , neNl.
0 n g T(j(a+1) +2a+1)

Therefore,

z a1 w1+rx
O(z) = A+B [ wE L ( e “)dw
is a solution to the fractional ODE in (21) for arbitrary constants A and B. Finally, we state
that for each A, B € R, the function u : Rg x (0, T) — R defined by

1

x/ d“t) T+a
w(x,t) = A+ B/O o(w) dw (25)

is a solution to Equation (19)-(i).

In order to present some properties for the self-similar solution (25), we will show that
its kernel, namely ¢, is non-negative on R™". This result has been proven in [15]; however
by following the ideas in [20] (Lemma A), an alternative simpler proof is presented here.
Let us start with a previous result.

Proposition 1. Let « € (0,1) and f € ACla,b]. Then, the following relations hold for almost
every x € (a,b):

i 1 f(x) = fla) f
DY) = e e tTaS b Tan 26)

and

X —

DY) = rr A= T Qi”lmﬁ(ﬁ) i @

Proof. By hypothesis, we have that

5 (f(p) = f(2)
X
ot - L [ EUO T,
F-a) o (x=p)*
For fixed x € (a,b) and any € > 0, note that P ) € AC[a, x — €]. Thus, integration
by parts gives

e

x—e L -
[ B P) —FX)  fp) - ‘a / M)dp. (28)

Let us analyze the boundary terms of the first summand in (28) ase — 0. At p = g,

we obtain
f@) S o)
(x —a)®
Atp =x—¢, from f € AC([x — €, x]) and since x is a Lebesgue point of f’, we have
flx) —flx—¢) / 1 re /
TED fw) = [ x=s) = f () ds 0.
In other words,
f(x) — f(x—¢€) =€[f'(x) +b(e)], where limb(e) = 0. (30)

e—0
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Hence,
f(x — €) *f(X) _ _el—a[f/(x)

= = +b(e)] >0 ase— 0. (31)

Now consider the second term in (28) and prove that it converges to
*fp) = f(x)
| /O e 4 (32)

We start by examining the remaining part of the integral over the interval [x — €, x],
performing the change of variables s = x — p and applying identity (30)

) S ey [ € (Ve
e W dp = _f (x) A s %ds — /0 b(S)S *ds. (33)
Clearly for the first integral in (33),
el—u
—f’(x)l_lx—>0 ase — 0. (34)

For the second one (33), note that g(s) = s™* € L!(0,€) for all e > 0, and b(s) €
L*(0,€) for small € since lin}) b(e) = 0. Thus, by Holder’s inequality we get
e—

'/Ogb(s)s”‘ ds

Combining (34) and (35) with (33), the integral over [x — €, x] vanishes as € — 0.
Hence, the integral in (32) is absolutely convergent, and

[0y =) Lo

< 1B =0, 5™ N110,e) < Ce' ™ = 0. (35)

Taking the limit e — 0 in (28), the following holds:

3 1 f(x) = fa) o * f(p) — f(x)
cDYf(x) = T1—a) (x—a) +r(1_“)/0 (x—p)atl dp.

This completes the proof of (26). To prove (27), we use the known relation [18]
(Theorem 2.1)

KD (3) = D870 + L s o) (36)

Then, applying identity (26) to (36), we obtain

LIIQLD;'éf(x) f( ) o Xf(P)*f(x)d

X
TA-m)x—af Ta-a)h (x_ppet P

O

Proposition 2. Let a € (0,1). Then the function o(x) = x*'E, 1411 (—%) is non-negative
onRT.

Proof. Suppose this is not the case; that is, there exists at least one x; > 0 such that
o(x1) < 0. Observe that

+ : a—1 xlte
0'(0 ) = hm X Etx,lﬂ»%,l <_1—|—[X> = +OO/

x—0+
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and that o € C'(R*). Therefore, the set

G:={x>0:0(x) <0}

is non-empty. Due to the continuity of ¢'(x), there exists some x¢ > 0 such that

o(xg) =0 and o(x) >0 Vx € (0,xg).

We can then apply Proposition 1, taking into account that ¢ € AC[a, b] for 0 < a < xo;

ie.,
Ry () — o(x) «  [*o(p) —o(x)
a DXO'(X) - F(l _ oc)(x _ a)“ + r(l _ a) /O (x _ p)uc+1 dp.
Letting 4 — 0 on both sides, we obtain
RLpa () — (%) « *a(p) —o(x)
SD80) = 5 R b (gt P 7

Since ¢ is a solution to Equation (22), it follows that X:D*¢(xy) = 0. However,

evaluating (37) at xp, we obtain

RL __ o o(p)
0 Dfo(xg) = - /0 (g — p)ei dp > 0.

This contradiction comes from assuming that o(x) < 0 for some x € (0, +0).
O
We now proceed to prove the main result.
Theorem 1. Given a € (0,1), Ueo, Uy, € R, and hy, ks > 0, Problem (19) admits a unique

self-similar solution, which is given by

o/ (dat) THE .
u(x,t) = A+ B /O o(p)dp,  s(t) = bu(dut) T (38)

with F(a)k u U
X)Ky co — Um

Asterd &= PTTA Tk

hads / o(p)dp+ o

0 had&ﬂx

and 6y > 0, which is the unique solution to the equation Hy(x) = x, where Hy : R()* — Ris

defined by
ey falle ) (T~ | petv) ap -
" ld, x T(a)k,
P /0 o(p)dp+ (“)L
: hod

Proof. Since u(x,t) is of the form (25), it satisfies (19)-(i). We want to determine A and B

so that u satisfies the remaining conditions.
From (19)-(iii) we see that

s(t)/(dat)ﬁ
u(s(t), ) = A+ B/O o(p)dp = Uy Ve (0,T),
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and differentiating with respect to ¢ yields

d B s(t) d s(t) B
T J((datwiw)df <<dat>1iw> -

Then, by Proposition 2 we conclude that

s(t) = du(dut) T, forsomedy € R, te (0,T). (40)

We now examine condition (19)-(ii). Clearly u(0,¢) = A. For the fractional flux we use
the following identity established in [15] (Prop. 7):

1
D _ o B(dyt) T ¥/(det) T e
8 féu(x, t) Br(“) (dat) T (1“7 —2&/0 paEa,l-&-i,l( fj —Q—a) dp, (41)

from where

00 _1\n—1 n(1+a)
lim §D%u(x,t) = lim B AN Y cna (=1) = B [(w) (42)
x—0+ x—0F (dot) T 3 n(1+ a)rt (d“t)nﬂfm (dot)THa
Hence, replacing (25) and (42) in (19)-(ii) it follows that
Us + Br(”‘k‘ — A (43)
h(xd&+a
Now, from (19)-(iii) we get
O
u(s(t),t) = A+ B/o o(p)dp = Up. (44)
Substituting the expression for A from (43) in (44) gives
Oa
Uy + B Wk B/ o(p)dp = Up. (45)
h,xd‘}f“ 0
Rewriting Equation (45) in terms of B, we obtain
B=— Ueo = U . (46)
On T'(a)ky
/ o(p)dp+ ——%
0 hadiﬂ

Note that the denominator is non-zero from Proposition 2, since h,, ks > 0.
To determine J,, consider condition (19)-(v)
ols' (t) = —ko(SD2u)(s(t)7,t), 0<t<T.

Substituting the expression (40) for s(t), and applying the identity (41) into (19)-(v),
we obtain

pld,
1+«

I o B da _ﬁ Ou
(do) 155 = K, (rm)B(dat)-m e dp) @)

Ou
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Then for (46) and (47), we get

O
k(o Uy 0T = [T pop)ay
©= d 3 T(a)k,
prta / o(p)dp + (“L’"
0 had,i”

We are thus looking for a positive number 6, satisfying Hy(x) = x for every x > 0,
where the function Hy is given by (39).
Note that, by Proposition 2, we have

X

X
lim [ po(p)dp =0T and lim [ o(p)dp =0T.

*\0.J0 2N\0 J0
Then
Hy(0*) = Falle = Un) T@A ) vy Te S0 s
pld, T{a)ky s
hadTHE Pla

Now from direct calculation we have

o(x) [rw)(l fa)+ s [ p)a(p)dp]
hadAH'X 0

2
</x ( ) I (“)k >
0 hﬂéda] ®

koy(Uso — Unyy)
pld,

(49)

and since o(x) > 0 for x > 0, we find

el 2t [r(@(l fa)+

xmi) +/ (x—p)tf(r))dpl <0,Vx>0, (50)
hedIte 0

From (48) and (50), we conclude that

Ho(01) = (Uoo — Up) (1 + ) hl >0, and H.(x) <0V x>0,
pgdiﬂx

which implies the existence of a unique d, > 0 such that 6, = Hy(ds).
O

Remark 1. It is worth noting that, to the best of our knowledge, a general proof of existence and/or
regularity for the general space-fractional Stefan problem with Robin-type specification at the fixed
boundary has not yet been addressed in the literature. There are recent results on existence, unicity,
and reqularity for the Neumann case, both for regular regions (s(0) = b > 0) and singular regions
(s(0) = 0) in [21]. The Dirichlet case was addressed by the same authors by following the ideas
in [22]. However, the Robin case remains an open problem regarding general existence, regularity,
and uniqueness.

Remark 2. Note that an instantaneous phase change in a melting problem is guaranteed if we ask
that Us > Uy, and Newton’s coefficient of heat transfer h is positive. In fact, we have assumed that
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the bar is at its melting temperature at the initial time and evaluating (38) at the fixed face x = 0
yields

i
hadl* o

U — Uy, > Uy = (U — Uy) (1"(1Jc)k,x ; U(p)dp) > 0.

T [0
Pif&“)ka/o o(p)dp +1

u(0,t) = Uso —

4. Numerical Solutions and Computational Experiments
4.1. Dimensionless Form

To implement numerical methods and improve the understanding of the essential
behavior of the system, we reformulate problem (19) using dimensionless variables.

This process reduces the number of physical parameters in the problem, leading to
two important dimensionless parameters that will take part in the new formulation. On
the one side is the Stefan number (Ste), which expresses the ratio of sensible to latent
heat. It governs the energy balance at the moving interface and determines the interface
propagation rate. On the other side is the Biot number (Bi), which relates heat transfer by
conduction within a body to heat transfer by convection at its surface.

To start our derivations of the dimensionless problem formulations, we identify the
dimensions of the problem properties in Table 1.

To deal with fractional operators and dimensions, we use the following equalities
stated in [23] (Proposition 1),

[f]

{ngéf} = L]’ [E)ax OCDﬁf] = [LECJ“], {gLDfé } = [[ij],foreveryvc €(0,1).

To derive a dimensionless version of the original model, we perform the following
change of variables:

t x2

=20

X
y:—’ T:—/ tO_

X0 to d (1)

where x and tj are the characteristic position and time and introduce the dimensionless
temperature

w(y,T) = ”(x(y)’z(;)) “Un for AU = Use — U, (52)

Finally, consider the admissible parameters
Ve =070, g =3 (53)
Note that there is no natural characteristic length xg for this problem. However, this

does not pose any difficulties for the modeling, as we will see in Section 4.3.4.
With the previous definitions, the temporal and spatial derivatives transform as

t
we(y,T) = ﬁ ur(x,t),  wy(y,7) = AJ% uy(x,t) (54)

and the Caputo fractional derivative and its derivative as

C X0 ¢ e %™ ¢
o _ o 44 i 24
o Dyw(y, 7) = AU gD%u(x,t) and 3y o Dyw(y, 7) = AL ox gDsu(x, t). (55)

From (53), (54), and (55), the original FDE (19)-(i) leads to the following dimensionless
form:
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_ 9 cepe 56
we(y,T) = ay 0 (Y, 7). (56)
To ensure dimensional consistency, we verify
_a| 0 _ _
]! 35§D = L2 (L1 ) = (-] 67)
From (19)-(ii), (52), and (55), we have the rescaled boundary condition
. C - xoh 1
ylggg o Dyw(y, 1) = g (w(0,7) 1),
where s
xoh, 1 B er’, M.,
2] = [wol []00] = (L[5 7 ) = ()
For the rescaled interface we have
s(t(T £
e = D gy = ey, )
0 X0

Then, from (19)-(v), (55), and (58) we obtain the transformed fractional Stefan condition

cAU _
(1) = - gD;‘w(C(T) ,T).
Adding appropriate initial conditions for the rescaled temperature w and the rescaled
moving interface § and defining the dimensionless Stefan and Biot numbers by rSte = %

and Bi = %, respectively and defining 1r = Tlo, we complete the nondimensional formu-
lation of the system as follows:

i) w(y,71)= % gD;w(y, T), O<y<{(t),0<t<1r,
(ii) lirgl ngw(y, )= B (w(0,71)-1), 0<T<1r,
y— + T1T+a
(i) w(&(1),7) =0, 0<t<1r, (59)
(iv) ¢(0)=0,
v) &(t)= —StegD;‘w(C(T)_,T), 0<T<1r.

This dimensionless formulation provides a more compact and insightful represen-
tation of the problem, establishing a solid foundation for both analytical methods and
numerical simulations.

4.2. Numerical Method

We describe now the algorithm implemented to obtain and plot the free boundary
corresponding to the solution of (59). For the reader’s convenience, we recall here the
equations used in the numerical implementation, including the expressions for ¢, w, and ¢,
as well as the characteristic condition for ¢, involving the function Hy, as implemented in
the Python code. Here ¢ is the function defined in (24) for B =1 and d, = 1. The general
solution is given by

1 y/Tﬁ
() =0dutme, w(y,1)=A+ B/0 o(p)dp (60)
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with r .

A=t W ;B () oy
Bl./0 o(p)dp +T'(«) ./0 o(p)dp + B
and 8, > 0, which is the unique solution to the equation H,(y) = y, where H, : R — Ris
defined by
Y
(1+a)l(w) - /0 po(p)dp
Hq(y) = Ste /y R ) (62)
0 P)ap T =g

Note that the function w in (60) can be expressed as series by

© (1) (n+1)(14a)—1
w(y/ T) =A+B Z ”( ) Y (n+1)(14a)-1 7 (63)

=0 A+ Q)" (1 1 1)(1 ) — 1) 15

which is an absolutely convergent series on compact subsets of RJ x (0, T).

For the numerical implementation, we relied on the value of J,, determined as the
solution of the nonlinear equation y = H,(y) arising from the self-similar formulation of
the problem. To this end, we employed a bisection method.

The code also includes functions to approximate the integrals

/Oy po(p)dp and /Oy o(p)dp,

which are required in the evaluation of the function H,(y) during the iterative process. To
ensure accurate and efficient computations, we take advantage of the series representation
of the Mittag—Leffler function. In this way, both integrals can be expanded into convergent
series, leading to explicit expressions

x o Cn(—l)” x(n-i—l)(l-i—oc)—l
[ d = 7
/o”(”) P ,1;)(1+a)n(n+1)(1+a)—1

(64)

and
® o (_1);1 x(nt1)(1+a)

) PoaP)P = L e D T ) (©5)

Here, {c, }n>0 denotes the sequence defined by (23) form =1+ 1,1 =1:

(e +1)+a+1)

:1, == " ’ EN
0 o jzl_(l)l"(](vc—l—l)—l-th—i—l) "

Since the series are alternating, the truncation error after M terms can be bounded by
estimating the magnitude of the (M + 1)-th terms in expansions (64) and (65), namely

. _ CM41 x(M+2)(1+a)—1 ) _ CM41 1 (M+2)(1+a)
MAIT A )M T (M4 2)(1+a) -1 M7 )M (M+2)(1+a)

Furthermore, by employing the recursive relation

I(n(1+a))
I(n(1+a)+a)

Cn = Cn—1
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together with Gautschi’s inequality [24] to estimate the quotient of Gamma functions,
we obtain

Cn—1 Cn—1 Cn-1 1
A ta) ta—1f DA tar ~n-17F - n-1=

Cn<

Consequently, both error terms for x € [0, ] satisfy the bounds

1 x(M¥2)(1+a) 2(M+2)
N VT 0 AT VS Ik

The root-finding step is performed using the bisection method, with the error after k
iterations bounded by I/ 2", where [ is the length of the initial interval. As an illustrative
example, taking | = 2 and M = 30, both series (64) and (65) are approximated with an error
smaller than

asz1, b1 < 3.59 x 10714.

Furthermore, if the bisection method is applied to calculate the root, after k = 50
iterations, the error in the calculated root is bounded by 1/2% < 10~'4, showing that the
overall numerical procedure achieves a very high accuracy.

All simulations and numerical computations were performed using Python 3.11 on a
computer system equipped with an AMD Ryzen 5 5500U processor (6 cores, 12 threads,
2.10 GHz base clock) and 8 GiB of DDR4 RAM and running a Windows-based operating
system. For a more in-depth analysis and to access the implementation details, the reader
is referred to [16].

4.3. Model Analysis via Numerical Experiments

In this section, we present numerical simulations of the model, focusing on the shape
of the interface. In order to explore the behavior of the solution under different physical
regimes, we conduct three numerical experiments. The first one focuses on the fractional
order a and its relation to the classical Stefan problem with convective boundary con-
dition when the classical derivative is recovered by taking & = 1. For the second and
the third experiments, we vary the Stefan and the Biot numbers along with the order of
differentiation «.

4.3.1. Variation in the Fractional Order «

We begin by performing an analytical examination of the model (59) in the classical
case &« = 1, which corresponds to the standard Stefan problem with a convective boundary
condition. To facilitate comparison and isolate the effect of the fractional order, we fix the
Stefan and Biot numbers to Ste = Bi = 1. For &« = 1 in (59), we have

0 we(y, 1) =wy(y 1), 0<y<g(h),0<T<Tr,
(ii) lirg wy(y,7) = 4 (w(0,7) —1), 0<T<T1L,
y—0* t
(i) w(¢(7),7) =0, 0<T<1r, (66)
(iv) ¢(0) =0,
W) &) == wy(E(r),7), 0<T<TL

The solution to Problem (66) was obtained in [17] (Theorem 2) and is given by

wy(y, T) = A—Q—B\/Eerf(z\yﬁ), (67)

si(t) =672, 1€(0,T),
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= 2.0 r

where B = , A =1+ B, and ¢; is the unique solution of the equation

1
T 1+ /rerf(ffi; /2)
Hi(y) =y, y>0,

with
H 2e" ( % )2
1y) = Vrerf(§) +1

Now that we have an explicit expression for the classical solution, we compare this
case with our numerical simulation for the fractional model for « = 1. As shown in Figure 1,
this comparison demonstrates that the series solution provides an accurate estimate of the
classical case, since it produces the same value of §;, namely §; = 0.892402, up to seven
significant digits.

Comparison of Moving Fronts fora=1

4.0 4 —— E(71) (frac, a=1) 7
51(7) (classical) /
3.5 4 /

3.0 A 4

2.5 A /

1.5 »
1.0 -
0.5 _—

0.0 { fe—="""

T T T
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75
Moving boundary position

Figure 1. Comparison between the analytical classical solution and the fractional numerical series
solution for « = 1.

Let us now analyze how changes in the fractional order « affect the behavior of the
solution. We consider several values of a within the interval (0, 1] with fixed Ste = Bi =1
and observe their impact on the evolution of the free boundary. We focus on values of «
approaching 1 to examine the transition toward the classical diffusion regime.

We observe in Figure 2 that for values of # < 1, the free boundary exhibits a superdif-
fusive behavior: its progression is slower at early times and accelerates at later times. Also
observing Table 2, we note that the values of J, increase monotonically as « — 1. Since
the free boundary evolves proportionally to tﬁ, the increase in the parameter J, partially
counterbalances, at early times, the slower temporal growth imposed by the fractional
exponent. As a result, the superdiffusive characteristic becomes more evident at larger
times, where the effect of the power-law term dominates the dynamics and leads to a faster
advancement of the front.

Table 2. Values of é, for different values of a.

o 0.5000

0.6000 0.7000 0.7500 0.8000 0.8500 0.9000 0.9500 1.0000

S 0.700843

0.739294 0.777577  0.796692  0.815805 0.834926 0.854061 0.873218  0.892402
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() (b)

0.0 05 10 15 2.0 2.5 EX
xi(tau)

(0) (d)

Figure 2. Comparison for multiple values of . (a) x = 0.5vs.a =1; (b)a = 0.7 vs.w = 1; (c) « = 0.8
vs.e =1;and (d) «a =09 vs.a = 1.

4.3.2. Variation in the Stefan Number Ste

The second experiment focuses on the influence of the Stefan number Ste, which
characterizes the ratio between sensible and latent heat. By modifying Ste, we explore the
shape of the free boundary. We consider values of Ste between zero and three with fixed
Bi = 1 and analyze their effects on the interface, which can be seen in Figure 3 and Table 3.

It is worth noting that situations where the sensible heat is much smaller than the
latent heat are common in nature. Although the Stefan number also depends on a reference
temperature, it is standard in modeling classical materials to consider small values of this
parameter (see, e.g., [25]). Therefore, it is reasonable to expect that the case of small Stefan
numbers is also relevant for anomalous materials such as crystals or polymers.

Table 3. Values of é, for fixed Biot number Bi = 1 and varying Stefan numbers Ste.

'\ Ste 0.001 0.1 0.5 0.7 0.8 1 2 3

0.50 0.00144 0.10853 0.41407 0.53696 0.59394 0.70084 1.14361 1.49870
0.60 0.00156 0.12075 0.44770 0.57424 0.63208 0.73929 1.16738 1.49522
0.70 0.00168 0.13302 0.48163 0.61163 0.67023 0.77758 1.19109 1.49332
0.80 0.00179 0.14530 0.51585 0.64916 0.70845 0.81581 1.21525 1.49392
0.90 0.00189 0.15757 0.55035 0.68684 0.74676 0.85406 1.24024 1.49767
1.00 0.00200 0.16980 0.58512 0.72468 0.78519 0.89240 1.26628 1.50492
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Ste = 0.001
Ste = 0.1
Ste = 0.5
Ste = 0.7
Ste = 0.8
Ste=1
Ste=2
Ste=3

0 1 2 3 4
X

Figure 3. Effect of different Stefan numbers Ste on the time evolution of the free boundary for fixed
a = 0.5and Bi = 1.

Let us now assume that the Stefan number is small, Ste << 1. In this regime, we also
expect J, to be small. Approximating the integrals of the special functions in (62) by the first-
order terms of their series representation and substituting them accordingly, it follows that,
for small values of y, the equation reduces to the following power-series approximation.

I2+a)

Ste(14+a)T(2+a) =y ™ (aSte+1+a) +y 5

(68)

It follows from a simple observation that columns 1 and 2 of Tables 3 and 4 coincide up
to three significant digits. The previous observation confirms the accuracy of Equation (68)
and serves as a validation of the numerical method presented in Section 4.2.

Table 4. Approximate values of J, for fixed Biot number Bi = 1 and varying Stefan numbers Ste

using Equation (68).
a '\ Ste 0.001 0.1 0.5 0.7
0.50 0.00144 0.10839 0.40752 0.52325
0.60 0.00156 0.12063 0.44117 0.56048
0.70 0.00168 0.13291 0.47527 0.59817
0.80 0.00179 0.14522 0.50978 0.63623
0.90 0.00189 0.15750 0.54464 0.67461
1.00 0.00200 0.16975 0.57980 0.71324

4.3.3. Variation in the Biot Number Bi

In the third experiment, we vary the Biot number Bi, which characterizes the ratio
between convective heat transfer and thermal conductivity. For Bi — 0, Equation (59)
implies that the fixed face is thermally insulated, resulting in a fully insulated bar that does
not melt. Since this case is not of practical interest, it will not be considered further. Instead,
we focus on large values of Bi to analyze the behavior of the interface and compare the
limiting case with the solution to problem (59) under a Dirichlet boundary condition. We
expect that these solutions coincide, according to the previous results in the literature for
the classical case given in [17,26].
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More explicitly, let us present the model when Bi approaches infinity. Using (61), we

deduce that 1
A—1, and B—> —————, as Bi — oo. (69)

A o(p)dp

The limit equation related to (62) is given by G, (y) = y, where G, : Ry’ — R is defined by

(1+0r@ ~ [ po(p)dp

Gu(y) = Ste 7y _
/O o(p)dp

Now, mimicking the proof of Theorem 1, it is straightforward to verify that the pair
(Woo, G0 ) given by

y/Tﬁ
/0 o(p)dp o

woo(y/ T) = 1 - S0 ’ and COO(T) = 5OOT1+A(’
/O o(p)dp

where J, is the unique solution to the equation y = G,(y), is a solution to the following
fractional Stefan problem with a constant Dirichlet condition:

@) wely, 1) =4 0wy, 1),  0<y<E(h) 0<t<Tr
(i) w(0,7)=1,
(iii) w(¢(7), ) =0, 0<7T<1r, (70)

(iv) ¢(0) =0,
v) &(1)=-Ste§Dw(&(t)~,7), 0<T<Tr.

By comparing the coefficients of we, with the limiting coefficients in (69), we are led to
ask whether 6, converges to oo when Bi — co. Establishing this rigorously is a challenging
mathematical problem that will be addressed in a separate theoretical paper. Our present
aim is to numerically verify the aforementioned convergence.

The results are illustrated in Figure 4 for « = 0.5 and Ste = 1 and in Table 5 for values
of & between 0.5 and 1, with Ste = 1. In both cases, the expected convergence in the limiting
case can be clearly observed.

Table 5. Values of J, for a fixed Stefan number Ste = 1 and varying Biot numbers Bi. The column
corresponding to Bi = co was obtained from a numerical method adapted to problem (70).

a\ Bi 1 3 5 10 100 300 500 1000 10,000 100,000 o)
0.50 0.70084 0.94198 1.00988 1.06722 1.12443 1.12890 1.12980 1.13047 1.13108 1.13114 1.13115
0.60 0.73929 097453 1.03861 1.09201 1.14465 1.14874 1.14956 1.15018 1.15074 1.15079 1.15080
0.70 0.77758 1.00671 1.06719 1.11696 1.16547 1.16922 1.16997 1.17053 1.17104 1.17109 1.17110
0.80 0.81581 1.03892 1.09607 1.14256 1.18741 1.19085 1.19154 1.19206 1.19253 1.19257 1.19258
0.90 0.85406 1.07142 1.12555 1.16913 1.21077 1.21395 1.21459 1.21507 1.21550 1.21554 1.21555
1.00 0.89240 1.10438 1.15582 1.19683 1.23569 1.23864 1.23924 1.23968 1.24008 1.24012 1.24013
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Figure 4. Influence of the Biot number Bi on the dynamics of the free boundary y = &(7) over time
for fixed @ = 0.5 and Ste = 1. The plot corresponding to Bi = co represents the limiting case with a
Dirichlet boundary condition at the fixed face.

4.3.4. Some Comments on the Variation of the Characteristic Length

As mentioned at the beginning of this section, the proposed method does not prescribe
a fixed value for the characteristic position in advance, since the model corresponds to
a semi-infinite domain. For this reason, we present in Figures 5 and 6 the plots of the
interface evolution for the dimensionless case, as well as for the recovered physical solution,
in which it can be clearly observed that the qualitative behavior of these solutions does not
depend on xy.

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
X

Figure 5. Visualization of the advance of the free boundary x = s(t) for different characteristic
lengths.
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Figure 6. Visualization of the advance of the free boundary y = ¢(7) for different characteristic
lengths.

4.3.5. Experimental Results

The numerical values of é, reported in Tables 3 and 5 suggest that the influence of the
Biot number and the Stefan number in the fractional Stefan problem remains qualitatively
analogous to that observed in the classical case. For fixed &, an increase in the Stefan number
Ste yields a larger free boundary position, reflecting enhanced phase-change progression
driven by sensible heat. Similarly, for fixed «, increasing the Biot number Bi produces a
progressive growth in é,, consistent with more efficient heat transfer at the boundary. In
the limit Ste — 0, the free boundary becomes stationary; consequently, no phase transition
occurs and the temperature remains constant. Conversely, when Bi — oo, the boundary
behaves as if maintained at a prescribed temperature, effectively imposing a Dirichlet
condition. In this regime, heat exchange with the environment is instantaneous, and the
boundary temperature is directly enforced.

These results are in agreement with classical Stefan-type models and confirm that,
although the fractional formulation introduces spatial nonlocality, the roles of Bi and Ste as
governing parameters are preserved within the fractional framework.

For the case Bi — oo, the boundary behaves as if it were maintained at a constant
temperature, effectively imposing a Dirichlet condition. In this limit, the heat transfer
between the environment and the material becomes instantaneous, allowing the boundary
temperature to be imposed directly. This behavior is consistent with classical Stefan-type
models and confirms that, although the fractional formulation introduces nonlocality in
space, the functional role of Bi and Ste as governing parameters is preserved within the
fractional framework.

5. Conclusions

We have considered a one-dimensional, one-phase fractional Stefan problem with a
convective-type boundary condition, derived from a non-Fourier flux expressed through a
Caputo fractional derivative. An explicit self-similar solution was obtained in terms of the
three-parameter Mittag—Leffler function, which generalizes the classical exponential kernel.

By introducing a dimensionless reformulation of the problem, we highlighted the
role of the Stefan number (Ste) and the Biot number (Bi) as key physical parameters.
Based on this formulation, we developed computational algorithms to determine both the
temperature function and the coefficient characterizing the free boundary. We analyzed the
limiting behavior of the model when Ste —+ 0 and Bi — 0, recovering the degenerate cases
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of a stationary interface (Ste = 0) and a purely insulating boundary (Bi = 0), respectively.
In contrast, as Bi — oo, we recover the solution to the problem under a Dirichlet condition.

The results confirm that the fractional model retains the essential qualitative features
of the classical Stefan problem, while also extending its applicability to systems exhibiting
anomalous diffusion and spatial nonlocality. In particular, the influence of the Biot and
Stefan numbers within the fractional framework mirrors their classical behavior, thereby
preserving their interpretability and usefulness as governing parameters.

As a final contribution, we have constructed an analytical-numerical implementation
of the solution using Python, enabling efficient evaluation of the free boundary and tem-
perature profiles for various parameter regimes. This tool may serve as a basis for further
applications in physical contexts where convective boundaries and anomalous transport
mechanisms are relevant. The full implementation is available on Zenodo [16].
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