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Adriana M. GONZALEZ - Domingo A. TARZIA

I. INTRODUCTION

We consider a semi-infinite material with mass densities p > 0 equal in both
solid and liquid phases and we can assume, without loss of generality, that the phase-

change temperature is 02 C.

If the material is initially assumed to be liquid at the constant temperature

E > 0 and a constant temperature — D < 0 is imposed on the fixed face x=0, then three
distinct regions can be distinguished (for a mathematical and properties description of
this simple model see [Ta4); for the one-phase model see [SoWiAll}) :
(H,) The liquid phase, at temperature 8, =0,(x,t) > 0, occupying the region x > r(t),
t >0
(H,) The solid phase, at temperature 8, =0,(x,t) <0, occupying the region
0 < x < s{t), t >0. '
(H3) The mushy zone, at temperature 0, occupying the region s(t) < x < r(t), t > 0.
We make two assumptions on‘ its structure :

(a) The material in the mushy zone contains a fixed fraction ¢\ (with 0 < ¢ < 1)

of the total latent heat A > 0, i.e.,

(1) ky 8y (5(1).t) = ky 8 (F®)8) = A p(e5() + (1 = (V) , ¢ > 0.
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(b) The width of the mushy zone is inversely proportional (with constant v > 0)
to the temperature gradient at the point (s(t}), t), i.e.,

(2) 8, (5(6).) (1) —s®)=7, t > 0.

We suppose that the temperature 8 = 8(x,t) of the material is defined by

g,(xt) < 0 if 0 < x < s(t),t > 0
(3) f(x,t) = 0 if s(t) < x < rft),t > 0
Oy(x,t) > 0 i x > r{t), t > 0.

The governing differential equations for the solid and liquid phases, the
continuity of the temperature, the initial and boundary conditions, and an
‘overspecified heat flux condition [Ca, Ta2] on the fixed face x=0 [StTa, Tal — Ta4)

are given by

(4) ay by (xt) =6y () . 0 < x < st)t >0
(5) az by (x,t) =6, (xt) . x > r(t),t > 0

(6) 8,(s(t),t) = O,(r(t)t) =0 , t > 0.

(7) | ,0t)=—D <0 ,t >0,

(8) 0,(x,0) = 0,(+00,t) =E > 0 , x > 0,t > 0,
(9) s(0) = r(0) = 0.

(16) k, 8 (0.t) =-i'/.£t , t >0, withh, > 0.
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where ¢, > 0, k; > 0 and o; = ai2 = k; /P ¢; > 0 are the specific heat, the thermal
conductivity and the diffusion coefficient for the phase i (i=1 : solid phase; i=2 :

liquid phase) respectively.

We shall present some of the results obtained in [GoTla). If by means of a
phase-change experiment we are able to measure certain quantities, then we shall find
formulae for the simultaneous determination of the unknown coefficients (¢, 7 :
parameters of the mushy zone; A, p, ¢;, ¢, k;, kg : thermal coeffici uts of the

material).

The different problems for determining several unknown coefficients have not
always an explicit solution; it does exist iff some complementary conditions for the
corresponding data are verified. We generalize the results obtained in [StTa) for the
particular case ¢ =1 and y=0 (i.e., without mushy region) and those obtained in [Ta3)
for the one-phase case. In [Ta2] several references on free-moving boundary problems

and determination of physical coefficients are given.

We shall consider the simple mushy zone model for the two-phase Stefan
problem for determining one unknown thermal coefficient of a semi-infinite material
with an overspecified condition on the fixed face, supposing not knowing the free
boundaries x=s(t) and x=r(t). The results obtained for the eight possible cases are
considered in Table 1 which shows both the necessary and sufficient conditions to be
verified by the data for the existence and uniqueness of the solution and the expression

of the corresponding unknown coefficient.

We shall consider the same model for determining two unknown thermal
coefficients of a semi-infinite material with an overspecified condition on the fixed face,
supposing known the expression for the moving boundary x =s(t). The results obtained
for the twenty-eight poesible cases are considered in Table II which shows both the
necessary and sufficient conditions to be verified by the data for the existence of the
solution and the expression of the corresponding unknown coefficients. There are

several cases where the moving boundary problemn has a unique solution iff some



conditions are verified.

The functions and the restrictions used in the text, Tables 1 and II are

summarized in Appendix I and Appendix II respectively.

Il. DETERMINATION OF ONE UNKNOWN
THERMAL COEFFICIENT

Taking into account the hypothese (H;) — (H;) we can formulate the following

PROBLEM (P,) : Find the free boundaries x =8(t) and x=r(t), defined for t > 0 with
0 < s(t) < r(t) and s(0)=r(0)=0, the temperature §=20(x,t), defined by (I-3) for
x > 0 and t > 0, and one of the eight unknown thermal coefficients ¢, v, A, p, ¢y, ¢,,
k,, k; such that they satisfy the conditions (I-1), (I-2), (I-4) — (I-10) where D > 0,
E > 0 and h; > 0 are data and they must be known or determined by an experience

of phase-change [ArLaTa).
The solution of this problem is given by [Cala, Ru, SoWiAl2, Tal, Ta4]

(1) 8,(x,t) = —D + -2

) )

~Efl&
@ P2t =17 f%i‘)' i —Pf:(g_) I'(2 a: \/E) ’
2 2

(3) st)=20+t,e >0, 4 t)=2wt,w > o,
where f is the error function, the coefficient w is given by
- = a
(5) w=wio) = a, w(al) ,
and. the coefficient & and the unknown thermal coefficient are obtained by solving the

following system of equations



(6)
8 deN__D
&) g (&) =717

The eight possible cases for Problem (P;) are considered in Table 1. We
remark here that the coefficient w is always given by the expression (5) as a function of

o and a; (&, can also be an unknown in some cases, e.g. cases 5, 6 and 8) [GoTa).

lll. DETERMINATION OF TWO UNKNOWN
THERMAL COEFFICIENTS

Taking into account the hypothese {H;) — (H;) we can formulate the following

PROBLEM (P,) : Find the free boundary x =r(t), defined for t > 0 with r(0) =0, the
temperature 8 =0(x,t), defined by (I-3) for x > 0 and t > 0, and two of the eight
unknown thermal coefficients ¢, v, A, p, ¢;, ¢5, k;, k, such that they satisfy the
conditions (I-1), (I-2), (I-4) — (I-10) where the moving boundary x =s(t), defined for
t > 0 with 8(0)=0, is given by (II-3) with a known coefficient 0 > 0 and D, E,
h, > 0 are data and they must be known or determined by an experience of phase-

change [ArLaTa].

The solution of that problem is given by (II-1), (H-2) and (1i-4) where the
coefficient w and the unknown thermal coefficients are obtained by solving the system
of equations (II-6). The twenty-eight cases for Problem (P;) (cases 9 to 36) are
considered in Table II. Now, we shall prove the properties corresponding only for the

determination of k; and k, (case 9).

THEOREM 1 (Case 9). — The necessary and sufficient condition for Problem (P,),
with w, k; and k, unknown, to have a unique solution is that data ¢ > 0, D > 0,
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E > 0, hy > 0, mushy zone coefficients 0 < ¢ < 1 and ¥ > 0, and thermal coefficients

of the phase-change material ), p, c,, c; > 0 do verify the conditions

h 1- D
(1) E-E?r—c, > l+%+Ei\E;(1+(——DiI) ) E%c—l < Hyolxz3)

where Xx,3 i8 the unique positive zero of function H,; .

In such case, the solution is given by (II-1), (II-2) and (11-4) with

Hi (¢
(2) w=0 Hyl§)), klzpazclsl?' kz=.00'262 2]53( 1),

where £, is the unique solution of the equation

Dpoc

(3) Hm(x)=—h——7 , X > 0

and B is the only solution of the equation

(4) 1 _ A Hyy(£y)

ﬁle(x)—Ecz W) 7 x>0

PROOF . ~ We define

(5) §,=5 + with a, =

vk

P ¢y

The coefficients w and k, are obtained using (5) and the element £ is given

from (II-6b) as the solution of (3). From (II-6a) it follows that £, and k, should verify

Ek W '
e e

If we define
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W) . k
(N B={;——-§%=%H25(£1) y with a,= ;—E;,

then equation (6) is equivalent to

. Fi(B) _ A /7 Hy(€)
®) B~ Fc WE) '

B>0,

that is, B is the solution of (4). Taking into account the properties of the function H,q

we can deduce that there exists a unique solution of (4) if and only if
H,,(¢,) > 0 iff Hyy(0F) > 0 and £, < xpy (i.e., (1)),

where x,; is the only positive root of Hyy (because H,,; is a decreasing function for

x > 0 and H,3(+ 00) =~ 00). From (7) we obtain the coefficient k, .
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APPENDIX |

The following real functions are defined, for x > 0, by

]

exp(—x2 exp{—x2
f(x):erf(x)=72; exp(—t?) dt , F,(x) = _i—P—(_f(:E_)'). : Fy(x) = xr;éx) ) ,
o

W(x)=W(x) = x+°’7§ f(x) exp(x?) , Hs(x)=exp(—x2)—TE;:%;FI(%W(::)),

exp(-—xz) - G(x) ,

G(x) = G(x,7) = x + (—1;;2[;7—‘/5 f(x) exp(x?) , Hy(x) = Xpa

Ek
H,(x) = x—% exp(—x?) — x - Apa, :2 7 Fl(;l; W(x)) , H,(x) = x Fi(x),

34




) =27 () exp(e?) — Hy() . Holx) = (1 - ) B2 x + 5 El“z G
Ho(x) =y (=) = x = Ry (gl ), o) = 7o
Hy(x) = Cf'("‘)’ 1000 = PV expl-xt) - oo (D ()

H,,(x) =§—jx R, ) =, Bk Ry5(x) = f(x) W(x)
H, ,(x) = f(x) G(x) , Hls(x)lez% exp(—x?) — I; flf; :22 Fl(Dh‘; c‘l/’; Hy3(x))
Hyq(x) = /% x exp(x?)(1 - (x)) , Hyo(x) = f(x) Hyg(x) |

—~ €) A A
Hy7(0) = e expl®) — (1 + LI TYT ) expiot) - (1 4+ g ) x

Hw(x)-=exp(x2) (G(x) +§f 11rci1kz F,(‘/:—:—-;-i W), | H,o(x) = x f(x) ,

_ Hyy0)
Ahoa xexp(——xz) —G(x,7)}, Hys(x) = ——-2-2,-(-— ,

Hy(x)=Hy{x,7) =

A
Hy,(x) = £ ph‘; » x exp(—x?) — (1 + E e) )7 i f(x) exp(x?) — (l + E__)

H, (x) = f(x) Hyg(x) = W(x) Jolx) = Hzg(x) ’
Hag(x) = x exp(—x?) — %ﬁ xF(E Hyx) ,  Hygx) = )
Hyg(x) = ’\1:;’0 exp(—x?) — 1 ~ ﬁ Fy( Has(0))
Hao(x)=12—‘,/5—;ﬁ-12m ~Hy(®),  Hy(®=(-oFx+ %7; Fy(x)
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e SRR T

poa 5 D, F®
Hyy(x) = 1;1%’—1 exp(—x?) - x G(x) — ?-P x W(x) , Hao(x) = 1 — Hgy(x) ,
Hse(x)~7 Fylx) = x - 2 W(x),  Hylx) = Hyg(x) - —# PG
H38(x)=x+xE§2; Fy(x) Hyo(x) = /A0 (1 + 72‘1/)’? )
() =600 +§ —pbrs RL\*T“% F (\/1:;—,:—%# Hyo(x) , Hep(x) =58,
o) = 5k i) () = o exp(—x%) — (1 + 52 |
Hu= 3 WIE) Hy() + G(E) ¥ (600, Hagl)= ks Pyl — W),
Hys(x) = 1;1%13! exp(—x?) — x G(x) , Hy7(x) = Hog(x) + 12# F,l(_x) ,
Hag(x) =35 Bo _ exp(—x?) -1, H o (x) = R )—6% @ F ( C—I%W(x)) ,
Hgo(x) = D7°1.= Fy(x) ~ (1 + ES)x, Hgle) = Hyy(x) - % ok

ah €

Cy C 1€
Hyg(x) = Tr exp(—x?) — x* - % \/1*—12{1-3 X Fl( o k2 W(x))

,/c‘—:?lr k2P (x),  Hyy(x) = xf(x) exp(x?) = A
5‘(x)_TexP(_x2)_(€+(l-€) cz)xz'—%vﬁ}ci_z F( c:lti x) ,

_ 1 _ E l(2 r
HSS(X) a H55(x) Dpo cy 8y Fl(a.2 H25(x)) ’

Hea(x)=(1—¢)

Heg(x) = x Fy(x)

Hyz(x) = Hga(x,7) = :\% Fy(x) — G(x,7)-
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APPENDIX 11

The restrictions used in the text are the following

(R1)

(R2)

(R3)

(R4)

(R5)

(R8)

(R7)

Ek,

a; V7

< f(xq) , Xg: the unique positive zero of H,

h, >
Dk,
h, a; /7

Dk
ﬁ < f(x3) , X5 : the unique positive zero of H,
o V7

Dk
1 . vie
—= <f(x,) , x,: the unique positive zero of H
h, 3, /7 (x4) 4 9 ¢ 4

D k,
—— >f(x.) , X<: the unique itive zero of H
ho 2, \/1? ( 5) 5 que pos 5

Dk
1 . .
—_— < f(x X~ : the unique positive zero of H
h, a, \/1? (x7) » %7 4 ' 7

h, > DX (2 +_____72\[/)_1

azﬁ;ﬁ e

7 : the unique positive solution of the equation H ,(x) = H (x) ,x > 0

(R8)

(R9)

(R10)

(R11)

(R12)

Dk
h_-Tl <f(x,7) , Xy7: the unique positive zero of H,,
o811 V¥

ho 7, A (1—-¢)y
Epoc, >1+ﬁ+ﬁ‘5;(1+—n—)
Dk
h, > —-——2;

Dpoc . ‘s
#—1 < Hyp(xg3) 5 Xg3: the unique positive zero of Hy,
0

D k,

a'hoﬁ

> Hy{x,3) , X3 : the unique positive zero of Hy,
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E k, o ¥
(R13) b > F(Z (1 +5)
hg (-¢7
(R14) Yoo > 1+ —D
h E k,
15 Q 1
(R18) Yo7 T A tisee, A Fi(& (1 + D)
h, Y E k, o Y
(R16) po 1 +ﬁ.+mf‘1(a;(l +]j))
h Ek
R17 0_ —2 _F (&
(RI7) Apo /\ p o a, \/- ( )
D
(R18) —}T&—% < Hyo(xy7) , Xy7: the unique positive zero of H,,
D
(R19) T’%:,_l < Hyy(xy8) , Xyg: the unique positive zero of Hyg
o .
_ Dpoc
X,g : the unique positive zero of Hyq , X3o : the unique positive zero of Hy,
D
(R21) hp l :_l < Hgg(xgg) 4 X35 : the unique positive zero of Hj,
o
Dk
(R22) ;Tl_\l7; > Hy4(x343) , X35 : the unique positive zero of Hy,
o
(R23) - __2'_'1__
s (&) v
(R24) H35( ) >0 or ‘;‘1 < X35 , Xg5: the unique positive zero of Hyg
(R25) Hss(a%‘) >0 or % < X3g , Xzg: the unique positive zero of Hyq
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(R26)

(R27)

(R28)

(R29)

(R31)

(R32)

(R33)

(R34)

(R35)

(R36)

(R37)

(R38)

Dk, o
EpalazczF' 5'_1—) = |

Apdazﬁ( D k, Fz(%)—l) 5 1

E k, /\paalﬁ

R(E) < 2Vt Pl pig) )

E k, Apoa, /r

H57(%) >0 or a% < Xg7 . Xz7: the unique positive zero of Hg,

0 (1.—5)7 E k, a T
Spe 7 1TTD +)\paa2ﬁFl(55(I+D))

Dk
1 . opr
——= > H,.(x , X,» : the unique positive zero of H
o hO ‘/—1; 24( 27) 27 q 27

h, > po(A+Ec,)

o o
H43(§) >0 or & < X43 »

X443 : the unique positive zero of H 3 when (R32) is verified

D k,
—= > H,,(x X,e ¢ the unique positive zero of H
o by /7 24(X28) » X8 q 28
Dk
_h_\l7= > Hyu(X9g) » X9 : the unique positive zero of Hyq
o hy /7
D k,
—= < H,,(x s Xag : the unique positive zero of H
s hg /7 24(X30) 30 que 30
Dk
——-——7=0 T 1 = > H,,(x32) + X35 : the unique positive zero of Hg,
0
Dk
1 . X45: the unique positive zero of H,,

ey Jr O HaalXas)
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(R39)

(R40)

(R41)

(R42)

(RA43)

(R44)

(R4b)

(R46)

(RAT)

(R48)

H"(a%) >0 or g‘-'l— ‘< X47 4 Xgr: the unique positive zero of H,,

() < Tk

Dk
a_—m > Hpu(Xs54) , Xg54: the unique positive zero of Hg,
o

Dk
;—h—IT > Hy,(x49) + X49: the unique positive zero of H,g
r
o

Hso('a%) >0 or gl— < Xgg , X5p: the unique positive zero of Hy,

Dkla?F 9—) > 1

Ea, k, 23
Dk a
Z 1 2 pla
Fl(az) < Ea, k, ¥ a'1)
Dk,

> H,,(x , Xgq;: the unique positive zero of H
o hy 24(X51) » X5y que pos 51
Dk < H,,(x5,) , Xg,: the unique positive zero of H
;,W‘; 24\X52) » X532 : que pos 52
0

Hss(all) >0 or gi- < Xgg ) Xgg the unique positive zero of Hyg .
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Table |

UNKNOWN
CASE COEFFICIENTS RESTRICTIONS SOLUTION
o ky B2 |
1 fz,d,w (R2) ""—"nl£l . 1-_-—1‘— \V(f) . w:nlW(fl)
where £, is the unique positive solution of the equation
Dk
fix) = 1 » x>0
h, 8, Jr
and B is the only posilivv solution of the equation
H{x) = “/—“(e)n,(c,) . x > 0.
h, H,4(E,)
2 Ao, w (R, (MY o=a & . A=pzR G“{El’) , w=ag W)
where £, is given as in case 1.
3 .o w (R, (RO o =n by r=;2—%v,<e,)us(el) L w=a WE)
where £, is given as in case |
1 Y0 w (R1), (R8) o =a, £ ,1—‘7'%( ~ &) Faly) o w=a, W(E)
where £, is given as in case | and B is the only posilive
solution of the equation
Hg(x) = ]———ﬂ(l’( 5| Y—€& . x > ";e"
Dk I
5 (.. w (R7) t T lo

2
T g /7 M€} ,(g) 1—5T**-f(é).w*—7ns(5)

where £, is the unique positive solution of the equation

Hy(x) = Nyl » x > 0.
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hg /7 ah,? hg /%
6 kooow  (RD) 0= Manldy) k= o 7o e o = e Malt)
where £, is the unique positive solution of the equation
Hix) = Hgx) , x > 0
- k, ¢, WHE
7 ky, o, w (RB) c=a & . k7=_lsz'__ﬁTQ , w=a; W()
where £, is given as in ease 1 and 3 is the only positive
solution of the equation
1 A Ha(6y)
> 0.
i) " Feg Wig) ' 7
- Ak, hy? e, 1
8 PrO W U-—R;‘;‘[E;“u;(f” . P E g '

Mk, n,f(sl)

Ak
w = E;_g:w(z,) H,4(€))

where £, is the unique positive solution of the equation
Pe

= 1
”“’(X) —17; , X > 0.
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Table 1

UUNKNOWN
CASE COEFFICIENTS RESTRICTIONS SOLUTION
2 i 2 Iiz,,"({l)
9 w, k. ky (RO).(RID)  w=waHyl&) , k,=po "IE_z'k‘J‘—‘/’“ "'z"“""'!';i_
. | ‘
where £, is the unique solution of the equation
Dpeoc
W) =t o+ x > 0
and D is the only solution of the equation
] A Hy(4)
= y X 2> 0-
"m(x) E €2 W(E|)
k H,s?
10 w, ;. ky (R9), (R10)  w=olly(€) , ¢;=—5&% .  ky=po’c, 158('5‘}
(112) re
where £, is the unique solution of the equation
Dk
" = ., 0
nlx) o hy ;7: x>
and B is given as in case 9.
h, L,.(€))
1 VAL k RI13), (RI8) w=oll c A= 59 0Ly = pe?e, L
w i (R13) , (RIB) w =« II;5(¢,) 7T TGE,) 1 =P £,z
where £, is given as in case 9.
12 w. kg, oy (R14) , (R19) w =0 (6, , ky=pa’e, Ly, c2=~—‘-(-—2-§ B
£ pa’ Ny (&)
where £, is given as in case % and B is the only solution
of the equalion
Ape? Jx
H,(x) =_T—k_—;/— Hys(€) Mae(€y) . x > 0.
13 w, 6. k (RI6), (R20) w =0 My (&) o ¢ =1~ 2D 1,0(,) 006
1™ ' L3N B W:z!;l.sal-

k, = P 02 C —l—
1 1 €I2
where £, is given as in case 9.
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14

w, 7.k

(RIT) . (R21) w=Ba,, 7 :27'%('7',? B~ 1) ls(€) Ky =po’c, Et-,

where £, is given as in case 9 and B is the oniy solution of

the eguation
b 2
s, (x} = ITOEexp(-{l )-€ , X > a‘% }

w,p, ky

k k w?
(R10) . (R22) w =0 (&) . = ;517 £ . k= lc:"z B(El)
1

where £, is given as in case 10 and B is the only solution of

the equaltion

] A ys(€y)
% " Ee; £, wigy ' * > "

16

w, A, kg

(R23) ,(R24) w=a w(") A=t (Dcl F'(U')___E(. W(gi))
) LAY G(" WA 2R, (B))

2

=60 TR

for any B > Hm—'(EF;—%/—; :\—;((f-—h:i——%).
ARy

1

7

U‘f,kv‘

(R23) , (R25) w = a, w(g;

2D W(E)
XNV l(f)( ’( ) E <1 it (8)
for any W™ (}) < B < M ' (}) i & < xy

or lor any B > Hm_'(i) if x4 < g; < Xg4

o (1a(e) &)

where A= m

’-_
= Il,“

F e w( )

)
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18 W, (.7 (R23) , (R28) w=uw(y)=¢ 1+Tﬁ__"_
(R27) . (R28) ( W &)
_ _ o Dk, o _
e=e(y) =1 -w(‘y)--a' (,\pa‘/;"”(q)— ’)
1 Ek, w(y)
Tw( - Apa, \T;F‘( Ay )
forany 0 < 4 < : 2D 2, l‘)( )(Fl—'(B) - gz)
where
_Apaaz‘/; Dk, Ao
B = E k, (Apaalﬁl{ﬁ)“])
H,g(B) HAZ
t9 wiep kg (R23),(R29) w=a W(E) | c,:é——l?—r—&—?(—il)- :
W(E)
Ak 7 WE) A )
ky = Eq H, (1))
forany B > 0.
- 1
20) w.p.k wzall,,,(s,).p:l.}’.-;‘/énm(f,),k,_—‘E—-‘/—_n“(e)
where £, is the unique solution of the equation
Ryo(x) =1, (x) » x > O
21 w, e, ky (R30) w=0 Wyl&), = -'l-q—\—-/—--llm(f ). k= 0\/_Il“({ }
where £, is the unique solution of the equation
xl—ll—‘:—;l[z-‘-(x} =1(x) , x > 0.
hg 1,4(&) k
. . 13 - n , A= 0 36 1 , = 1 2
22 w,A,rl }&:‘:;,(R ) w ﬂ' 25(£|) - e —"'"'""""'(’(g‘) < ;“;351

where £, is given as in case 10.
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w=a, “'(%-1) L kg = k, ¢, W’({—‘.‘T)

2D F(L
forany 0 < 7 < F’(cl) "50(%)
. 4 2
(1~ ) vr
where B = B(7) is the unique solution of the equalion
1 . '(""”)
TIET F‘ . , x > th
16 2 “(ﬁ‘;‘1)
pL| w,f,¢ (R16) , (RAB) w=all,(£).c=1 - 2D ll..(E)ll.-(.E),r:kl €2
1 pIARS mz.»l.mllﬂ_ail
where £, is given as in case 10.
25 Wt , 0 (R10) , (RM) w=0Ny(€) . oy=-156% |, o =-51i -——B,E-——
(R34) pa po- Nyt(E)
where £, is given as in case 10 and B is given as in case 12,
k 132 k, cg WHE)
26 w,p,c R10 w=all , p=—ge , €y = 12 L
£y ( ) 25(&y) .+ 0 ;i_;; -ﬁm ) —Ez— 7
where £, is given as in case 10 and B is the only solution of
the equation
o h, c. Wz(f )
Hyy(x) = 22 L x>0
" Aky g, expl§,?)
. : 2D(*2 k, 2
27 W,y (K10} ,{RI1T}) w=DBa, , 7= + B =16 , oy =—5 &
{R3T) . 7;( ) pa
where £, is given as in case 10 and B is given as in case 14,
D Ec k, H
28 Wi, e, (R23) Gpfg)-Fek H(B

o) 2= o R )
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W.p.cy

c, k. p?

k
(R10) , (R3IB) w = o Wye(é)) ,oz;,-l;f,f , c’z_-";_l wie

where £, is given as in case 10 and B is the only solution of
the equation

Ak
||l(x):T::—“é_fllz5(s,) () , x > 0.

30

W, 0,0,

k 2
R23) . (R39) w=a W(Z) . -4 _B
(R23), (R39) = o, W(E) 2=k WA

R GLGE

_ﬁ%: 7( )(l)q 2(!‘_) ‘1"1 2 "l((;)))

for any 1, 7'(A) < B < H,7NC) if £ < x4q

orforany 0 < B < lll—'((f-) il x40 < {T < X47

where A= %l—g WE) )  and

o=l () nofe)

31

WY.Ly

(123}, (R40)

w = a, W("',-y) v € “';E:_‘i ﬁ—:)
1

o) 0o,
(-0 Vo A2 e

where B = B(7) is the imique solution of Lhe eguation

forany 0 < v <

u,(x)=%}T-l‘_/fw(gl-,1)n5,(%.y) ,x > b

32

w,A,p

(R10) , (R42)

_ _ohg ey () _ K 2
w=o &) , A= kk  Glep Pr < b

where £, is given as in case 14,
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. : _ _ 2n (De
13 w. A, (R23) , (R48) u_a,w(ng),f_ I - W(W'* uw(g-) - l)llw(r)
De, ,)
i
7; -"‘*(q De
for any RV , <A< 7’%"&{5‘7{).
()
3 w. A, (R23) , (RA4) w =a, W(&a) |
(R45)
De v fo
A= i gy _ k 2 Jl. H a
77 (&) BB (g vl
20 Nga( g _y/Dkya,
forany 0 <y < 0 :;5( :lr)(%z- 1 l(ﬁa—:{f F,('%))—l)
fig,(£,) k
35 w.,e,p (R46) , (R47) w:oﬂn({l).t=l—%-ln%.p=ﬁ{ﬁ
where £, is given as in case 0.
% wy, (R10) , (R11) w=a /ii22 B ~,-='-’D( ‘1 2[;-5)[-‘.(5) ,
e ke & * Wk, © 7R/ E

l‘l
=l g2
r g ¢, 1

where £, is given as in case 10 and B is the only sotution of
the equation

o h, e, exp(—&,%) )
Hlx) =~y (s. R bR
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