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CONVERGENCE OF DISTRIBUTED OPTIMAL CONTROLS IN
MIXED ELLIPTIC PROBLEMS BY THE PENALIZATION METHOD

CLAUDIA M. GARIBOLDI, DOMINGO A. TARZIA

ABSTRACT. We consider a distributed optimal control problem (P) and a
family of distributed optimal control problems (P,), for each o > 0 (heat
transfer coefficient). Both problems are related with steady-state heat con-
duction problems for the same Poisson equation with different mixed boundary
condition for (P) and (P.) respectively. We use the penalization method in
order to obtain a family of optimal control problems (P.) for each ¢ > 0 and
a family (Pae) for fixed oo > 0 with their correspondent cost functions J. and
Jae. We prove strong convergence as € — 0 of the optimal control ge of (P)
to the optimal control g of (P) and of the system state U. of problem (F:)
to the system state U of problem (P) in suitable Sobolev spaces. We obtain
similar results for fixed & > 0 and € — 0 in relation to the problems (P,)
and (Pec). Finally, we obtain weak convergence of solutions of the problems
(Pae) to the solution of the problem (P.) when o — oo, for fixed € > 0. This
result can be considered as a new proof of the optimal controls convergence
obtained in Gariboldi-Tarzia, Appl. Math. Optim., 47 (2003), 213-230 by
using the variational equality theory.

RESUMEN: Se considera un problema de control ptimo distribuido (P) y una
familia de problemas de control éptimo distribuido (P,), para cada a > 0
(coeficiente de transferencia de calor). Ambos problemas estdn relacionados
con problemas de conduccién del calor estacionarios para la misma ecuacién
de Poisson con diferentes condiciones de frontera para (P) y (P.) respectiva-
mente. Se usa el método de penalizacién de modo de obtener una familia de
problemas de control éptimo (P.) para cada € > 0 y una familia (P..) para
cada a > 0 fijo con sus correspondientes funciones costos Je y Jac. Se prueba
la convegencia fuerte cuando € — 0 del control éptimo g. de (P:) al control
éptimo g de (P) y del estado del sistema U. del problema (P.) al estado del
sistema U del problema (P) en espacios de Sobolev apropiados. Se obtiene
resultados similares para @ > 0 fijos y ¢ — 0 en relacién a los problemas
(Pa) y (Pac). Finalmente, se obtiene la convergencia débil de soluciones de
los problemas (Pa.) a la solucién del problema (P.) cuando o — oo, para un
€ > 0 fijado. Este resultado puede considerarse como una nueva prueba de la
convergencia de controles dptimos obtenida en Gariboldi-Tarzia, Appl. Math.
Optim., 47 (2003), 213-230 usando la teoria de inecuaciones variacionales.
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1. INTRODUCTION

We consider two bounded regular domains €21 and €25 in R™. We define 2 =
Qs — Q1 where Q1 C Q9. The regular boundary I' = 9 consists of the union
of three disjoint portions I'j = 9€Q; and 'y |JI's = 09, with meas(I';) > 0, for
i =1,2,3, where meas(I';) is the (n — 1)—dimensional Lebesgue measure of I;.
We assume that the boundary portion I'; is divided in two disjoint portions I'q
and I'q 1.

We consider the following mixed elliptic problems

—Au=gin
(1) u=bon T
—g—gzqon I's; %zOon I's
and
—Au=gin
(2) u=>bonI'p; _%17; =oa(u—>b)onTy,

—%ZZQOHFQ; %ZzOon I's

where g € H = L?(Q) is the internal energy in 2, b € H%(Fl) is the temperature
on I'y for (1) and the temperature of the external neighborhood of I'; ; for (2),
q € H%(Fg) is the heat flux on I'; and a > 0 is the heat transfer coefficient on
I'1 1 (Newton's law on I'y 7).

Problems (1) and (2) can be considered as the steady-state Stefan problem for
suitable data ¢, ¢ and b [10], [11].

If we consider U = u — vy with vo € H?(Q) given and such that vg = b on T'y
and %—17’;) = 0 on I's, the problems (1) and (2) are transformed into

—AU =g+ Ay in Q

(3) U=0onIy
—%—g:q+%—?onfg; %g:()onfg
and

—AU =g+ Avg in Q

(4) U =0onTp; —%—g:aU—i—%—%’ onTI'ty
—%—g:q—l—%—%’onlﬁ; %gzoonfg

respectively, whose variational equalities are given by [5], [7].

(5) a(U,v) = Ly(v) — a(vp,v), YveVy, Uely

and

(6)  a(U,v) = Ly(v) — a(vg,v) — a/ Uv dy, YveVyu, UeVy
i

where

0
%:{UEHl(Q):vzoonFl, szoan}

on



Gariboldi-Tarzia: Penalized distributed optimal controls, MATH. NOT#; Afio XLV (2007-2008), 1-19. 3

B
”:()onrg}

V01:{UEH1(Q):U:0on I, an

a(u,v):/QVu.Vvdx , Lg(v):(g,v)H—/F qu dry.

2
We denote by U and U, the unique solution of the problems (3) and (4)
respectively, and we have by [1], [9] that U € H%(Q)NVy and U, € H2(Q)NVpy. It
is well known that the operators 7' : H — H?(Q2)NVy and T, : H — H2(Q)NVpyy

such that T(g) = U and T,(g) = U, respectively are affine and continuous
applications.
Let the distributed optimal control problems be [2], [3], [4], [5]. [6]. [8]:
7 i J(U,
g versebv-rw 77
and
8 i J(U,g) = i J(Tu(9),
O e TV vellite, 09
where
J:H*(Q)NVor x H— RS
is given by

1 M
J(U,g) = §HU — zq|l3 + 7”9”%}

where z4g € H is given, M = const. > 0, K is a closed, convex and nonempty
subset of H2(Q)NVp, K1 is a closed, convex and nonempty subset of H2(€2)N Vo
and U,q is a closed convex and nonempty subset of H.

In [5] we study the convergence when av — oo of the optimal control problem
(8) corresponding to the state system (4). We prove that the optimal state
system, the optimal adjoint system and the optimal control of the problem (8) are
strongly convergent in adequate Sobolev spaces to the corresponding state system,
the optimal adjoint state and the optimal control of the problem (7) respectively,
when a — oc.

We use the classical notations

(. q)m = /Q fg de. VfgeH gl = /Q Pde,

10, O Frserr = 1ol + gl -

As K xU,q and K1 xU,q are closed, convex and nonempty sets in HQ(Q)QVO X
H and H?(Q) N Vo1 x H respectively, then D = {(U,g) € K x Uyq : T(g9) = U}
and D, = {(U,g) € K1xU,q : Ta(g) = U} are closed and convex sets. Moreover,
as D and D,, are nonempy and J is a strictly convex functional, the problems (7)
and (8) have unique solution (U,g) and (U, da) respectively.

We consider, for each € > 0, as in [3] the following penalized problems

9 i Je(U,
(9) pepin, (U, 9)
and

(10) min Jae(U, 9)

U6K1796Uad
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where J. : H2(Q) N Vy x H — R is given by

Je(U,g) = J(U,g) + EHAU*"Q‘F Avg||z + %Ha? tat 5 172(rs)
and Joe : H2(Q) N Vo1 x H — ]R(J{ is given by
]. 2 ]. aU 8'1)[) 2
Jac(U,9) = J(U,g)+ ZHAUJrngAUoHH + EH% +q+ %Hm(rg) +

2\\871 +aU + %HLQ(FM)'

In Section 2 we prove that the problem (9), for each € > 0, has a unique solution
and we give the corresponding optimality condition in terms of the adjoint state
pe and suitable multipliers. We prove that for e — 0™ the sequence of solutions of
the penalized problems (9) are strongly convergent to the solution of the problem
(7) in suitable Sobolev spaces.

In Section 3 we obtain, in similar way to Section 2, that the problem (10), for
each € > 0 and fixed o > 0, has a unique solution and we give the corresponding
optimality condition in terms of the adjoint state p,. and suitable multipliers. We
also prove that the solutions of the penalized problems (10) are strongly convergent
to the solution of the problem (8) in suitable Sobolev spaces when ¢ — 0.

In Section 4 we prove that, for fixed ¢ > 0, the solutions of the penalized
problems (10) are weakly convergent to the solution of the penalized problem (9)
in H when a@ — +00, which is the same type of result obtained in [5] by using
the variational equality theory.

2. PENALIZATION OF PROBLEM (7) AND STRONG
CONVERGENCE WHEN € — 07

Proposition 1. a) J is a strictly convex functional and there exists a unique
solution (U,q) of the problem (7).

b) J. is a coercive and strictly convex functional. There exists a unique solution
(Ue, ge) of the penalized problem (9).

c) J. is Gateaux-differentiable and the optimality condition is given by Yv €
K? vQ € Uad

(11) (Ue_Zdav_Us)H+M(9679_ge)H
1
+E(AUE + ge + Avg, A(v —Ue)) g

1
+E(AUE + g+ AUO; g — ge)H

18U€+ +% (v —U)

+e( on 1T e an J2(ry) 2 0

Proof. a) This results as in [5], from the definition of J and taking into account
that the functions z — 22 and z — (2 + ¢)? are convex.
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b) Let t € [0,1], (U1, 91), (Uz2,92) € K x Ugq, then we have that
(1 =1)J(U1,91) + tJ(Uz,92) = J(1 = )U1 + tUa, (1 — t)g1 + tg2)

1—-t
= 0 - vl + Mg~ ]

man(1l, M

> Py hlioy - el + s - el
min(1, M)

= My ) U0) ~ (Vor02) Brer

On the other hand, we get that
1 — t fQ AUl + g1 + A’Uo)le' +t fQ(AUQ + g2 + Avo)zdac
— oA = Uy + tUs) + (1 — t)g1 + tg2 + Avgl*da > 0

and
8U1 81]0 2 / 6U2 61)0 2
1—t —_— ——)dy+t —)*d
A=t [ (Gl v Goravee [ (G ras G
(1 —t)Uy + tUs) Ovg
— >
/FQ( 5 ta+ g 0)dy >0

> 0 such that
(1 =t)Je(U1, 1) + tJe(Uz, g2) — Je((1 = 1)Uy + tUs, (1 — t)g1 + tga)
> c(1=t)t||(Ur,91) — (U2, 92) |1,
and J, is a coercive and strictly convex functional.
c) Let v € K, g € Uyq, and t € (0,1], then we get
Je (U + t( — Ue ) ge + t(g - ge)) - J€(Ueags)
= J(U +t U) g€+t(g ge))

/ (1= O)U. + 1) + (1 — £)ge + tg) + Avg|2dz

therefore there exists the constant ¢ = M

+26 2( 8n tat 8n) dy
1 oU, ov
—J(Ue, ge) — 26/[AU +ge+Av0] da:— — (8n —i—q—l—a—;)Qd’y

- t/Q(Ug—zd)(v—Ug)dx—i—Q/Q(U—U) do

M2
+Mt/ge(g—ge)dx+/(g—ge)de
Q 2 Ja

% /Q(AUE + g + Avg) (A — U) + (g — g.))d

2 : .
e (A =0+ (g~ g0)de + A}?ﬁ+q+%§ﬂmé%yam7
+ﬁ (M)dv_

2¢ Jp, on



6 Gariboldi-Tarzia: Penalized distributed optimal controls, MATH. NOTZE; Afio XLV (2007-2008), 1-19.

Now, dividing by ¢, and passing to the limit t — 07, Vv € K, Vg € U,q we have
J(Ue,g)(v =Ue,g—g0) = (Ue—2a,v = U + M(ge, g — g mr
1
+€(AU€ + e + A’UO7 A(U - Ue) + g — ge)H
1,0U, n —i-% d(v—U)

- >0
+e( an 1T a0 on J2(ry) 2
that is (11). O
Let us call, following [3], for each € > 0
A = AU+ ge+ Aug 66:%[{;+q+%
€ €

and we define p. € V} such that
—Ape =Ue — z4 in Q

Pe = 0 on Fl
Ope __ . Ope _
n =0onTIy; an =0onTI43.

We can prove the following property [3]

Proposition 2. The optimality condition (11) can be decoupled:

d(v — U,
(12) Yo € K,(pe—Ae, =A(v = Ue))m + (pe + 0, (Uan))LZ(FZ) >0
Vg € U, (Mge + A, g9 — ge)H >0

Proof. The optimality condition (11) can be decoupled in

1
Yo € K: (Ue_Zdav_Ue)H+E(AUe"i‘ge‘f’AUOaA(v_Ue))H

1 6U€ % 6(U_Ue)

+ (an +q+ aﬂ?T)LQ(FQ) ZO?

€
Vg € Uad, (Mge,g—ge)y + %(AUE + ge + Avg, g — ge); 2 0.
By the Green's formula, Vv € K, Vg € U,q we have
(v —U) )
an
and the optimality condition (11) is now decoupled and it is given by (12). O

(Ue — 2d,V — UE)H = (pea _A(U - UE))H + (pE’

L2(Tg)

Theorem 1. Let (U,q) be the solution of the problem (7), then we have that
ge — g in H and U, — U in H*(Q) N Vy when € — 0.

Proof. Let € > 0 be given. In similar way to [3], we have
(13) 0 < J(Ue,ge) < J(U,g9) = J(U,g) <
next, there exists a constant k > 0 such that

sup |[Uell < k and sup|lge |z < .
e>0 e>0
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Therefore, there exists Uy, go € H and subcollection {U.} and {g.} such that
Uc-—Uy weakly in H and g.—go weakly in H. From (13) we get

/ [AU, + g + Avg]2 dxz — 0 when € — 0
Q

and
/1“2(6617]16 +q+ aal:)?d'y — 0 when ¢ — 0.
Now by using the weak lower semicontinuity of the function u — qu we get
/ [AUy + go + Avg)* dz = 0 and / (% +q+ %)Qd’y =0.
Q Ty on on

Therefore —AUy = go + Avg in 2 and —% =q+ % in I'y; moreover as K
and U,, are convex and closed sets in the strong topology then they are closed
sets in the weak topology, next we have that Uy € K, go € Uyq and Uy = T'(go).
From (13) we obtain that

(14) lim inf J, (U, g.) < liminf J.(U,g) = J(U,9)

e—0t e—0t

and taking into account that

(15) Je(U,g) =2 J(U,g9) Y(U,g) € K x Uaa

we have

(16) J(U,9) > liminf J (U, g.) > liminf J(U,,g.) > J(Up, go).
e—0T e—0T

As (U,g) is the solution of the problem (7) we have J(U,g) < J(Uo, go) and by
the uniqueness of the solution we get U = Uy, g = go; therefore we prove that
U.—U weakly in H and g.—g weakly in H when ¢ — 0. Moreover, we prove
that

(17) EIOI}r Je(Ueage) = J(Uvg)
(18) lim J(Ue, gc) = J<U7 9).

e—0T

From (17) and (18) we obtain that
1
2/ [AU: + ge + Avo}2dx — 0 when e — 0"
€Ja
and

1 (3UE
2¢ Jp,” On

0
g+ 22024y — 0 when ¢ — 0F
on

then
lim (|Ue = zqll3r + MllgellF = 1T = zall3 + M|gll3-

e—0t
From the weak convergence and the convergence in norm in H x H we have the
strong convergence, that is

U —Uin Hand g.—gin H when e — 0",
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On the other hand limHOJr AU+ ge+Avg =0, i.e. lime_’OJr —AU. =g+ Avg =
—AU, and taking into account that —A : H2(Q) N Vy — H is a isomorphism,
the thesis holds. O

If we define p as the solution of the following elliptic problem
~Ap=U —2z3in Q
p=0onI}y
g—f’]:OonFQ; g—z:Oonfg

we get two corollaries from the previous theorem.

Corollary 1. When ¢ — 0", we have that
3) pe — B in HX () O Vp,
b) e — 9U in L%(Ty), therefore there exists ¢ = Const. > 0 such that

| %% z2(ry) < €.

c) p. — P in L*(T3); therefore there exists ¢ = Const. > 0 such that
[Pe 2y < ¢

Proof. a) We know that || — Ap. + Ap|lg = ||Uc — Ul|y. From the Theorem
1 we obtain that —Ap. — AP in H when ¢ — 0% and the fact that —A :
H?(Q)NVy — H is a isomorphism we get that p. — p in H?(2) N Vo when
e— 0.

b) Because the Trace Theorem there exists a positive constant C' > 0 such that
| 9 — 9| 2,y < C||Ue — Ul| gr2(q) and the thesis holds by Theorem 1.

c) We obtain the proof in similar way to (b). O

Corollary 2. |) There exists ey > 0 and ko > 0 such that:

sup ||gellm < ko sup HUGHHQ(Q) < ko; sup HpEHHQ(Q) < ko
0<e<eo 0<e<eq 0<e<eq

sup [[Verllm < ko;  sup [[Vedel|r2ry) < ko

0<e<eg 0<e<eg

ii) There exists a constant C' > 0 such that supy..., || Ae|lz < C".
iii) There exists a constant C" > 0 such that supg.., [0l z2r,) < C".

Proof. i) When ¢ — 0" we have that: g — g in H, U. — U in H?(Q)( Vo,
and p. — p in H2(Q) NV; by Corollary 1, therefore there exist:

€1 > 0and C; > 0 such that if e < ¢; then ||gc||,, < Ci

€2 > 0and C2 > 0 such that if e < ez then ||[Uc| 20y < C2

€3 > 0and C3 > 0 such that if e < e then |[pc||g2(q) < Cs.
On the other hand, we have that

19) Vel = [ =5 [ (AU + g+ Ao

1
= /(AU€+g€+AUO)2d$ — 0in H when e — 07
Q

€

next, there exist ¢4 > 0 and C4 > 0 such that if € < esthen ||\/eA||, < Cu.
In similar way to (19) we prove that there exist €5 > 0 and C5 > 0 such that
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if € < e5then ||\ﬁ5€HLz(p2) < (5. Finally taking €9 = min(ey, €9, €3, €4, €5) and
ko = max (Cl, Cy, Cs,Cy, 05) the thesis holds.

i) Let an arbitrary s € B2?(2), with B*(Q) the unit ball in H, by adding the
inequalities (12) Vv € K, Vg € U,q we have:
d(v—U,)

on
If in the preceding inequality we take g = g1 € U,q and v = Us € K such that
T(g1 + s) = Us, we get

(Pe = Ae, =A(v = Ue)) 1 + (Pe + e, )LQ(FQ) +(Mge+Ae; g — ge)u > 0.

o(Us — Ue)
on
Now, by using that T'(g1 + s) = Us, we have

(Pe, g1+ 5+ Avg+ ge — ge + AU ) — (A, g1 + 5 + Avg + ge — ge + AU

(pe_)\sy _A(US_UG))H+(pE+(567 )LQ(I‘Z) +(Mgs+)\ev g1 _96)H > 0.

8’00 GUE
+(Pe + 0e; —q — B on J2ro) + (Mge + A, 91 — g)u >0
i.e.
()‘67 S)H < (peagl —ge+ S)H + (pm 6>\5)H _()\67 5/\6)H + (Mge,gl - ge)H

—(Pes €5€)L2(F2) — (de, 6(56)L2(1“2)-
Taking into account that (A, eAc)y > 0 and (66,65€)L2(F2) > 0 we have

()\67 S)H < (peagl — e+ S)H + (pa EAe)H + <M957gl - ge)H - (pa 656)L2(F2)
then Vs € B2(), Ve € (0,¢0) we get

(e $)ul < Npellallgr — ge + sl + VelpellalVerdllm + Mllgellrllgr — gella
HVelpell L2y IVEde |l L2 (ry)

ko(llgill e + llgellmr + 1) + V/éokg + Mko(llg1ll i + ko) + v/eoc'ko
Cl

and therefore sup,cp2(q) [(Ae, s)m| < €7, Ve € (0,€); then [[A]| < C' Ve €

(07 60)1 ie. SUPg<e<eq H)‘GHH < C’.
iii) Let an arbitrary 7 € B%(T'z), with B?(T's) the unit ball of L?(T'2), by adding
the inequalities (12) Yv € K, Vg € Uyq we have:

- IA

d(v — U,
(Pe — Aey, —A(v = Ue)) it + (pe + O, (8n))L2(p2) + (Mge+Aeyg—9e)g >0
next, we take g = go € U,y and v = U, € K such that U, satisfy
oU- 0
(20) AU, =ga+ AuginQ, — ST =g+ L0 4 s on Ty
on on

therefore the preceding inequality we get
oU; —U,)

[ ey_A T~ Ye € €
(Pe—A (Ur=Ue)) 1+ (pe+0 o

)r2(rg) T (Mget+Ae, 92— 9 )m > 0
and from (20) we have

(Pe = Aes 92 = Ge + €A) 1 + (Pe + 0¢, =T — €0e) 2(1y) + (Mge + Ae; g2 — ge) > 0
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i. e
O o, < (Peg2 = g + (Des €A + (Mge, 92 — ge)u — (Pe; T)r2(rs)
—(pe, 6)\G)LQ(I‘Q) — (de; €0e) — (Ae, €Xe).

Now, we have

(e T2y < pellmllge = gellm + ellpellar Nl + Mllgell zllg2 — gell
+Velpell L2 ) Ve L2(ry) + I1Pell L2m) 17l 22(ry)
< ko(llg2llm + ko) + eokoC" + ¢’ + Mko(||g2ll i + ko) + v/€ocko
= "
Then sup..¢p2(r,) ((5€,T)L2(F2)’ < C" Ve € (0,¢€p), and therefore \|(56HL2(F2> <c”
Ve € (0,€0) and finally supg. ., H5€HL2<F2) <C”.

Theorem 2. (U,g) € D is the optimal solution of (7) if and only if there exists
A€ H, § € L*(Ty) such that

- — ~ O(v-U)

(21) V’UGK, (ﬁ—A,—A('U—U))H+(ﬁ+5,T)L2(F2) ZO

(22) vg S Uad7 <M§+X7g - g)H Z 0.

Proof. From the Corollary 2, we deduce that there exists a subcollection {)} and
Ain H such that A\c — X\ weakly in H when ¢ — 0"and a subcollection {J.} and
§ in L%(T'9) such that 6. — & weakly in L?(T's) when ¢ — 0. Moreover, from
the Corollary 1 we have that 9% — 90 in L2(I';) and p. — 5 in L*(T'2) when
e — 0T, therefore Vv € K we get
d(v — Ue
lim (pe = Aes ~ A0 = U s1 + (pe + 50, 200
e—0T a’I’L
_ < — - 0(w-D)
= @-AN-A@w-U))u+(p+59, T)LQ(FQ)
and Vg € U,q we get
lim  (Mge+Ae.g = ge)n = (Mg +X.g—9)n-

)L2(T)

e—0T
Conversely, let (v, g) € D be, by adding (21) and (22) we have
_ _ _ - 0w-U
(23) P+ Mg,g—9)u + (p+6,(8n))m(r2) >0
and for the Green's formula, we get
_ o _ — _Ov—-U
B -Aw-D)n = (~apwo-Dg - 0. 2D,

o _ _Owv-U
= (U-zev—U)pn — (Pv(an))L?(Fz)'

Then the inequality (23) is given by (U — zq,v —U) i + (Mg, g —g)u > 0, that is
J'(U,q)(v—U,g—3g) > 0 and therefore (U, ) is the optimal solution of (7). O
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3. PENALIZATION OF PROBLEM (8) AND STRONG
CONVERGENCE WHEN € — 07

Proposition 3. a) J, is a coercive and strictly convex functional. There exists
a unique solution (Uye, goe) of the penalized problem (10).

b) Jue is Gateaux-differentiable and the optimality condition is given by Yv €
K 1,Vg € Uua

(24) (Uae — 2,V — Uaé)H + M(gaeyg - gae)H
1
+E(AU0¢6 + Jae + AUOa A(U - Uae))H

1
+€(AUae + Gae t+ A’Uo, g — gae)H
1. 0U, Ovg (v — Upe)
T P e T e e

1,0Uq¢
E(W + Oé(’l) — Uaﬁ))Lz(Flyl) Z 0.

Jvy O(v — Uge)

+ on’ on

4+ aUqe +

Proof. a) It results in similar way that Proposition 1 and taking into account that
for t € [0,1], (Uia, 91a), (U2a, 92a) € K1 X Uyq we have

vy
on

U1y vy |5 / 0Uszq 2
1t ot —=)dy+1 o d
( )/FlJ( o Uit GrRd [ (gl at+ G

_/ (8((1 _t)U1a+tU2a)
'

8U0 2
_ - > (.
o + a((1 = t)Uiq + tUsq) + 8n) dy>0

b) Let v € K1, g € Uyg and t € (0,1] be, then we get

Jae(Uae + t(’U - UOC€)7 Gae + t(g - gae)) - Jae(Uaev gae)

t2
_ t/ (Une — 20) (0 — Und)dar + &= / (v — Uno)2da
Q 2 Jo

Mt?
+Mt/ gae(g - gas)dl' + — / (g - gae)de
Q 2 Jo

t
+g / (AUae + Gae + A’UO)(A(U - Uae) + (g - gae))dx
Q
12 9
+? (A(v - Uae) + (g - gae)) dx
€Jq
t OUyqe Ovg, , 0(v — Uge) 12 O(v — Ugye)
+e/1~2( on Tat 8n)( on Mﬂy_i_i FQ( on Jdy

€ on on on

tz - Ve
+— (M
2e Jr, on

t OU e 0vg, ,0(v — Uge
-l-/ ( + aUg,e + ﬂ)(u + a(v — Uye))dy
I

+ (v — Uge))dry.
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Now, dividing by ¢, and passing to the limit t — 0, Vv € K1, Vg € U,q we have
Jégg(U()K?gOéE)(v - Uaag - gas) = (Uae — 24,V — ers)H + M(9a679 - goes)H
1
+;(AUae + Gae + A'Uo, A(U - Uas) + g — gae)H

+1(8Ua6 ot % o(v — Uae))
e on 1T G on L2(I2)
1 OU,e vy (v — Ugye)
Ty Tolet g™ 5 I
10U, € 81}0
+E( 87’? + aUae + 7”704(21 - Uae))[ﬂ([‘l,l) 2 0
that is (24). O
Let us call, for each fixed € > 0, o > 0:
ry = Dlactgac+Bvo o Ooe 4 g+ G0 = Wae 4 U, + 20
€ € €

and we define pye € Vo1 such that

—Apae = Uge — 24 in Q
8 Qe . p—
—g—n =apaconTi1; pae=0o0nT

% _ . Opac __
o =0onTIYy; o =0onTI43.

Now, we can prove the following property.

Proposition 4. The optimality condition (24) can be decoupled in

0(v — Uge
(25) Vv € K 5 (pae — )\ae, —A(U - Uae))H + (pae + 5aea (an))LZ(FQ)

O(v — Uge
+(Pae + Yae, (8’0) + a(v — UO&E))LQ(I&J) > 0.

VQ € Uad ’ (Mgae + /\aevg - gae)H > 0

Proof. From the Green's formula, Yv € K1,Vg € U,q we have that
O(v — Ugye)
(Uae — 24,V — Uae)H = (pa67 _A(U - Uae))H + (paéa T)LQ(FQ)

O(v — Ugye
oo 2200 oo - D)

and the optimality condition (24) is now decoupled and it is given by (25). O

Theorem 3. Let (Ua, ga) be the solution of the problem (8) for fixed o > 0, then
we have that go. — o in H and Uye — Uy, in H?(Q) N Vo1, when € — 0.

Proof. Let us give € > 0, and fixed a > 0. In similar way to the Theorem 1 we
have

(26) 0 S Jae(Ua67gae) S Jae(Uiongia) = J(Uiongio) < 00
next, there exists a constant k, > 0 such that

sup HUO&GHH < ko and sup ||gae”H < kq.
>0 >0
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Therefore, there exists Uyo, gao € H and subcollection {U,c} and {gac} such
that Uye—Uqo weakly in H and gae—gao Weakly in H. From (26) and the weak
lower semicontinuity of u — qu we get

aUao a’Uo
AUgo + gao + Avg)?dz = 0; ——)dy =
/Q( Ua0 + gao + Avg)“dx = 0; /Fz( o, T4t 8n) v=0

and

on on

Therefore —AUyy = gao + Avg in £, —% =q+ % on I's and —% =
aUyo + %% on I' 1; moreover as K1 and U,q are convex and closed sets in the
strong topology then they are closed sets in the weak topology, next we have that
Uao € K1, gao € Uaq and Uno = To(gao). From (26) we obtain that

/ (V0 | 0t + 290924y — 0,
INW

(27) lim inf Joe(Une, Gae) < liminf Joe (U, 9a) = J (Ua, Ga)

e—0 e—0

and taking into account that

(28) Jae(Uaaga) > J(Uayga) v(Uomga) € K1 x Ugq

we have

(29) J(Uq, o) > liminf Joe(U,e, g,e) = liminf J(Une, gae) = J(Uaos gao)-
e—07t e—0T

As (Ua, Ga) is the solution of the problem (8) we have J(Uy,Ga) < J(Uao; 9a0)
and by the uniqueness of the solution we get U, = U,o, Ga = a0, therefore
we prove that U,.—U, weakly in H and gn.—Gq weakly in H when ¢ — 07.
Moreover, we prove that

(30) lim Jae(UaEagae) = J(Uiom %)
e—0t
(31) lim J(Uae, Jae) = J(Uiou Ja)-
e—0t

From (30) and (31) we obtain that if e — 0" we have

1 1 aU 31}0
— | (AUge 4 gae + Avg)?d — ac 2d
5 Q( Uae + Goe + Avg)de — 0 | 5 F2( o +q+an) v —0
]. BUQE 8U0 2
a Qe a_ d
2¢ FM( on oo + 871) 7 —0
then

lim [[Uae — 2t + Ml gaelr = 1Ua = zall3 + Mllgal%-
Next of the weak convergence and the convergence in norm in H x H we have
the strong convergence, that is
Upe — Uy in H and goe — Gq in H when e— 0T,

On the other hand, lim. 0 AUse + gae + Avg = 0 i.e. limeo —AUse = Ga +
Avg = —AU,, and taking into account that —A : H?>(Q)NVy — H is a
isomorphism, the thesis holds. O
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Now we define P, as the solution of the following elliptic problem
—Apq —U7—2d in
pa=0OonTioi —38 =apaon Iy
ap—OonFQ, p—Ooan

and we prove the following corollaries

Corollary 3. For fixed o > 0, when € — 07, we get the following limits:
a) Pac — Do in H*(2) N Vo1

) Olac 85;‘ in L?(T'y) and there exists a constant d!, > 0 such that

| % ||L2 () < do-

¢) Pac — Pa in L*(T'2) and there exists a constant dij > 0 such that ||pac || 12(ry) <
. o

d)U'O[€ — Ua in LZ(Fl 1).

)aUae N 8Una in LQ(Fl 1)

f) Pac — Da in L?(T'11); therefore there exists a constant d?' > 0 such that
||pa6 ||L2 ]._‘171) — d”/

Proof. (a)-(c) This follows as in Corollary 1.
d) By the Trace Theorem we have that there exists a constant D, > 0 such
that

OUae OUq —
|| on - aTHLQ(FM) < DaHUae - UaHH?(Q)
(e) and (f) It follows as (b) and (c) respectively. O
Corollary 4. i) For fixed o > 0, there exists €40 > 0, koo > 0 such that:
sup HgaeHH < kao; sup HUaeHH2 < Eao; sup HpaeHH2 < kao
0<e<eqn 0<e<eqn 0<e<eno

sup ||\/E)‘aeHH < ka0§ sup ||\/g5aeHL2(F2) < ka0§ sup ”\/E/VQGHLQ(I}J) < kao

0<e<enn <e<€qo <e<€an
ii) There exists a constant D;, > 0, such that supg_..._, [|Aacllz < Dy,
iii) There exists a constant Dy, > 0 such that supg..._, [[0aellL2(ry) < Di-
iv) There exists a constant Dy > 0 such that supgc.cc,, [|VaellL2(r, ) < Dy -

Proof. i) It results in similar way that Corollary 2 and taking into account that if
€ — 07 we have

2 € 8UOZ€ (91)0 2
e = = 5 Uae —)“d
Vel = [ b= [ et alact G

1/ 3Ua6 Ovg 9
= = aUqe + dr — 0 in L*(T
L2(Ty 1)( on on ) (F1.0)

i) Let an arbitrary s € B2?(12), with B%(Q) the unit ball in H, by adding the
inequalities (25), Vv € K1,Vg € U,q we have

(32) (Pae — Aae; —A(v — Uae)) i + (Pac + dac, %)LQ(H)
AoTac) 1 (v — Une)) r2(rs 1) + (Mgac + Xaes § — Gae) i = 0.

+ (pae + Yoes
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If we take g = ga1 € Uyqg and v = Uys € K such that T(ga1 + 8) = Uys, we
have
(p0167 Ja1 + S+ Avg + Jae — Gae + AUae)H

_()\aea Gal + S+ A'UO + Gae — Gae T AU'oze)H

ov OU e
+(Pae + Sae; —q — 8775 - W)L‘Z(Fg)

8’()0 BUQG
+(p046 + Yae; _% - on - aUae)L2(F1,1)

+(Mgoze + Aaer Ja1 — gae)H > 0.

ie
(Aaes8)H < (Pae, Ga1 = Gae + 8)H + (Pac, €Aae) H + (M gae; a1 — Jac)H
—(Pac; €5ae)L2(F2) — (Paes E’Yae)m(rl,l)-
Then Vs € B%(Q), Ve € (0, eq0] we have
|(Qae; 8)ul < [Paelltllgar = gae + sl + Vellpacl [ Veraell n
+M||gaellmllgar — Gaellir + Velpacll L2(ro) IV €daell L2(ry)
+\/E||pa6”L2(F1,1)||\@’YQGHL?(IHJ)
< kao(llgarllor + kao) + \/%k?xo + M kao(|gar [l + Kao)
+vVea0dnkao + vVeaodr koo = D),

and therefore supy.._, [ Aaellzr < D,
iii) Let an arbitrary 7 € B2(I'5), with B?(I's) the unit ball of L?(T's). If we
make g = ga2 € Uyq and v = U, € K in (32) such that U, satisfies

(33) { oz _ o v ~Alar = gaz +8§U0 i_n . Bv
—Cper =g+ G dTonTy, —%er =als + 52 on Ty
we obtain
(Pac — Aaes Ga2 — Gae + €Aae)H + (Pae + dae, =T — €0ac) L2(1)
+(Pae + Yae, =€Yac) 121y 1) + (M e + Aes Gaz — ge)u 2 0
or equivalently

(50667 T) (poc57 Ga2 — gae)H + (pa€7 6)\045)H + (Mga67 Jo2 — gae)H

L2(Ty) <

—(Pae: T)L2(Ty) — (Paes €0ac) 12(ry) — (Pac, 57&6)L2(F1,1)~

Next
|Gaes T2y < Pacllrllgaz — gaellmr + €llpacllmlXacll

+M | gaellllga2 — gaell i
+Vellpacll L2 (ry) 1V Edaell L2(ry) + IPacll L2y 171l 22(rs)
+\£Hpa6||L2(1"1,1)||\ﬁ'7ae||L2(F1,1)
kao€a0Dly + v/eaodm kao + /eaodukao + dp
+Mkao(|gazllg + kao) = D,

IN
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/!
and therefore supg_.._, H5@6||L2(r2> < D/.

iv) Let an arbitrary o € B?(I'1 1), with B?(I'; 1) the unit ball of L?(I'y1). If
we make g = ga3 € Ugg and v = U,y € K7 in (32) such that Uy, satisfies

—AUus = gas + Avg in

(34) — oo — g4 %0 on Ty
—nga = alUqys + % + o on Fl,l
we obtain

(pae — Aaes Ja3 — Jae + 6>\oze)H + (pae + dares _€5o¢e)L2(F2)
+(poze + Vaes —€Yae — U)LQ(I‘l,l) + (Mge + A, Ja3 — ge)H >0

or equivalently

('70{6) O-)LQ(Fl D < (paea go3 — gae)H + (paea EAae)H + (Mgaeagoﬁ - gae)H
_(paeya)LQ(FLl) — (Paes 6’7045)[/2(1“1’1) — (Paes 66&6)L2(F2)‘

Next

(Yae, U)L2(F1 D < |lpaellllgas — gaellir + M||gacll m|9as — gaelln
+el|PacllL2(ry) 1acll L2(ry) + €llPacllm [ Aaell
+HpOéE||L2(F171)”UHLZ(FLl) + ||p0€€”L2(F171)HﬁrYO&HLZ(FLl)

kao(l|gasll i + kao) + Mkao(||gas| i + Eao) + €aodn Dy
+ea0kao D), + dY + dl koo = DY

IN

and therefore

< n
oiel g ol = o

O

Theorem 4. (@, Ja) € D, is the optimal solution of (8) if and only if there
exists \o, € H, 6, € L*(T's) and 7, € L*(T'1 1) such that

— — — O(v—U,
(35) Vo e Ky (Pioc - A, _A(U - Ua))H + (ITa+ das (an))m(FQ)
0w -U, .
7w+ ) o Ty 2 0
(36) VgEUw , (Mga+Aa,g—39a)u >0.

Proof. From the Corollary 4, we deduce that there exist a subcollection {A.¢}
and A, in H such that A\,c — )\, weakly in H, a subcollection {54} and &, in
L?(I's) such that 6o — 8o weakly in L?(I's) and a subcollection {v,c} and 7,
in L2(F1,1) such that v, — 74 weakly in LQ(FLl), when ¢ — 0. Moreover, from
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the Corollary 3, Vv € K; we have that

. O(v — Uqe
lim (pae — Aae; _A(U - Uae))H + (pae + Oae (8TL))L2(F2)

e—0T
O(v — Upye)

+(pa6 + Yoes on

+ Oé('U - Uaﬁ))LQ(FLﬂ
(v —Ua)

— (7 R A0 =T + (0 ey

O(v—Uy)
~an +a(v—Ua))r2r, ) >0

+(Pa + Ya
and Vg € U,q we have
lim (Mgae + Xae: 9 — Jae) g = (MGa + Ao g — Ga)u > 0.

e—0

Conversely, let (v, g) € D, be, adding (35) and (36) we have
0

_ _ _ _ — 0(v—TU,
(pOé + Mgomg - ga)H + (pa + 50&7 (an))LQ(Fz)

(v —Uy) —
~an +a(v—Ua))r2r,,) 2> 0.

Next, from the Green’s formula, we obtain

+(Pa + Tas

. — _ — v -U,
(Pa, —A(w —=Ua))n = (—Apa;v —Us)u — (Pa, (an))LQ(Fz)

(v —Ua) —
~an + a(v = Ua))r2(r, 1)

(v —Uy)
T)LZ(U)

__ 0w —TUqy —
_(pm (an) + a(v — Ua))L2(F1,1)

_(]TOH

- (E_Zdav_ﬁa)H_(]Ta7

therefore we have

(Ua = 2a,v = Ua)u + (MGa, g — Ga)u
d(v — Ua)
on

Since (v, g) € D,, the condition of optimality is given by
J’(U,g)(’l} _Uvg _g) - (U706_ 2d,V _E)H + (Mgiaag _gia)H >0

and therefore (U,, Ga) is the optimal solution of (8). O

O(v —Uy,)

+(Vas +a(v - Uia))m(rl,l) + (@, T)L2(F2) > 0.

4. WEAK CONVERGENCE OF THE SOLUTIONS OF THE
PENALIZED PROBLEMS FOR FIXED € >0 AND a — o

Theorem 5. Let fixed € > 0 be, if (Une, gace) is the unique solution of the problem
(10) for each a > 0 and (U, g.) is the unique solution of the problem (9), then
Upe — Uc weakly in H and go — g weakly in H when oo — o0.
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Proof. We have

(37) Jae(Uaeagae) < Jae(ﬁaag:) = J(@ﬂ?)

As U, and g, are strongly convergent in H, by [5], there exists a constant k; > 0
such that

. 1, — M,
IO, 5) = U~ zalfy + 3 Iaally < .
Next, from (37), Va > 0, for fixed € > 0 we get JM(Uae,gae) < ki, i.e. we get
8Ua€ 8’[10

J (Uae; Gae) + ||AUae + Gac + Avo|lF + o % || on +q + ”L2(F2
1 5Ua€ 0
7“ + aUqe + UOHLQ F11)<k17 Va > 0, fixed € > 0.
Therefore, we deduce that
CL) J(Uozeagoce) < k
) ||AUae + Gae + AUOH%{ < kl
(“)Uae 8’[)0
9Nt gy oy <
€ aUO
d) +aUae+ 8 ”LQ(Fl 1) S k’l

Now, from (a) and the properties of the functional J we have

e) [Uaella < ki; f) gaclla < k.
Next, from (b) and (f) we obtain that there exists a constant k2 > 0 such that
9) |AUacl|a < k2
and therefore from (e) and (f) we have that there exist U} and ¢ in H such that
Uae — U weakly in H | goe — g7 weakly in H when o — oc.

Now, we will see that U € K. Since U/ is the weak limit of the collection {U,.}
we get that U € Ky . We will prove that U =0 on I'; ;. In fact, from (d) we
deduce that there exists a constant k3 > 0 such that
OU
on
and by the Trace Theorem we deduce that there exists a constant k4 > 0 such
that || 25<| p2(p, ) < kul|Uaell g2(q)- Since Uae =0 on Ty and 25ac = 0 on T's
we have that there exists a constant ks > 0 such that [|Uac|| g2 (0) < ks||AUqell
and taking into account (g) we get

OUqe
|| 604 ||L2 (T1,1) < k4||UaeHH2 < k4k75HAUa6||H < k2k4k5 = k6

(38) | + alUaellz2(r, 1) < k3

i.e. there exists a constant kg > 0 such that ||%HL2(F1 ) < kg, or, taking into
account (38), we have that there exists a constant k7 > 0 such that

(39) a|[Usell 21, 1) < K-

Therefore, from (39) we deduce that |[Unellz2(r, ;) < %7 — 0 when o — o0
i.e. limg_ oo fFl 1(U()&)Qalﬂy = 0. Next, from the weakly lower semicontinuous of
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the function v — [i. v*dy we have [ (UZ)*dy <limg oo [,  (Unc)?dy =0
then [i. (UX)?dy =0, and therefore U} = 0 in Ty y, that is U € K. On the

other hand we know that g’ € Ugq.
We will prove that U} = U, and gF = g.. In fact, from the following inequalities

J(UE, gY) < Jae(UF,g) <lim inf Joe(Uae, gae) < lim inf Joe(Us, Gar)
= lim inf J(Uys, 9a) = J(U,q) < J(Ue, g¢) < Je(Ue, ge)

and by the uniqueness of the solution of the control problem we deduce that
Ul =U. and gf = g.. O
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