Simultaneous Optimal Control Problems )
for Elliptic Hemivariational Inequalities e

Claudia M. Gariboldi and Domingo A. Tarzia

Abstract In this paper, we study simultaneous distributed-boundary optimal con-
trol problems on the internal energy and the heat flux for a system governed by a
class of elliptic boundary hemivariational inequalities with a parameter. The system
has been originated by a steady-state heat conduction problem with non-monotone
multivalued subdifferential boundary condition on a portion of the boundary of the
domain described by the Clarke generalized gradient of a locally Lipschitz function.
We prove existence and asymptotic behavior results for the optimal controls and
the system states for the optimal control problems, when the parameter, like a heat
transfer coefficient, tends to infinity on a portion of the boundary.

Keywords Control theory - Elliptic inequality - Hemivariational inequalities

1 Introduction

We consider a bounded domain € in R? whose regular boundary I" consists of the
union of three disjoint portions I';, i = 1, 2, 3 with |I';| > 0, where |I";| denotes the
(d — 1)-dimensional Hausdorff measure of the portion I'; on I". The outward normal
vector on the boundary is denoted by n. We formulate the following mixed nonlinear
boundary value problem, which has been recently studied in [10, 13, 32]:
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where u is the temperature in €2, g is the internal energy in €2 and ¢ is the heat flux on
I, which satisfy the hypothesis: g € H = L*(Q)andq € Q = L*(T';). The param-
eter « is a positive constant which can be considered as the heat transfer coefficient
on the boundary while the function j: I'3; x R — R, called a superpotential, is such
that j (x, -) locally Lipschitz for a.e. x € I'; and not necessary differentiable. Since
in general j(x, -) is nonconvex, so the multivalued condition on I'; in problem (1)
is described by a nonmonotone relation expressed by the generalized gradient of
Clarke [6]. The problem (1) can be considered as a prototype of several boundary
semipermeability models, see [17, 21, 22, 31]. Analogous problems with maximal
monotone multivalued boundary relations, that is the case when j (x, -) is a convex
function, were considered in [3, 8].

The weak formulation of the elliptic problem (1) becomes the following elliptic
boundary hemivariational inequality [10]:

find u € V such that a(u, v) +a/ jo(u; v)dl' > L(v) forall veVy (2)
I3

where
V=HY(Q) and Vo={veV]|v=0 on I'}.

Here and in what follows we often omit the variable x and we simply write j(r)
instead of j(x, r). The stationary heat conduction models with nonmonotone mul-
tivalued subdifferential interior and boundary semipermeability relations can not be
described by convex potentials. They use locally Lipschitz potentials and their weak
formulations lead to hemivariational inequalities, see [21, Sect. 5.5.3] and [22]. The
theory of hemivariational and variational inequalities has been proposed in the 1980s
by Panagiotopoulos, see [21, 23, 24], as variational formulations of important classes
of inequality problems in mechanics. Most recently, new kinds of variational, hemi-
variational, and variational-hemivariational inequalities have been investigated, see
[5, 19, 25].

In relation to the problem (1), we formulate for each « > 0, the following
simultaneous distributed and Neumann boundary optimal control problem, [4]:

find (g,,9,) € H x Q suchthat J,(g,,q9,) = min J,(g,q) 3)
(8.9)eH*Q

with
_ 1 2 M, 2 M, 2
Jo(g,q) = z”uagq = zally +—2 g% +—2 llgllg 4)

where 14,4 is a solution to the hemivariational inequality (2), zq4 € H is given and
M, and M, are positive constants.

Now, we consider the following classical steady-state heat conduction problem
with mixed boundary conditions [1, 2, 14, 15, 27, 28]:

ou

_a_n}r*Z:qv ur3=b1 (5)

—Au =g in , ”|F, =0,
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with b a constant on I'; and which variational formulation is given by, [29]:
find u. € K suchthat a(uy, v) = L(v) forall v e Ky (6)

where

K=weV]|iv=0onT,v=bonTls}, Kp={veV]v=0onTUT;s},

a(u, v):/ VuVvdx, L(v):/gvdx—/ qudrl,
Q Q )

Note that the form a is bilinear, symmetric, continuous and coercive with constant
m, > 0, i.e.
a(v,v) = |[v[I}, = mallvll} forall v e V. (7)

We remark that, under additional hypotheses on the data g, ¢ and b, problem (5)
can be considered as steady-state two-phase Stefan problem, see [9, 26, 28, 29].

In relation to the problem (5), we formulate the following simultaneous distributed
and Neumann boundary optimal control problem, given by [4, 10, 12, 16, 30]:

find (g,q) € Hx Q suchthat J(g,g) = min J(g,q) (8)
(g,.9)eHxQ
with
1 2 Ml 2 M2 2
J(g’q)zE“’ftgq_Zd||H+7||g||H+7||q||Q 9

where u,, is the unique solution to the variational equality (6), z; € H given and
M, and M, are positive constants given.

The paper is structured as follows. In Sect. 2, we establish preliminaries concepts
of the hemivariational inequalities theory, which are necessary for the development
of the following sections. In Sect. 3, for each o > 0, we obtain an existence result
of solution to the simultaneous distributed-boundary optimal control problem (3).
In Sect. 4, the strong convergence of a sequence of optimal controls and the system
states to the problems (3)—(4) to the unique optimal control and the system state to the
problem (8)—(9), are obtained when the parameter « goes to infinity. Here, we obtain
the asymptotic behavior of the optimal system states uqg g, as @ — 0o without any
prior knowledge on the monotonicity on « as it was given in [10, 32].

2 Preliminaries

Let (X, || - |lx) be a reflexive Banach space, X* be its dual, and (-, -) denote the
duality between X* and X. For a real valued function defined on X, we have the
following definitions [6, Section 2.1] and [7, 19].
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Definition 1 A function¢: X — Rissaid to be locally Lipschitz, if forevery x € X
there exist U, a neighborhood of x and a constant L, > 0 such that

lp(y) — @] < Lilly — zllx forall y,z € Us.

For such a function the generalized (Clarke) directional derivative of ¢ at the point
x € X in the direction v € X is defined by

A _
@’ (x;v) = limsup ey +Av) w(y)'

y—x, A—>0*% A

The generalized gradient (subdifferential) of ¢ at x is a subset of the dual space X*
given by
dp(x) ={¢ € X* | ¢"(x; v) = (¢, v) forall ve X}.

We consider the following hypothesis.
H(j): j: I's x R — Ris such that

(a) j(-,r)is measurable for all r € R,

(b) j(x,-) islocally Lipschitz for a.e. x € I's,

(c) there exist ¢, ¢; > Osuchthat [0j(x, )| < co+ ci|r|forallr € R,ae.x € '3,
(d) jo°C,r;b—r)<Oforallr € R, ae. x € I's with a constant b € R.

Note that the existence results for elliptic hemivariational inequalities can be found
in several contributions, see [5, 18-21]. In [10, Theorem 4], the hypothesis H (j)(d)
is considered in order to obtain existence of a solution to problem (2) and under this
condition the authors have studied the asymptotic behavior when ¢ — oo (see [10,
Theorem 7]). Moreover, in [10], we can find several examples of locally Lipschitz
(nondifferentiable and nonconvex) functions which satisfy the above hypotheses.

3 Existence of Simultaneous Optimal Controls

We know, by [12], that there exists a unique optimal pair (g,g) € H x Q of the
simultaneous distributed-boundary optimal control problem (8). In similar way to
[13], we have a result on existence of solution to the simultaneous optimal control
problem (3) in which the system is governed by the hemivariational inequality (2).

Theorem 1 For each « >0, if H(j)(a) — (d) holds, then the simultaneous
distributed-boundary optimal control problem (3) governed by the hemivariational
inequality (2) has a solution.

Proof An idea of the proof is a follows, for details see [4, Theorem 4.1].
For each « > 0, the functional J, is bounded and taking into account that the
hemivariational inequality (2) has solution (see [10, Theorem 4]), we have that
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m = inf{Jy(g,q), (8, 9) € H X Q, uagq € To(g,9)} = 0, (10)
where T, (g, ¢q) denote, for each (g, g) € H x Q, the set of solutions of (2).

Next, for each o > 0, let (g7, g7) € H x Q be with n € N a minimizing sequence
to (10) such that

s g g S mt (an
‘We obtain that there exists C; > 0, independent of «, such that
llg¥|lm < C1 and ||g%|lp < Ci. (12)
Moreover, we can prove that there exists C, > 0, independent of «, such that
[tagegellv, < Co. (13)

Therefore, for each o > 0 there exist f, € H, &, € Q and n, € V, such that, when
n— oo

. @ . @ .
Uggage — e 10 Vo, gy — fo mn H and g, — &, in Q.

Now, for each a > 0, taking the upper limit in (2) for (g7, g;') € H x Q, we have

a(ny, v) + a lim sup/ 7 (Uggaqe; v) dT > f favdx — | Eudl Yv e V.
n—o00 s Q I,
(14)
By the compactness of the trace operator from V into L*(I'3), we have Uagsqs |, =

n“ir; in L?(I'3), as n — 400, and at least for a subsequence, Uggage (X) —> Mg (X)

for a.e. x € I' and |uggeqe (X)] < hy(x) a.e. x € I's, where hy € L?(T'3). Since the
function R x R 3 (r, 5) — j%x,r;s) e Rae.is upper semicontinuous on '3, see
[10, Proposition 3], we obtain

lim sup jO(x, tggeqe (x); v(x)) < jO(x, N (x); V(x)) ae. x € .
n—oo

Next, from H (j)(c), we deduce the estimate
170Cx, tageqe (x); V(X))] < (o + €1 ltggrgs () [V(X)] < ko(x) ae. x €T3

where k, € L'(I'3), ky(x) = (co + c1he(x))|v(x)| and we apply the dominated
convergence theorem, see [7] to get

lim sup/ jo(uagﬁqg; v)dI’ 5[ limsupjo(uaggqﬁ; v)dI' < / jo(na; v)dr.
s Is I3

n—oo n— 00
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Using the latter in (14), we obtain that 1, € Vj is a solution to the hemivariational
inequality (2). Next, we have proved that n, = uyy¢,, Where ugs, ¢, is a solution
of the hemivariational inequality (2) for data f, € H and &, € Q, for each o > 0.
Finally, from (11) and the weak lower semicontinuity of J,, we have

m > lim inf Ja(gf[, C]f;) > Ja(fa’Sa)v

and therefore, foreach o > 0, (f, £,) is an optimal pair to simultaneous distributed-
boundary optimal control problem (3). O

4 Asymptotic Behavior of Simultaneous Optimal Controls

In this section we expose a result on the asymptotic behavior of the optimal solutions
to problem (3) when o« — 0o and we give a short proof, for more details see [4,
Theorem 5.1].

Theorem 2 Assume H(j)and (H,).If (g,, q,) is a optimal solution to simultaneous
distributed and Neumann boundary optimal control problem (3) and (g, q) is the
unique solution to simultaneous optimal control problem (8), then (g, q,) — (8, q)
in H x Q strongly and uyg g, — ucsgg in V strongly, when o — oo.

Proof Foreacho > 0, (g,, q,) is aoptimal solution to problem (3), then there exists
a constant C; > 0 such that

1 2 M, _ 2 2= 12 1 2
EHM@,%—Zd||H+7||ga||H+7||qa||QS§||Ma00—Zd||H§C1

because {u,q0} is convergent when o — o0, see [10, Theorem 7]. Therefore, there
exist positive constants C,, C3 and Cy4, independent of «, such that

18ulln = Coy  lgallo = C3 and |lueg,g,lln < Ca. 5)

Now, if we choose v = uxzz — Uag,g, € Vo as a test function in (2), we get

- _ Y -0 . o
a(Uosgg — Uag,q,> Uoogg — Uag,q,) O‘/r J (Uag,g,: Uoogg — Uag,g,) dT
3

< a(itoogg, Uoogg — Uag,q,) — L(lleogg — Uag,q,)-

Taking into account that j°(ueg g, : Uscgg — Uaz,g,) = J'(Uag,g,; b — Uag,g,) ON
I3, and by H(j)(d), we have j(uag,g,; Uocgg — Uag,g,) < 0 on I's. Next, by the
boundedness and coerciveness of a, we infer

1
luez,z,lv < m—(MaHMooquv + ILlv+) + lltosozgzllv =: Cs, (16)

a
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with M, > 0.
Now, since a(toogg — Uag,7,» Uoogg — Uag,g,) = 0, from (4), we have

. Cs
—/ (g, toogg — Uag,g,) AT < o (17)
I3

where Cg > 0 is independent of «.
It follows from (16) that {ug g, } remains in a bounded subset of V. Thus, there
exists n € V such that, by passing to a subsequence if necessary, we have
Ugg,g, — n weaklyin V, asa — oo. (18)
Moreover. from (15), we have that there exists 2 € H and p € Q such that
g, — h weaklyin H, asa — oo. (19)
q, — p weaklyin Q, asa — oo. (20)
Next, we observe that n € Vp because {uqz g, } C Vo and Vp is sequentially weakly

closedin V.Letw € K and v = w — uqz,5, € Vo, from (2), since w = b on I'3, by
H(j)(d), we obtain

L(w —tag,g,) = alitag,g,» W — Uag,g,) 2n
and by using the weak lower semicontinuity of V 3 v = a(v, v) € R, we deduce
n € Vy satisfies L(w —n) <a(n,w —n) forall w € K. 22)

Subsequently, from (18), by the compactness of the trace operator, we have
Uz g, |D — 77|I,z in L>(I'3), as o — o0o. Passing to a subsequence if necessary, we
may suppose thatuyg 7 (x) — n(x) fora.e. x € I'; and there exists f € L?(I'3) such
that |u.g 7 (x)| < f(x) a.e. x € I's. Using the upper semicontinuity of the function
RxR>(rs)— jo(x, r;s) € R for a.e. x € I's, see [10, Proposition 3 (iii)], we
get

limsup jO(x, gz, 7, (X); b — ez, 7. (X)) < j°(x, n(x); b — n(x)) ae. x € ;.
o—>00

Next, taking into account that
170, tag,3,(xX); b — ttag,g,(x))] < k(x) ae. x €T;

with k € L'(T), by the dominated convergence theorem, see [7], we obtain
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lim sup/ J(uag,g,; b — tag,g,)dl < / i°(n; b —n)dr.
I3

a—>00 I's

Consequently, from H (j)(d) and (17), we have

o—>00

0< —/ j°(; b —n)dT < liminf <—/ J(uoz,g,: b — uagaqa)dr> <0
F3 r3

which gives [ j%(n; b —n)dT = 0. Again by H(j)(d), we get jo(x, n(x); b —
n(x)) = 0a.e. x € I's. By using now the hypothesis (H;), we have (x) = b for a.e.
x € I's, which together with (22) implies

n € K satisfies L(w —1n) <a(p,w —n) forall we K.

Next,let v := w — n € K, with arbitrary w € K. Hence, L(v) < a(n,v) forall v €
K, and we deduce that

n € K satisfies a(n, v) = L(v) forall v € Ky,
i.e., n € K is a solution to problem (6). By the uniqueness of solution to problem

(6), we have n = uoopnp and hence uyg 7, — toonp weakly in 'V, as @ — oo.
Now, Y(g,q) € H x Q, we have

J(h, p) <liminf J,(g,,q,) <liminf J,(g,q) = lim J,(g,q) = J(g.q)
oa—>00 o—> 00 oa—>00

and from uniqueness of the optimal control problem (8), see [11], we obtain that
h =g and p = q, therefore uqopp = Uoogg. Next, we have that, when o — oo

g,—~gin H, g,—q in Q and uyg,g, — Uozg in V.

Now, choosing v = Unzg — Uag,g, € Vo in problem (2), since Uz = b on I'3, by
H (j)(d) and the coerciveness of the form a, we have

2
Mg ||Uocgg — Uag,g, Iy < a(tiosgg, Uocgg — Uag,q,) + L(lag,g, — Uocgg)-

Employing the weak continuity of a(u«gg, -), the compactness of the trace oper-
ator and taking into account that u,g 7 —> Uoczg strongly in H, we conclude that
Ugg,g, = Uocgg Strongly in V, as @ — oo.

Finally, from u,3 g, — teogg Strongly in H, we deduce

1 , 1 )
algfgo §||Ma§,,ﬁa —zdlly = EH“OOEE —zally (23)

and as g, — g weakly in H and g, — ¢ weakly in Q, then
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|Igl17 <liminf |g,[17 and |[gll5 < liminf|(g,|[3. (24)
o—> 00 o—> 00
Next, from (23) and (24), we obtain
J(g,q) <liminf J,(g,, q,)-
a—>00
On the other hand, from the definition of (g,, g,), we have

Ja(8asGa) = Ju(8. )

then, taking into account that u,3 7, — Ucogg strongly in H, see [10, Theorem 7],
we obtain

lim sup J, (8, 7,) < limsup J,(2,9) = J(2.9)
and therefore
otli—>rgo JO! (?a ’ th) = J(g’ q)

or equivalently

. 1 2 My _ 2 M, _ 2
QILHC}O(E“uagaqH_Zd||H+7||ga||H+7||qa||Q

2 849 H 2 H 2 Q

Now, from (23) and (25), when o« — 00, we have

2o 117 = 1125 and [g,115 — 117115

and as g, — g weakly in H and g, — g weakly in Q, we deduce that g, — g
strongly in H and g, — ¢ strongly in Q. This completes the proof. O
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