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1. Introduction

We consider a bounded domain £2 in R? whose regular boundary I" consists of the union of three disjoint portions
I, i = 1, 2, 3 with |I;] > 0, where |I;| denotes the (d — 1)-dimensional Hausdorff measure of the portion I3 on I'.
The outward normal vector on the boundary is denoted by n. We formulate the following steady-state heat conduction
problem with mixed boundary conditions [1-6]:

Au=g in 2 |. =0 %\ =
—Au=gin 2, ul, =0, ——|, =q
where u is the temperature in £2, g is the internal energy in £2, b is theltemperature on I3 and q is the heat flux on I3,
which satisfy the hypothesis: g € H = [*(£2), g € Q = I*(I;) and b € H2(I3).
Throughout the paper we use the following notation

V=HY(R2), Vy={veV|v=0 on I},

= b, (1)

uf,
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K={veV]|v=0on Itf, v=b on I3}, Kh={veV|v=0 on I7UI3},

a(u,v):/ VuVudx, L(v):fgvdx—/ qy(v)dr,
2 2 I

where y:V — L?(I") denotes the trace operator on I". In what follows, we write u for the trace of a function u € V on
the boundary. In a standard way, we obtain the following variational formulation of (1):

find 1. € K such that a(u, v) = L(v) for all v € Ky, (2)

The standard norms on V and Vj are denoted by
172
lolly = (||v||fz(m+ 1Yol 0ze)  for veV, and fully = V0l for v e Vo.

It is well known by the Poincaré inequality, see [5,7,8], that on V, the above two norms are equivalent. Note that the form
a is bilinear, symmetric, continuous and coercive with constant m, > 0, i.e.

a(v, v) = [|vlly, = mafv[l}, forall v € Vo (3)

We remark that, under additional hypotheses on the data g, g and b, problem (1) can be considered as steady-state
two-phase Stefan problem, see, for example, [6,9-11]. We can particularly see it in [9] (Example 1 in page 629, Example
2 in page 630, and Example 3 in page 631); in [10] (Example (i) and (ii) in psge 35, and Example (iii) in page 36), and
in [6] (Example 1 and Example 2 in page 180).

Now, in this paper, we consider the mixed nonlinear boundary value problem for an elliptic equation as follows:

au_

—Au=g in £, U’,~1=Ov _ﬁ‘l"z_q’ _ﬁlﬁ

€  dju), (4)
which has been recently studied in [12].

Here « is a positive constant which can be considered as the heat transfer coefficient on the boundary while the
function j: I's; x R — R, called a superpotential (nonconvex potential), is such that j(x, -) locally Lipschitz for a.e. x € I3
and not necessary differentiable. Since in general j(x, -) is nonconvex, so the multivalued condition on I3 in problem
(4) is described by a nonmonotone relation expressed by the generalized gradient of Clarke [13]. Such multivalued
relation in problem (4) is met in certain types of steady-state heat conduction problems (the behavior of a semipermeable
membrane of finite thickness, a temperature control problems, etc.). Further, problem (4) can be considered as a prototype
of several boundary semipermeability models, see [14-17], which are motivated by problems arising in hydraulics, fluid
flow problems through porous media, and electrostatics, where the solution represents the pressure and the electric
potentials. Note that the analogous problems with maximal monotone multivalued boundary relations (that is the case
when j(x, -) is a convex function) were considered in [18,19], see also references therein.

Under the above notation, the weak formulation of the elliptic problem (4) becomes the following elliptic boundary
hemivariational inequality [12]:

find u € Vy such that a(u, v) —i—a/ F(u; v)dIr > L(v) for all v e V. (5)
I3

Here and in what follows we often omit the variable x and we simply write j(r) instead of j(x, r). The stationary heat

conduction models with nonmonotone multivalued subdifferential interior and boundary semipermeability relations

cannot be described by convex potentials. They use locally Lipschitz potentials and their weak formulations lead to

hemivariational inequalities, see [15, Chapter 5.5.3] and [16].

We mention that theory of hemivariational and variational inequalities has been proposed in the 1980s by Pana-
giotopoulos, see [15,20,21], as variational formulations of important classes of inequality problems in mechanics. In
the last few years, new kinds of variational, hemivariational, and variational-hemivariational inequalities have been
investigated, see recent monographs [7,22,23], and the theory has emerged today as a new and interesting branch of
applied mathematics.

We consider the distributed optimal control problem of the type studied in [24-26] given by:

find g* € H suchthat J(g*)= mil?j(g) (6)
ge
with
1 M
J(&) = S llug — zdlly + g (7)

where ug is the unique solution to the variational equality (2), zy € H given and M a positive constant.
The goal of this paper is to formulate, for each @ > 0, the following new distributed optimal control problem

find gy € H suchthat J,(g)= mi,?]“(g) (8)
ge
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with
1 2 M 2
Jo(8) = Enuag_ZdHH‘i‘E”g”H 9)

where u,g is a solution to the hemivariational inequality (5), zy € H given and M a positive constant, and to study the
convergent to problem (8) when the parameter « goes to infinity.

The paper is structured as follows. In Section 2 we establish preliminaries concepts of the hemivariational inequalities
theory, which are necessary for the development of the following sections. In Section 3, for each « > 0, we obtain an
existence result of solution to the optimal control problem (8). Finally, in Section 4, we prove the strong convergence of
a sequence of optimal controls of the problems (8) to the unique optimal control of the problem (6), when the parameter
« goes to infinity. Moreover, we obtain the strong convergence of the system states related to the problems (8) to the
system state related to the problem (6), when « goes to infinity. These results generalize for a locally Lipschitz function
j, under the hypothesis H(j) and (H;), the classical results obtained in [24] for a quadratic superpotential j.

2. Preliminaries

In this section we recall standard notation and preliminary concepts, which are necessary for the development of this
paper.

Let (X, || - |lx) be a reflexive Banach space, X* be its dual, and (-, -) denote the duality between X* and X. For a real
valued function defined on X, we have the following definitions [13, Section 2.1] and [22,27].

Definition 1. A function ¢: X — R is said to be locally Lipschitz, if for every x € X there exist U, a neighborhood of x
and a constant L, > 0 such that

lo(y) — @(2)| < Lilly — zllx for all y,z € Uy.

For such a function the generalized (Clarke) directional derivative of j at the point x € X in the direction v € X is defined
by

A —
o v) = lim sup oy +4v) — oly)
y—x, A—0t A
The generalized gradient (subdifferential) of ¢ at x is a subset of the dual space X* given by
dpx) = {¢ € X* | @°(x; v) = (¢, v) forall veX).

We consider the following hypothesis.

H(j): j: I'; x R — R is such that

(a) j(-, r) is measurable for all r € R,

(b) j(x, -) is locally Lipschitz for a.e. x € I3,

(c) there exist cg, c; > 0 such that |9j(x, r)] < cg+ cq|r| forall r € R, a.e. x € I3,

(d)j°x,r;b—r)<O0forallr €R, ae. x € I'; with a constant b € R.

Note that the existence results for elliptic hemivariational inequalities can be found in several contributions, see [7,15,
22,28,29].In [12, Theorem 4], the hypothesis H(j)(d) is considered in order to obtain existence of a solution to problem (5).
Moreover, under this condition the authors have studied the asymptotic behavior when o — oo (see [12, Theorem 7]).

We note that, if the hypothesis H(j)(d) is replaced by the relaxed monotonicity condition (see [12, Remark 10] for
details)

(e) jo(x, r;S—r) +j°(x, SsT—s)<m|r— s|2
forallr,s € R, a.e. x € I'3 with m; > 0, and the following smallness condition

(f)  mg>amlyl?

is assumed, then problem (5) is uniquely solvable, see [29, Lemma 20] for the proof. However, this smallness condition is
not suitable in the study to problem (5) since for a sufficiently large value of «, it is not satisfied. Finally, in [ 12] we can find
several examples of locally Lipschitz (nondifferentiable and nonconvex) functions which satisfies the above hypotheses.

3. Optimal control problems
We know, by [24], that there exists a unique optimal pair (g*, ug«) € H x V; of the distributed optimal control problem
(6). Now, we pass to a result on existence of solution to the optimal control problem (8) in which the system is governed

by the hemivariational inequality (5).

Theorem 2. For each « > 0, if H(j)(a) — (d) holds, then the distributed optimal control problems (8) has a solution.

3
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Proof. By definition, for each @« > 0, the functional J, is bounded from below. Next, taking into account that the
hemivariational inequality (5) has solution (see [12, Theorem 4]), for each « > 0 and each g € H, we denote by T,(g) the

set of solutions of (5) and we have that

m = inf{J,(g), g € H, uog € To(g)}> 0.

Let g, € H be a minimizing sequence to (10) such that

1
m < Jo(gn) <m+ s
Taking into account that the functional J, satisfies

lim  J,(g) = +o0

lglly—>+00

we obtain that there exists C; > 0 such that
gnlln < Ci.

Moreover, we can prove that there exists C; > 0 such that
luag, llv, < Co.

In fact, let u,, € K be the solution to problem (2). We have

a(uagna Uso — uagn) +a /
I3

— / q(Uog — Ugg,)dT.
I

Hence

-0 .
a(Uoo — Uggys Uoo — uagn) < A(Uoo, Uso — uagn) + 0‘/ J (uagnv b— uozgn)dr

I3

+ / g, — thoe) dx — / Q(tiso — tag, )T
2 e

From hypothesis H(j)(d), since the form a is bounded (with positive constant M,), we get

2
”uoo - uagn ”VO =< a(uom Uso — uag") + / gn(uozgn - uoc)dx - /
2

< Mallusollv l[uoo — Uag, llv + (lignlli + gl I 1) oo — tag, llv
< (Mallusollv + €1 + Gsliglig 1 11) koo — Uag, lIvg

P ttagy: oo — tiag, ) AT = / Eallioe — liag, ) X
2

Q(uoo - uotgn) dF
I

(10)

(11)

where ||y || denote the norm of trace operator and Cs is a positive constant due to the equivalence of norms. Subsequently,

we obtain (13). Therefore, there exist f € H and 7, € Vy such that

Uyg, — Mo N Vo weakly and g, —f in H weakly.

Now, for all g, € H, we have

(tig: v)+a/

I3

and taking the upper limit, we obtain

a(na,v)+alimsupf jo(uagn;v)dl“z/fvdx—/ qudl’ forall v e V.
I3 Q I

n—+o00

By the compactness of the trace operator from V into L?(I3), we have Uagy

j"(uagn;v)drz/gnvdx—/ qudrl” forall veV,
2 I

(14)

- ’70(|r3 in [3(I3), as n — 400, and at

least for a subsequence, ugg, (X) — n4(x) for a.e. x € I'z and |uqg, (X)| < hy(X) a.e. x € I3, where hy € L?(I3). Since the

function R x R 3 (r,s) — jo(x, r; s) € R a.e. on I3 is upper semicontinuous, see [12, Proposition 3], we obtain

lim sup j°(X, tag, (x); v(x)) < J°(X, na(x); v(x)) ae. x € I3.
n—-+4oo

Next, from H(j)(c), we deduce the estimate

[0(X, Uag, (X); v(X))] < (Co + C1lag, (X)) [V(X)] < ka(x) ae. x € I3

4
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where k, € L'(I3), ko(x) = (co + c1he(x))|v(x)| and we apply the dominated convergence theorem, see [27] to get

limsup/ jo(uo,gn;v)dl’sf limsupjo(uagn;v)dl’sfjo(na;v)dl“.
I3 I3

n—-+o00 I3 n—>+oo

Using the latter in (14), we obtain
a(na,v)-l-a/ Pe; v)dlm > / fvdx—/ qudI’ forall v eV,
I3 2 I3

that is, n, € Vy is a solution to the hemivariational inequality (5). Next, we have proved that

Na = Uaf

where u,y is a solution of the hemivariational inequality (5) for data f € H and q € Q. Finally, from (11) and the weak
lower semicontinuity of J,, we have

m > liminfJ,(gn)
n——+o00

v

1 M
— liminf||uye — z4l|% + — liminf ||g, |3
s 00 ” agn d”H + 3 oo ”gn”H

v

1 M
E”uozf — zallfy + Ellfllﬁ =J(f),

and therefore, (f, uys) is an optimal pair to optimal control problem (8). O
4. Asymptotic behavior of the optimal controls

In this section we investigate the asymptotic behavior of the optimal solutions to problem (8) when o — o0. To this
end, we need the following additional hypothesis on the superpotential j.
(Hy): ifj%x,r;b—r)=0forallr e R, ae.xe I3, thenr =b.

Theorem 3. Assume H(j) and (H1). If (8« Uag, ) is a optimal solution to problem (8) and (g, uxcg+) is the unique solution to
problem (6), then g, — g* in H strongly and ug, — Uscg+ in V strongly, when a — oo.

Proof. We will make the prove in three steps.
Step 1. Since (g, Uqg, ) is @ optimal solution to problem (8), we have the following inequality

1 2 M 2 _ 1 2 Mo
5 ltag, = Zally + 5 8allly = Slltag — 2ally + - llglh. Ve €H

and taking g = 0, we obtain that there exists a positive constant C; such that

1 2 M 2 _ 1 2
5||Uaga —zlly; + 3||ga||H = EHUQO -zl =G

because {u,o} is convergent when o — o0, see [12, Theorem 7]. Therefore, there exist positive constants C, and Cs,
independent of «, such that

lgally <G and |lugg, Iy < Gs. (15)
Now, we choose v = Uxg+ — Ugg, € Vo as a test function in the elliptic boundary hemivariational inequality (5) to obtain
a(uago,’ Uoog* — uaga) +a / jo(uaga§ Uoog* — uaga)dr > L(uoog* — Uag, ).
I3
From the equality
a(uaga s Uoog* — uaga) = _a(uocg* — Ugg, s Uoog* — uaga) + a(uoog*a Uoog* — Ugg, ),

we get

0 )
a(uocg* — Ugg, s Uoog* — uozgo,) —a / J (uagaa Uoog* — uaga)dr
r (16)
=< a(uoog*v uoog* - uc(ga) - L(uoog* - uorga )
Taking into account that jO(X, Uyg, ; Usogr — Uag,) = JO(X, Ung,; b — Uag,) ON I3, and by H(j)(d), we have j°(x, yg, ; Uoog* —
Uqg,) < 0 on I'z. Hence
a(uoog* — Ugg, » Usog* — uozga) =< a(uoog*v Usog* — uctga) - L(uoog* — Ugg, )-

5
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By the boundedness and coerciveness of a, we infer
Mg [[Uoogs — Uag, 17 < (Malltoogs lv + ILllv+) l[Uocgs — Uag, llv
with M, > 0, and subsequently
tagy llv =< llUocgx — Uag, lv + lltiocg=llv
< (Mol Iy + L) + i Iy (17)
=: (4,

where C4 > 0 is a constant independent of «. Hence, since a(Usog* — Uqg, , Uocg* — Uag, ) = 0, from (16), we have

0
—Ol/ J (uozga§ Usog* — uaga)dr =< (Ma”uoog* ”V + ”L”V*) ”uoog* — Uyg, ”V
I3

1
< —(Malltioog= lv + IILllv+)*
Mg
= C5,
where Cs > 0 is independent of «. Thus
; C
_/ ]O(Uaga; Usog* — uczga)dr =< i (18)
I3 o

It follows from (17) that {uug,} remains in a bounded subset of V. Thus, there exists n € V such that, by passing to a
subsequence if necessary, we have

Uyg, — n weakly in V, as o — oco. (19)
Moreover. from (15) we have that there exists h € H such that
g, — h weakly in H, as o — o0. (20)

Step 2. Next, we will show that h = g* and n = u.g+. We observe that n € V; because {u.,,} C Vo and Vj is
sequentially weakly closed in V. Let w € K and v = w — ugg, € Vp. From (5), we have

L(w - uozgu) =< a(uozgas w — uaga) + Ol/ jo(uozga; w — uozga)dp~
I3

Since w = b on I3, by H(j)(d), we have

a/ PP(Uagy; W — Ugg, )dI = a/ J(tag,; b — Ugg,)dl <0

I3 I3

which implies

Lw — tgg,) < a(gg,, w — Ugg, ). (21)
Next, we use the weak lower semicontinuity of the functional V 3 v + a(v, v) € R and from (21), we deduce

n € Vo satisfies L(w —n) <a(n,w —n) forall weK. (22)

Subsequently, we will show that 5 € K. In fact, from (19), by the compactness of the trace operator, we have g, | e
77}1"3 in [2(I3), as @« — oo. Passing to a subsequence if necessary, we may suppose that Ugg, (X) — n(x) for ae. x € I3
and there exists f € L%(I3) such that [Ugg, (X)] < f(x) a.e. x € I3. Using the upper semicontinuity of the function
RxR>(r,s)— j%x,r;s) € R for a.e. x € I3, see [12, Proposition 3 (iii)], we get

lim sup (X, tag, (X); b — Uag, (X)) < j°(x, n(x); b — n(x)) ae. x € I3.

a—> 00

Next, taking into account the estimate

(X, Uag, (%); b — Uag, (X))| < (Co + C1]Uag, (X)]) b — Ugg, (X)] < k(x) ae. x € I}
with k € L(I3) given by k(x) = (co + c1f (x))(|b] + f(x)), by the dominated convergence theorem, see [27], we obtain

limsup/ 3P(Uagy; b — Ugg, )dIN < / ;b —n)dr.

oa—>00 I3 I3

Consequently, from H(j)(d) and (18), we have

0< —/ P b—n)drr < liminf(—[ jo(uaga; b— uo,ga)dl“> <0

r3 o—00 r3

6
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which gives fr;jo(m b —n)dI’ = 0. Again by H(j)(d), we get j°(x, n; b — n) = 0 a.e. x € I';. Using (H;), we have n(x) = b
for a.e. x € I'z, which together with (22) implies

n € K satisfies L(w —n) <a(n, w —n) forall weK.

Next, we will prove that n = uyp. To this end, let v := w — 5 € Ky with arbitrary w € K. Hence, L(v) < a(n, v) for all
v € Kp. Recalling that v € Kj implies —v € Kj, we obtain a(n, v) < L(v) for all v € K. Hence, we conclude that

n € K satisfies a(n, v) = L(v) for all v € Ky,

i.e, n € K is a solution to problem (2). By the uniqueness of solution to problem (2), we have n = u.,, and hence
Uag, — Uooh Weakly in V, as o — oo.
Now

Jo(&) = Jo(f), Vf€eH
next
1 M 1 M
J(h) = = lluoeh = zallfy + - IAIG = =l = zallf + < 1Al
< liminf]J,(g,) < liminf],(f)
oa—>00 a—>00
= lim J,(f)=J(f). VfeH
a—>00
and from the uniqueness of the optimal control problem (6), see [24], we obtain that
h=g",
therefore usn = Useg+. Next, we have that, when o — oo
g« — g% weaklyin H and uyg, — U+ weaklyin V.

Step 3. Now, we prove the strong convergence uyg, — Usg in V, as & — 00. Choosing v = Ugggx — Ugg, € Vp in
problem (5), we obtain

-0
a(uag(,s Usog* — uaga) +a / ] (uaga; Uoog* — uagu)dr = L(uoog* — Uqg, ).
I3

Hence

a(uocg* — Ugg,  Uoog* — uaga) < a(uoog*a Usog* — uaga) + L(uago, - uoog*)
+ Olf J'O(Uaga§ Usogr — Ugg, )dT.
I3
Since usg+ = b on I3, by H(j)(d) and the coerciveness of the form a, we have

2
mgq ||uoog* — Uag, Iy < a(uoog*v Uoog* — Ugg, )+ L(uaga — Uoog* ).

Employing the weak continuity of a(u.g+, -), the compactness of the trace operator and taking into account that uy,, —
Usog* strongly in H, we conclude that u,g, — U+ Strongly in V, as o — oo.

Finally, we prove the strong convergence of g, to g* in H, when o — oo. In fact, from u,g, — U+ Strongly in H, we
deduce

1 1

Jim g, — 2zl = o g — 24l (23)
and as g, — g* weakly in H, then

lg* 11 < liminfllg, 1. (24)

a— 00

Next, from (23) and (24), we obtain

1 M . 1 M

5 lttsog — 24l + 58”1 < hanlgf(inuaga — zallf + 5||ga||£,> :
that is

J(g") < liminfJ,(g,).

oa—> 00

On the other hand, from the definition of g,, we have

Jo(8a) < Jo(g")
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then, taking into account that uyg+ — Usg+ Strongly in H, see [12, Theorem 7], we obtain

lim sup J,(g,) < limsupJ.(g*) = J(g¥)

a—>00

and therefore
Jim Jo(g.) =J(g")
or equivalently
lim (1||uaga — z4llfy + M||ga||%,) = 2 tge — 2l + 2. (25)
a—o0 \ 2 2 2 2
Now, from (23) and (25), when a« — oo, we have

lgallf — g1
and as g, — g* weakly in H, we deduce that g, — g* strongly in H. This completes the proof. O

We remark that we can find examples of several locally Lipschitz functions j which satisfies the hypothesis H(j) and
(Hq) in [12].

5. Conclusions

We have studied a parameter optimal control problems for systems governed by elliptic boundary hemivariational
inequalities with a non-monotone multivalued subdifferential boundary condition on a portion of the boundary of the
domain which is described by the Clarke generalized gradient of a locally Lipschitz function. We prove an existence result
for the optimal controls and we show an asymptotic result for the optimal controls and the system states, when the
parameter (the heat transfer coefficient on a portion of the boundary) tends to infinity. These results generalize for a locally
Lipschitz function j, under the hypothesis H(j) and (H;), the classical results obtained in [24] for a quadratic superpotential

].
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