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SUFFICIENT CONDITIONS TO OBTAIN A STEADY
STATE-STEFAN PROBLEM WITH INTERNAL ENERGY AND
DIRICHLET AND ROBIN BOUNDARY CONDITIONS.

GRACIELA G. GARGUICHEVICH - DOMINGO A. TARZIA

ABSTRACT: We consider the problem of the steady-state temperature distribu-
tion of a material submitted to an internal energy g. We assume the material
is contained in a regular bounded domain Q C R™, 92 = I'y NI'y N I'3, with a
fixed positive temperature on I'1 and a Robin condition for the heat flux on I'y
(or Newton's type law). We obtain monotonicity properties for the temperature
and we state two different sufficient conditions in order it is of non constant sign
in ), that is, we have steady state two-phase Stefan problem.We also show an
example where the necessary and sufficient conditions are given.

RESUMEN: Consideramos el problema de la distribucién estacionaria de temper-
atura de un material sometido a una energia interna g. Asumimos que el material
esta contenido en un dominio regular acotado 2 C R™, 9Q =Ty NI’y N I3, con
temperatura positiva fija sobre I'; y tal que el flujo satisface sobre I's una condicién
de Robin (o ley de tipo Newton). Demostramos propiedades de monotonia para
la temperatura y establecemos dos tipos diferentes de condiciones suficientes para
que la temperatura no sea de signo constante en 2, es decir, para tener un prob-
lema estacionario de Stefan a dos fases. También mostramos un ejemplo donde se
dan condiciones necesarias y suficientes.

KEY WORDS : steady-state Stefan problem, variational inequalities, mixed bound-
ary conditions.

AMS SUBJECT CLASSIFICATION : 35R35, 35J05, 35J85.

1. INTRODUCTION

We consider the problem of the steady-state temperature distribution of a body
or a container with a material which is submitted to an internal energy g. We
assume the body to be a regular bounded domain 2 C R”, with 9Q = T'1Ul'LUl's
and T'; are sufficiently regular disjoint portions of 92 for i = 1,2,3 and I'; and
I’y have positive (n — 1) dimensional measure. For simplicity we state the phase
change temperature of the material occupying €2 to be 0°C.

We fix the temperature on I'; to be positive and the heat flux on I's to verify
a Newton's type law (or a Robin condition) and to be null on I's.

In this paper we study necessary or sufficient conditions for data such that we
have two phases of the material in ) (i.e. the temperature is of non constant sign

in Q). ([3], 5], [8]. [9]).
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The weak formulation of our problem is given by

;

—Au=g inD(Q)
u’31:B>0
u
1 ——| =a{u-1T)
(1) Dl
gul _p
on|p,

where u = kot — k107, 0 is the temperature, k1 and ks are respectively the ther-
mal conductivities of solid and liquid phase, b = o and T are fixed temperatures

2
on I'y and I'y respectively, o is a heat transfer coefficient on I's and n denotes
the exterior normal to I's. ([4])
It is well known ([7], [10]), that the variational formulation of (1) is given by

(2) aq (U, v) = Larg (V) , Yv eV
u € Kp

where
(3) ao (u,v) = /Vqu dx + a/’yz (u)y2 (v) ds

Q Iy
(4) Lorg (v) = /gv dx + a/T’yg (v) ds

Q I's

with

) V=H"(Q), Vi={weV:n(w)=0}, Kp={veV:y(v)=DB}
and ~y; are the 0-order trace operator on I'; for i = 1, 2.

The bilinear form ay is coercive on V, i.e.
(6) I >0/ ar(v,0) > M oll}, YoeV
and therefore a,, is also coercive on V with a constant of coerciveness given by
Ao = A1.min (1, ). ([7], [10])

Moreover, if a > 0, g € L?(Q), B € H: (T'y) and T € H> (I'2), problem (2)

has a unique solution uagrp € Kp ([4], [7], [10]). In the sequel we will study the
solution operator

A:RY x L2(Q) x H2 (Ty) x H2 (Ty) — H'(Q)
such that
(7) (a7gaT7B)HA(a)gaTaB):uagTB-

It is well known that some difficulties due to the mixed boundary conditions
do arrives to prove regularity of wungrp ( [6]). Sufficient conditions to obtain a
H? regularity for elliptic mixed boundary problems are given, among others, in
[1] and, recently in [2], but our interest is to state hypothesis in order to have a
solution of non-constant sign.
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We obtain monotonicity properties of A («, g,T, B) and we state two different
sufficient conditions for it to be of non constant sign in © (see Theorems 8 and
10).

Finally we check everything in an example for which we obtain the necessary
and sufficient conditions in order to have a steady-state two-phase Stefan problem
in €.

Throughout this paper, the statement f > 0 where f belongs to any subspace
of L? (A) will mean f (z) >0 a.e. in A, and in order to simplify notation, on I'y
and T'2, u will mean 7, (u) and 72 (u) respectively.

2. ASYMPTOTIC BEHAVIOUR OF A (a,g,T, B)

It is physically reasonable to expect that if &« — 400 then uo[gTB|F2 —T.
This fact leads us to consider the function u = wy7p, which is the unique
solution of the mixed partial differential problem

—Au=g inD(Q)

u]Fl =B
(8) Qgr =T
u] i
on|p,
whose equivalent variational formulation is given by:
(9) a(u,v) = Lg (v), Vv € Vig
u € Kpr
where
(10) a(u,v) = /VUVU dx, Ly(v) = /gv dx
Q Q
with
(11) Vie = {veV/v=0onT1UTly}
(12) Kpr = {veV/v=BonTjandv=TonTs}

Theorem 1. Ifa > 1, g € L2(Q), B € H2(Ty) and T € Hz (T'3), Uagrs
and ugrp are respectively the unique solutions of problems (2) and (9) then: 1)

||uagTB - ugTBHHl(Q) < )\71
k‘2
2) (a—1) [ (uagrs - “gTB)2 ds < N
1)

where k is a constant which depends on ug,rp and A\ depends only on €2 and
Is.

3) lim uagrB = ugrp Strongly in'V.

a—+00

Proof. We name u, = A(«, 9,7, B) and u = uyrp, then, as u € Kpr C Kp,
we can choose v = w in (2) and (7) and we obtain for w, = us — u

(13) N\ Hwaqul + (a—1) /wi ds < aq (W, W) = —a (U, we) + Lg (wa)
1)
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< (lully +1lgllz,) lwally
Then, if we call k& = ||ully, + [lg]l, we have

]{72
and (a—l)/widsg

k
(14) Vo> 1 lwally, < :
A1

I'>

A
These a priori estimates ensure the existence of u* € V' and a convergent subsuce-

sion of u,, which for simplicity we will also name u,, such that u, — u* weakly
in V and, moreover,

lim inf /(ua —T)? ds = 0.

a—+00
1)
The functional v — f v2ds is weakly lower semicontinuous in V, then
I
0< /(u* —T)? ds < liminf /(ua —T)? ds=0
a— 400
o 'y

and therefore u* € K. The zero order trace operator y; on I'; is continuous, then
u* € Kpr, and u = u* by uniqueness of the solution of the variational equation

(9). Thus, we have proved hlf UagTB = Ugrp Weakly in V .Besides, w, — 0
a—T00

weakly in V' and (13) implies w, — 0 strongly in V, i.e. lirf UagTB = UgTB
oa— 100

strongly in V. O
3. MONOTONICITY PROPERTIES OF A(«,g,T, B)

We will prove the operator A (a, g, T, B) satisfies some monotonicity properties
and order bound.

Proposition 1. Ifu; = A (o, g;, T3, B;), i=1,2, g1 <goinL?>(Q), Ty < Ty
in H2 (Ty), By < By in Hz (Ty), then uy < us a.e. in €.

Proof. i) We first consider the case g1 = g2 =g and T} =T, =T.B; < By =
w = (ul—uQ)+ € Vi and 0 < aq (ug —ug,w) = a(w,w) —|—afw2ds = 0.
'y

Then, w = 0, that is u; < ug a.e. in .

i) Now we state B = Bo = B, g1 < g2 and 71 < Ts. As w = (u; — u2)+ €
V1,0 < aq (u1 — uz, w) = ag (w,w) = [ (g1 — g2) wdz+a [ (T1 — To)wds <0

Q 1)

and u; < ug a.e. in 2. The general case easily follows from (i) and (ii). O

Proposition 2. Let T = Ty be constant on 'y, o € RT.

a)lfg<0inL2(Q), B<Tyin H2 (1), then uagr, = A (o, g, To, B) < Tp
a.e. in ).

b) Ifg>0in L2(Q), B >T) in Hz (1), then uagrp > Ty a.e. in Q.

C) Ifg=0, B="1y, then UagTB = B=T1T.

Proof. a) aq (vagr, — To,v) = [ gvdz, Yve V.
Q

B <Ty = w = (uag1yB —Ty)" € V4 and then 0 < a,, (w, w) = [ gwdz <0.
Q
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Thus UagToB < T().
b) and c) are obtained similarly. O

An immediate consequence of this property and Theorem 1 is the following:
Proposition 3. Let T' = T, be constant on I's, us, = A (a4, 9,70, B),i = 1,2
and 1 < ag < ao.

a)Ifg < 0inL%(Q), B<Tyin H2 (T), then tua, < g, and tagryp T UgryB
strongly in V.

b)Ifg>0inL2(Q), B>Tyin Hz (T}), then tua, < ta, and tagrys | Ugr,5
strongly in V.

Proof. We consider w = (u —ug)t € V1. Then, as u; < Ty by Prop. 3, we
have

0<a(w,w)=a(u —uz,w) :/[a1 (To —u1) — o (To — ug)]wds =

s

(v —ozg)/(To—ul)wds—OQ/w2ds <0.
T'o I's
Then ug;, < Uqy-
b) is obtained in a similar way.g

The next result easily follows from propositions 2 and 3.

Proposition 4. Let T = Ty be constant on 'y and g1 < 0 < g2 in L?(Q),
Tl S TO S T2 in H% (FQ), Bl S T(] S B2 n H% (Fl), then ualnglBl S TO S
ua2g2T232 a.e. in Q, VOZl, a9 (= R+

4. NECESSARY AND SUFFICIENT CONDITIONS FOR THE
EXISTENCE OF TWO PHASES IN Q

From now on we will consider without loss of generality B > 0 as in the
Introduction.

It is physically reasonable to expect that, in the case ¢ > 0, T >0and B >0
the solution uqgrp will be non negative, but this result is a trivial consequence
of proposition 3, taking into account that uqgoo = 0. Thus, denying the above
statement we have the following:

Proposition 5. If B > 0, a necessary condition for the existence of two phases in
Q (uagrB is of non constant sign in 1) is that g < 0 or T < 0, non simultaneously
null.

In order to obtain sufficient conditions we will first analyze the case of constant
data.

Lemma 1. Let g, T, B be constant, then
UagTB = A (Oz,g,T, B) =T+ (B - T) Uta + gUszq
where Ui, = A (a,0,0,1) and Uy, = A (e, 1,0,0) verify:
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i)0<Upa <1inL?(Q).
i) Ura | ugo1 strongly in V- when o — +00.
i)V 0<e<1, 3L, CTywith|TL_|= [ ds>0 such that
1
Ule < € a.e. onT! Yo > ﬁ where C1 :1+M
- e - 62 )\1 ‘F2|
Fl and FQ.
iv) 0 < Usy in L% (Q).
v) Usy, | uig0 in L? () when o — oc.
vi)Ve>0,3r%_ cTywith T2 | = [ ds> 0 such that
T2

a,e

depends only on §,

(luoorlly + 1€2)?
A1 Dol

C
Uso < € a.e. on Fi’e Voo > 6—22 where Cy = 1 + depends

only on 2, I'1 and I's.
vii) Uze € L™ ().
viif) Voo > 1, 301 C Q with || = [ dx > 0 such that
951

At Juroolly-

Usa > C3 a.e. in )y where C3 = ]

depends only on 2 and I's.

Proof. It is well known from the linearity of Problem | that, if g, T and B are
constant

UagrB = BA (0,0,0,1) + TA («,0,1,0) + gA (o, 1,0,0)
and moreover,
A(a,0,1,0) =1 — A(e,0,0,1).
Then, we have
UagrB =T + (B —T) Uia + gUsa

where Ui = A (,0,0,1) and Uzo = A (a, 1,0,0) are solutions of (2).
(i), (i), (iv) and (v) are obviously consequences of the maximum principle or
of propositions 2-4.
Besides, from Theorem 1
2

(a—1) / (Ure — ug01)* ds = (a0 — 1)/U12a ds < %

1

Ty 1)
. . Ch k?
Then, for any fixed 0 < e < 1, if a > — > 14+ —5—=— where (| =
82 A162 ‘FQ‘
[
14+ —.
A1 |To
It results

/U%a ds < e*|Ty).
1)

- 3T, . with |TL .| > 0 such that Ui <€ ae. on T} _.
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A similar result (vi) holds for Us,, where we the constant C is replaced by
2
(luoorlly + 1€2))
A1 |Ta B
In order to prove vii) we will seek for F' € L> (Q) such that U, < F.
We propose a polynomial

Co=1+

1 ~ _
F(x) = -3 (931)2 + Zpﬂi +po+q€ L™ (Q)
i=1

1 n _
with —5 (z1)? 4+ 3. pizi +po > 0, Yz € Q.
i=1
Then, Vg > 0 it results F (z) > ¢ > 0 in Q.

Moreover,
oF
— g
<8n e >

IVF xn| < |VF| = |(—z1+p1)®+ > _pi| <A ondQ.
i#1

> (VF xn)lp, +ag Ya>0

I
and

. OF
If we choose g > A, it results <6 + aF) >—-A+4+aqg >0, Va>1.
n

r
Then, we obtain from Proposition 2 ’

1
F(x)zA(a,l,a <Z7F11+04F>

Therefore Uz, € L™ (Q) .
To prove viii) we recall that, from (v) we have Va > 1

? F’F1> Z A (Of, 17070) == UQQ a.e. in ﬁ
1)

/U2a dr > /U100 dz = a (u100, u100) = a1 (w100, 100) > A1 [[ur00]l} -
Q

Q
Therefore 30y C Q with Q] = [ dz > 0 such that
Q1
A 2 _
Uzo > C3 = e U [ur00lly a.e. in Q.
€
Il
T B
Theorem 2. Let g, T, B be constant and B > 0. If g < —M, then
c3

UagTB IS Of non constant sign in £} Yo > 1.

Proof. By lemma 7 we have
UagTB = T+ (B — T) Uia + 9Uszq

and 30y C Q with |Q;| > 0 such that U, > c3 a.e. in Q.
For g < 0 we obtain -
i) If T < B, UagTB < B+ gUsq < B+ gC3 a.e. in Q.
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i) If T > B, UagrB < T + gUsq <T +gC3  a.e. in Q.
Then, if max (T, B) < —gCs it results uagTB\ﬁl < 0 and as we have uagTB’pl =
B > 0 it follows that u is of non constant sign in Q. O

An immediate consequence of this theorem and the monotone property 2 is the
following:

Corollary 1. Let o > 0, g € L?(Q), B € H: (I'1) and T € H> (T'9) be such
that g < gg a.e. in), 0 < B< By a.e. onI'1 andT < By a.e. onI'9, where the

constants gy and By satisfy gg < —?0 then uagrp Iis of non constant sign in Q.
3

Theorem 3. Let g, T, B > 0 be constant. Then, for all fixed 0 < ¢ < 1 and

C D=, . .. -
> —21 uagTB changes sign in €) if one of the following conditions are satisfied:
€

B
)g<0andT < — c
1—e¢
or B+ ol
i)g>0andT < —8179, with H = ess sup |F (z)| where F (z) is the
— e 5
polynomial defined in lemma 7 vii).

Proof.
tagr =T + (B = T) Uia + gU2a
We consider T' < 0 and from lemma 7 iii), if 0 < ¢ < 1 and a > % there
exists Fi,s such that
UagrB < T+ (B —=T)e + gUs, a.e. on Fi,a'

Then, we have
a)lfg<o0
UagrB < (1 —€)T +eB a.e. on F(lm

eB .
and therefore, for T' < — 1 it results uagTB|F1 < 0.
2,a

b) If g > 0, we have proved in lemma 7 vii) that
|U2a|LOO(§) < |F($)|L°°(Q) =H
where H depends only on Q, then

eB+gH

UagrB < (1 —€)T+eB+gH <0 a.e. on N, —1T<- T

O
Again, an immediate consequence of this theorem and the monotone property
2 is the following
. C
Corollary 2. For any fixed 0 < e <1 and a > —21 let g€ L? (), B € H> (')
€
and T € H2 (T'2) be such that

B
)g<go<0ae inQ 0<B<Bpyae onTiandT <Tp< — c

1—¢’
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or

B+ H
i)0<g<gpae inQ 0<B<Byae only andT§T0<—6 +

1—¢

then uqgrp is of non constant sign in Q.

5. EXAMPLE

We consider 2 = (0,z0) x (0,90), I't = {0} x [0,y0], T'2 = {zo} x [0, yo] and

I3 = (0,30) x {0} U (0, x0) x {yo}-
Let g, T' and B > 0 be constant, then

and
g (T—B)a+%(2+awo)
(16) UagTB = —533 + (1 n Oéxo) T+ B.

In this case we can obtain a necessary and sufficient condition for u.4rp to be
of non constant sign in . From (16) we have

UagTB = —%(93 - $va)2 + Yuq

(T—B)oz—k%@—i—aa;o)

(17) oo = g (1 + axg) T+ B
Yoo, = B+ gg;%a

Then uqgrp is of non constant sign in 2 if and only if
(18) g >0 and uagrp (29) <0

or
(19) 9 <0, Yy, <0,and 0 < z,, <xgorg>0and uagrn (z0) < 0.

We have, for g > 0
(20) tagrp (w0) <0 T < =05 B

2c axg

If g < 0, we obtain

(21) Yo, <0 T >B— %(24—0@0)4-(14-04%) (—2Bg)
2
(22) 0<xva§m0@3+%gT<B—92ﬂ(2+axo)
o
B
(23) UagrB (T0) <0 T < —@g— S

2c axo
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Taking into account (18) —(23), the necessary and sufficient conditions for uqgr R
to be of non constant sign in €2 become, Va > 0 :

T < Tia (9) ifg=>0
T < T, (g) or
(24) g <T if —2F<g<0
T30 (9) > T ’
T < T3a (9) if g < —25.
here Tro (9) = — 29— 2 Ty () = B9, and Th (g) = B—222 (2 + aap)
wher =——g—— = =— =B—-=— axg) .
la \g Qag o’ 29 5 3a 9 % 0
This conditions can also be expressed as:
2 2B
g < gua(T)=—-"T-= ifT<0
(25) g < g(T) =255 if0<T<B

T—-B .
g < g3a(T):—% if T > B.
Then we obtain the following property:

Theorem 4. If g,T and B > 0 are constant and Q = (0,z9) x (0,y0), I'1 =
{0} X [O,yo], FQ = {.1‘0} X [O,yo] and Fg = (0,1‘0) X {0} U (0,.7}0) X {yo}, then
the necessary and sufficient conditions in order the temperature unqgrp Iis of non-
constant sign in §) (we have a steady-state two-phase Stefan problem in Q) is
given by (24) or equivalently by (25).

We compare (24) or (25) with the sufficient conditions that we have obtained
in Theorems 8 and 10. )
1
From Lemma 7, (15) and (16), we can take C5 = @, with a > 8, C = P
a

Lo
2

H = % and we have:
* From Theorem 8, Va > 0

B
- ¥T<B
T
(26) 9<94(T) =
LT > B,
T
* From Theorem 8, V0 < ¢ < 1,
. B . 1
(27) I)T < T4(€):—17_1 |f@2m,g§0
g
B x2 1
T < Ts(e) = — - 0 ifa > ——, 0
i 5() 1_1 2(1—6)9 TS e Y
5

It is easy to verify that (26) = (25) and (27) = (24).
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