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ON THE OBSTACLE PROBLEM

by
GARGUICHEVICH, G. G. - STAMPELLA, M. B. - TARZIA, D. A.
ABSTRACT.

We study the classical formulation of the obstacle problem for an
homogeneous elastic string and for an homogeneous elastic membra-
ne, streched across a rigid circular frame, without external forces.

We consider the simplest problems where the obstacle ¥ 1is an
even function (for the string) or a function depending only on r
(for the membrane).

We define an inverse problem and this leads us to a correspon-
dence between a family of functions G2 and the family of obsta-
cles which give connected coincidence sets. This correspondence
allows us to construct examples where the coincidence set Q* is a
connected prescribed domain in Q.

We give a list of examples in which the free boundary 3Q* is
computed exactly or it is given as the unique solution of an alge-
braic equation.

[. INTRODUCTION.

In this paper’we study the classical formulation of the obsta
cle problem for an homogeneous elastic string and for an homoge-
neous elastic membrane, streched across a rigid circular frame,
without external forces. g

Existence, uniqueness and continuity of its first derivatives
are well stablished for the solution of the obstacle problem. Le
wy Stampacchia |1| and Kinderlehrer |2| have also shown that,for
n=2 under the hypothesis of convexity of Q and strong concavity
of ¥,Q* is simply connected.

We give a necessary and sufficient conditions for the coinci-
dence set Q* to_be simply connected. These conditions lead us to
define a correspondence between a family of functions G, and the
family of obstacles which gives simply connected coincidence set.

(*) Este trabajo fue presentado en la XXX Reunién Anual de

la Unién Matematica Argentina, Salta, 11-13 agosto 1980.-
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This correspondence allows us to construct examples where Q*
is a simply connected prescribed domain in Q

II. THE OBSTACLE PROBLEM FOR AN HOMOGENEOUS ELASTIC STRING

Consider @ = (-R,R) , R>0 and ¥ : @+ R an even function.
This can be done without loss of generality.

Let A=}eoe C2[0,R) N C[O,R] / ¢(R) < 0 , ¢'(0) = 0,0(0) > O]
and let, in the sequel, Y€ A . We will also note ¥ the even ex
‘tension to Q.

In this case, the obstacle problem is:

Find u e C'(2) , even function such that
u'<0 a.e. in [O,R)
®,) u'(fu-v) =0 a.e. in ‘[O,R)
u(x) > ¥(x) , x € [O,R]
uR) =0
u' = ¥' on 2a3Q*

2

where Q* = ‘x € 9/ ux) = ‘i’(x)* is the coincidence set.

I1.1. NECESSARY AND SUFFICIENT CONDITIONS FOR THE COINCIDENCE SET
Q* TO BE CONNECTED.
It is easily verified that:
Every solution u of (P,) for which the coincidence set Q* is
connected must satisfy

3!’(}() , X € [0,£]
u(x) =

¥'(€)(x - R) , x e [ER]
with £ € (0,R) such that g(g) = 0 , where

(2) gX) = ¥(x) + v'(X)(R - x)

(1)

REMARK 11.1.
The above conditions are not sufficient for 9*- to be connected.
In fact, if one considers V¥(X) = 47 - x +senx , x e [0,4m+ 1] ,
it results n
hrm-x +senx |, xe[O,—]
- 2
u(x) =

z lm+1}

- X + 4u+ 1 , xe[i,
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and Q* n [0,‘01r + 1] = [0, %]U z%n‘ .

THEOREM 11.1.
Let v € A . The following propositions are equivalent:
(i) The sokution u of (P,) satisfies (1).
(ii) v satisgies:

IA

0 ', ¥ xe€ [0,n]
p'(n) , ¥ xeN

' (x)
P! (x)
where N ={xe€ (O,R) / g(x) =0} and n =min N

[\

PROOF.
It is easily verified that (i) =— (ii).
(ii) == (i). Let n be as in (ii). Consider
‘ . W(X)' y X € [O’n]
ux) =
¥'(n)(x - R) , x € [n,R]

It will be proved that u is the solution of (P,). It is suffi-
cient to prove that u(x) 2z ¥(x) , ¥x € (n,R) ,providéd the other
conditions are clearly verified.

Suppose there exists x € (n,R) such that u(x) < ¥(x) . Then,
there exist n = wy; < w; < R such that

u'(wl) = vy(w,),uw,) = ¥(w,) and
ux) < v(x) ¥Xx e (wl,wz)

It follows from the mean value theorem that there exists w ¢
€ (wl,wz) such that ¥'(w) = ¥'(n)

Besides gW) = ¥(W) - u(w) > 0 and gW,) = (R-w,)(¥'(w,)-
-¥'(m)) =0

If g(w,) <0 , there exists xe¢ N n (w,,w,) and thisisa
contradiction. |

If gw,) =0 , that is, ¥'(w,) = ¥'(n) , it can be given
e >0 such that ¥'(xX) >0, ¥x ¢ (wz-e,wz) . Hence g'(x) >
>0 and g(x) <0, ¥x e (wz-e,wz) , which also gives place
to a contradiction. |

Similary, it is proved the following:
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THEOREM 11.2. ,
Let ¥ e A . The following propositions are equivalent:
(1) The solution u o4 (Pl) has a connected coincidence set.
(11) There exists e z 0 such that:

\y's'(x) 0 » X € [O,n]

¥'(x) = ¥'(n) , x e [n,n+e]
¥'(x) > ¥'(n) , xe NN (n+e,R).

A\

11.2. AN INVERSE PROBLEM.

In II.1., it was characterized a family of obstacles which give
solutions u of (P,) satisfaying (1), or whose coincidence sets
are connected. This was done taking into account the positive zeros
of the function g defined in (2).

This fact leads to consider an inverse problem in the following
sense:

Find obstacles V¥ of the type above characterized from a given
family of functions g '

In fact, given g e C[O,R) , the initial value problem:
1) ¥(x) + ¥'(x)(R-x) = gx)
ii) ¥(0) = g(0)

has one and only one solution V¥ € C!'[0,R) and

(3)

- 20 * _g(t)
(4) ¥(x) = (R-x) + (R-x) dt. .
() = B~ @)+ ( "Io R-1)2

If vye A , the function g verifies

g € C'([0,R))

) g(0) = ¥(0) > 0
3 lim _®x) [ 2 gt = y®) <0
x >+ R o (R-t)

Conversely, let

6) G =tg € C*[0,R)/g(0) > 0 and 3 1im _(R-x)IX—L(Q— dt < 0‘ .
X+ R o (R-t)?
The correspondence
T:G-»>A
(7
g~>T(g) =Y , where ¥ is defined as in (4), is bi-
yective.
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Moreover x
ve) = [ 8 at and v = FEL  ¥xe [0,R)
(o)
REMARK i1.2.

If geG=}ge C'[O,R)N C[O,R] / g(0) >0 and g(R) < 0}
then

gei
‘ gR) = 1lim _(R-x)f —giﬂ- dt = ¥(R) < 0
x + R o (R-t)? ,

and Ec; G . In fact, if R > ; , 2(x) = cos (R'I_i) g c , with
0<c<cos;,\— is such that ge G and g¢ G
Further ‘T(E) = “P € A/ lim ¥'(x)(R-x) = Oz

x + R
Let
(8) =|xe (0,0 / g = of
©® 6 zgeG/g(x) 0 ¥xe [0,6] and f—ﬂl‘l-dtw
g (R-t)
¥neNg , e—mlnNgz

G, 1is well defined provided that, -ge G implies Ng @ and

1
£ =min N exists since g 1is continuos.

THEOREM 11.3.
Let El= geG/g'(x) =0 ¥xe [0,6] and I —-th-)—dtSO

¥xe [£,R) €=minNgz g ®D°
Then

(i) 6 =G
(ii) T(G ) =¥ € A/ the solution u of (P,) satisfies ().

PROOF. |
(i) It is easily verified that G, = G,

Conversely, let g€ G, and x > ¢
If gix) <0 , there exists n e N such that g(t) < 0

¥ te (n,,x], hence IL:;{ f ﬁ%% f—-g—(idt 0
- t

If gkx) >0 , there exists n,€ Ng such that g(t) >0
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¥te [x,n,) , therefore fx—g-(l at = [ -8 g4 -

(R-t)* (R-t)?
- Inz_g_(E.L dt <0 . & &
Ix R-t)?

(ii) If g e G, , there exists £ = min Ny and T(g) = ¥y sa-
tisfies:

v eA
¥ (x) = 5’250 , X € [0,E]
' 1 _ (" .t <
v (E) - ¥'(n) ‘[:—(%E)det-o , neN

Thus, from theorem II.1, one obtain (ii). §

Similarly, the proof of the following theorem is a consequence of
theorem II.2.
THEOREM 11.4,
et G =fgedg 50 in [0 , g =0 i (e

J‘."._ESS_)_dtw ¥neN N (E+¢,R) with £ =min N_ and szos.

1t nesults:

i) 6, = tg €G/g' s0 in 10,e] , g =0 din [£,E%] ,
Iﬁ—g—(&lz-dt <0 ¥x¢€ (¢+¢,R) with ¢ =minNg and ¢ 20: .
£ (R-t)

(ii) T(Gz) = t"i’ e A / the solution u of (P,) has a connected coin
cidence 'Ae,tt .

111. THE OBSTACLE PROBLEM FOR AN HOMOGENEOUS ELASTIC MEMBRANE.
Consider: @ = }(r,0)/0 sT<R, 050 <2n] and y : T+R
a function only of r , that is ¥(r,8) = ¥(r)

Under this assumption, the solution of the obstacle problemis al
so a functiononlyof r , that is u(r,e‘) = u(r) and everything fo
llows as in the case of an homogeneous elastic string.

Let A be as in paragraph II, and let in the sequel V¥ € A

In this case, the obstacle problem is:



Find u € C}0,R] and such that

u'(0) =0

u" +%u' <0 a.e. in (O,R) .
®) J @eludm-¥ =0 ae in (O,R)

u(r) = ¥(r) », r € [0,R]

u(R) =0

u' = ¥' on 239, _
Where @, = zr e [0,R)/ u(r) = ‘i‘(r)t .

In this case the coincidence set is @* = @, x [0,2n)

I11.1. NECESSARY AND SUFFICIENT CONDITIONS FOR THE COINCIDENCE
SET Q* TO BE SIMPLY CONNECTED.

It is verified, as in paragraph II, that:
Every solution u of (P,) whose coincidence set is simply con-
nected must satisfy
¥(r) » T € [0,€]
u(r) =

(10) ) r
¥'()g log g , T € [E,R]

with § € (0,R) such that g(g) = 0 , where
(11) g(r) = ¥(r) + r¥'(r)log 5

As in II.1, one can easily prove:

THEOREM 111.1.
Let ¥ € A . The following propositions are equivalent:
(1) The solution u of (Pz) satisgies (10).
(i) v satisfies:
p'(x) + " () s0 , e [0,n]
ry'(r) 2 ny'(n) , TEN
where N = xr € (O,R) / g(r) = 0" and n = min N

THEOREM 111.2.
Let v € A . The following propositions are equivalent:
(i) The solution u of (P;y) has a simplyconnected coincidenceset.
(ii) There exists e 2 0 such that:
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¥'(r) +¥v''(xr) s 0 , r € [0,n]
TY' (r) = ny' (Tl) ’ re [n’n+E]
r¥'(r) > n¥'(n) , r € NN (n+e,R)

111.2. AN INVERSE PROBLEM.
As in 1I.2, we consider the following problem:

Find obstacles ¥ of the types above characterized from a given
family of functions g
LEMMA 111.3.
Let g € C[0,R] . The initial value probLem
z (1) ¥(r) + r¥' (r)log X = g(r)
(ii) ¥(0) = g(0)
has only one solution ¥ € C[O,R) N C'(0,R) given by

(12)

- R (T &(t)

(13) : ¥(r) = log = —x dt
- T j‘o t log” ¥
PROOF.

As g is bounded in [O,R] , it results ¥ e C*(0,R)

One as

L ,
lim ¥(r) = 1lim [-logﬁj _g(_t_:_)__R_ dt] = 1lim g(r) = g(0)
r+0 r+0 otlong r+0

and defining ¥(0) = g(0) , the lemma is proved.

REMARK 111.1.
From the diferential equation (12i), it results that, if VY e A,
the function g verifies: |
g € C1[0,R)
g(0) = ¥() >0 .

: R (T_g()
lim _logz | ————pdt=¥R) <0
r >R r'[)tlong

(14)

Conversely, it results the following:

THEOREM 111.4.

Let
: R (T_g(t)
(15) G = zg e C}'[0,R)/g(0) > 0, 3 1lim _log — ———xdt <0
r +R d '[) t log? T
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(16)

g 2
and lim —x €eR
T > 0r log T
The correspondence

T: G~»A
g->T(g =Y , whene ¥ .is defined as in (13), is
biyective.
PROOF . |
It is sufficient to prove that V¥',Y¥'" are continuous in r=0.
_ , .
lim v'(r) = lim L(TES ar - 1in 80 -
r+0 r->0 olog-f r->010gf

Hence ¥'(0) =0 and ¥ e C*([0,R))
lim ¥'(r) = lim [_%Ir (1) 4¢ 4 _£'(T) ]= lim 1T

r>0 r+0 T olog_f rlog? r->02rlog}-
] ]
and ¥(0) = lim ¥ - 14n (X) . thus v e C2[0,R) .§
r~>0 r—+02r log;
REMARK I.I'.2.

If g e'§=zg e C*[0,R) n C[O,R] / g(0) >0, g(R) <0 and

3 1lim _&'_(_r_).Re]Rz
T>0 1 1og?

then
g €G r
' - R g(t) -
g(R) = 1lim _ log = f dt = ¥(R)
r >R’ r'2°tlog2f
and GG . In fact, if R > e" , g(r) = cos( R) - C with
z ~ =
0<C<1 ,issuchthat geG and g £ G . log 7
Moreover
T(?;)=zweA/ 1im_r\l"(r)log%=02 -
r > R,
Let
a7 N, =|re (OR) / g(@) = 0}

A

0 in [0,£] and In——m:Z—RdtSO

(18) G1=tg€G/8'
g t log

¥neN , &=minN
nelgo.t g:

As in II.2, there are easily proved the following:

THEOREM t11.5,
- 1t nesults:
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(1) Gl=tgeG/g'<0 in [0,€] and _gﬁ_ndt<0

*re[aR),a-mmNg:. g tlog” 3
(i) T(G,) = }¥ e A/the solution u of (P,) satisgies (10)].
THEOREM 111.6.
Given

(19) G, zg €eG/g =0 4n [0,] , 8" =0 4n [£,6+] and

T]
I_.gi_.dt<o ¥neN 0N (+¢,R) , with & =min N
gtbng g g

and € 2 Ot
1t nesults:
(i) G, = ;g €eG/g' s0 4n [0,8] ,g" =0 4in [g,5+c] and

T t) . .
{ Bl pat <0 ¥re (g, L with € =min N
g t log T

and 520:

(ii) T(G,) -‘ ¥ € A/the solution u of (P ) has a simply connec
Zted codincdidence set ‘ .

IV. EXAMPLES.
We develope several examples of the obstacle problem for n=1

and n=2 , where we consider:
¥ € A : the obstacle.

g : the function defined by (2) if n=1 and by (11) if n=2.
£ : a constant such that the free boundary is aQ* = {-£,&}
if n=1 and 23a* = {¢} x [0,2n) if n=2 . It is

given, in general , as a solution of an algebraic equa
tion £ (5) = £,(8)
u : the solution of the obstacle problem.

UNIDIMENS IONAL CASE.
EXAMPLE 1.
vx) =a(8®-x") , 0<B<R , a>0 , nz2
gx) = [(n'-l)xn - nRM! 4 BHJ
1
0<g=R- (R - 82)* < 8 if n=2
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-(n-l)& + nR = —ng if n
€

L 1%

3
u) = - ant®™ 'x - R}, x e [£,R]

EXAMPLE 2.

2,2 1 1
-y, 0<y<a , R>§(log%)z

_sz 2 .
gx) = ae [1 - 28°x(R - x)] - v
-p2r2 ]
Y e BET o 28%¢ - 2B?RE + 1 , 0 < E = mln(% ,-%—(log»%)z , _ff_ﬁ—)
_p2r2
ux) = -20822e B8 x -R) , x e [£,R]

EXAMPLE 3. -

B . 178 _ N\
v (x) " y , 0<y<B , a>0 , R>E(Y 1)

1 - a2x? + 20%Rx _

(] + QZXZ)Z

£“+(%;21)£2 -<%%>£4<$;—Z>=o , 0<&<R

B

g(x)

28a2g
u(x) = - x-R , x € [&,R
() = - Gy ey &R [€,R]
EXAMPLE 4.
» T 3‘"
VX)) =acosBX , a>0 , B>0 , 2—B<R<TB'

g(x) = a[cos Bx + B(x-R)sen Bx]
cotg ¢ = 8(R-£) , arc cotg AR < £ < arc cotg

u(x) = aB(sen 8t) (R-x) , x € [£,R]
EXAMPLE 5.
¥(X) = -acoshgx +y, y>a>0 , B>0 ,R>%argcosh%

g(x) = - a[cosh gx + B(R-x)senh Bx] + v .
_ =y __1
1+B(R§)tgh6£ am » 0<g<R
u(x) = - ag(senh B8&) (x-R) , x € [&,R]
EXAMPLE 6. |
y(x) = -(x-a)* - ba®x + B,a > O,R > 0,a* < B < a*+R%[(R-2a)2+2a2]

g(x) = - (x-a)?[x-a+4(R-x)] + B - 4a’R

g* - g(l%*m),é:3 + a(3+4R-0)E? - ba’Re + Bia“ =0 , 0<g<R
u(x) = -4[(g-a)® + o’¢](x-R) , x € [£,R]



EXAMPLE 7.
a-Bgx-B(R-x)1log -R};—x , 0=sx<R o
v(x) = a>0,8>0,R>7
a-BR ' , X=
g(x) = a - Bx
£=3
u(x) = B(x-R)log (1 - quli) , X € [% , R] -

EXAMPLE 8.
R-x .
a-2BRx+gx2-28R(R-x)1log , 0sx<R 1
() = R «>0 , 8>0 , R> (%)z
a-BR? , Xx=R
gx) = z - Bx?
= (< _
ux) = z[(ae) + R log(1 - (W) )](x-R) , xe[(3) R .
EXAMPLE 9 ‘ X
1_3- x __,_Rx 10g1+'5 0<x <R
T a®b)  (R+a)? 1 - X ]
1 B. . :
m , X =R
>0 , B8>0 , 1-RB<aB<l
1
gx) = X*a 8
E‘='% -a . 1 1+ % 1
u(x) = -E-[a(Rm) (E+a) + Ra)? log —.1 g](R-x) , X € [E - a,R] .

"R
BIDIMENS IONAL CASE.
EXAMPLE 10.
v@ =o"- 1™ nz2 , w0 , 80 , RB
g(r) = al:Bn - ™ - ! log %]

Log(g)" = (R" ()" -1+ o< <R

u(r) = ang™ log% , T € [E,R]

EXAMPLE 11.2 , \

b@) =T oy, B>y 50
= -ar - 2.2 : B '_

g(g)2 e [1 2a%r? log r] Y

et =$(1-2a2£2 log -g) o, 0<g<R

R
u(r) = ZBGZEZ log T ’ ’



EXAMPLE 12.
¥(r) = a cos Br , a>0,8>0,%'§<p\<_2%
g(r) = olcos Br - Br sen Br log %]

cotg BE = B¢ log-g , % arc cotg %B < E < —ZEB'

u(r) = aBg(sen B&)log-§ » T € [E,R]
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RESUMEN. _

En el presente trabajo se estudia el problema del obstaculoatravés
de su formulacién clasica, para un hilo elastico homogéneo y para una
membrana circular elastica homogénea, no sometidos a cargas externas.

Se consideran los casos particulares donde el obstaculo ¥ es una
funcién par (en el caso del hilo) o una funcién radial (en el caso de la
membrana) .

Se define un problema inverso y se establece una correspondencia
entre una familia de funciones G, vy la familia de obstaculos cuyos con
juntos de contacto son conexos. Esto permite construir, a partir de un
conexo 0* prefijado en (@ , problemas que admitan al mismo como con-
junto de contacto.

Se proporciona una lista de ejemplos en los que la frontera libre 3Q*
esta calculada exactamente o se expresa como la Qinica solucién de una
ecuacion algebraica.
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