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ABSTRACT
We study the determination of one or two unknown coeffi-
cients in the Lamé-Clapeyron Problem using three different
approximate methods: the quasi stationary method, the Heat
Balance Integral Method and Biot's variational method. We
compare the results obtained in one example with the exact
solutions already known.

Nomenclature
x 3 space coordinate
t time
s(t) ¢+ position of the solid-liquid interphase (free boundary)at
time:t > 0
8(x,t) : temperature defined for 0 < x < s(t), t > O
k : thermal conductivity
2_ .k
a = -;:: thermal diffusivity
¢ specific heat
£ latent heat of fusion
p ¢ mass density
8o ¢ constant temperature on the fixed face (x = 0)
h, ¢

constant coefficient which characterizes the heat flux

(o]
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on the fixed face (x = 0) defined by equation (6)
Ste = 3_29 :Stefan number
L

/1+42Ste 2
147 Ste + 630 Ste

<
[[]

2
52 Ste + 420 Ste + 1260

1. Introduction

The determination of unknown coefficients in the Lamé-Cla-
peyron problem was considered in [4] and [5].
In both cases, the problem was stated as follows:

(1) 0, = a0, 0< x < s(t), t >0
(2) a(s(t),t) =0 t >0

(3) -ke_(s(t),t) = o% 8(t) t >0

(4) s(0) =0

(5) 8(0,t) = 04 t >0

(6) Xk8,(0,t) = - % >0, h >0

In [4], the case concerned with finding 0,s and one un=--
known coéfficient (k,p,% or c) was solved while in [5], s was
supposedly kpown and two unknown coefficients were found.

In this.paper we consider the determination of unknown coe
fficients using three different approximate methods: the quasi
stationary method, the Heat Balance Integral Method and Biot's
variational method; .

In sections 2 and 3 respectively we study the problems
with one and two unknown coefficients.

We compare the results obtained in an example with the La-
mé-Clapeyron solution.

2. Determination of one unknown thermal coefficient

2.1, Quasi staﬁ;onagy method

In this method, equation (1) is replaced by
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(7) Bxx(x,t) =0 0 < x < s(t) t..> 0
The unique solution of problem (2)-(5),(7) is given by
Go '0.260
e(x,t)' = ﬁ- (x-8(t)) , ag = - .._2_k_.
8 v
(8) . o
s(t) = 20/t R .0 = m

We use equation (6) to determine one of the unknown coeffi
cients k,2 or op.

We find for the three cases that problem (2)-(7) has the u
nique solution (8), for any positive data. We obtain, in each
case, an expresion for the unknown coefficient which is summari-
zed in table 1.

2.2. Heat Balance Integral Method (H.B.I.Mi

In this method, following [3], we replace equation (1) by

s(t)
(12) [ etmviax = - a’[ﬁ& s(t) + ex(o,t)] , 1> 0
0

and equation (3) by

(13) o, (s(t),t) =% 0 (s(t),t)

If we choose a parabolic temperature profile:

(14) 8(x,t) = a(t) (x-s(t))+ B(t)(x-s(t))?
the solution of problem (2),(4),(5),(12) and (13) is given by

o(x,t) = 28 (x-3(1)) + & ffi (x-8(t))?

(15) a =M

° 2gc

s(t) = 20/

(16) with . O= %ﬁl , y = /1+2 Ste
Vity+y
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We suppose k,p,% or ¢ are unknown and we consider the addi-
tional equation (6). We obtain from (6) and (16), in each of the
four cases, that problem (2),{4)-(6),(12) and (13) has the solu
tion (15) if and only if the data satisfy a complementary condi
tion. The expressions for o and the unknown coefficient are sum
marized in table 2.

2.3. Biot's Variational Method

In this method, following [1], we replace equation (1) by
s(t) - 8(t) x=s(t)
2 23x + &= | 1f%dx = - 2qdd
(17) 55 f co2dx 78 kH X 2635

x=0

where %% (x,t,8) = = ped

and equation (3) by
(18) H(s(t),t) = pra(t)

If we choose a parabolic temperature profile

(19) "8 = 60[1- 5]’

s
the solution of problem (2),(4),(5),(17) and (18) is given by
(19) and
(20) s(t) = 20/% with
(21) g = a/u— , u= 147 Stgz + 630 Ste
52 Ste? + 420 Ste + 1260

We assume k,p,2 or ¢ are unknown and we consider the addi-
tional equation (6). We obtain from (6) and (21), in each of the
four cases, that problem (2),(4)-(6),(17) and (18) has the solu-
tion (19),(20) if and only if the data satisfy a complementary

condition. The expressions for ¢ and the unknown coefficient are
summarized in table 3.

2.4. Remark and Examples

A consequence of the stationary equation (7) is that we can
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not obtain the coefficient c¢ in the quasi stationary method,whi-
le the others are easily given for any positive data.

The coefficients k and p (cases (1) and (2)) are also obtai-
ned in the other methods for any data as in the exact problem.Fo-
llowing [4], we must solve a trascendental equation por each case
while in these methods k and p are given in an explicit form.

In cases (3) and (4), % and c are given as solutions for e-
quations of second or third order whereas in [4] they are obtai-
ned as solutions of trascendental equations. ‘

There is not always a solution in these cases: moreover,for
the coefficient 2, the data must satisfy

0
0 2 kpe <1
or B, \/;ﬁ

while in the exact problem the condition is

o

:ﬂbm
£
o
A
-t .

Jqu
4
3
o
A
-—b

Then we cannot obtain results using H.B.I.M. or Biot's me-
thod if there isn't any solution for the exact problenm.

For the coefficient ¢, the data must satisfy the same condi
tion

k0 26,

< 1

2
2ho

in H.B.I.M. and in the exact problem, while in Biot's method they
nust satisfy

2kpR 0 .
.. ... O < 1

2
By
and we reach the same conclusion as before.
'We apply these methods in one example we consider
80=159C 3 p=1gr/ecn® ; c=1 cal/gr°C ; £=79.7 cal/gr ;
k=0,00144 cal/seg cm®C ,

We give, in each case, four of the five data in order to ob-
tain the other one; and a range of variation for h° (which de-
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vends on the complementary condition). The results obtained for
the case 1 are shown in Fig.1 where we have considered

exact solution

----- quasi-stationary solution
eesee HoeBoI.M. solution

-e=e- variational method solution

For case 2, we obtained the same plot of Fig.l if we change
k by p.

Case 3 and 4 are shown respectively.in Fig.2 and Fig.3.

We ‘can see that the quasi-stationary method and the H.B.I.M.
solutions stay quite near the exact solution while the variatio-
nal method solution differs substancially from the others.

Moreover, for h 31 we obtain approx1mately the thermal coe-
fficients of water [2]. except with the variational method.
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TABLE 1

Determination of one coefficient
using Quasi Stationary Method

Case Unknown Coefficient Solution

2
2h:
pzeo

30 2. 2,=-p-E'8-°'
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TABLE 2

Determination of one coefficient using H.B.I.M.

Complementary condition

Case | Unknown for the existence and Solution
Coeffic. unicity of solution )
6h, 12¢h}
! k ¢ = SITF YY) Sl A O DL gR T Ty
12¢h2
2 o ——— g = k% -1 p = - [+
ch k2 Sy (y=1) (4+y+yT)
g = eokE L = 2e°c
Eo!aﬂ, E’-’
3 N 5 ksc <1 where £ is the unique solution of
h
o 2 2 P 2 2 2
(kpe8gy-3n, ) (£7+€ )+(4kpco +3h )E+3h = 0
£>1
OokE 2(E2.1
M W 3] e = 8y
' kot 1 where £ is the unique solution of
3 o ;}-_- <
" 2 2
{keooz(e'+€‘)+(4kﬂop£-6ho)E-6ho =0
£>1
TABLE 3
Determination of one coefficient using Biot's Variational Method
Compl.Condition
unknown |for the existend
Case | coeffic.|ce and unicity Solution
of solution
2
h_u h_u
(- -l
1 k — o = T k Fzﬁ
8,k h;u
2 P — G = e P = ¥
ho ok
0 k
0
c = r
8 o
‘,;2
3 L 2 kpe<1 2 is the unique solution of
E; 2 s
2 2 2
12606°pk£‘+(420koc9°-630h°)1+(52pk6°c -147ce°h°)_o
> 9
. 8k
el e
o
A c 2k:tei <1 ¢ is the unique solution of
2 2
° {52,9xe;c*+(I,zopke;z-uveoh;)c+(1zsopn 8,-630¢h])=0
L >0 . -
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3._Sigultaneous determination of two unknown thermal coe=
fficients. '
3.1. Quasi-stationary method

We consider problem (2)-(7): In it coefficient ¢ does not
appear while coefficients p and £ appear always together, that
is as L=pl

| Then, if we assume that s(t)=20v% is known, we want to f£ind
coefficients k and L.

8
2 . -0 = 2
From (8) we have 0% = == and from (6) kL6 =2 Bo", then it

follows that:
"For any data (h >0, 8_>0, 0>0) problem (2)-(7) has the
unique solution

(22) 8(x,t)=- N/~ (x - s(t))

where k and L are given by

(23) K = 2300
(o]
P.Q (]
(24) L ==

3.2, Heat Balance Integral Method (H.B.I.M.)

We consider problem (2),(4)-(6),(12) and (13). If we assu-
me that s(t) = 20¥% and two of the thermal coefficients are
known we.pow want tQ find the:qthers. '

There are six possible cases. We obtain, in each case,from
(6) and (16) that problem (2),(4)-(6),(12) and (13) has the so-
lution (15) if and only if the data satisfy a complementary con
dition. The expressions for the two unknowns are summarized in
table 4.

3.3. Biot's Varjational Method

‘We consider.. problenms (2),(4)=(6),(17) anad (18). If ﬁe
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assune that s(t) = 20/t is known, from (6) it follows.

2 ] = —o—
(25) k=3

That is, k is determinated even if all the other thermal co
efficients are unknown,

Then, if two of the thermal coefficients p,c,% are given we
can obtain the third one from (21), and we can study only three
nossible cases by this method. In each case, we obtain that pro-
blem (2),(4)-(6),(17) and (18) has the solution (19),(20) if
and oniy if the data satisfy a complementary condition and the

expression for k 1is given by (25) while for the other unknown
coefficient it is summarized in table 5.

3.4. Remarks and examples

Je have seen that in the quasi stationary method there is
only one case of simultaneous determination of thermal coeffi-
cients because ¢ does not appear and p and % are always together
as L=pl. In this case we obtain a solution for any data as in the
exact problem [3],while in the H.B.I.M. and in Biot's variational
method the solution is obtained in case 1 (k,p) for any data and
in case 3 (k,%) if and only if the data verify conditions

h h
9 > - and 2 > 22 respectively.
pc5°0 3 pc5° 147 _

In case 2 (k,c) the H.B.I.M. gives-a solution if the data

verify the same condition ho > 1 of the exact problem while in
: pXLG

s 4t c4s 0 %20
Biot!s method, the condition BIE > 17 is more restrictive.

The other cases (p,%; p,c; c,2) cannot be solved by means of
Biot's method while they can by the H.B.I.M. whenever the data sa

ko
tisfy “ﬁ%— < Mo = 2 < 1.

This condition is more restrictive than the one imposed by
the exact problem: u < 1.

The advantage of these methods is that we doesn't need +to
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soive a trascendental equation as in the exact case.

We applied these methods in an example. We consider, as
in 2.4:
8,=15°C , ¢=1 cal/gr°C , p=1 gr/cm® , 2=79,7 cal/gr , k=0.00144

cal/seg cm®C , 0=0.0123 cm/seg‘/é

We give in each case three of the first five data,the value
of 0 and a range of variation for h,.

The results obtained for case 1,2,3,4,5 and 6 are shown in
Fig.4,5,6,7,8 and 9, respectively.

We obtain very good approximations for cases 1 and 3 except
for the variational method (Fig 4 and 6)

In case 2 (Fig.5), the H.B.I.M. and the exact solutions are
almost the -same for ¢ but not for k. However, for h, 2 1 we ob-
tain approximately k and ¢ of water in both graphs.

We see in Fig.7, 8 and 9, that for the cases 4,5 and 6 the
results are not the same for the H.B.I.M. and the exact problem.

Note that, at ho 4 1, the H.B.I.M. solution is nearer to
the experimental thermal coefficient for water (pointed out with
x) [2]. than the exact result.
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TABLE 4

Determination of two coefficients using H.B.I.M.

nknown | Jomplemen-
2 koeffic.| tary condi- Solution
8 tion.
2¢ch_o ) 6h
Tl ke ' *IWhy- L YT ¢ X7 I0)
hyo(£+1) £(g2-1)
2 k,c poa > 1 where £ is the unique solution of
pza€’+p£az+(Apla-6h°) = 0
E > 1
h o(E+1) 20 c
h rTEET v
o 1
3 k,2 ped o 3 where £ is the unique solution of
(oceoo-Bho)E'#oc6°a€+(l.oc8°o+3h°)=0’
E> 1
. . L. k6 . 3k(1-u°) 8,c(2u_-1)2
Pr®  I3<H, "Zh o Tle-= oTe(Buz-Tu_32) L - TSRS
] 3h_(2y_-1)2 2u (1-u_)2
5 pacC <p 21| p = A L e ]
3 o ZEOU ailguo’.7u°+§| uo- s
1 kg, ; 3k(1-u,) . 3n;(2u -1)2
6| et |2, ZE°a< ¢ ® u’p(Bu;-7u°+Z$ 'opIEu;-7u°+!i

TABLE 5

Deter mination of two coefficients using Biot! s Variational Method

Complementary condition
Case |Unknown for the existence and Solution
Coeffic.| unicity of solution
h o h 2(147Ste + 630)
1 k,p —_— k = [ P ® 7o(135teZ+103 Ste TIT3)
h_ o
k = a2
[]
h ¢ 1s the unique solution of
2 k,e 3%3 > 4%% Bo 2 ho ho L
52p>0 +(L20-1£73r5)c+(1260-630313)3: =0
c > o0
h
k-—o_c
ho . 2 2
3 kog 58,0 1%7 2 1s the unique solution of
4g+ 6 h ho
15%3; (420- 303:%:5)l+(52-1L73;§:E)ce° =0
L > a

463
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