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Abstract

We have considered the simultaneous determination of two unknown

thermal coefficients for a semi-infinite material which was under a

phase-change process with a mushy zone according to the model of

Solomon, Wilson and Alexiades. It was assumed that the material was

initially liquid at its melting temperature and that the solidification

process began when a heat flux was imposed at the fixed face. The
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associated free boundary value problem was overspecified with a
convective boundary condition aiming at the simultaneous
determination of the temperature in the solid region, one of the two
free boundaries of the mushy zone and two thermal coefficients. These
were chosen among the latent heat by unit mass, the thermal
conductivity, the mass density, the specific heat and the two
coefficients that characterize the mushy zone. It was assumed that the
other free boundary of the mushy zone, the bulk temperature, the heat
flux and heat transfer coefficients at the fixed face were known.
Depending on the choice of the unknown thermal coefficients, fifteen
phase-change problems arose.

In this paper, we present those fifteen problems and obtain necessary
and sufficient conditions on data for each of them in order to obtain
their solutions. We show that there are twelve cases in which it is
possible to find a unique solution and that there are infinite solutions
for the remaining three cases. Moreover, for each problem, we give
explicit formulae for the temperature of the material, the unknown free
boundary and the two unknown thermal coefficients.

1. Introduction

Heat transfer problems with a phase-change such as melting and freezing
have been studied in the last century in view of their wide scientific and
technological applications [1, 2, 4, 12]. Especially, inverse problems related
to the determination of thermal coefficients have attracted many scientists
because they are often ill-posed problems [3, 6-11, 13-15, 17-19, 22].

In our recent work [5], we studied the determination of one unknown
thermal coefficient for a semi-infinite material which is under a solidification
process ensued from a heat flux imposed at the fixed boundary. In that work,
we overspecified the associated free boundary value problem by a convective
boundary condition [21] aiming at the simultaneous determination of the
temperature in the solid region, the two free boundaries of the mushy zone
and one unknown thermal coefficient. In this paper, we study the same
physical phenomenon with two unknown thermal coefficients and some
additional information given on it.
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In the following, we restate the main characteristics of the phase-change
process considered in [5, 16]. The material is assumed to be initially liquid at
a melting temperature of 0°C and it is considered the existence of the
following three different regions in the solidification process, according to
the model of Solomon et al. [16, 19]:

1. liquid region at temperature T(x, t) = 0:
D, = {(x, t) € R?/x > r(t), t > 0},
2. solid region at temperature T(x, t) < O:
Ds = {(x, t) e R?/0 < x < s(t), t > 0},
3. mushy region at temperature T(x, t) = O:
Dp = {(x, t) € R?/s(t) < x < r(t), t > 0},

where x = s(t) and x = r(t) represent the free boundaries of the mushy zone
and T =T(x, t) represents the temperature of the material. The mushy zone

is considered as isothermal and the following assumptions on its structure are
made:

1. the material contains a fixed portion of the total latent heat per unit
mass (see condition (4) below),

2. its width is inversely proportional to the gradient of temperature (see
condition (5) below).

Finally, we note that all of the thermal coefficients involved in the
solidification process are assumed to be constant, where the bulk temperature
-D,, < 0 and the coefficients qg > 0 and hy > 0 that characterize the heat

flux and the heat transfer at the fixed face, respectively, are assumed to be
known.

In this paper, we consider that we also know the evolution in time of one
of the two free boundaries of the mushy zone. More precisely, we assume
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that the free boundary x = s(t) is given by:

s(t) = 20vt, t>0, 1)

where o > 0 is a known coefficient. Thanks to this additional information on
the physical phenomenon, we will be able to determine simultaneously the
temperature T =T(X, t) in the solid region, the free boundary x = r(t) and
two unknown thermal coefficients among the latent heat by unit mass | > 0,
the thermal conductivity k > 0, the mass density p > 0, the specific heat
¢ > 0 and the two coefficients 0 < ¢ <1 and y > 0 that characterize the

mushy zone, by solving the following overspecified free boundary value
problem:

pCTi(X, t) — KTyy(x, 1) =0, O0<x<s(t), t>0, )
T(s(t) t)=0, t>0, @3)
KT, (s(t), t) = pl[es(t) + X —€)f(t)], t>0, 4)
Te(s(®), )(r(t) - s(t) =y, t>0, (5)
r(0) =0, (6)
_ Y%
M=%, t>0 @)
KT (0, t) = %(T(O, )+ D,), t>0. ®)

Since inverse Stefan problems are usually ill-posed problems, it is
expected that restrictions on data have to be set in order to obtain solutions to
problem (2)-(8). The goal of this paper is to obtain necessary and sufficient
conditions on data, under which solutions can be obtained, for the fifteen
phase-change problems (2)-(8) that arise depending on the choice of the
unknown thermal coefficients. Moreover, we also expect to obtain those
solutions explicitly.

The organization of the paper is as follows: first (Section 2) we proved a
preliminary result in which necessary and sufficient conditions on data for
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the phase-change process (2)-(8) are given in order to obtain the temperature
T =T(x, t) and the unknown free boundary x = r(t). Then (Section 3),

based on this preliminary result, we presented and solved the fifteen different
cases for the phase-change process (2)-(8) corresponding to each possible
choice of the two unknown thermal coefficients among I, k, p, ¢, € and y.
Under certain restrictions on data (Ri’s inequalities), we proved that there are
twelve cases in which it is possible to find a unique explicit solution which
depends on a dimensionless parameter defined as the unique solution of a
certain equation (Ei’s equations) and that there are infinite explicit solutions
for the remaining three cases.

2. Explicit Solution to the Phase-change Process

The following theorem represents the base on which we will prove the
subsequent results.

Theorem 2.1. The solution to problem (2)-(8) is given by:

erf( X
T(x,t)=—q°ﬁerf(6jl—w O<x<s(), t>0, (9

k Jo ( o ) ’
erf| —
Ja
2
r(t) = {w + zcs}/f, t>0 (10)
0
if and only if the physical parameters satisfy the following two equations:
2
% _ |54 1k~ ¢)exp(c”/a) exp(c?/a), (11)
pl 209
kD q
erf(ijz © (1— 0 j 12
\/a (Jovam hODoo ( )
where the coefficient o, defined by:
k
o = E, (13)

is the thermal diffusivity.
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Proof. The free boundary value problem (2)-(8) has the solution [16, 19,
20]:

3 X
T(x,t)= A+ Berf (—ij, 0<x<s(), t>0, (14)
rt) = 2uvat, t>0, (15)

where coefficients A, B and u have to be found.

By imposing conditions (3)-(5), (7) and (8) on (14)-(15), we have that:

A=-— Goour erf (ij B = Govar and p = tkexp(o”/a) + -2

(16)

which corresponds to solution (9)-(10) and that the physical parameters must
satisfy equations (11) and (12). O

Hence, from Theorem 2.1, we have that there is an equivalence between
solving the free boundary value problem (2)-(8) with two unknown thermal
coefficients or solving the system of equations (11)-(12) for the same two
unknown coefficients.

3. Explicit Formulae for the Unknown Thermal Coefficients

In this section, we are presenting and solving the fifteen different cases
for the phase-change process (2)-(8) that arise depending on the choice of the
two unknown thermal coefficients. With the aim of organizing our work, we
have identified each problem by making reference to the coefficients which
is necessary to know in order to solve it (see Theorem 2.1):

Case 1. Determination of € and y.
Case 2. Determination of ¢ and I.
Case 3. Determination of y and .

Case 4. Determination of € and k.
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Case 5. Determination of € and p.
Case 6. Determination of € and c.
Case 7. Determination of y and k.
Case 8. Determination y and p.
Case 9. Determination of y and c.
Case 10. Determination of | and k.
Case 11. Determination of | and p.
Case 12. Determination of | and c.
Case 13. Determination of k and p.
Case 14. Determination of k and ¢

and
Case 15. Determination of p and c.

Moreover, we have introduced several functions and parameters which
were labeled with an index according to the number of the cases where they
arise for the first time.

Theorem 3.1 (Case 1: determination of £ and vy). If we consider the
phase-change process (2)-(8) with unknown thermal coefficients ¢ and vy,
then it has infinite solutions given by (9)-(10) with:

T k(21q8cl) (% exp(-o°/at) - 1) exp(-c2/o) (17)

and any ¢ e (0, 1) if and only if the remaining physical parameters satisfy
condition (12) and the following inequality:

0 exn(—c2/a) —
0< oo exp(-o“/a) — 1. (R1)

Proof. Owing to Theorem 2.1, we have that the phase-change process
(2)-(8) has the solution given by (9)-(10) if and only if € and y satisfy
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equation (11) and the remaining physical parameters satisfy condition (12).
Then we have from equation (11) that y must be given by (17) for any
¢ € (0, 1). To finish the proof, it only remains to observe that the coefficient

v given by (17) is positive if and only if inequality (R1) holds. O
Theorem 3.2 (Case 2: determination of ¢ and I). If we consider the

phase-change process (2)-(8) with unknown thermal coefficients € and I, then
it has infinite solutions given by (9)-(10) with:

| = Jdo eXp(_GZ/a) (18)

pcs[l + %0_08) exp(c? / oc)}

and any ¢ < (0, 1) if and only if the physical parameters hy, dg, D, o, p,
c and k satisfy condition (12).

Proof. It is similar to the proof of Theorem 3.1. O

Theorem 3.3 (Case 3: determination of y and I). If we consider the
phase-change process (2)-(8) with unknown thermal coefficients y and I, then
it has infinite solutions given by (9)-(10) with any y > 0 and | given by (18)

if and only if the parameters hy, g, D, o, p, ¢ and k satisfy condition
(12).
Proof. It is similar to the proof of Theorem 3.1. O

Remark 1. Let us observe that it follows from the previous three
theorems that, under certain conditions for the data of the problem, the
phase-change process (2)-(8) corresponding to Cases 1, 2 and 3 has an
infinite number of solutions.

Nevertheless, as we will see in the following, for the remaining cases it is
possible to obtain necessary and sufficient conditions on data in order to
obtain existence and uniqueness of solution. In each case, the solution
depends on a dimensionless coefficient & which is defined as the unique
positive solution to a certain equation. According to the notation used in this
paper, equations for the coefficient £ were labeled by making reference to the
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case in which they arise for the first time (Ei’s equations). For this reason
equations for € are not labeled in consecutive manner.

Theorem 3.4 (Case 4: determination of ¢ and k). If we consider the
phase-change process (2)-(8) with unknown thermal coefficients ¢ and Kk,
then it has the solution given by (9)-(10) with:

e=1-1f,(8), (19)
k o)’
= PC| — , 20
(¢ ) (20)
where & is the only positive solution to the equation:

opcD,, [ Jo )
X) = 1- E4
94( ) qO\/; hODoo ( )

and the real functions f, and g, are defined by:

~ 200 (90 avnf v2Y 1) v2 e v2
f4(x)_—yp00(plc exp(—x“) 1jx exp(—x“) and

g4(x) = xerf(x), x>0 (21)

if and only if the remaining physical parameters satisfy the next three
inequalities:

_ Qo
0<1 hoD,, ’ (R2)
_ %
0<1 ol (R3)
Y QO\/; o
1" TyD,, < opeD., 94( In(plc)j (R4

and any of the following three groups of conditions:

Group 1.

fa(m) > 1, (R5)
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QO\/E

1-_% AoV
opcD,,

B hoD,, ~ opcD,,

04(Cy) or 1-p 8-> 0(C2).  (R6)

where ¢; and £, are the only two positive solutions to the equation:
fa(x) =1 (22)
and n is the only positive solution to the equation:
pql—%(l —2x%) = (1 - x?)exp(x?). (23)
Group 2.
fa(n) =1, (R7)

1-_% QO\/E
hODoo opcD,,

94(n), (R8)

where n is the only positive solution to equation (23).

Group 3.
fa(n) <1, (R9)
where 1 is the only positive solution to equation (23).

Proof. We have from Theorem 2.1 that the phase-change process (2)-(8)
has the solution given by (9)-(10) if and only if € and k satisfy equations (11)
and (12). By introducing the following dimensionless parameter:

E=—==0,/— (24)

we have that the solution of the system of equations (11)-(12) is given by
(19)-(20) if and only if & is a solution to equation (E4). Then we need to
prove that the restrictions on data given in the statement of the theorem are
necessary and sufficient conditions for the existence of a positive solution to
equation (E4) and for obtaining that the coefficient & given in (19) is a
number between 0 and 1.
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We first note that equation (E4) admits a positive solution if and only if
inequality (R2) holds, because g4 is an increasing function from 0 to +oo in

R*. Henceforth, we will assume that (R2) holds.

Let us now focus on the fact that ¢ < (0, 1). On one hand, we have that ¢
is less than 1 if and only if (see (19)):

Mo exp(—e2) _
0< plcjexp( £9)-1
which is equivalent to inequality (R3) and:

£ < |og(%j. (25)

Since g4 is an increasing function and & satisfies equation (E4), by applying
function g4 side by side of inequality (25), we have that it is equivalent to
inequality (R4). Therefore, from now on, we will assume that inequalities
(R3) and (R4) also hold.
On the other hand, we have that ¢ is positive if and only if (see (19)):
f4(€) < 1. (26)

It is easy to prove that f, has a finite maximum M in R and that M = f(n)
> 0. In the following, we will study three different situations: f(n) > 1,
f(n)=1 and 0< f(n)<1 which are related to the conditions given in
Groups 1, 2 and 3, respectively.

If f(n)>1, thatis if inequality (R5) holds, then we have that & satisfies
inequality (26) if and only if:

<G or &>0Cy, (27)

where £; and £, are the only two positive solutions to equation (22). By

applying the increasing function g, side by side to both inequalities and

taking into account that & satisfies equation (E4), it follows that (27) is
equivalent to (R6).
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If f(n)=1 thatis if (R7) holds, then we have that § satisfies inequality
(26) if and only if £ = n. We now proceed as in the previous situation and
obtain that & = n is equivalent to (R8).

Finally, if 0< f(n) <1, that is if (R9) holds, then we have that
inequality (26) holds immediately. O

The previous Theorem 3.4 states necessary and sufficient conditions on
data for problem (2)-(8) under which it is possible to find the temperature
T =T(x,t), the free boundary x =r(t) and the two unknown thermal

coefficients € and k. There are also some sufficient conditions on data which
are easier to check than the necessary and sufficient conditions given in
Theorem 3.3 that enable us to find the solution to problem (2)-(8). Next,
proposition is related to those sufficient conditions.

Proposition 3.1 (Sufficient conditions for Case 4). Let us consider the
phase-change process (2)-(8) with unknown thermal coefficients ¢ and k. If
the remaining physical parameters satisfy inequality (R3) and the following
three conditions:

goVm 1 Qo oV Yo
opcDy, 94(\/4) <! hoD., ) opcDy, g4(ln(p|0)j, (R10)

0 <29 |pf o |( G0 _q)_q (R11)
pyco ( plo )\ plo

where

_ plo

= 200 (28)

\Z!

then the solution to problem (2)-(8) is given by (9)-(10) with £ and k given by
(19) and (20), being & the only positive solution to equation (E4).

Proof. Let us assume that inequalities (R3), (R10) and (R11) hold. We
have seen in the proof of Theorem 3.4 that £ and k must be given by (19) and
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(20) and that & must satisfy equation (E4). We have also seen that (R2) is a
necessary and sufficient condition for the existence and uniqueness of the
solution to equation (E4). Then, since the first inequality in (R10) implies
(R2), we have that equation (E4) admits only one positive solution.
Moreover, we have seen that ¢ given in (19) is less than 1 if and only if
inequalities (R3) and (R4) hold. Since inequality (R10) implies inequalities
(R3) and (R4), we have that the coefficient & given by (19) is less than 1.
Finally, we have also seen that the coefficient & given by (19) is positive if
and only if inequality (26) holds. The rest of the proof will be devoted to
demonstrate that the first inequality in (R10) and (R11) imply inequality
(26).

Since the coefficient ¢ given by (19) is positive, we have that

q—Oexp(—<§2) —1> 0, thatis,

plo
2 o
£ < In(plc).
Then we have (see (21)):

fa(©) < 000 exp(-e?) - 1fin R Jexp(-£2). (@9)

From the above analysis, it follows that it is enough to prove that the first
inequality in (R10) and (R11) imply that the right hand side of (29) is less
than 1. Let w, be the function defined by:

wy(x) = agx? —bgx -1, x>0 (30)

with a4 and b, given by:

2
s =20 -0 and by - 22 )s0
0262hyc plo poyc \ plo

We have that v, given in (28) is a positive root of w,. Moreover, we have

that inequalities (R3) and (R11) imply v, < 1. Since the other root of wy, is
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negative, we have that the right hand side of (29) is less than 1 if and only if
exp(=£2) < vy, thatis if and only if:

> )

Only remains to observe that this last inequality is equivalent to the first
inequality in (R10) because g, is an increasing function and & satisfies

equation (E4). O
Theorem 3.5 (Case 5: determination of € and p). If we consider the

phase-change process (2)-(8) with unknown thermal coefficients € and p,
then it has the solution given by (9)-(10) with:

e =1- f5(), (32)
_krey
p=5(2). (33)
where & is the only positive solution to the equation:
kD Jdo j
X) = 1- E5
0500 = o (1= b (E9)

and the real functions fg and gs are defined by:

fg(x) = 2q00(q?|((:c EXp( <) 1] exp(-x?) and
K G

erf (x)

O5(x) = x>0 (34)

if and only if the remaining physical parameters satisfy the following two
conditions:

oV . | 2000 ovn
qokD g5(C1) <1l- hoqlg < mln{ quO ) q?(D g5(C2)}v (R12)

where ; and C, are, respectively, the only positive solutions to equations:
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q?k exp(—x?) = x2, (35)

q?k exp(—x?) = [qu; exp(x2)+1} (36)

Proof. We have from Theorem 2.1 that the phase-change process (2)-(8)
has the solution given by (9)-(10) if and only if € and p are given by (32) and
(33), where the dimensionless parameter & (see (24)) is a solution to equation
(E5). Then we need to prove that the two restrictions given by (R12) are
necessary and sufficient conditions for the existence of a positive solution to
equation (E5) and for obtaining that the coefficient ¢ given by (32) is a
number between 0 and 1.

Since gs is a decreasing function from 2 to 0 in R*, we have that

N

equation (E5) admits positive solutions if and only if:

_ % _ 2000
0<1 hoD., < kD,

37)

Let us assume for a moment that (37) holds and focus on the fact that
g € (0,1). It is easy to see that f5 has a finite minimum m and that m =

f(n) < 0. Then we have that the coefficient ¢ given by (32) is a number
between 0 and 1 if and only if {; < & < £, with §; and &, the only two
positive numbers such that f5({;)=0 and f5({,) =1, that is the only
positive solutions to equations (35) and (36), respectively. Since g, is a
decreasing function and & satisfies equation (E5), we have that {; < & < o

is equivalent to:

y=
qigoon 05(61) <1- hoqlgw < kD, 95(C1)- (38)

Only remains to observe that inequalities (37) and (38) are equivalent to the
inequalities given by (R12). O

Theorem 3.6 (Case 6: determination of ¢ and c). If we consider the
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phase-change process (2)-(8) with unknown thermal coefficients ¢ and c,
then it has the solution given by (9)-(10) with:

e=1- fg(2), (39)
_k(eY
¢= p(s) ’ (40)

where & is the only positive solution to equation (E5) and fg is the real
function defined by:

fs(x) = 23—26(;—06 exp(—xz)) exp(=x?), x>0 (41)

if and only if the remaining physical parameters satisfy the following
condition:

Yo _ Y%
. f5( In[plcjj<l oD (R13)

and any of the following two groups of conditions:

Group 1.
Yo, vk
olo > 2000 +1, (R14)
) . [2095  goovn 1
1 hoD., < mm{—kDoO kD, f5( In(%j]}, (R15)
where
plo 2vk }
vg =5—|1+ [1+—=——|. (42)
° 2QO{ o2pl
Group 2.
G _ vk
1< olo < 2000 +1, (R16)
1% _ 20go (R17)
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Proof. It is similar to the proof of Theorem 3.4. O

Theorem 3.7 (Case 7: determination of y and k). If we consider the
phase-change process (2)-(8) with unknown thermal coefficients y and k,
then it has the solution given by (9)-(10) with:

_ 200 (90 Lo e2y 1)£2 avn( 22
= ot R exp(-£?) - 1)e2 expl-57) @3)
and k given by (20), where & is the only positive solution to equation (E4) if
and only if the physical parameters hy, dg, D,, o, |, p and c satisfy
conditions (R2), (R3) and (R4).

Proof. We have from Theorem 2.1 that y and k must be given by (43)

and (20), where the dimensionless parameter & (see (24)) is a solution to

equation (E4). As we saw in the proof of Theorem 3.4, equation (E4) admits
positive solutions if and only if inequality (R2) holds.

To complete the proof, it only remains to observe that the coefficient y

given by (43) is positive if and only if 0 < F?I—%exp(—E_\Z) —1 and as we also
saw in the proof of Theorem 3.4 that this inequality is equivalent to
inequalities (R3) and (R4). O

Theorem 3.8 (Case 8: determination of y and p). If we consider the
phase-change process (2)-(8) with unknown thermal coefficients y and p,
then it has the solution given by (9)-(10) with:

y = 2qpo (UIOCG exp(-£%) 1J exp(~£2) (44)

k-9 Kk &

and p given by (33), where & is the only positive solution to equation (E5) if
and only if the physical parameters hy, dp, D,, o, k and c satisfy
conditions (R2), (R17) and:

kDoo Jdo
gs(n) < - (1— hoDoo)’ (R18)
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where gg is defined in (34) and n is the only positive solution to the
equation:

2
Co exp(—x
Soco epCXT) _y, (45)

Proof. We have from Theorem 2.1 that y and p must be given by (44)
and (33), where the dimensionless parameter & (see (24)) is a solution to
equation (E5). As we saw in the proof of Theorem 3.5, equation (E5) admits
a positive solution if and only if inequality (37) holds, that is if and only if
inequalities (R2) and (R17) hold.

We also have that the coefficient y given by (44) is positive if and only
if:
ug(&) > 0, (46)

where ug is the real function defined by:

2
ugm=9$999%il—L X > 0. (47)

Since ug is a decreasing function from +oo to -1 in R*, we have that

equation (45) has only one positive solution n. Therefore, inequality (46)
holds if and only if & <mn. It only remains to observe that & <n is

equivalent to condition (R18) because g5 is a decreasing function and &
satisfies equation (E5). O
Theorem 3.9 (Case 9: determination of y and c). If we consider the

phase-change process (2)-(8) with unknown thermal coefficients y and c,
then it has the solution given by (9)-(10) with:

and c given by (40), where & is the only positive solution to equation (E5) if
and only if the physical parameters hy, qp, D,, o, |, k and p satisfy
conditions (R3), (R13) and (R17).
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Proof. It is similar to the proof of Theorem 3.8. O

Theorem 3.10 (Case 10: determination of | and k). If we consider the
phase-change process (2)-(8) with unknown thermal coefficients | and k, then
it has the solution given by (9)-(10) with:

% 1 exp(gz) )
= po|,, peoyl—¢) 2 exp(-£7) (49)
20p

and k given by (20), where & is the only positive solution to equation (E4) if
and only if the physical parameters hy, gy and D,, satisfy condition (R2).

Proof. It is similar to the proof of Theorem 3.7. O

Theorem 3.11 (Case 11: determination of | and p). If we consider the
phase-change process (2)-(8) with unknown thermal coefficients | and p, then
it has the solution given by (9)-(10) with:

2
| = quCG ,Yk(l 1) exp(gg ) (50)
1 e & p(e?)
and p given by (33), where & is the only positive solution to equation (E5) if
and only if the physical parameters hy, qg, D, and k satisfy conditions

(R2) and (R17).
Proof. It is similar to the proof of Theorem 3.8. O

Theorem 3.12 (Case 12: determination of | and c). If we consider the
phase-change process (2)-(8) with unknown thermal coefficients | and c, then
it has the solution given by (9)-(10) with:

_ % 1 2
po| 1, K2 e exp(-£°) (51)
2qg0

and c given by (40), where & is the only positive solution to equation (E5) if
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and only if the physical parameters hy, ¢y, D, and k satisfy conditions
(R2) and (R17).
Proof. It is similar to the proof of Theorem 3.8. O

Theorem 3.13 (Case 13: determination of k and p). If we consider the
phase-change process (2)-(8) with unknown thermal coefficients k and p,
then it has the solution given by (9)-(10) with:

(=0T o ey (52)
D (1— Ao j
*(* " hyD,,

p= % 04(2) (53)

where the real functions g, and g5 are defined in (21) and (34), & is the

only positive solution to the equation:
a
913(X) = %3 hy3(x) (E13)
13
and the real functions gi3 and hy3 are defined by:

013(x) = %8:)2) and hy3(X) = X + bgexp(x?)erf(x), x>0 (54)

with

a

— ZCDoo (1 _ Jdo )2 b.l. — Y\/;(l - 8)
37 IWn hD, ) ' oD [1- %0 )
*® hgD,,

_ ~ Yo

if and only if the physical parameters hy, gy and D,, satisfy condition (R2).

Proof. On one hand, we have from Theorem 2.1 that the phase-change
process (2)-(8) has the solution given by (9)-(10) if and only if k and p
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satisfy equations (11) and (12). Since inequality (R2) is a necessary condition
for the existence of a solution to equation (12), now and on, we will assume
that inequality (R2) holds.

On the other hand, the solution to the system of equations (11)-(12) is
given by (52) and (53), where the dimensionless parameter & is a solution to
equation (E13). It only remains to observe that equation (E13) admits a

positive solution since g3 is a decreasing function from +oo to 0 in R* and

hy3 is an increasing function from 0 to +oo in R™. O

Theorem 3.14 (Case 14: determination of k and c). If we consider the
phase-change process (2)-(8) with unknown thermal coefficients k and c,
then it has the solution given by (9)-(10) with k given by (52) and:

Jn
0= O 0a(E), (56)
Gpr(l_ hODoo)

where the real function g, is defined in (21), & is the only positive solution

to the equation:

a14914(X) = Ma(x) (E14)

and the real functions g14 and hy, are defined by:

014(x) = (Fj_% exp(-x?) —1)x and hy4(x) = erf (x)exp(x?), x>0 (57)

with

_ 2Doo . Jdo
4 = yWr(l-¢) (1 hODoo) 9

if and only if the remaining physical parameters satisfy conditions (R2), (R3)
and

914(n) > hia(m), (R19)
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where 1 is the only positive solution to the equation:
Yo 1 _ox2) = 2
oo (1-2x°) = exp(x“). (59)

Proof. It is similar to the proof of Theorem 3.13. O

Theorem 3.15 (Case 15: determination of p and c). If we consider the
phase-change process (2)-(8) with unknown thermal coefficients p and c,
then it has the solution given by (9)-(10) with

do exp(-£°)
P=1c - : (60)
L H T g
K vk(L-¢) 2. 0.2 2
¢ = oo |1+ D exp(e) [ exp(c2), (6)

where & is the only positive solution to equation (E5) if and only if the
physical parameters hy, g9, D, o and k satisfy conditions (R2) and (R17).

Proof. It is similar to the proof of Theorem 3.13. O
4. Conclusions

In this paper, we have studied the simultaneous determination of two
unknown thermal coefficients for a semi-infinite material which was under a
solidification process with a mushy zone according to the model of Solomon,
Wilson and Alexiades. The unknown thermal coefficients were chosen
among the latent heat by unit mass, the thermal conductivity, the mass
density, the specific heat and the two coefficients that characterize the mushy
zone. We have assumed that the evolution in time of one of the two free
boundaries of the mushy zone, the bulk temperature and the coefficients that
characterize the heat flux and the heat transfer at the fixed face were known.
We have assumed that the solidification process ensued from a heat flux
imposed at the fixed boundary and we have overspecified the associated free
boundary value problem aiming at the simultaneous determination of the
temperature in the solid region, the unknown free boundary and two
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unknown thermal coefficients. We have first proved a preliminary result
where necessary and sufficient conditions on data for the phase-change
process were given in order to obtain the temperature and the unknown free
boundary. Then, based on this preliminary result, we have presented and
solved the fifteen different cases for the phase-change process corresponding
to each possible choice of the two unknown thermal coefficients. We have
proved that, under certain restrictions on data, there are twelve cases in
which it is possible to find a unique explicit solution and that there are
infinite explicit solutions for the remaining three cases. For each case, we
have given formulae for the temperature, the unknown free boundary and the
two unknown thermal coefficients with the necessary and sufficient
conditions on data in order to obtain them.
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