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Abstract A two-phase solidification process for a one-dimensional semi-infinite material is
considered. It is assumed that it is ensued from a constant bulk temperature present in the
vicinity of the fixed boundary, which it is modelled through a convective condition (Robin
condition). The interface between the two phases is idealized as a mushy region and it is
represented following the model of Solomon, Wilson, and Alexiades. An exact similarity
solution is obtained when a restriction on data is verified, and it is analysed the relation
between the problem considered here and the problem with a temperature condition at the
fixed boundary. Moreover, it is proved that the solution to the problem with the convective
boundary condition converges to the solution to a problem with a temperature condition when
the heat transfer coefficient at the fixed boundary goes to infinity, and it is given an estimation
of the difference between these two solutions. Results in this article complete and improve
the ones obtained in Tarzia (Comput Appl Math 9:201-211, 1990).
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1 Introduction

Phase-change processes involving solidification or melting are present in a large number of
phenomena related to physics, engineering, chemistry, etc., and they have widely been studied
since several decades. Some reference books in the subject are Alexiades and Solomon (1993),
Cannon (1984), Crank (1984), Fasano (2005), Gupta (2003), Lunardini (1991), Rubinstein
(1971), and a review of a long bibliography on moving and free boundary value problems
for the heat equation can be consulted in Tarzia (2000). Sometimes, liquid in solidification
processes is cooled until the phase-change temperature without becoming solid. This implies
the presence of a region in the phase-change process containing the material at a special
solid-liquid state, which is known as mushy region (Alexiades and Solomon 1993; Crank
1984; Gupta 2003). In this article, we consider a one-dimensional semi-infinite homogeneous
material undergoing a two-phase solidification process with a mushy zone. This sort of
problems was studied in Tarzia (1990) for boundary conditions of Dirichlet or heat flux type.
We follow it, which is inspired by the model given for Solomon, Wilson and Alexiades in
Solomon et al. (1982) for the one-phase case, to represent the mushy region. Encouraged by
the recent relation between the classical (absence of mushy zone) two-phase Stefan problems
with temperature and convective boundary conditions (Tarzia 2017), we consider here the
following free boundary value problem:

101, (x, 1) =61,(x,1) 0<x<s(t), t>0, (la)
axth, (x,1) =0, (x,1) x>r(), t>0, (1b)
s(0)=r0) =0, (1c)
O01(s(®), 1) =02(r(t),t) =0 t >0, (1d)
02(x,0) = 62(400,1) = Oy x>0, t>0, (le)
k161, (s(t), 1) — kot (r(t),t) = plles(t) — (1 — )i (t)] t >0, (If)

01, (s(0), D)) —s@) =y 1>0, (lg)

k101,(0,1) = % @100, 1) + Doo) t >0, (lh)

where the unknowns are:

6, : temperature of the solid region (°C)

6, : temperature of the liquid region (°C)
s : free boundary separating the mushy zone and the solid phase (m)
r : free boundary separating the mushy zone and the liquid phase (m)

and the physical parameters involved in the model are:

p > 0: mass density (kg/m?)
k > 0 : thermal conductivity [W/(m°C)]
¢ > 0: specific heat [J/(kg°C)]
[ > 0 : latent heat per unit mass (J/kg)
0 <€ < 1: coefficient characterizing the amount of latent heat contained in the mushy
region (dimensionless)
y > 0 : coefficient characterizing the width of the mushy region (°C)
6p > 0 : initial temperature of the material (°C)
—Dy < 0: external bulk temperature at the boundary x = 0 (°C)
ho > 0: cg)/ezfﬁcient characterizing the heat transfer at the boundary x = 0 [kg/(°C
s79)]
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@ =4 >0: thermal diffusivity (m”s~")

and the subscripts 1 and 2 refer to solid and liquid phases, respectively.
We note that we are making the following assumptions on the mushy region (Tarzia 1990,
2015b; Solomon et al. 1982):

1. It is isothermal at the phase-change temperature, which we are considering equal to 0
°C.

2. It contains a fixed portion of the total latent heat per unit mass [see condition (1f)].

3. Its width is inversely proportional to the gradient of temperature [see condition (1g)].

We also observe that, by considering the convective boundary condition (1h), we are
thinking of a solidification process ensued due to the constant temperature — Dy, present in
the vicinity of the fixed boundary x = 0 of the material, which is often represented through
physically less appropriate boundary conditions of Dirichlet type (Carslaw and Jaeger 1959).
Convective boundary conditions have been also used in the context of phase-change processes
in, for example, Zubair and Chaudhry (1994), Beckett (1991), Cadwell and Kwan (2009), Foss
(1978), Grzymkowski et al. (2013), Huang and Shil (1975), Lu (2000), Roday and Kazmiercza
(2009), Sadoun et al. (2009), Singh et al. (2011), Wu and Wang (1994), Briozzo and Tarzia
(1998), Boadbridge (1990). Especially, a heat transfer coefficient inversely proportional to the
square root of time time, it was also considered in Zubair and Chaudhry (1994). Finally, we
note that we are assuming that the temperature varies moderately. This allows us to consider
(piecewise) constant thermophysical properties (Alexiades and Solomon 1993; Carslaw and
Jaeger 1959). Even though when the latter adjusts well with most materials, more realistic
approaches could be considered. For example, a density jump through the interface or a
temperature-dependent thermal conductivity might be introduced in the model. As examples
of these sort of generalizations we mention here Ceretani and Tarzia (2014) and Solomon
et al. (1982).

In the following (Sect. 2), we give a characterization for the existence and uniqueness of
an explicit similarity solution to problem (1) in terms of the existence and uniqueness of a
positive solution to a transcendental equation. We then prove that it has only one solution if and
only if data verify a certain condition. Then, (Sect. 3), we analyse the relation of problem (1)
with the problem (1*) given by (1a)—(1g) and the following temperature boundary condition:

01(0,t) = =Dy, t>0 (Do > 0), (1h*)

and we establish when both problems are equivalent. Finally, (Sect. 4), we prove that the
solution to problem (1) converges to the solution to problem (1*), that is the special case
of problem (1*) in which the temperature boundary condition is given by:

01(0,1) = =Dy, t >0, (1h%)s

when the heat transfer coefficient goes to infinity. Moreover, we obtain that the difference
between the two solutions is O (%) when hg — o0.

2 Existence and uniqueness of solution

In this section, we will look for a similarity solution to problem (1). By following the classical
method of Neumann (Weber 1912), that is, by introducing the similarity variables:

X X

2. ot "= 2. Jort’

n =
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and proposing a solution defined by:

O (x, 1) = 01(m) 0<x<s(), t>0,
Or(x, 1) = 62(n2) x >r(t), t>0,
s(t) =2t t >0,
r(t) = 2us/ast t >0,
with & and p positive numbers to be determined, we obtain that #; and 6, must be given by:
01(x,t) = A1 + Byerf(n) 0<x<s(@), t>0,
02(x,t) = Ar + Brerf(i) x>r(), t>0,

where A1, Az, By, and B; are real numbers that must be specified from conditions (1d)—(1h),
and erf is the error function defined by:

2 X
erf(x) = ﬁ/ exp(—yz) dy, x>0.
0

Through conditions (1d) and (1h), we obtain that:

_ Do erf (E ) _ Do
erf(§) + hoJaV erf(g) + hoﬂ >
and from conditions (1d) and (1e) that:
0p erf [
Ay = _M and B = 70’
erfc(u) 1 — erfc(p)

where erfc is the complementary error function defined by:
erfc(x) =1 —erf(x), x> 0.

Exploiting condition (1g) we have that the parameters £ and p, which characterize the two
free boundaries of the mushy region, are related as:

= Jan W), 0]

where o is the number defined by:

aq
ap = — > 0,
)

and W is the function defined by:

YT

k

W(x) =x+ 2D eXp(x2) (erf(x) + i ;17T> , x>0. 3)

Finally, through condition (1f), we have that £ must be such that:

F(&) = o —G(é),
Doocy
where F and G are the functions defined by:
2 2

Ook exp (—appW=(x

Flx) = exp(—x ) ovkaca exp (—aaW2(x)) £>0 (4a)
erf(x) + " Deokic; erfe (Van W)

hoq/oqﬂ
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n (1 -y

2D

G(x) = exp(xz) (erf(x) + x > 0. (4b)

o)

Then, we have the following result:

Theorem 2.1 The Stefan problem (1) has the similarity solution 0y, 6>, s, and r given by:

Do erf(g) . erf (zm)

O1(x,t) = — 0<x<s(t), t>0, (5a)
erf(§) + i erf (&)
erf
by, 1) = 20 (2*/07) x>r@), t>0, (5b)
erfe(u) erf(u)
s(t) =2E ot t >0, (5¢)
r(t) = 2u~/ant t>0, (5d)
with  given by (2), if and only if & is a solution to the equation:
F(x) = Nl G(x), x>0, 6)
Doocl

where F and G are the functions defined in (4).

Therefore, finding a similarity solution to problem (1) reduces to studying Eq. (6). We
begin this by introducing some functions related to Eq. (6) and some properties of them. Let
F1 and F, be the functions defined by:

2
Fie) = —22EY) x>0, ™
erf(x) + hoW
Py = SR, 0. ®
erfc(x)
Then, (4a) can be rewritten as:
Bokoco
F(x)=Fi(x) - ————F (VanW)), x>0. )
Door/kicq ( )
Lemma 2.1 1. The functions W, Fy, and F, defined by (3), (7), (8), respectively, verify:
vki
WO = ——, w =+o00, W 0 Vx>0, (10
0™ Dot (+00) = 400 (x) > x> (10a)
" hoJoa ,
Fi1(0") = B — > 0, Fi(400) =0, Fi(x) <0 Vx>0, (10b)
1
FOY) =1, Fy(+00) = 400,  Fi(x) >0 Vx>0. (10c)

2. The function F defined by (4a) verifies:
h Bo/k k
Foh = toveT - bovkaer ( vk )

2
ki Doom 2D<>0h0\/072
F(4+00) = —00, F'(x) <0 Vx >0. (11)
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3. The function G defined by (4b) verifies:

GOty = LZOYK G oo) = 400, Gl(x)=0 Vx>0, (12)
2Doohg /ay
Proof 1t follows from elementary computations. O

Then, we have:

Theorem 2.2 Equation (6) has an only one positive solution if and only if the coefficient hg
verifies the following inequality:

ho > hy, (13)
where h is defined by:
nr — _ vk (14)
0 2Doo77»\/ o2 '
withn =n (%, (190731)’ the only one solution to the equation:
F3(x)=0, x>0, (15)

and the function F3 is defined by:

ykiJ/7 1 n (1—elym
— X,
200k, x Boco
Proof 1t follows from the properties of the functions F, G given in Lemma 2.1 that Eq. (6)
admits an only one positive solution if and only if:
l
F(O") > Dﬂc(oﬂ. (17)

oCl

F(x) = Fa(x) — x > 0. (16)

Let us observe that, using the function F3 given by (16), (17) can be rewritten as:

A=) oo (18)
3 2Dsohg /o '
Let F4 be the function defined by:

ykiJo 1l (1 —elym
- X,
200k, x Boco

Fu(x) = > 0.

Since
F3(x) = Fo(x) — Fu(x), x>0,

it follows from the properties of the function F, given in Lemma 2.1 and the fact that Fy
verifies:
F1(0") = —00, Fy(+00) = 400, F;(x) <0 x >0,

that F3 is such that:
F3(07) = —00, F3(4+00) = +00, Fj(x)>0 x> 0.
Therefore, (18) holds if and only if:

vki

0< —— <
2Dosohg /o

UR 19)

where n = 7 (%, %) is the only one positive solution to Eq. (15). Only remains to
observe that inequality (19) is equivalent to (13). O
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From Theorems 2.1 and 2.2, we can establish now the main result of this section:

Corollary 2.1 The Stefan problem (1) has the similarity solution given by (5) if and only if
the coefficient hg that characterizes the heat transfer coefficient at the boundary x = 0 is
large enough so much as to verifies inequality (13).

Remark 1 In Tarzia (2015b), it was obtained an explicit similarity solution for a one-phase
solidification process with a mushy zone according to the model of Solomon et al. (1982).
We note that Theorem 2.1 reduces to Theorem 1 in Tarzia (2015b), in which the explicit
solution is established when it is considered an initial temperature for the liquid phase equal
to the phase-change temperature. That is, when 6y = 0, we have that the solution presented
in this article coincides with the solution given in Tarzia (2015b) and that the hypothesis on
the heat transfer coefficient under which we have the solution is equivalent to the one given
in Tarzia (2015b).

In Tarzia (2017), it was obtained an explicit similarity solution for a two-phase solidifica-
tion process without any mushy region. We also have that Theorem 2.1 reduces to Theorem
2 in Tarzia (2017), in which the explicit solution is obtained, if we think of a mushy region
of zero thickness. In other words, when ¥ = 0, we have that the solution obtained here
coincides with the solution given in Tarzia (2017) and that the condition for the heat transfer
coefficient is equivalent to the one given there.

3 Relation between the problems with convective and temperature
boundary conditions

As we have mentioned before, convective boundary conditions are physically more appropri-
ate to represent a temperature imposed at the boundary of a material (actually, in the vicinity
of) than conditions of Dirichlet type (Carslaw and Jaeger 1959). Nevertheless, Dirichlet con-
ditions are frequently encountered in the literature modelling this sort of situations. Thus,
we are interested in analysing the relationship between the problems with the two types of
conditions. In other words, in how problems (1) and (1*) are related.

Let us start by considering problem (1) with A satisfying condition (13). We know from
Corollary 2.1 that it has the similarity solution given by (5), where £ is the only one positive
solution to Eq. (6). Since

D f
61(0, 1) = L@)’
erf(§) + hoﬁ
we will consider problem (1*) with Dy defined as:
D f
Dy = L@) > 0. (20)

erf (§) + hoﬂ

We know from Tarzia (1990) that this problem has the similarity solution given by:

erf
0r (e, 1) = —Do [ 1 (2*/‘7) 0<x<s*(t), t>0, (21a)

erf (%)

B erf(u*) [ ©F (zr)

@), t>0 21b
erfc(u*) erf (u*) x>r®, >0, (21b)

03(x. 1) =
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s¥(t) = 28" Jaqt t>0,
() = 2u" Voot t>0,
where u* is given by:
W= Janp Wy,
£* is the only one solution to the equation:
l
Fow) = YT Gy, x =0,
Dycy
and Wy, Fp, and G are the functions defined by:
Wo(x) = x + v exp(x2) erf(x) x >0,
2Dg
exp(—x?)  fovkaca exp (—annWo?(x))
Fo(x) = - x>0,
erf (x) Dovkicy erfe (a2 Wo(x))
1—
Go(x) =x + % exp(xz) erf(x) x > 0.
0

(21¢)
@21d)

(22)

(23)

(24a)

(24b)

(24¢)

Exploiting the fact that £ satisfies (6), it follows that it is also a solution to Eq. (23). In fact,
when Dy is given by (20), we have that:

exp(—€2)  Bov/kacy @) +

_ hom
PE="06 " Duvhe i@
x Fs (WQ (s 4 Zl‘f exp(6?) (erf@) - W»)
erf(§) + ho\/ﬁ Bo/ka2Ca
= —erf(g) [Fl(“?) - 7Doo Tc ) (\/(X12W(‘§))]
B erf (§) + hodﬁ erf(“g‘) + hokiﬁ NG o
BT T [Doocl @)]
erf(§) + = | f -
- Wr i (s 4 gyﬁexp@%erf@))
oc1 erf(§) + hoﬂ 0
_ T
= o G0

Therefore, £ = £*. From this, it is easy to see that 4 = u*, 6 = 0}, and 6, = 6;.

Then, we have the following theorem:

Theorem 3.1 If hg satisfies condition (13), then the similarity solution (5) to problem (1)

coincides with the similarity solution (21) to problem (1*) when Dy is given by (20).

Let us consider now the problem (1*). It follows from Tarzia (1990) that it has the similarity
solution given by (21), where £* is the only one positive solution to Eq. (23). Let D, > Do

and let g > 0. Since
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if and only if:
ki1 Do

ho = &1 (Doo — Do) erf (6%

we will consider problem (1) with Dy, > Dy and h( given by (25). As before, by considering
that £* satisfies equation (23), it can be shown that £* is a solution to equation (6). Then,
we have from Theorem 2.1 that problem (1) admits the similarity solution given by (5) with
& = &*. Moreover, Corollary 2.1 implies that kg satisfies (13), which, in this case, can be
written as:

0, (25)

2DoxDon

rf (§* .
ertE) < ¥ (Doo — Do)/Tay2

(26)

Then, we have the following theorem:

Theorem 3.2 The similarity solution (21) to problem (1*) coincides with the similarity solu-
tion (5) to problem (1) when Do, > Dg and hy is given by (25). Moreover, the parameter £*
that characterizes the free boundary separating the solid phase and the mushy region verifies
the following inequality:

27

2D D
erf(s*)<min{1, o007 }

Y (Doo — Do) /Taq2

where 1 is the only one solution to Eq. (15).

Therefore, in the sense established by Theorems 3.1 and 3.2, we have that problems (1)
and (1*) are equivalent.

Corollary 3.1 The parameter £* that characterizes the free boundary separating the solid
and mushy regions in problem (1*) verifies the following inequality:

mv<'{12m"} (28)

er <min{l, ———

Y/Ta12

where 1 is the only one solution to Eq. (15).

Proof 1t follows by making Do, — o0 into both sides of (26). O
. . . . 2Don

Remark 2 Inequality (28), which is physically relevant when ” Jz;)Tn < 1, has already been

obtained in Tarzia (1990) through the relationship between problem (1*) and the problem
consisting in (1a)—(1g) and the following flux boundary condition:

k00,0 =22 150 (g0>0)

N

4 Asymptotic behaviour when kg — +o00

From a physical point of view, if we were able to consider an infinite heat transfer coefficient
at x = 0, the convective boundary condition (1h) could be replaced by the temperature
boundary condition (1h*). Thus, it is reasonable to expect that the solution to problem (1)
converges to the solution to problem (1*),, when the heat transfer coefficient increases its
value. In this section, we will analyse this sort of convergence, which was already proved
for some other Stefan problems in Ceretani and Tarzia (2014), Ceretani and Tarzia (2015),
Ceretani and Tarzia (2016).
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For each hg satisfying (13), we will consider problem (1) and we will denote its solution
as 01, ny» 02,19» Shy» and rp,. The solution to problem (1*), will be referred to as 6 ., 65 .,
55, and r} .

The main result of this section is as follows:

Theorem 4.1 The solution to problem (1) given by (5) punctually converges to the solution
to problem (1*)so given by (21), when hy — o00. Moreover, the following estimations holds
when hg — o0:

Olng(x, 1) — 01 00(x, 1) = 0O (%) Vx>0,t>0, (29a)
2.y (X, 1) — 62 00(x, 1) = 0O (%) Vx>0,t>0, (29b)
Sho (1) — Soo(t) = O <h710> t >0, (29¢)
Thy(t) —Teo(t) = O <h—10> t > 0. (29d)

The key to prove Theorem 4.1 is the fact that &, — &0 = O (%) when hg — 00. We
will first prove it and then we will back and give the demonstration of Theorem 4.1.

Hereinafter, we will refer to the functions F', G, W, Fj related to problem (1), as Fj,, Gp,,
Why» F1,ny, respectively. Analogously, we will refer to the functions Fy, Gy, Wy associated
with condition (1h*) g, as Fao, G oo, Woo. Thatis, Foo, G o, Woo Will be the functions defined
by:

exp(—x?)  Oov/kaca exp (—an Wi (x))

Foo(x) = — x>0, 30a
00 (¥) erf(x) Dookicy erfc (4 /oquoo(x)) (30a)
1 —
Gool) = x + LYV o) exf(x) x>0, (30b)
2Dq
Woeo(x) =x + Vv exp(xz) erf(x) x > 0. (30c)
2Dy
Finally, let J;, Joo be the functions defined by:
Fpy (x)
Jpo(x) = == , x>0, (31a)
! Gy (x)
Foo(x)
J = , 0. 31b
o0 (X) Gol) x> (31b)
Using the functions Hj,, and Hs, defined by:
Gy (x)
Hpy(x) = ) x >0, (32a)
! Fi g (x)
G
Hoo(r) = 222 x>0, (32b)
F1,00(x)
where the F  is the function given by:
2
exp(—x~)
F = — 0,
1,00(X) erf(x) x>
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it follows that (31) can be written as:

1 Ookocy 2 («/0612Wh0(x))

Jpo(x) = — , x>0
0 Hho(x) Deo/ kicy Gho(x)
1 bovkacy Fi (Vi Weo(x))
Joo(x) = — , x>0
Hoo (x) Deor/kicy Goo(x)
Lemma 4.1 1. The function Jy, defined by (31a) verifies:
I (07) >0 Yho > hy,
J/,O(x) <0 Vx € (0, vpy), Yho = h7,

where hi is a positive number, such that:
1 k 1
1p L7> <z
hy 2D Jan hy

L
o~/ pkacy’

and vy, is the only one solution to the equation:

with:

Jny(x) =0, x>0, ho > hj.
2. The function J~ defined by (31b) verifies:

Joo(0F) = +00
Jo(x) <0, Vx € (0,vx),

where Voo is the only one solution to the equation:
Joo(x) =0, x> 0.
Proof 1. We have from Lemma 2.1 that:

1 2DgaiJT <ho>2
Hp(0H) (1 —ey \k

o +
B (&W D) 2p o yar F2< vk )
Gh0(0+) (1 —e)yk; 2Dsohg /o

Then:

0= 20T () (1= Lo ()
IO ="0"0, ) ! he ™ Gnanevas ) )

where ¢ is defined by (36). Therefore, Jp, (0™) > 0if and only if:
1 vk 1
R
ho' (wmﬁaz ho) ¢
Let F5 be the function defined by:

1 1
F5(x):;F2< ) x > 0.

X

(33a)

(33b)

(34a)
(34b)

(35)

(36)

(37)

(38a)
(38b)

(39)

(41

(42)
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Since Fs verifies:
F5(07) = 400, F5(+00) =0, F5(x) <0 Vx>0,

it follows that there exists a positive number h‘i’ > ha which verifies (35). Moreover, as
we know from Lemma 2.1 that F> is an increasing function, we have that (42) holds for
any ho > hy.

It follows from (34a) and the properties of the function Fj, given in Lemma 2.1, that
there exists an only one solution vy, to the Eq. (37) for any hg > h7}. Moreover, since

Fy(x) >0 Vx € (0,v,), Vho > h, (43)

it follows from the Leibnitz rule and the properties of the functions F }'/10’ G;m given in
Lemma 2.1 that (34b) holds.
2. Itis similar to the proof given for Jj, in the previous item.
]

Lemma 4.2 [. Let h7 be as in Lemma 4.1. The sequence of functions {Jho }h0>h* has the
="1

following properties:

(a) Jny(x) = Joo(x) when hg — o0, for all x € RT.
(b) If iy < b < hP, then:

J,w ) < Jo(x) Yx e ©,v,m), 44)
0 0 0
where Vv, is defined as in Lemma 4.1.
0

2. {Sho } hosht is an increasing sequence of numbers which converges to &, when hg — o0.
="1

Proof 1. Let h7 be as in Lemma 4.1.

(a) It follows immediately from the definitions of Jj, and Js.

(b) Since
oF
W@ o vy oo, (45)
dhg
it follows that: W
W@ o vy o
dhg
Then, as we also know from Lemma 2.1 that F; is an increasing function, we have
that:
b
o (F2 (Var2Wpy(x))) <0 Vx> 0.
Therefore: OF,
W@ o vy s o0, (46)
dhg
We also have from (45) that:
oG
3G vy~ o, 47)
dhg
Then, it follows from (43), (46), (47), and the Leibnitz rule that:
9Jp, (x)

oho >0 Vx e (0, vp).
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Therefore, {vy, } ho=pe 18 an increasing sequence of numbers and (44) holds.
="

2. It is a direct consequence of the previous item and the definitions of &, and £, as the
only one solutions to the Egs. (6) and (23), respectively.

Lemma 4.3 Let h} be as in Lemma4.1. Then, there exist a positive function J and a number
hy* > hi, such that:
J (x) .
[T (¥) = Joo ()| < Thoo VX € g vl Yho = A (48)
where vy, is defined as in Lemma 4.1.
Therefore, the following estimations holds when hg — oo:

1
€y — €0 =0 <h7> (49a)
0
1
s — oo = O (h—) (49b)
0

Proof Let be hg > h}. We have from Lemma 4.2 that:

Hyy(x) — Hoo(x) 6y /Kaca (Fz (Va2 Wiy () F» (~/70!12Woo(x)))

HooHpy(x)  Doov/Ricy -

0= Jool) = I (0 = Gy @) Goo(X)

(50)
forall x [éhT, Vpo -
On one hand, we know from Tarzia (2015b) that there exist a positive function 71 and a
number hg* > A7, such that:

0 < Hig() ~ o) = 00 v g ) Yhoz 0 1)
0
Then, since {Hh0 } hosht is a decreasing sequence of functions which punctually converges
=0,

to Hy, when hg — o0, it follows that:
Hpy(x) — Hoo(x)  J2(x)

0< < . VX €&, vngl, Yho = i, (52)
Hoo(¥) Hpy (X) o K 0
where 7, is the function defined by:
J1(x)
= , 0. 53
Ja(x) HZ (x) > (53)

On the other hand, since { Why } ho=he is a decreasing sequence of functions which converges
=70
to Ws when hg — oo and F» is an increasing function, we have that:

0 < By (VanWi () = F2 (VaizWeo (), Vx € [+, vigl, Yho = hg'. (54)

Then, as {G ho } hosht* is a decreasing sequence of functions which punctually converges to
=70
G When hg — 00, it follows that:

B (Ve Wi () P2 (Ve Weo ()

0
Gy (%) Goo(x)
1
<3G ) (F2 (Va2 Wiy (x)) = F2 (Vo Weo(x))) (55)
J3(x)

< . Yx € [&pgr vnl, Yho = Ay
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where 73 is the function defined by:

Loyk) exp(x?)

S 5 G

> 0, (56)

and L is a Lipschitz constant for F» in [Woo (5’16*)’ Wh(*)*(voo)]. Henceforth, we have from
(50), (52), and (55) that (48) holds when we consider the function 7 defined by:

Bokoco
Doorkicy

To prove (49a), we will use some geometric arguments. Let 7" be the right triangle with
vertices P1(§ny, Jhg(6no))s P2(8ngs Joo(§ny)), and P3(§cc, Joo(500)). Then, we have that:

Joo(gho) - Jho (gho)
tan (o)

Jx) =D(x)+ J3(x), x>0. (57)

0<500_Sh0=

) (58)

where oy, is the inner angle of T with vertex P3. Let also be tan(cp,), @n, € (0, 7), the
slope of the secant line to the graph of J, which contains the points P> and P3, and let be
tan(,g, B € (0, ), the slope of the tangent line at P3 of the same graph. Since &;, < £~ and
Joo 1s a decreasing convex function in [éhG«, Voo ], We have that:

Gny < B and @y, B € (%,TL’).

Then:
tan(ay,) > tan(—B) = —J. (Exo) > 0, (59)
since o, = w — &p,. Therefore, it follows from (48), (58), and (59) that:
T Eny) 1
0 — —2 2 — VYho>hy. 60
<$OO Eh0<—.]éo($oo)h() 0= Ny ( )
We know from Tarzia (2015a) that .77 can be considered as given by:
k  exp(—x2 T 1 1
Ji(x) = # x+7/(1—6)£ .
Jrag erf2(x) Doo Fipg(X) | Fio0(x) Fy g (x)
Then:
2
Fi.oo(Eny)  k  exp(=§j) JT 1 1
T2(Eny) = —; Eng +y(l —e)— <My,
T Gl JTan erf?(&) Doo Fips (6ng) | Fiig (6no)
(61)

where M is the number defined by:
k Fi 00 (€pg) yd—eymT 1
= 2 ) Voo + > 0.
VA G, () F1 g (Vo) exf? (Epee) Dos  Fipg(veo)

We also have that:

M

Oov/'kac2
Doorkicy
where M5 is the number defined by:
_ OoLyki/kaco exp(vgo)
2D2 Vkiciay Goo(Epp)”

J3(x) < M, (62)

Ma
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Then, it follows from (60), (61), and (62) that:

M
0 <éc0—6ny < " Yho = hy', (63)
0
where M is the number defined by:
Mo MM
—J5 )
Then, (49a) holds.
Finally, we have that:
M b1
litho — too| < Vanz [ = + yym (exp(£2,) erf (o) — exp(&,) erf (€ny))
ho 2D
2,91 exp(vgo) 1
2D /o1 hg
< M Vho = h",
ho

where M3 is the number defined by:

yvaLe\ | vkiexp(l)
M3z = Jain (M ( + 3D ) + Do Ja; >

and Lg is a Lipschitz constant in I:é;:ha*, voo] for the function Fg defined by:

Fo(x) = exp(x2) erf(x), x> 0.

We are now in a position to prove Theorem 4.1:

Proof of Theorem 4.1 Letbe x > 0 and t > 0. We have that:

Do 1 1 ho /a1
011y (X, 1) — O oo (X, 1)| € —————2 [1 + ( (erf (5xo)
10 - 1+ LT exf (g0) ho erf(p)) \ ki =
—erf(£n)) + 1)]
< Mo yng =y,
0

where My, is the number defined by:

o0 L./
M, = b [1+ ! ( “‘”M+1)]>0
1+ Vzllﬂ erf(é—'hg‘) erf(§o0) ki

and L is a Lipschitz constant for the error function. Then, (29a) holds.
We also have that:

26y
erfc? (ioo)

M ok
02,10 (x, 1) = 02,00(x, )| < (erf(oo) — erf(uny)) < hsz Vho > hy,
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where My, is the number defined by:
_ 260LM;3
"7 erfc? (uoo)

Therefore, (29b) also holds.
The proofs of (29¢) and (29d) follow straightforward from (49a) and (49b).

Conclusions

In this article, we have considered a two-phase solidification process for a one-dimensional
semi-infinite material. We have assumed that the phase-change process starts from a constant
bulk temperature imposed in the vicinity of the boundary and we have modelled it through
a convective condition. Regarding the interface between solid and liquid phases, we have
assumed the existence of a mushy zone and we have represented it by following the model of
Solomon, Wilson, and Alexiades. Thermophysical properties were assumed to be (piecewise)
constant, which is reasonable for most materials under moderate temperature variations.
For this problem, we have obtained a similarity solution that depends on a dimensionless
parameter, which is defined as the only one solution to a transcendental equation. Moreover,
we have analysed the relationship between the problems with convective and temperature
boundary conditions and we have established when both problems are equivalent. We have
also proved that the solution to the problem with the temperature boundary condition can be
obtained from the solution to a problem with a convective boundary condition when the heat
transfer coefficient at the fixed boundary goes to infinity and we have given the order of that
convergence.
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