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Abstract

We review some recent results concerning a heat conduction problem with a
particular nonlinear thermal coefficients in both solid and liquid phases for a semi-
infinite material £ > 0, with phase change temperature 71, an initial temperature
T3 (> T1) and a heat flux of the type g(t) = £ imposed on the fixed face z = 0.

We determine necessary and/or sufficient conditions on the parameters of the
problem in order to obtain an instantaneous nonlinear two-phase Stefan problem

(solidification process).We also give the corresponding explicit solution.

Resumen: Se da una revisién de algunos resultados recientes que conciernen a
una ecuacién del calor con particulares coeficientes térmicos no lineales en ambas
fases sélida y liquida de un cuerpo semi-infinito z > 0, con una temperatura de
cambio de fase 77, una temperatura inicial 75 (> T1) y un flujo de calor del tipo
q(t) = -‘% que se impone en el borde fijo x = 0. Se determinan condiciones nece-
sarias y suficientes sobre los pardmetros del problema con el objetivo de obtener un
problema no lineal instdntaneo de Stefan a dos fases (proceso de solidificacién). Se
da también la correspondiente solucién explicita.

Key words: Stefan problem, Instantaneous phase-change problem, Free bound-
ary problem, Nonlinear thermal coefficients, Explicit solution.

Palabras claves: Problema de Stefan, Problema de cambio de fase instdntaneo,
Problemas de frontera libre, Coeficientes térmicos no lineales, Solucién explicita.

AMS Subject classification: 35R35, 80A22, 35C05.

1. INTRODUCTION
We consider the two-phase Stefan problem (solidification process)[Ta2] with nonlinear
thermal coeflicients for a semi-infinite region £ > 0 with phase change temperature 7; , an

*MAT - Serie A, 5 (2001), 1-10.
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initial temperature T, > T; and an imposed heat flux of the type q(t) = % , (g0 > 0) on
the fixed face z = 0. For ¢t > 0 we are going to determine, if there e}ast the temperature
distribution u(z,t) and the free boundary = = y(t), where

u(zr,t) <Ty 0<z<y(t)
(mﬂ—{YH r=y(t) (1.1)
ug(z,t) >Tv x> y(t)

which must verify the following conditions

Cl(ul)?gt—l=a—i [Kl(ul)%] , O<z<y(t) , t>0, (1.2)
Culu) G = o7 | Falm) 2| L > ), >0 (13)
y(0) =0 (1.4)

u(z,0) =Ty >T, , >0 , (1.5)

ur(y(t),t) = ua(y(t),t) =T1 , t>0, (1.6)
K2 Kou) 22 = 1 (1), oz =y(0) , 130, (17
Kl(ul(O,t))%%(O,t) =% L t>0, (1.8)

where

x : spatial coordinate, t : time,

u;(z,t) : temperature distribution for phase i ,

T) : phase-change or freezing temperature,

T, : mitial temperature, L : volumetric latent heat ,

Ci(u;) : volumetric heat capacity for phase i,

K;(u;) : thermal conductivity for phase i,

y(t) : free boundary (solid-liquid interface) at time ¢,

o : positive given constant which characterizes the heat flux on the fixed face,

1 =1 : solid phase , i = 2 : liquid phase .

We assume that the volumetric heat capacity and the thermal conductivity for each
phase i (¢ = 1,2 ) are relationed as follow :

Ki(us)co
2Ty 2
T2 -Ty

koa? bi - Elg / K,j (T] + (T2 - T])Z) dz

Ci(u) =

with the assumption given by

m / Kg (Z) dz < b2 (110)
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where a;,b; (i = 1,2) are positive constants and kg, co are scales for the thermal con-
ductivity and volumetric heat capacity respectively. The heat flux condition of the type
(1.8) was firstly considered in [Tal] where an inequality for the coefficient go was found
in order to have an instantaneous two-phase Stefan problem with constant thermal coef-
ficients, for both solid and liquid phases. Other problems in this direction are given by
[BrTal, HiHa, NaTa, Rol, Ro2, SoWiAl]. The nonlinear relations (1.9) follows from the
solidification of iron on a cooper base [TrBr}. Furthermore, these relations imply that the
material is of the Storm’s type, that is to say [BrNaTa, HiHa, NaTa, Ro2, St]

Ci(us) ) a;

1 d
—= | lo = = const. , i =1,2
v Kiu;)Ci(uy) drT ( g Ki(u;) Veoko(Ty — Th)

The goal of this paper is to determine which conditions on the parameters of the problem
(in particular gy) must be satisfied in order to have an instantaneous phase-change process.

In Section 2 we consider the associated nonlinear heat conduction problem correspond-
ing to the initial liquid temperature 75 and the heat flux condition on z = 0 of the type
% for ¢ > 0. The nonlinear condition between the thermal conductivity heat capacity is
supposed to be of the type (1.9). We give a necessary condition for the heat flux input
coefficient o, i.€.

go > ‘/c-"k_“(? — TI)Q—1 (kobe(Ty — Ty)) ™" / K, (2)dz (1.11)

2

in order to obtain an instantaneous change phase process, where @ is the real function
defined by

Q(x) = Vrrexp(z*)(1 — erf(z)) , z > 0, (1.12)

with the properties Q(0) = 0, Q(+o0) =1, Q'(z) > 0, Vz > 0, where the error function
is given by

erf(z) = \/i% /exp(—wz)dw . (1.13)

In the Section 3 we consider the nonlinear two phase Stefan problem (1.2) — (1.8) and
we prove that it admits a similarity solution if the condition (1.11) for the coefficient g
obtained in Section 2 is verified. Some of these results are proved in [BrTa2].

2.- A NONLINEAR HEAT CONDUCTION PROBLEM AND ITS INSTAN-
TANEOUS PHASE-CHANGE PROCESS.

We consider a semi-infinite slab z > 0 of a material that freezes at temperature T;. We
suppose that it is initially hot at the uniform temperature T, > T; and it has nonlinear
heat transfer coefficients. However, what happens if a heat flux of the type 3\}’—; is imposed
at £ = 0 7 Our interest is found relations among data in order to obtain an instantaneous
phase change process, that is the temperature of the material at £ = 0 must be less
than T} for all positive time. Then, we consider the following nonlinear heat conduction
problem corresponding to the initial phase (liquid phase) given by

Cz(u)%tﬂ = Bim [KQ(U)%J , x>0, t>0, (2.1)
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w(z,0)=T,, z>0 , (2.2)
Ko (u(0, t))% 0,t) = —q\% , t>0, (2.3)

where K3 and Cy have the relation (1.9).

Then the question that follows is: Which conditions must be satisfied for the para-
meters g, Ty, Ty, K, and C, in order to have that the temperature u(0,¢) < T, Vit > 0?
If the answer is affirmative we can assure [SoWiAl, Tal, TaTu] that the phase-change
is instantaneous. Next, we are going to calculate the explicit solution to the problem
(2.1) — (2.3), for the liquid phase and, we are going to demonstrate that this solution is
constant in (0,¢) for all . Then we can answer affirmatively to the previous question by
considering that the condition (1.10) is assumed. In order to obtain that explicit solution
for the problem (2.1) — (2.3) we define the new variables and parameters

( Ty = .’L“/ ‘ t. = i
' kOts ’ o ts
t) —
{ (e, ba) = w >0 (24)
— 11
_ Ko(u _ Oy(w)
{ K2*('U'*) = ko ’ C’2"‘("'1’*) - Co ’

where £, is a time scale. Following [BrTrAv], we consider the Kirchhoff transformation
given by

(T ts)

(@ ti) = p (Un (T4, T4)) = / Ko (z)dz (2.5)
0
where
v
() = / Ko (2)d2 (2.6)
0
Next, we define the new variables
X(a:t)—7 1 dz , z,>0 ,t,>0
k3 Yk a2(b2 _ T’ (Z, t*)) y * ? * (2.7)
T =1,

alx,7) =n(z,,t.) , x>0, 7>0.

Now we are in condition in order to assume a similarity solution of the type

1
e oo

then our problem reduce to the following conditions

2+ N)g' (@) +3d" () =0, ¢>0, (2.9)
g(+o0) =1, (2.10)
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2)
g'(0) = —- (b2~ 89(0)) (2.11)
for the unknown function g, with
qo
o - ) A =a g o 2.12
9o \/C%(TQ _ Tl) 290 ( )
The solution to the equation (2.9) and conditions (2.10)-(2.11) is given by
9(¢) = Alerf(¢p+ A) —erf(M)]+ B, ¢ >0 (2.13)
where constants A and B are given by the following expressions
. A= 0) /i A= 0) /(L erf(Y)
0 [exp(—?) — /TA(1 — erf()))] 0 [exp(—A?) — VA1 —erf(N))]
(2.14)
Then, we obtain the following result.
Theorem 1 The parametric solution to the problem (2.1)-(2.3) is given by

with
,
%= agy /’“"ctj {(br= B+ Aerf(3) x ~ 24V (% + N) et (537 + )
= exp (—(;5;= n ,\)2) —Xerf(A) — X exp (—V)]} C x>0,7>0. (2.16)

.

L t=t,;7t, 7T>0

where A, B are defined in (2.14). Moreover, we have that
u(0,t) <T),Vt >0 < g satisfies (1.11). (2.17)
Proof.- See [BrTa2]. B

3.- EXPLICIT SOLUTION FOR THE INSTANTANEOUS TWO-PHASE
STEFAN PROCESS WITH NONLINEAR THERMAL COEFFICIENTS.

From now on we will consider the problem (1.2)-(1.8) and we will prove that it is well
posed for ¢t > 0 when data satisfy condition (1.11). In order to obtain the explicit solution
corresponding to the problem (1.2) — (1.8) we will consider the same kind of transforma-
tions used for problem (2.1) — (2.3) and we define the new variables and parameters

(L, [ ot
TN kot =1
_ —T;
ul*(x*,t*) = M < 0 ? u2*(l‘*7t*) == M—l > 0
K (52{ h K (uTﬁ -h
) Foelu) = ——lk_l ? Kou(ug,) = 2k : (3.1)
0 0
Ci(u Co(u
Cl*(’ll.l*) = ___}_C(;)_l)_ , 02*(’11.2*) — 2( 2)
L Co
La=—un——o L) =yt '
\ co(T2 —Th) a(te) = y(0) kot
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Following [BrTrAv], we consider the Kirchhoff transformation given by

Uiy (ztvt*)

noet) =@t = [ Kalads =12 (32)
0
where .
i, () =/ Ki(z)dz ,i=1,2. (3.3)
0

Next, we define the new variables through the Storm transformation given by [KnPh, St]

4

Ts 1
e, bx) = dz , 0 <z, <yulte) ,
ot = [ s 0 <o <t
0

< : : (3.4)
)= [ oy e

Ys(ts)

T = I,

\

and
tu’—i(XbT) = 71;(33*1 t*) ’ 1= 17 2. (35)
Then, the free boundary is now given by

y+(7)

S0 =07 = [ =

al(bl - Th(z, T)

)dz. (3.6)

Owing to the condition on the free boundary and following [TrBr] we have that the
interface between the two phases must move as

y*(t*) = ‘5\/5 ) (3-7)
and the flux of 1, on the free boundary takes the explicit form :
Oy v
(L), ) = , 3.
T2 (1 (t)r 1) = 38)

where the positive constants § and y must be determined. Now the free boundary S(7)
may be expressed in terms of the transformed coordinates as follows

S(T) =2(A1'—A1)\/; , T>0, A1 >A1>0 (39)
where 5T 1
Al = a19o« , Al =ayy+ S |—/ + alL* . (3.10)
2 albl

Then, the problem take the following form

om _ O M O
or BX% \/"FBX1

, 0<x; <8(r), 7>0, (3.11)
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6.175 3.“2 A2 Oty

+ —= , >0, 7>0, 3.12
37 3X2 \/—3X2 X2 ( )
Ta(X2,0) =02, x5 >0 (3.13)
m(S(7),7) = 150, T)=0 , T>0, (3.14)
o[ 1 iy é
—(S(7), 0, =T, , , T>0, 3.15
TS ) — RO T) o = Lz (3.15)
oy A1 (bl—.ul(ov 7))
—(0,7) = , T>0, 3.16
o 0, = 2 (3.16)
where
)\2 = azy + 20.262. (317)

Now we can remark that problem (3.11)-(3.16) is a two-phase Stefan problem with
convective terms in both heat equations and a convective boundary condition on the fixed
face. From (3.10) and (3.17) we have for the unknowns v and § the following relations

.... Alalbl — 0262/\2 [1 + a%blL,,,]
a2 (1 —a2bL,) —aZb,

6= ()\2 - ag’)’) 2a2b2. (318)
If we assume a similarity solution for the problem (3.11)-(3.17) of the following type

gl(‘bl):/—'E(leT) ’ ¢1 2\/"

1
(3.19)
92(¢2) = .Uz(?zﬁ) , Pg= %‘\/2—,; , 02 =/ Ko (2) dz
0
then it reduces to the problem (3.20)-(3.25) given by
2(¢y + A)gi(py) + i) =0, 0 <y <Ar = Ay, (3.20)
2(py + A2)ga(ds) + g2(¢2) =0 , 0 < &y, (3.21)
go(+o0) =1, (3:22)
gi(A1 — M) =g2(0) =0 (3.23)
91(0) = 2go.a; (b1 — 91(0)) (3.24)
gi(A1 = M) gy(0)8y
abr T e L,é, (3.25)

for the unknown functions g; and g, , and the unknown coefficients A; and A,.
The solution to the equations (3.20)-(3.21) and conditions (3.22)-(3.23) is given by

erf(¢; + A1) — erf(Ay)

91(91) = blf(ﬂj? St ERACR (3.26)
_er 9 2) —€er 2
92(d) = 1= erf(My) » 0<%
where
1 exp(—22) 1

g (2) = erf(2) + (3.27)

\/——Z“*—“ _g('zaﬁ)
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and g(z,p) was defined in [BrNaTa] with the following useful properties
G(+o0) =1, G0)=+00,7 (2)<0,Vz>0. (3.28)

Then, the new unknowns coeflicients A; and Ay must satisfy the following system of
equations given by

. _ arb _AC
) 2= azbs (1 + cgﬁblL*) [Ar = 4G (3.29)
. . 2
(7)) G(A) = ——————ﬁalbla2b2F(/\2)
where
Ay = alby (1 — albyL,) — ajbs (3.30)
o (1.+ a3b, L) exp(~2")
+ aj0y L, ) exp(—
- L,z ,
G(z) \/_a%bl Lg(A] — erf(z)] 4 z2>0 (3‘31)
F(z) = exp(~2") z2>0.

1—erf(z) ’
In order to obtain the solution to our problem (3.29) we can define Ay = A2(A;) from
(3.29(1)).

Taking into account that L, is from a physical point of view the inverse of the Stefan
number we can obtain now the existence theorem of solution in order to have a instan-
tantaneous phase change process for problem (1.2)-(1.8) as a function of this important
physical number. Then we have the following resulit.

Lemma 2 If qo satisfies the inequality (1.11), then the system of equations (3.29) admit

a unique solution A, X2 = Ao (A;) when data satisfies

C()(T2 - Tl) t = a%bz Co(T2 - Tl) * = ’ a%bQ a%bl
and at least one solution K; , X; = Ay (;\:) when
0 1 1 < L < 1
max ’ ngz a%bl C()(T;z - Tl) a%bz '
Proof - It follows from the properties of functions Ay, G and F’ obtained in [BrTa2]. B

Therefore, we have obtained the following theorem in terms of the original data of the
problem (1.2)-(1.8), that is:

Theorem 3 If gy satisfies the inequality (1.11) then, an explicit solution to the problem
(1.2)-(1.8) is given by

’

ex‘f(% +A) — erf(;{;))

u (&, =T1 Tg—Tl 1—1 b1 —
(z,t) +( u ( 00 — et ()

0<x,<8(r), 7>0
S

. erf(3%
ug(z,t) =Ty + (T — Th)ps

L Xe>0,7>0

27 + Ag) — erf()\2)
1 —erf()y) ’
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with

4
kotsT
\/ a1b ('j- + Al) 5 .
= [g(Al)_g(2ﬁ+Al)] ,0<x; <8(r) , 7>0

T=2
(/\1) — erf(Al)

m—[a2b2+022 2)]Xz

< erf c(Aq)
2\/Tay0, [( ~_ ~ ~
—_—— +X)g +/\ )\g)\]+6 T,X,>0,7>0
1—erf(Xg) L\BY7 ) GG +20) = ga)| +6VT, %
Lt =17 7>0

where y(t) = ‘/%’5\/5 is the free boundary, and the coefficients v and § are given by

Aiarby —agbpde [l +adbiL] 5 (o
. b= (,\ - )2 b,
a?by (1 — a2b, L) — a3b, 2 7 G27) 20252

y=

where K; and 5\; = Ao (K;) are the solution of the system (3.29). Moreover this solution
18 unique when

—L-———— L>—1— or0<—L——————L <max{0i—i}
co(Ty — Th) ~ a3b, eo(To — Ty) e Tadby  alby 7
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