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1. Introduction

In this paper we consider the one-unidimensional free boundary problem (one-phase Stefan problem) with a convec-
tive boundary condition on the fixed boundary & = 0. It consists in determining the temperature 6 = 6(£,t) and the free
boundary & = s(t) which satisfy the following conditions

(i) pcbr —kbee =0, 0<é&<s(t), T>0,

(i) k6 (0, T) =h[6(0,7) — f(D)], T >0,

(i) 6 (s(1), 7) =0, 7>0,

) ds (1)
(iv) kbz (s(7), T) = —,OIE(T), >0,

(v) 0(§,0) = p(&), 0<E&<h,

(vi)s(0)=b (b>0)

where h > 0 is the thermal transfer coefficient, ¢(£) > 0, 0 < & < b, is the initial temperature, f = f(t) >0, T > 0 is the
temperature of the external fluid and the compatibility conditions k¢’ (0) = h(¢(0) — f(0)) and ¢(b) = 0 are assumed. The
goal of this paper is to study the mathematical behavior of the solution 6 = 6y,(&, t), s = s, (&, ) of the problem (1) when
h—o0.

The Stefan problem was studied in the last decades, see for example [1,2,5,8-10] and a large bibliography on the subject
was given in [15].
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Existence and uniqueness of solution to problem (1) is given in [6]. In [16] the behavior of the solution of the free
boundary problem (1) with respect to the heat transfer coefficient h in the one-phase case was studied. A generalization
of this result for the two-phase problem was considered in [17]. There it was proved that the asymptotic behavior when
t — oo of the one-phase free boundary problem with a convective boundary condition at the fixed face is the same that for
the case where the temperature boundary condition, which is depending on time, is given on x = 0. Asymptotic behavior
for the one-phase problem with temperature boundary condition on the fixed face was given by [3,4]. For the particular
case f(tr) = Const > 0, for the multidimensional case, the study of the asymptotic behavior when h — oo is obtained by
using the variational inequality [13,14] and for the one-dimensional case in [12]. In [17] the monotone dependence of
the solution with respect to the data and with respect to the thermal transfer coefficient is proved to the two-phase Stefan
problem. In [11], the classical one-phase Stefan problem is presented in dimensionless form with a time-varying-heat-power
boundary condition. The asymptotic behavior of the solution for the generalized form of the Biot number Bi — 0 is studied
from a physical point of view. The goal of this paper is to obtain the mathematical analysis of this asymptotic behavior by
obtaining an error convergence with respect to the Biot number.

We will make the following assumptions on the initial and boundary data:

(i) Let ¢ = @(&) be a positive and piecewise continuous function, with ¢’(¢) < 0.
(ii) Let f = f(t) be a positive bounded piecewise continuous function, with f’(t) > 0.
(iii) Compatibility conditions: f(0) > ¢(&), V& € (0, b), k¢'(0) = h(¢(0) — f(0)) and ¢(b) =0.

If we define the following transformation

uen =06, x=1 =13

where o = % is the diffusion coefficient then the free boundary problem (1) becomes

T (2)

(1) ur—uw=0, 0<x<S(), t>0,
(ii) ux(0,t) =H[u(0,t) = F(©)], t>0,
(i) u(S(), t) =0, t>0,
. : (3)
(iv) ux(S(), t) = =S(), t>0,
(V) u(x,0)=x(x) =0, 0<x<1,
(vi) S(0) =1
where
2
F(t) = %f(%) >0, H =b% >0 (the Biot number), (4)
c 1 /b’
X0 = pbx), sng{zﬁ. 5

In Section 2 we enunciate some preliminary results for the solution to the problem (3). In Section 3 we study the
convergence for the solution to the problem (3) when the Biot number H (proportional to the heat transfer coefficient h)
goes to zero and we give an order of convergence for the corresponding temperature at the fixed face and free boundary.

2. Properties of the solution to problem (3)

Under the assumptions given in Introduction we have the following results:
Lemma 1. (See [12,16,17].) The solution u = uy (x,t), s = sy (t) to the problem (3) satisfies the following inequalities:

(@) 0<up(x, t) < F(b);

(b) Hi < Hz = uy, (x,t) <up,(x,1);
(c) Hi <Hy = Sy, (t) < Su,();

(d) ug(x,t) >0, uy <0, ur =uxx > 0;
(e) 0< Sy(t) <H.F(b)

and it has the integral representation given by

1 t

ug(x, t):fN(x, t;s,O)x(s)d5+/N(x,t; SH(T), T)Vy(D)dT

0 0
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t t
—H/N(x,t; 0, r)vH(r)dt—i-H/N(x,t; 0, 7)F(t)dr,

0 0
t

Su@) =1 —/VH(r)dt
0
where the functions Vy = Vg (t) and vy = vy (t), defined as
{ Vi(®) =ux(Su(®).t), t>0,
vy(t) =ug(0,t), t>0,
are the solutions of the following system of integral equations:
1 t
V) :2/}(’($)G(Sy(t),t,é§,0) ds — zf H[vy(t) — F(T)[Nx(SH(®),t,0,T)dT
0

0
t

+2/ VH(T)Nx(SH(®),t, SH(T), T)dT,
0
1 t

vH(t)Z/X(g)N(o,t,g,O)dg—/H[vH(r)—F(z)]N(o,t,o,r)dz
0 0
t

+ / VH(T)N(0,t, Sy (1), T)dT,
0

for0<x <sy(t),0 <t <T, where G and N are the Green and Neumann functions defined by:

G, t,E,1)=Kx,t,& 1) — K(—X,t,&,7),
Nx,t, &, 1) =Kx,t,&,7) + K(—x,t,&,7T)
with

S exp(— S0
K, t,&,T) =1 2J/nt-7) At-1)7
0, t<rT.

t>1,

3. Asymptotic behavior of the solution uy, sy when H — 0

(6)

(7)

(9)

(10)

Motivated by the physical study given in [11], we will study the behavior of the solution u = ug(x,t), S = Sy(t) of the
problem (3) when H — 0. We will prove that the solution to problem (3) converge to the solution of the following parabolic

free boundary problem (14):

(i) uor —ug, =0, 0<x<Sp(), t>0,

(ii) u,(0,t) =0, t>0,

(iii) ug(So(t), t) =0, t>0,

(iv) ug, (So(t), t) = —So(t), t>0,

(V) uo(x,0)=x(x) >0, 0<x<1,

(Vi) So(0) =1

when H — 0. The problem (14) has the following integral representation
1 t
ug(x, ) = / N(x,t;&,0)x (£)dE + / N(x,t; So(t), T)ug,(So(v), T)dT.
0 0

We will use some integral relations satisfied by the solutions u =ug(x,t), S = Sy (t),

problems (3) and (14) respectively.

(14)

(15)

and u = ugp(x,t), S = Sp(t) to
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Lemma 2. For problem (3), we have the following integral relations:

t SH(t) 1
SH(t)=1—H/[uH(O,r)—F('c)]dr— / uH(x,t)dx+/X(x)dx, 0<x<Sy(), t>0,
0 0 0
SH(t) 1 t
SZ(H)=1-2 / qu(x,t)dx+2/xx(x)dx+2/uH(O,t)d'c, 0<x<Sy(t), t>0,
0 0 0
SH(t) 1 t SH(1) t

/ u%,(x,t)dx—/xz(x)dx+2/ / ui,x(x,r)dxdrgH/Fz(r)dr, 0<x<Sy(t), t>0.
0 0 0 0 0

For problem (14), we have the following integral relations:

So(t) 1
Sot)=1— / uo(x,t)dx—i—/x(x)dx, 0<x<So(t), t>0,
0 0
So(t) 1 t
S%(t):l -2 f xuo(x,t)dx+2/xx(x)dx+2/u0(0,r)dt, 0<x<Sp(), t>0,
0 0 0
So(t) 1 t So(T)
/ u%(x,t)dx—fxz(x)dx—i—Z/ / uf (x.7)dxdr =0, 0<x<So(t), t>0.
0 0 0 0

Proof. See [2,7,17]. O
Lemma 3. We have So(t) < Sy(t), forallt >0, H > 0.

Proof. We suppose that the assertion of the Lemma 3 is false, that is there exists t; > 0 such that

So(t) < Su(), VO<t<ty
and
So(t1) = Sy (t1).
If we define
wpx,t) =ugx,t) —upg(x,t), O0<x<So), 0<t<ty

we have the following properties:

(i) WH, — Wh,, =0, 0<x<Sp), 0<t<ty,
(i) W, (0,t) =up,(0,t) —ug,(0,t) = H[up(0,t) — F(t)] <0, 0<t<ty,

(iii) wy (So(t), t) = up (So(t), t) >0, 0<t<ty,

(iv) Wh, (So(0), t) = up, (So(t), t) + So(b), 0<t<ty,

(v) wy(x,0)=0, 0<x<1,

(vi) So(0) =1

and

wh(So(t1), t1) = un(So(t1), t1) = up(Sk(t1), t1) =0.

141

(19)

(20)

(21)

(23)

By the maximum principle we deduce that wy(0,t) >0, 0 <t < t; by using the condition (23)(ii). Therefore we have a

minimum value wy (So(t1), t1) =0 and then we get wy, (So(t1), t1) < 0. But on the other hand we have

Wi, (So(t1). t1) = up, (Sot1), t1) — uox(So(t1), t1) = =S (t1) + So(t1) >0

which is a contradiction. O
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Lemma 4. We have
ug(x,t) >uo(x,t), forall0<x< So(t), t>0. (24)
Proof. If we consider

whr(x, t) =ug(x,t) —ugx,t), 0<x<So), t>0

then wy has the following properties:

(i) wh, —wn, =0, 0<x<So(t), t >0,
(ii) W, (0,t) =up,(0,t) —ug,(0,t) = H[up(0,t) — F(t)] <0, t>0,

(iii) Wi (So(©). t) = un (So(t), t) >0, t>0,

. . (25)
(iv) Wh, (So(®), t) = —up, (So(®), t) + So(t), t>0,

(V) wh(x,0)=0,

(vi) Sy(0) =1.

By the maximum principle, as in Lemma 3, we analyze the sign of wy(0,t) and we obtain that the minimum of wy(x,t)
is a positive value and it is on the parabolic boundary. Then we get (24). O

Lemma 5. IfjaH’O F(t)dt < oo then we have the following limit:
lim Sy (t) = So(t) (26)
H—0

for each t in a compact set in R*, with the following order of convergence given by:

t
0<SH(t)—So(t)§HfF(‘L’)d‘L'. (27)
0

Proof. According to Lemma 2 it follows
So(t) SH(E) t
Su) — So(t) = / ug(x, t)dx — f uy(x,t)dx — H/[uH(O, T) — F(1)]dr

0 0 0
SH() Su () t

= / uon (x, t) dx — / uH(x,t)dx—i—Hf[F(t)—uH(O,r)]dr
0 0 0

where ugy is defined as an extension of ugy by 0 as follows:

up(x,t), 0<x<So(), t>0,

u X, t) =
on (%, 0 {0, So(t) <X < Sp(b), t > 0.

Then we have the estimation (27) because ugy(x,t) — ug(x,t) <0 and ug (0, t) > 0. Then, the thesis holds. O

Lemma 6. Iffo+OO F(t)dt < oo then we have the following limit:
li 0,t) =ug(0,t 28
Jim up (0, 6) =uo(0.0) (28)

for each t in a compact set in Rt with the following order of convergence given by
|up (0, 6) — ug(0,0)| < L(OH

where
t
L(t):I(t)+](t)/F(t)dr (29)
0

with
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2 6\ ¢2|F
10 = (ﬁJh (E) tzuf)nfnt,

3 3
_1+folx(x)dx 6\2 . 10\2 1 [ISoll?
](U—T<;> t”SO”t‘f’(?) ﬁ[ 5 t+t]

Proof. By using (6) and (15) we have

t
uH(O,t)—uo(O,t)=—/H[uH(0 T) — F(T)|N(0,t,0, 7)dT

+

t
up, (SH(7), T)N(0,t, SH(T), 7) [Llog So(1). T)
0

H[up (0, 7) — F(T)|N(0,t,0, 7)dT

O\.-r-r o\” o °

where

t

t
A :/H[F(r)—uH(O, T)|N(0,t;0, 7)dT < H/
0

F(t 2H||F
(D 4o 2HIFI g

. Jrt—t) Jm
and
t
A2=/[ (0,£; So(7), 7)So(r) = N(0,¢, Sy (1), T)Su(r)]dt
0
t
/SH(r)[ (0,t; So(7), T) — N(0,t; SH(T), T)]dT
0
t
+/N(O,t; So(7), 7)[So(v) — Su(v)]dT := A3 + Ay,
0
and

||F||t=maX{F(T), O<rt <t}.

If we take into account that

N(0,t; So(t), T) — N(0,t, Sy (), T) = Ne(0, t; ¢, T)[So(T) — SH(T)]

2
—cexp(—zr—p)
= —— D [So(r) — SH(D)],
2/t —1)2
where c =c(H, t) € (S5¢9(t), Sy(t)) and by using the inequality

n

exp(gr—sy) na \’
ai(tr) < ) a,x>0,t>7,neN,

(t—1) 3 2ex2

then we have

N(x,t; So(1), 7)dt

N(0,t; So(t), T)So(t) — N(0,t; Sy (1), T)SH(T)]dT := Ay + Ag,

143

(33)

(35)
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6\*% 1
N(0,t; So(7), T) — N(0,t, Sy (1), T) < (g) 2\/_?[s,i(r) — So(1)]

6\"* 1
< (E) W[SH(T)—SO(T)]
6

32 4
< (E) ﬁ[SH(T)—SO(f)]-

Therefore by using Lemma 1 and (27) we have

3,2

Az < - — S S-S

|As] (e) 2\/—II HllellSH — Solle
t

6\ 32
<(= LH2||F||th(r)dr
e 2T ’
0
Moreover, we have

Ag= | N(0,t; So(v), 7)[So(x) — Su(v)]dt

O\H

t
3
/E (0,t, So(7), 7))[So(T) — Su(r)]drT
0

where

0 .
—T(N(O, t,So(7), 7)) =Ng(0.t, So(7), T)So(T) + N¢ (0, t, So(7), 7).

Taking into account (35) and

—So() exp(— 200
Ng (0, ¢, So(T), T) = SN
2m(t—1)2
and
52 (‘L’) s2 (T)
exp(— )S3(7) eXP(— )S3(7)
Nz (0.t, So(7). T) = 2K (0.t So(7). T) = — i3 i3
4./ (t — r)z 2/ (t — r)z
we have
3
1+ [y X(x)dx(6>7
Ne(0,t, So(7), 7)| < — 222 =
} é( o(7) )| Zﬁ e
and

1 yre 3 2
IN2 (0., So(0), 7)| < exp( 4(t—r)5) [So(f) . r)} < (9)2 1 [So(r) +t}.
2ymt-1)iL 2 e

Therefore we obtain

t

|Ag] <[[|Né(o,r, So(7), 7)||So(®)| + [Nz (0., So(2), T)[]|So(x) — SH(v)|dT
0

3 3
T+ [} x®dx (6\2 . 10\2 1 [lSol?
<L AR 8 —) — t+t2|41So = Skl
{ Wi (e) I 0||t+<e> Zﬁ[ 5 + }ll 0o—Sulle

Owing to (27) and the fact we can take H < 1, then we get

(36)

(37)

(38)
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VT 27

3
1+f0 x(x)dx 10 1
{ (E) t||so||t+(e) e
I|F 3/2 t2
ﬁ”%+<é> N

14 [ x0dx (6\7 . 10\? 1
AT () e (3) 57
SIOHA JOSo = Shlle < LOH

2H||F 32 ¢ ‘
lun (0, t) —ug(0,t)| < ” “t\[ <e> —HZIIFIIr/F(T)dT
0

and the thesis holds. O

Theorem 7. If f0+°° F(t)dt < oo then we have

ug(x,t) H—>Ou0(x, t), forall compact set in the domain 0 < x < So(t), t > 0.
—

Proof. Taking into account Lemma 2 we have

So(t)

2 2
0< / X[un X, ) — uo(x, r)]dx+s”(t) %©

2
0
SH®) t
= / qu(x,t)dx—l—/[uH(O,'c)—uo(O,t)]dr
So(0) 0

By using (40), Lemmas 1 and 6, and taking H <1 we have

SH(D) t

/ qu(x,t)dx—l—/[uH(O,t)—ug(O,r)]dr
So() 0
t
A1)
< H”H(~»t)”[som,sH(r)](_Hz - 02 >+HfL(t)dr

0
t

1
< IF I (S50 + So(0) (S (©) = So(®) + H / L(z)dT < M(®H

0
where M(t) is given by
t . t t
M(t):/L(‘E)d‘r—i—||F||t<50(t)+E/F(r)dt)/F(r)dt
0 0 0

and the thesis holds. O

4. Conclusions

2
t+r2“||so—sH||f

ISoll?
[ th+t2 ISo — Slle

145

(41)

The asymptotic behavior of the solution to the Stefan problem with a convective boundary condition at the fixed face
when the heat transfer coefficient (proportional to the Biot number) goes to zero has been obtained given an order of

convergence.
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