
Applied Mathematics and Computation 182 (2006) 809–819

www.elsevier.com/locate/amc
A one-phase Stefan problem for a non-classical heat
equation with a heat flux condition on the fixed faceI
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Abstract

We prove the existence and uniqueness, local in time, of the solution of a one-phase Stefan problem for a non-classical
heat equation for a semi-infinite material with a heat flux boundary condition at the fixed face x = 0. Here the heat source
depends on the temperature at the fixed face x = 0. We use the Friedman–Rubinstein integral representation method and
the Banach contraction theorem in order to solve an equivalent system of two Volterra integral equations.
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1. Introduction

The one-phase Stefan problem for a semi-infinite material for the classical heat equation requires the deter-
mination of the temperature distribution u of the liquid phase (melting problem) or of the solid phase (solid-
ification problem), and the evolution of the free boundary x = s(t). Phase-change problems appear frequently
in industrial processes and other problems of technological interest [1–9]. A large bibliography on the subject
was given in [10].

Non-classical heat conduction problem for a semi-infinite material was studied in [11–15], e.g. problems of
the type
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rresponding author. Address: Depto. Matemática F.C.E., Universidad Austral Paraguay 1950, S2000FZF Rosario, Argentina.
ail addresses: Adriana.Briozzo@fce.austral.edu.ar (A.C. Briozzo), Domingo.Tarzia@fce.austral.edu.ar (D.A. Tarzia).

mailto:Adriana.Briozzo@fce.austral.edu.ar
mailto:Domingo.Tarzia@fce.austral.edu.ar


810 A.C. Briozzo, D.A. Tarzia / Applied Mathematics and Computation 182 (2006) 809–819
where h(x), x > 0, and F ðV Þ; V 2 R, are continuous functions. In this case, the heat source depends on the heat
flux at the boundary x = 0. The function F, henceforth referred as control function, is assumed to fulfill the
following condition:
F ð0Þ ¼ 0:
As observed in [14,15] the heat flux w(x, t) = ux(x, t) for problem (1) satisfies a classical heat conduction
problem with a nonlinear convective condition at x = 0, which can be written in the form
wt � wxx ¼ 0; x > 0; t > 0;

wxð0; tÞ ¼ F ðwð0; tÞÞ; t > 0;

wðx; 0Þ ¼ h0ðxÞP 0; x > 0:

8>><>>: ð2Þ
The literature concerning problem (2) has increased rapidly since the publication of the papers [16–18]. In
[19] a one-phase Stefan problem for a non-classical heat equation for a semi-infinite material with a source
term which depends on the heat flux at x = 0 was presented. In [20] an existence and uniqueness result, local
in time, was obtained.

Now, the free boundary problem which we want to consider consists in determining the temperature
u = u(x, t) and the free boundary x = s(t) which satisfy the following conditions:
ðiÞ ut � uxx ¼ �F ðuð0; tÞÞ; 0 < x < sðtÞ; 0 < t < T ;

ðiiÞ uxð0; tÞ ¼ �gðtÞ 6 0; 0 < t < T ;

ðiiiÞ uðsðtÞ; tÞ ¼ 0; ðivÞ uxðsðtÞ; tÞ ¼ �_sðtÞ; 0 < t < T ;

ðvÞ uðx; 0Þ ¼ hðxÞ; 0 6 x 6 b ¼ sð0Þ ðb > 0Þ:

8>>>>><>>>>>:
ð3Þ
Here, the control function F depends on the evolution of the temperature at the extremum x = 0 with a given
heat flux. The goal in this paper is to prove in Section 2 the existence and uniqueness local in time of the solu-
tion to the one-phase Stefan problem (3) of a non-classical heat equation for a semi-infinite material with a
heat flux boundary condition at the fixed face x = 0. First, we prove that problem (3) is equivalent to a system
of two Volterra integral equations (7) and (8) [21,22] following the Friedman–Rubinstein’s method given in
[23,24]. Then, we prove that the system (7) and (8) has a unique local solution by using the Banach contraction
theorem.
2. Existence and uniqueness of solutions

Let be g 2 C0[0,T), h 2 C1[0,b], h(0) = b, g(0) = �h 0(0), F is a Lipschitz function over C0[0,T].
We have the following equivalence for the existence of solutions to the non-classical free boundary problem

(3).

Theorem 1. The solution to the free boundary problem (3) is given by
uðx; tÞ ¼
Z b

0

Nðx; t; n; 0ÞhðnÞdnþ
Z t

0

Nðx; t; 0; sÞgðsÞds

þ
Z t

0

Nðx; t; sðsÞ; sÞwðsÞds�
ZZ

DðtÞ
Nðx; t; n; sÞF ðW ðsÞÞdnds; ð4Þ

sðtÞ ¼ b�
Z t

0

wðsÞds; ð5Þ
where D(t) = {(x,s)/0 < x < s(s),0 < s < t}, and the functions w, W defined by
wðtÞ ¼ uxðsðtÞ; tÞ; W ðtÞ ¼ uð0; tÞ ð6Þ
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must satisfy the following system of two Volterra integral equations:
wðtÞ ¼ 2

Z b

0

h0ðnÞGðsðtÞ; t; n; 0Þdnþ 2

Z t

0

gðtÞN xðsðtÞ; t; 0; sÞds

þ 2

Z t

0

wðsÞNxðsðtÞ; t; sðsÞ; sÞdsþ 2

Z t

0

GðsðtÞ; t; sðsÞ; sÞF ðW ðsÞÞds; ð7Þ

W ðtÞ ¼
Z b

0

hðnÞNð0; t; n; 0Þdnþ
Z t

0

gðtÞNð0; t; 0; sÞds

þ
Z t

0

wðsÞNð0; t; sðsÞ; sÞds�
ZZ

DðtÞ
Nð0; t; n; sÞF ðW ðsÞÞdsdn; ð8Þ
where G, N are the Green and Neumann functions and K is the fundamental solution of the heat equation, defined

respectively by
Gðx; t; n; sÞ ¼ Kðx; t; n; sÞ � Kð�x; t; n; sÞ; ð9Þ
Nðx; t; n; sÞ ¼ Kðx; t; n; sÞ þ Kð�x; t; n; sÞ; ð10Þ

Kðx; t; n; sÞ ¼
1

2
ffiffiffiffiffiffiffiffiffi
pðt�sÞ
p exp � ðx�nÞ2

4ðt�sÞ

� �
t > s;

0 t 6 s;

8<: ð11Þ
where s(t) is given by (5).

Proof. Let u(x, t) be the solution to the problem (3) and we integrate on the domain Dt,e = {(n,s)/0 < n < s(s),
e < s < t � e}, the Green identity
ðNun � uN nÞn � ðNuÞs ¼ NF ðuð0; sÞÞ: ð12Þ
Now we let e! 0, to obtain the integral representation for u(x, t)
uðx; tÞ ¼
Z b

0

Nðx; t; n; 0ÞhðnÞdnþ
Z t

0

Nðx; t; 0; sÞgðsÞdsþ
Z t

0

Nðx; t; sðsÞ; sÞunðsðsÞ; sÞds

�
ZZ

DðtÞ
Nðx; t; n; sÞF ðuð0; sÞÞdnds:
From the definition of w(t) and W(t) by (6), we obtain (4) and (5). If we differentiate in variable x and we let
x! 0+ and x! s(t), by using the jump relations we obtain the integral equations for w and W.

Conversely the function u(x, t) defined by (4) where w and W are the solutions of (7) and (8) satisfy the
conditions (3) (i), (ii), (iv) and (v). In order to prove condition (3) (iii), we define w(t) = u(s(t), t). Taking into
account that u satisfy the conditions (3) (i), (ii), (iv) and (v), if we integrate the Green identity (12) over the
domain Dt,e (e > 0) and we let e! 0 we obtain that
uðx; tÞ ¼
Z b

0

Nðx; t; n; 0ÞhðnÞdnþ
Z t

0

Nðx; t; sðsÞ; sÞwðsÞdsþ
Z t

0

Nðx; t; 0; sÞgðsÞds

�
Z t

0

wðsÞ½N nðx; t; sðsÞ; sÞ þ Nðx; t; sðsÞ; sÞwðsÞ�ds�
ZZ

DðtÞ
Nðx; t; n; sÞF ðW ðsÞÞdnds: ð13Þ
Then, if we compare this last expression with (4) we deduce that
Z t

0

wðsÞ½N nðx; t; sðsÞ; sÞ þ Nðx; t; sðsÞ; sÞwðsÞ�ds � 0 ð14Þ
for 0 < x < s(t), 0 < t < r. We let in (14) x! s(t) and by using the jump relations we have that w satisfy the
integral equation
1

2
wðtÞ þ

Z t

0

wðsÞ½N nðsðtÞ; t; sðsÞ; sÞ þ NðsðtÞ; t; sðsÞ; sÞwðsÞ�ds ¼ 0:
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Then we deduce that
jwðtÞj 6 C
Z t

0

jwðsÞjffiffiffiffiffiffiffiffiffiffi
t � s
p ds 6 C2

Z t

0

dsffiffiffiffiffiffiffiffiffiffi
t � s
p

Z s

0

jwðgÞjffiffiffiffiffiffiffiffiffiffiffi
s� g
p dg

¼ C2

Z t

0

jwðgÞdg
Z t

g

ds

½ðt � sÞðs� gÞ�
1
2

¼ pC2

Z t

0

jwðgÞjdg;
where C = C(t), therefore by using the Gronwall inequality we have that w(t) = 0 over [0,r]. h

Next, we use the Banach fixed point theorem in order to prove the local existence and uniqueness of solu-
tion w, W 2 C0[0,r] to the system of two Volterra integral equations (7) and (8) where r is a positive small
number (r 6 T). Consider the Banach Space:
CR;r ¼ w�
!
¼

w

W

� �� �
w;W : ½0; r� ! R; continuous; with w�

!
				 				

r

6 R


;

where
w�
!
				 				

r

:¼ max
t2½0;r�

jwðtÞj þmax
t2½0;r�

jW ðtÞj:
We define the map B : CR;r ! CR;r; such that
~fw�ðtÞ ¼ B w�
!
ðtÞ

� �
¼

B1ðwðtÞ;W ðtÞÞ
B2ðwðtÞ;W ðtÞÞ

� �
;

where
B1ðwðtÞ;W ðtÞÞ ¼ 2

Z b

0

h0ðnÞGðsðtÞ; t; n; 0Þdnþ 2

Z t

0

gðsÞNxðsðtÞ; t; 0; sÞds

þ 2

Z t

0

wðsÞN xðsðtÞ; t; sðsÞ; sÞdsþ 2

Z t

0

GðsðtÞ; t; sðsÞ; sÞF ðW ðsÞÞds ð15Þ
and
B2ðwðtÞ;W ðtÞÞ ¼
Z b

0

hðnÞNð0; t; n; 0Þdnþ
Z t

0

gðsÞNð0; t; 0; sÞdþ
Z t

0

wðsÞNð0; t; sðsÞ; sÞds

�
Z Z

DðtÞ
Nð0; t; n; sÞF ðW ðsÞÞdsdn: ð16Þ
Lemma 2. Let w 2 C0[0,r], maxt2[0,r]jw(t)j 6 R and 2Rr 6 b then s(t) defined by (5) satisfies
jsðtÞ � sðsÞj 6 Rjt � sj; 8s; t 2 ½0; r� ð17Þ

jsðtÞ � bj 6 b
2
; 8t 2 ½0; r�: ð18Þ
To prove the following lemmas we need the classical inequality:
exp �x2

aðt�sÞ

� �
ðt � sÞ

n
2
6

na
2ex2

� �n
2

; a; x > 0; t > s; n 2 N: ð19Þ
Lemma 3. Let r 6 1, R P 1, g 2 C0[0,T], h 2 C1[0,b], h(0) = b, g(0) = �h 0(0), F a Lipschitz function over

C0[0,T]. Under the hypothesis of Lemma 2 we have the following properties:
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Z b

0

jh0ðnÞjjGðsðtÞ; t; n; 0Þjdn 6 kh0k; ð20ÞZ t

0

jgðsÞjjNxðsðtÞ; t; 0; sÞjds 6 kgkta1ðbÞt; ð21ÞZ t

0

jwðsÞjjNxðsðtÞ; t; sðsÞ; sÞjds 6 Ra2ðbÞt þ R2a3ðbÞ
ffiffi
t
p
; ð22ÞZ t

0

jGðsðtÞ; t; sðsÞ; sÞjjF ðW ðsÞÞjds 6
2LR

ffiffi
t
pffiffiffi
p
p ; ð23ÞZ b

0

jhðnÞjjNð0; t; n; 0Þjdn 6 khk; ð24ÞZ t

0

jgðsÞjjNð0; t; 0; sÞjds 6
kgkt2

ffiffi
t
pffiffiffi

p
p ; ð25ÞZ t

0

jwðsÞjjNð0; t; sðsÞ; sÞjds 6
2R

ffiffi
t
pffiffiffi
p
p ; ð26ÞZ Z

DðtÞ
jNð0; t; n; sÞjjF ðW ðsÞÞjdnds 6

3bLR
ffiffi
t
pffiffiffi

p
p ; ð27Þ
where L is the Lipschitz constant for F and
a1ðbÞ ¼
3b

4
ffiffiffi
p
p 24

eb2

� �3
2

; a2ðbÞ ¼
3b

2
ffiffiffi
p
p 6

eb2

� �3
2

;

a3ðb;RÞ ¼
1

2
ffiffiffi
p
p þ 3b

4R
ffiffiffi
p
p 2

3eb2

� �3
2

:

Proof. We have
Z b

0

jGðsðtÞ; t; n; 0Þjjh0ðnÞjdn 6 kh0k
Z 1

0

jGðsðtÞ; t; n; 0Þjdn 6 kh0k
because
Z 1

0

jGðsðtÞ; t; n; 0Þjdn 6
Z 1

0

jNðsðtÞ; t; n; 0Þjdn 6 1;
then (20) holds. To prove (21) we have
jN xðsðtÞ; t; 0; sÞj ¼ jKxðsðtÞ; t; 0; sÞ � Kxð�sðtÞ; t; 0; sÞj 6
jsðtÞj exp �ðsðtÞÞ2

4ðt�sÞ

� �
2
ffiffiffi
p
p
ðt � sÞ

3
2

6

jsðtÞj exp �b2

16ðt�sÞ

� �
2
ffiffiffi
p
p
ðt � sÞ

3
2

6
3b

4
ffiffiffi
p
p 24

eb2

� �3
2

¼ a1ðbÞ:
Then
 Z t

0

jgðsÞjjNxðsðtÞ; t; 0; sÞjds 6 kgkta1ðbÞt;
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which implies (21). To prove (22) we have
jN xðsðtÞ; t; sðsÞ; sÞj ¼ j � 2Kxð�sðtÞ; t; sðsÞ; sÞ þ GxðsðtÞ; t; sðsÞ; sÞj;

j � 2Kxð�sðtÞ; t; sðsÞ; sÞj ¼ jsðtÞ þ sðsÞjffiffiffi
p
p
ðt � sÞ

3
2

exp
�ðsðtÞ þ sðsÞÞ2

4ðt � sÞ

 !

6

3b exp �b2

16ðt�sÞ

� �
4
ffiffiffi
p
p
ðt � sÞ

3
2

6
3b

2
ffiffiffi
p
p 6

eb2

� �3
2

¼ a2ðbÞ
and
jGxðsðtÞ; t; sðsÞ; sÞj ¼ jKxðsðtÞ; t; sðsÞ; sÞ þ Kxð�sðtÞ; t; sðsÞ; sÞj

¼ ðt � sÞ�
3
2

4
ffiffiffi
p
p ðsðtÞ � sðsÞÞ exp

�ðsðtÞ � sðsÞÞ2

4ðt � sÞ

 !
� ðsðtÞ þ sðsÞÞ exp

�ðsðtÞ þ sðsÞÞ2

4ðt � sÞ

 !�����
�����

6
ðt � sÞ�

3
2

4
ffiffiffi
p
p Rðt � sÞ þ 3b exp

�9b2

4ðt � sÞ

� �� �
6

1

4
ffiffiffi
p
p Rðt � sÞ�

1
2 þ 3b

2

3eb2

� �3
2

 !
:

Then
 Z t

0

jwðsÞjjN xðsðtÞ; t; sðsÞ; sÞjds 6
Z t

0

jwðsÞjj � 2Kxð�sðtÞ; t; sðsÞ; sÞ þ GxðsðtÞ; t; sðsÞ; sÞjds

6 Ra2ðbÞt þ R2a3ðb;RÞ
ffiffi
t
p
:

To prove (23), by taking into account that
jGðsðtÞ; t; sðsÞ; sÞj 6 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pðt � sÞ

p

so, we obtain
Z t

0

jGðsðtÞ; t; sðsÞ; sÞjjF ðV ðsÞÞjds 6 LR
Z t

0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pðt � sÞ

p ds ¼ 2LR
ffiffi
t
pffiffiffi
p
p :
The inequality (24) is prove in the same way as (20). To prove (25), we have
Z t

0

jNð0; t; 0; sÞjjgðsÞjds 6 kgkt

Z t

0

jNð0; t; 0; sÞjds ¼ kgkt

Z t

0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pðt � sÞ

p ds ¼ kgktffiffiffi
p
p 2

ffiffi
t
p
:

Eq. (26) holds because
jNð0; t; sðsÞ; sÞj 6 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pðt � sÞ

p ;Z t

0

jwðsÞjjNð0; t; sðsÞ; sÞjds 6
2R

ffiffi
t
pffiffiffi
p
p :
To prove (27) we have
jNð0; t; n; sÞjjF ðW ðsÞÞj 6 Lffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pðt � sÞ

p kW k;
then
 Z Z
DðtÞ
jNð0; t; n; sÞjjF ðW ðsÞÞjdnds ¼

Z t

0

Z sðsÞ

0

jNð0; t; n; sÞjjF ðW ðsÞÞjdn

���� ����ds

6 LR
Z t

0

jsðsÞjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pðt � sÞ

p ds 6
3bLR

ffiffi
t
pffiffiffi

p
p

and therefore the thesis holds. h
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Lemma 4. Let s1 and s2 be the functions corresponding to w1 and w2 in C0[0,r], respectively with maxt2[0,r]

jwi(t)j 6 R, i = 1,2. Then we have
js2ðtÞ � s1ðtÞj 6 tkw2 � w1kt;

jsiðtÞ � siðsÞj 6 Rjt � sj; i ¼ 1; 2;
b
2
6 siðtÞ 6 3b

2
; 8t 2 ½0; r�; i ¼ 1; 2:

8><>: ð28Þ
Lemma 5. Let be g 2 C0[0,T], h 2 C1[0,b], F a Lipschitz function over C0[0,T]. We have
Z t

0

jw1ðsÞNð0; t; s1ðsÞ; sÞ � w2ðsÞNð0; t; s2ðsÞ; sÞjds ð29Þ

6 kw1 � w2kt

8

eb2

� �1
2 tffiffiffi

p
p þ 3bR

8
ffiffiffi
p
p 24

eb2

� �3
2

t2

" #
;

Z Z
D1ðtÞ

Nð0; t; n; sÞF ðW 1ðsÞÞdnds�
Z Z

D2ðtÞ
Nð0; t; n; sÞF ðW 2ðsÞÞdnds

�����
�����

6
LRt

3
2ffiffiffi

p
p kw1 � w2kt þ

3bL
ffiffi
t
p

2
ffiffiffi
p
p kW 1 � W 2kt; ð30Þ
where Di(t) = {(n,s)/0 < n < si(s), 0 < s < t}, i = 1,2;
Z b

0

jh0ðnÞjjGðs1ðtÞ; t; n; 0Þ � Gðs2ðtÞ; t; n; 0Þjdn 6
2kh0k

ffiffi
t
pffiffiffi

p
p kw1 � w2kt; ð31ÞZ t

0

jgðsÞjjNxðs1ðtÞ; t; 0; sÞ � Nxðs2ðtÞ; t; 0; sÞjds 6 kgkt

24

eb2

� �3
2 1

2
ffiffiffi
p
p þ 40

eb2

� �5
2 9

4
b2 1

4
ffiffiffi
p
p

" #
tkw1 � w2kt; ð32ÞZ t

0

jGðs1ðtÞ; t; s1ðsÞ; sÞF ðW 1ðsÞÞ � Gðs2ðtÞ; t; s2ðsÞ; sÞF ðW 2ðsÞÞjds

6
2L

ffiffi
t
pffiffiffi
p
p kW 1 � W 2kt þ

R3L
ffiffi
t
pffiffiffi
p
p kw1 � w2kt þ

6

e

� �3
2 R2t

b2 ffiffiffi
p
p kw1 � w2kt ð33Þ
and
 Z t

0

jw1ðsÞN xðs1ðtÞ; t; s1ðsÞ; sÞ � w2ðsÞNxðs2ðtÞ; t; s2ðsÞ; sÞjds

6
R
ffiffi
t
p

2
ffiffiffi
p
p þ 6

eb2

� �3
2 3bt
2
ffiffiffi
p
p þ R

2
ffiffiffi
p
p 6

eb2

� �3
2

þ 9

2
b2 10

eb2

� �5
2

" #
t þ Rð1þ R2tÞ

ffiffi
t
p

2
ffiffiffi
p
p

( )
kw1 � w2kt: ð34Þ
Proof. To prove (29) we have
jw1ðsÞNð0; t; s1ðsÞ; sÞ � w2ðsÞNð0; t; s2ðsÞ; sÞj
6 jw1ðsÞ � w2ðsÞjjNð0; t; s1ðsÞ; sÞj þ jw2ðsÞjjNð0; t; s1ðsÞ; sÞ � Nð0; t; s2ðsÞ; sÞj:
Taking into account that
jNð0; t; s1ðsÞ; sÞj 6
exp �b2

16ðt�sÞ

� �
ffiffiffi
p
p
ðt � sÞ

1
2

6
8

eb2

� �1
4 1ffiffiffi

p
p
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and
jNð0; t; s1ðsÞ; sÞ � Nð0; t; s2ðsÞ; sÞj 6
3b

4
ffiffiffi
p
p 24

eb2

� �3
2

tkw1 � w2kt
then
 Z t

0

jw1ðsÞNð0; t; s1ðsÞ; sÞ � w2ðsÞNð0; t; s2ðsÞ; sÞjds 6 kw1 � w2kt

8

eb2

� �1
2 tffiffiffi

p
p þ 3bR

8
ffiffiffi
p
p 24

eb2

� �3
2

t2

" #
:

To prove (30) we have
Z Z
D1ðtÞ

Nð0; t; n; sÞF ðW 1ðsÞÞdnds�
Z Z

D2ðtÞ
Nð0; t; n; sÞF ðW 2ðsÞÞdnds

¼
Z Z

D1ðtÞ
Nð0; t; n; sÞðF ðW 1ðsÞÞ � F ðW 2ðsÞÞÞdndsþ

Z Z
D1ðtÞ

Nð0; t; n; sÞF ðW 2ðsÞÞdnds

�
Z Z

D2ðtÞ
Nð0; t; n; sÞF ðW 2ðsÞÞdnds
Because
Z Z
D1ðtÞ

Nð0; t; n; sÞðF ðW 1ðsÞÞ � F ðW 2ðsÞÞÞdnds

�����
����� 6

Z t

0

Z s1ðsÞ

0

jNð0; t; n; sÞjLkW 1 � W 2kt dnds

6
1ffiffiffi
p
p

ffiffi
t
p

Ljs1ðtÞjkW 1 � W 2kt 6
3b

2
ffiffiffi
p
p L

ffiffi
t
p
kW 1 � W 2kt
and
 Z Z
D1ðtÞ

Nð0; t; n; sÞF ðW 2ðsÞÞdnds�
Z Z

D2ðtÞ
Nð0; t; n; sÞF ðW 2ðsÞÞdnds

�����
�����

6

Z t

0

jF ðW 2ðsÞÞj
Z s2ðsÞ

s1ðsÞ
Nð0; t; n; sÞdn

�����
�����ds 6

LRffiffiffi
p
p t

3
2kw1 � w2kt
then (30) holds.
To prove (31) we have
jGðs1ðtÞ; t; n; 0Þ � Gðs2ðtÞ; t; n; 0Þj
6 jKðs1ðtÞ; t; n; 0Þ � Kðs2ðtÞ; t; n; 0Þj þ jKð�s1ðtÞ; t; n; 0Þ � Kð�s2ðtÞ; t; n; 0Þj
and by the mean value theorem there exists d = d(t) between s1(t) and s2(t) such that
jKðs1ðtÞ; t; n; 0Þ � Kðs2ðtÞ; t; n; 0Þj ¼ js1ðtÞ � s2ðtÞjKðdðtÞ; t; n; 0Þ
jdðtÞ � nj

2t
then
 Z b

0

js1ðtÞ � s2ðtÞjKðdðtÞ; t; n; 0Þ
jdðtÞ � nj

2t
dn 6 tkw1 � w2kt

Z b

0

jdðtÞ � nj
exp ðdðtÞ�nÞ2

4t

� �
4
ffiffiffi
p
p
ðt � sÞ

3
2

dn

¼
ffiffi
t
p kw1 � w2kt

2
ffiffiffi
p
p exp

�ðdðtÞ � bÞ2

4t

 !
� exp

�d2ðtÞ
4t

� � !

6

ffiffi
t
p
kw1 � w2ktffiffiffi

p
p :
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In the same way we have
Z b

0

jKð�s1ðtÞ; t; n; 0Þ � Kð�s2ðtÞ; t; n; 0Þjdn 6

ffiffi
t
p
kw1 � w2ktffiffiffi

p
p :
Then
 Z b

0

jh0ðnÞjjGðs1ðtÞ; t; n; 0Þ � Gðs2ðtÞ; t; n; 0Þjdn 6 2kh0k
ffiffi
t
p
kw1 � w2ktffiffiffi

p
p :
To prove (32) we apply the mean value theorem and therefore there exists c = c(t) between s1(t) and s2(t) such
that
jNxðs1ðtÞ; t; 0; sÞ � N xðs2ðtÞ; t; 0; sÞj ¼ js1ðtÞ � s2ðtÞjjNxxðcðtÞ; t; 0; sÞj

jNxxðcðtÞ; t; 0; sÞj 6
exp �c2ðtÞ

4ðt�sÞ

� �
2
ffiffiffi
p
p
ðt � sÞ

3
2

þ
c2 exp �c2ðtÞ

4ðt�sÞ

� �
4
ffiffiffi
p
p
ðt � sÞ

5
2

6

exp �b2

16ðt�sÞ

� �
2
ffiffiffi
p
p
ðt � sÞ

3
2

þ
9b2 exp �b2

16ðt�sÞ

� �
16

ffiffiffi
p
p
ðt � sÞ

5
2

6
24

eb2

� �3
2 1

2
ffiffiffi
p
p þ 40

eb2

� �5
2 9

16
ffiffiffi
p
p b2
and (32) holds. To prove (33) we have
jGðs1ðtÞ; t; s1ðsÞ; sÞF ðW 1ðsÞÞ � Gðs2ðtÞ; t; s2ðsÞ; sÞF ðW 2ðsÞÞj
6 jGðs1ðtÞ; t; s1ðsÞ; sÞjjF ðW 1ðsÞÞ � F ðW 2ðsÞÞj þ jGðs1ðtÞ; t; s1ðsÞ; sÞ � Gðs2ðtÞ; t; s2ðsÞ; sÞjjF ðW 2ðsÞÞj:
We obtain that
jGðs1ðtÞ; t; s1ðsÞ; sÞjjF ðW 1ðsÞÞ � F ðW 2ðsÞÞj 6
Lffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

pðt � sÞ
p kW 1 � W 2kt
and, following [20] we have:
jGðs1ðtÞ; t; s1ðsÞ; sÞ � Gðs2ðtÞ; t; s2ðsÞ; sÞjjF ðW 2ðsÞÞj
6 jKðs1ðtÞ; t; s1ðsÞ; sÞ � Kðs2ðtÞ; t; s2ðsÞ; sÞjjF ðW 2ðsÞÞj þ jKð�s1ðtÞ; t; s1ðsÞ; sÞ

� Kð�s2ðtÞ; t; s2ðsÞ; sÞjjF ðW 2ðsÞÞj 6
R3Lffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

pðt � sÞ
p kw1 � w2kt þ

6

e

� �3
2 R2L

b2 ffiffiffi
p
p kw1 � w2kt:
Then
 Z t

0

jGðs1ðtÞ; t; s1ðsÞ; sÞF ðW 1ðsÞÞ � Gðs2ðtÞ; t; s2ðsÞ; sÞF ðW 2ðsÞÞjds

6
2L

ffiffi
t
pffiffiffi
p
p kW 1 � W 2kt þ

R3L
ffiffi
t
pffiffiffi
p
p kw1 � w2kt þ

6

e

� �3
2 R2t

b2 ffiffiffi
p
p kw1 � w2kt:
To finish the thesis, the result (34) can be found in [25]. h

Theorem 6. The map B : CR;r ! CR;r is well defined and it is a contraction map if r satisfies the following

inequalities:
r 6 1; 2Rr 6 b ð35Þ

ð2kgkra1ðbÞ þ 2Ra2ðbÞÞrþ 2R2a3ðbÞ þ
4LRffiffiffi

p
p þ 2kgkr þ Rð2þ 3bLÞffiffiffi

p
p

� � ffiffiffi
r
p
6 1; ð36Þ

Hðkh0k; kgkr; b; L;R; rÞ < 1; ð37Þ
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where R is given by
R ¼ 1þ khk þ 2kh0k ð38Þ

and
Hðkh0k; kgkr; b; L;R; rÞ

¼ 4kh0k
ffiffiffi
r
pffiffiffi
p
p þ 2kgkrN 1ðbÞrþ

4L
ffiffiffi
r
pffiffiffi
p
p þ N 2ðR; LÞ

ffiffiffi
r
p
þþN 3ðR; bÞrþ N 4ðRÞ

ffiffiffi
r
p�

þ N 5ðbÞrþ N 6ðR; bÞrþ
Rð1þ R2rÞffiffiffi

p
p

ffiffiffi
r
p
þ N 7ðbÞrþ N 8ðR; bÞrþ N 9ðb; LÞ

ffiffiffi
r
p
þ N 10ðR; LÞr

3
2



; ð39Þ
where N1 to N10 are given by the expressions
N 1ðbÞ ¼
24

eb2

� �3
2 1

2
ffiffiffi
p
p þ 40

eb2

� �5
2 9

4
b2 1

4
ffiffiffi
p
p ; N 2ðR; LÞ ¼

2R3Lffiffiffi
p
p ;

N 3ðR; bÞ ¼
2R2

b2 ffiffiffi
p
p

6

e

� �3
2

; N 4ðRÞ ¼
Rffiffiffi
p
p ; N 5ðR; bÞ ¼

3bffiffiffi
p
p 6

eb2

� �3
2

;

N 6ðR; bÞ ¼
Rffiffiffi
p
p 6

eb2

� �3
2

þ 9

2
b2 10

eb2

� �5
2

" #
; N 7ðbÞ ¼

8

eb2

� �1
2 1ffiffiffi

p
p ;

N 8ðR; bÞ ¼
3Rb
8
ffiffiffi
p
p 24

eb2

� �3
2

; N 9ðb; LÞ ¼
3bL
2
ffiffiffi
p
p ; N 10ðR; LÞ ¼

LRffiffiffi
p
p :
Then there exists a unique solution on CR,r to the system of integral equations (7) and (8).

Proof. Firstly we demonstrate that B maps CR,r into itself, that is
B w�
!

� �				 				
r

¼ max
t2½0;r�

jB1ðwðtÞ;W ðtÞÞj þmax
t2½0;r�

jB2ðwðtÞ;W ðtÞÞj 6 R:
Using Lemma 3 it results
jB1ðwðtÞ;W ðtÞÞj 6 2kh0k þ 2R2a3ðb;RÞ þ
4RLffiffiffi

p
p

� � ffiffi
t
p
þ 2ðkgkta1ðbÞ þ Ra2ðbÞÞt;

jB2ðwðtÞ;W ðtÞÞj 6 khk þ
kgkt þ 2Rþ 3bLRffiffiffi

p
p

� � ffiffi
t
p

and then
B w�
!

� �				 				
r

6 2kh0k þ khk þ 2ðkgkra1ðbÞ þ Ra2ðbÞÞrþ 2R2a3ðb;RÞ þ
4RLffiffiffi

p
p þ 2kgkr þ 2Rþ 3bLRffiffiffi

p
p

� � ffiffiffi
r
p

:

Selecting R by (38) and r such that (35) and (36) hold, we obtain B w�
!� �			 			

r
6 R. Now, we will prove that� � � �	 	 	 	
B w�2
!
� B w�1

!			 			
r

6 Hðkh0k; kgkr; b; L;R; rÞ w�2
!
�w�1
!			 			

r

;� � � �

where w�1

!
¼ w1

W 1
, w�2
!
¼ w2

W 2
2 CR;r. By selecting r such that (37) holds, B becomes a contracting map-

ping on CR,r and therefore it has a unique fixed point. Taking into account Lemma 5 we have
B w�2
!

� �
� B w�1

!
� �				 				

r

¼ max jB1ðw2ðtÞ;W 2ðtÞÞ � B1ðw1ðtÞ;W 1ðtÞÞj þmax jB2ðw2ðtÞ;W 2ðtÞÞ � B2ðw1ðtÞ;W 1ðtÞÞj

t2½0;r� t2½0;r�
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6
4kh0k

ffiffiffi
r
pffiffiffi
p
p þ 2kgkrN 1ðbÞrþ

4L
ffiffiffi
r
pffiffiffi
p
p þ N 2ðR; LÞ

ffiffiffi
r
p
þ N 3ðR; bÞrþ N 4ðRÞ

ffiffiffi
r
p
þ N 5ðbÞrþ N 6ðR; bÞr

�
þ Rð1þ R2rÞffiffiffi

p
p

ffiffiffi
r
p
þ N 7ðbÞrþ N 8ðR; bÞrþ N 9ðb; LÞ

ffiffiffi
r
p
þ N 10ðR; LÞr

3
2



w�2
!
�w�1
!

				 				
r

¼ Hðkh0k; kgkr; b; L;R; rÞ w�2
!
�w�1
!

				 				
r

:

By hypothesis (37) we have that B is a contraction. h
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