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Abstract

We prove the existence and uniqueness, local in time, of the solution of a one-phase Stefan problem for a non-classical
heat equation for a semi-infinite material with a heat flux boundary condition at the fixed face x = 0. Here the heat source
depends on the temperature at the fixed face x = 0. We use the Friedman—Rubinstein integral representation method and
the Banach contraction theorem in order to solve an equivalent system of two Volterra integral equations.
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1. Introduction

The one-phase Stefan problem for a semi-infinite material for the classical heat equation requires the deter-
mination of the temperature distribution u of the liquid phase (melting problem) or of the solid phase (solid-
ification problem), and the evolution of the free boundary x = s(¢). Phase-change problems appear frequently
in industrial processes and other problems of technological interest [1-9]. A large bibliography on the subject
was given in [10].

Non-classical heat conduction problem for a semi-infinite material was studied in [11-15], e.g. problems of
the type

U — e = —F(u,(0,2)), x>0, t>0,
u(0,1) =0, ¢>0, (1)
u(x,0) = h(x), x>0,
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where Ai(x), x >0, and F(V),V € R, are continuous functions. In this case, the heat source depends on the heat
flux at the boundary x = 0. The function F, henceforth referred as control function, is assumed to fulfill the
following condition:

F(0)=0.

As observed in [14,15] the heat flux w(x,?) = u(x,?) for problem (1) satisfies a classical heat conduction

problem with a nonlinear convective condition at x = 0, which can be written in the form
W, — Wy =0, x>0, t>0,
we(0,2) = F(w(0,1)), >0, (2)
w(x,0) =H(x) >0, x>0.

The literature concerning problem (2) has increased rapidly since the publication of the papers [16-18]. In
[19] a one-phase Stefan problem for a non-classical heat equation for a semi-infinite material with a source
term which depends on the heat flux at x = 0 was presented. In [20] an existence and uniqueness result, local
in time, was obtained.

Now, the free boundary problem which we want to consider consists in determining the temperature
u = u(x,t) and the free boundary x = s(¢) which satisfy the following conditions:

(1) uy — uyy = —F(u(0,1)), 0<x<s(t), 0<t<T,

(ii) u,(0,¢) = —g(¢) <0, 0<t<T, 3
(iii) u(s(2),t) =0, (v) ue(s(2),2) = =5(¢), 0<t<T,

(v) u(x,0) = h(x), 0<x<b=1s(0) (b>0).

Here, the control function F depends on the evolution of the temperature at the extremum x = 0 with a given
heat flux. The goal in this paper is to prove in Section 2 the existence and uniqueness local in time of the solu-
tion to the one-phase Stefan problem (3) of a non-classical heat equation for a semi-infinite material with a
heat flux boundary condition at the fixed face x = 0. First, we prove that problem (3) is equivalent to a system
of two Volterra integral equations (7) and (8) [21,22] following the Friedman—Rubinstein’s method given in
[23,24]. Then, we prove that the system (7) and (8) has a unique local solution by using the Banach contraction
theorem.

2. Existence and uniqueness of solutions

Let be g € €0, 7), h € C'[0,b], h(0) = b, g(0) = —h'(0), F is a Lipschitz function over C’[0, T7.
We have the following equivalence for the existence of solutions to the non-classical free boundary problem

3).
Theorem 1. The solution to the free boundary problem (3) is given by

u(x,t):/o N(x,t;E,O)h(é)df—k/OtN(x,t;O,r)g('c)dr
le,;sr,twrdr— N(x,t; &, 7)F(W(1))dédr, 4
+ [ Vs @ [[ Neseorr@)a: @
s@:b—Aw@M, (s5)

where D(t) = {(x,7)/0 < x <s(1),0 <t <t}, and the functions w, W defined by
w(t) = u(s(t),1), W(t) =u(0,1) (6)
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must satisfy the following system of two Volterra integral equations:

w(t) = 2/0 KW (E)G(s(2),t,&,0)dE + Z/OIg(t)Nx(s(t)J,O,r) de

2 f WONL(s(0), 5(2), D) de 42 | atsto. st or0r ) ae )

0

/h 0150)d5+/t 2(t)N(0,1,0,7)dr
+/0 WRIN (0, £, 5(2) df—/ N(O, 1, &, 7)F (W (x)) dede, (8)

where G, N are the Green and Neumann functlons and K is the fundamental solution of the heat equation, defined
respectively by

G(x,t, & 1) =K(x,t,&,7) — K(—x,1,¢,7), 9)

N(x,t,& 1) =K(x,t,&,1) + K(—x,t, &, 1), (10)
L exp (=) 4> ,

K(et)={ 2o (-5) > (11)
0 t <1,

where s(t) is given by (5).

Proof. Let u(x, ) be the solution to the problem (3) and we integrate on the domain D, , = {(&,7)/0 < & < (1),
e <1<t — ¢}, the Green identity

(Nug —uN¢). — (Nu), = NF(u(0,1)). (12)

Now we let ¢ — 0, to obtain the integral representation for u(x,t)

u(x,t) /Nxtg, der/NxtO‘c 7)dt + /Nxts us(s(t),7)dr
—/ N(x,t;&,7)F(u(0,7))dédr.
D(1)

From the definition of w(¢) and W(¢) by (6), we obtain (4) and (5). If we differentiate in variable x and we let
x — 0" and x — s(¢), by using the jump relations we obtain the integral equations for w and W.

Conversely the function u(x,¢) defined by (4) where w and W are the solutions of (7) and (8) satisfy the
conditions (3) (i), (i), (iv) and (v). In order to prove condition (3) (iii), we define /(t) = u(s(z), t). Taking into
account that u satisfy the conditions (3) (i), (i), (iv) and (v), if we integrate the Green identity (12) over the
domain D, (¢ > 0) and we let ¢ — 0 we obtain that

b
u(x,t):/N(x,t;é,O der/Nxts 7)dt + /NxtO‘c 7)dt
/1// ((x,t;5(1),7) + N(x,t;5(7), d‘c—/ N(x,t; & 0)F(W(1))dédr. (13)
Then, if we compare this last expression with (4) we deduce that

/0 V(D) [Ne(x,t55(7), 1) + N(x, £;5(1), t)w(t)]dt

for 0 <x <s(¢), 0 <t<a. We let in (14) x — s(¢) and by using the jump relations we have that s satisfy the
integral equation

+ /0’ Y(t)[Ne(s(2),t;5(1), 1) + N(s(2), t;5(7), t)w(r)]dr = 0.

0 (14)
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Then we deduce that

_cz/w dﬂ/ﬂ v %—ncszx ) dn,

where C = ((¢), therefore by using the Gronwall inequality we have that y(¢) =0 over [0,6]. O

Next, we use the Banach fixed point theorem in order to prove the local existence and uniqueness of solu-
tion w, W e CY[0,0] to the system of two Volterra integral equations (7) and (8) where ¢ is a positive small
number (o < T). Consider the Banach Space:

d W —
Cro = {W* = (W)/W’ W :[0,0] — R,continuous, with||w*|| < R},
where
w (| = max |w()] +max|W( ).
t€[0,0] t€[0,0]

We define the map B : Cr, — Cr,, such that

Fasfen) -G )

where

B0, () =2 WG4, E,0)dE +2 [ som.ist0. 10,90

+2/0 W(T)Nx(s(t),t,s(r),r)dr+2/0 G(s(1),t,s(7),7)F(W(r))dr (15)
and
Ba(w /1h Otgmd5+/"(ﬂNmJﬁJyL+AlwﬂNmJJuy@df
-/ [ N0 e () dedc (16)

Lemma 2. Let w € C°[0,0], max,cio.0) |W(0)| < R and 2Re < b then s(t) defined by (5) satisfies
Is() —s(t)| < R|t—1|, Vr, t€][0,q] (17)

p@—mgg vr € [0, a). (18)

To prove the following lemmas we need the classical inequality:

2

exp (ﬁ) ;

—([H)S (ﬁ)', o,x>0, t>1, neN. (19)
(t—1)? 2ex?

Lemma 3. Let 6 <1, R>1, g€ C°[0,T], h € C'[0,b], h(0)= b, g(0)= —h'(0), F a Lipschitz function over
C°[0,T). Under the hypothesis of Lemma 2 we have the following properties:
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b
[ e, e.0le < .
0
t
[ e 5(0.2,0, )1 de < [l e,
0

/ w(D)[[Nx(s(2), 1,5(7), )| dT < Ron(b)1 + RPos () V2,

2LR\/t
ﬁ )

/ 1G(s( DIF(2)]de <

/|h IN(0.1,£,0)dé <[],

lgll 2Vt
\/E )

f 2R/t
/ (N0, ,5(2) ) de < 22X,

3bLR\/t
// N0, ¢, & D)||[F(W(r))|dédr < T

/ g(@)lIN(O, 1,0,7)|dr <
0

where L is the Lipschitz constant for F and

(b R) = Z\IF 41§ff <3ezbz>%'

Proof. We have

/|G )t O DI0E < W] [ 160601, 8,0)1d¢ < ]

because

/ " 1G(s(0), ., 0)|dé < / " INGs(0), 1,2, 0 dE < 1
0 0

then (20) holds. To prove (21) we have

IN.(s(2),2,0,7)] = |K(s(2),2,0,7) — K. (—s(2),2,0,7)| <

|()|6XP(1 ,T> 3 /24\°
v SaE () ==

Then

/0 gV (5(0),1,0, ) de < [lglln (),
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which implies (21). To prove (22) we have

IN.(s(2),2,5(1),7)| = | — 2K (—s(¢),2,5(7),7) + G, (s(2), ¢,5(7), T)],
g SO S (s 50
2Kl = A exp< i )

3bexp( m)) o3 (i)%—ocz(b)

s Aym(t—1)}  2V/m\eb’

and
G (s(2),1,5(7), T)| = |Ki(s(1), 2,5(7),7) + K(=5(2),1,5(7), )|
= s - s@ew (‘“ﬁ?ji(f” ) ~ (s(0) + () exp (‘(
(t—1)°% 9 1 s
Sam (R(t—r)+3bexp (4(t—r) ) <E<R(t—r) +3b<
Then

/0[ [w(t)||N(s(2), t,5(1),7)|dt < /0' [w(t)|| — 2K, (—s(¢),2,s(7), 7) + Gy (s(2),2,5(7), 7)|dT

< Roy(b)t + R*as(b,R) V1.
To prove (23), by taking into account that

1G(s(1),£,5(1),7)| <

n(t — 1)
so, we obtain
! 1 2LR
/|G lats ())|dr<LR/ do = 2RV
0o Vr(t—1) VT
The inequality (24) is prove in the same way as (20). To prove (25), we have
' ’ o llgll
N(0,2,0,7)||g(7)|dr < / N(0,¢,0,7)|dt = / dr = "22020/1.
/0 IN( )I1g(7)] lgll, | IN( )| lgll, A NG

Eq. (26) holds because
IN(0,2,5(1), 7)] <

n(t—1)

/ w(2)[IN (0, ,5(7) )|d7:<215/\ﬁ/;

To prove (27) we have
L
IN(0,1, &, D)|[F(W(1))] < W1,
n(t — 1)
then
t s(7)
J [, wo.reanroreazas= 1| [ o0 alrom el ac] o
< IR o s(o)] d <3bLR\ﬁ

0o V/r(t—r1) £s VT

and therefore the thesis holds. O
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Lemma 4. Let s, and s, be the functions corresponding to wy and w, in C°[0,a], respectively with maXe[o,0]
[wit)]| < R, i=1,2. Then we have

[52(1) = s1(0)] < tf|w2 — wi ],
Is:(f) —si(7)| <Rt —1|, i=1,2, (28)
3
s

|
b<si(n) <32, Vie(0,0], i=1,2.

2

Lemma 5. Let be g € C°[0,T], he C'[0,b], Fa Lipschitz function over 10, T). We have

/Ot [wi (t)N(0,¢,51(1),T) — wa(T)N(0,2,55(1), 7)|dt (29)

8\! ¢ 3bR (24},
< [[wi = wal|, o 7E+m e |5

NO,t, &, 0)F(W(7))dédTr — N(0,t, &, 1)F(W,(r))dédr
‘/Dmmz)( (1)) dé //M)(té)( (1)) dé
3bLA\/t

< Sl =l + oL W = Wl (30)
where D(f) = {(£,1)/0 < & <sft), 0<t<¢},i=1,2;
b 2K
[ w166 0.1.6.0) - G508, 001 0 < Ly — v, a1
0 Y

f 24\ 1 (40)\?9 , 1
[ 60NN 510.2.0.9) = N (0.0.0, ) de < |g||,[($> st () 3 m]rnwl—wm )
/Ot |G(s1(2),2,81(7), T)F (W1(7)) — G(s2(t), t,52(7), T)F(W2(7))|dz

AU RL 6\’ R
<yl + Ty + (8

ol = wl, (33)

and

/0 [wi(T)Ny(s1(2),2,51(7), ) — wa(T)Ny(52(2),2,82(7), 7)|d7

{5\\//— ( ) 23\7‘ 25- [( 6 >%+gb2(§>jt+ml+\f¥)\ﬁ}”wl —wal,. (34)

Proof. To prove (29) we have

[wi (t)N(0,¢,51(1),7) — wa(T)N(0,¢,52(1), 7)]
< wi(7) = wa(D)[IN(0, £,51(7), T)| + [wa(T)[IN(0, 1,51 (7), 7) = N(0,2,55(2), 7).

Taking into account that

€Xp (16?;1751)) 8 \7 1
<—— << |— | —
|N(O,t,sl(‘f),f)| X % X (eb2> \/E
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IN(O. 1,51(2), ) — N (0, £,5(x). 7 24) lws — wal],

<o (o

i [wi(T)N(0,2,51(1), T) — wa(t)N(0, ¢, 52(7), 7)|dT < ||wi — w2, l(%)s\/LE—FS%TI; (%)%21.

To prove (30) we have

/D N(O,t,é,r)F(Wl('c))dfdr—/ o N(O,t,é,r)F(Wz(r))dfdr

/D N(O.1, &, 7) (F(W\(z)) - (Wz())didH/ NO.4E () déde

//Dz@ (0,4, ))F (W(r)) dédr '

‘/ A ()N(O,t, ED(F(Wi(r)) — F(Wy(r)))dédr| <

Because

t 31
// 0 t 5, |L||W1 — Wz”tdéd‘[

L\/||W1 W,

< \/—%\ﬁL\Sl(fNHWl Wall, <

\/_

and

‘/ N(0, ¢, é,r)F(Wz(r))dédr—/ N(0,¢, & 1)F(W,(1))déde

Ds(1)
/ F(Ws(x

then (30) holds.
To prove (31) we have
|G(Sl (t)a t7 67 0) - G(SZ(t)a t7 éa 0)'
< K (51(0),,€,0) = K(s52(0), £, &, 0)] + [K (=51(1),1,€,0) = K(=5:(1), 1, &, 0)

and by the mean value theorem there exists d = d(7) between s(¢) and s,(¢) such that

K(5:(0,0,£.0) — K(s52(0).1.£,0)] = [s1(0) — s2(0|K a0, 1,¢.0) L ]

N(O, t,& 1)d¢

LR ;
dr < \/—EﬂHWI -l

s1(7)

then

[ 1510 - s, .6.0) 40~

b
dé <t =l [ :
"Jo exp ((d(’lfg)2>4\/ﬁ(t %

w1 —wa, —(d(1) = b)’ —d’(1)
o (0o ()

o Viljw — Wth.
~ ﬁ
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In the same way we have

/Ob |K(_Sl(t)v tv 57 0) - K(_SZ(t)a tv 57 O)' dé < \/'HW\I/E WZHt
Then
[ H1661(0.1.6,0) = Glsa0). 1€, 0)] e < 2] f”wlf Lelly

To prove (32) we apply the mean value theorem and therefore there exists ¢ = ¢(¢) between s;(¢) and s,(¢) such
that

|Nx(51(l‘),l‘,0,‘f) _NX(SZ(t)7t7O7T)‘ = |Sl(t) ( )||NXX( ( )7t707f)|

[N (c(8),8,0,7)] <

and (32) holds. To prove (33) we have

1G(s1(1), 1,5 (2), DF (W (1)) — G(sat), £,52(1), VF (W(2))|
< 1G(51 (1), 1,51 (2), D1 (1)) = FOV2(0)] + [Glsi (0, 1,51(2), 7) — Glsa(0), 1, 52(2), D [F(W ().
We obtain that
1G(s1(0), 51 (2), D)|FO (1) — F(Wa(2)] < % 1, — W,
and, following [20] we have:
1G(s1(6), £,51(1),7) — Glsa(),1,52(2), D) [F(W2(0))]
< K (s1(0),£,51(0),7) — K(53(0),t,5(), DN F(Wa(0)] + K (=s1(0), 1,51 (1), )
RL 6\? RL
- Koo 5(e) POV € s oy =l + (—) el =l
Then

2L\/’ RL\i 6\ R
\/— W — WZHHFWHWl —wyl|, + <E> ——= w1 = wal],.

To finish the thesis, the result (34) can be found in [25]. O

Theorem 6. The map B : Cr, — Cr, is well defined and it is a contraction map if o satisfies the following
inequalities:

o<1, 2Ra<b (35)
4LR  2|g|l, + R(2 + 3bL)

i c <1, 36

e Ve (36)

H((|7[|, llgll, b, L, R, o) < 1, (37)

(Qllgll, 21 (8) + 2Ra (b)) + (2R20€3(b) n
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where R is given by
R =1+ |lA] +2[|#] (38)
and

H(I#]],1lgll,» 5, L, R, o)

4w’ ||V 4L\/o
{ NG +2|lgll,Ni(b)o + N + Na(R,L)\/o + +N3(R,b)o + N4(R)\/o

+ Ns(b)o + Ng(R,b)a + kQ \J;_Rz 9)

where Ny to Nio are given by the expressions

N\(b) = (24) 1 (40) 9., 1 N2<R7L>:2R3L7

Vo + N4 (b )aJrNg(R,b)a+N9(b,L)\/E+N10(R,L)a%}, (39)

2y \eb?) 4 4ym Nz
N3(R,b):bzljﬁ<i>%, N4(R):%, N5(R,b):3l;<d6)>%,
N6(R,b):%[<%>%+%bz<§ : , Ni(b) = (3)5%
i) = 2 (BN = 2L ey = R

Then there exists a unique solution on Cr, to the system of integral equations (7) and (8).

Proof. Firstly we demonstrate that B maps Cg, into itself, that is

H ( )H = max |By (w(t), W (0))] + max By (w(r), W (1))] < R.

t€[0,0] t€[0,0]

Using Lemma 3 it results

By (w(®), W(0))] < 2/ + (ZRzocs(b R)+Atf—>\/+2(llgllton( ) + R (b))t

ot )] < i+ (1EL 22080

and then

5(w)

Selecting R by (38) and ¢ such that (35) and (36) hold, we obtain HB(»Z*)

#(2) -#()
where v:}* = ( W s = ( w2 ) € Cg,. By selecting o such that (37) holds, B becomes a contracting map-

wy ) 2 w,
ping on Cr, and therefore it has a unique fixed point. Taking into account Lemma 5 we have

() ~2()],

= max |B (wy(2), W1(2)) — Bi(wi (2), Wi ( ))|+maX|Bz(Wz()aWz(f))—Bz(Wl(f)>W1(l))\

1€[0,0] 1€[0,6

4RL 2||g|l. + 2R + 3bLR
V- Ve

< R. Now, we will prove that

a

< 20+ Il -+ 2lgl, 2 (b) + Roa(B))o + (ZRsz R)+

[

< H(I, gl »b,L. R, 0) w3 = wi |

a

g
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< {M+ 2||gll,Ni(b)o +M+N2(R,L)\/E+N3(R,b)a + N4(R)v/o + Ns(b)o + N¢(R,b)o
v VT
+W\/E + N7(b)o + Ng(R,b)o + No(b,L)\/7 + Nlo(R,L)oi} J; — J’;

* *
Wy —wy

=H(|K]l,llgll;, b, L, R, 0)

g

By hypothesis (37) we have that B is a contraction. [
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