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Abstract

The mathematical analysis of a one-phase Lamé—Clapeyron—Stefan problem with nonlinear thermal coefficients following [G.A.
Tirskii, Two exact solutions of Stefan’s nonlinear problem, Sov. Phys. Dokl. 4 (1959) 288-292] is obtained. Two related cases are
considered; one of them has a temperature condition on the fixed face x = 0 and the other one has a flux condition of the type
—qo/+/t (go > 0). We obtain in both cases sufficient conditions for data in order to have the existence of an explicit solution of a
similarity type which is given by using a double fixed point.
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1. Introduction

The Lamé—Clapeyron—Stefan problem is nonlinear even in its simplest form due to the free boundary conditions. If
the thermal coefficients of the material are temperature dependent, we have a double nonlinear free boundary problem.
The present study provides the existence of an exact solution of the similarity type to a one-phase melting problem.
We consider the following free boundary problem for a semi-infinite material [1,2]:

p(D)e(T)T; = (k(T)Tx)y, 0 <x <s(n) ey
rQ0,nH="T, @3]
T(s(®), 1) =Tn 3)
k(T (s@), 1)) Te(s(1), 1) = —pol s'(1) “)
5(0)=0 ®)
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where T = T (x, t) is the temperature of the liquid phase; p(T'), c(T) and k(T) are the body’s density, its specific
heat, and its thermal conductivity, respectively; T,, is the phase change temperature, 7, > T, is the temperature on
the fixed face x = 0; pg > 0 is the constant density of mass at the melting temperature; / > 0 is the latent heat of
fusion by unit of mass and s(#) is the position of the phase change location.

This problem was first considered in [3] where the integral equation (19) was obtained but no mathematical result
is given.

The plan of the paper is the following. In Section 2 we prove the existence of at least one explicit solution
of a similarity type for the problem (1)—(5) by using a double fixed point for the integral equation (19) and the
transcendental equation (21) under a certain hypothesis for data.

In Section 3 we consider an analogous problem (1) and (3)—(5) and the temperature condition (2) will be replaced
by the following flux condition:

k(T (0, )T (0, 1) = —qo/~/t (6)

at the fixed face x = 0 where ¢ is a positive constant. Here —go/+/t denotes the prescribed flux on the boundary
x = 0 which is of the type imposed in [4]. Furthermore, this kind of heat flux on the fixed boundary has also been
considered in several applied problems, e.g. [5S—7]. We prove the existence of at least one explicit solution of a similar
type for all thermal conditions.

Different methods in order to prove the existence of a solution for the one-phase Stefan problem were considered:
integral equation [8—12]; retarding the argument [13]; by the limit of a sequence of approximating solutions [14,15].

2. The one-phase Stefan problem with nonlinear thermal coefficients and temperature boundary condition on
the fixed face

If we define the following transformation:
Ox, 1) =T (x,1) = Tn)/ (Tp — Tin) (N
then the problem (1)—(5) becomes

N(©)6;r = a0 (L(0)6x),, 0 <x <s(t) (8)
0(0,1) =1 )
O(s(t),t)=0 (10)
k(Tn)0x (s(t), 1) = —pols'()/ (Tp — Tn) (11)
s(0)=0 (12)

where N(T) = p(T)c(T)/ (poco) , L(T) = k(T)/ ko and ko, po, co and ag = ko/ (poco) are the reference thermal
conductivity, density of mass, specific heat and thermal diffusivity respectively.
Now we assume a similarity solution of the type

0(x.1) = f(n), n=x/(2Vaol). (13)

Taking into account that problem (8)—(12) is a classical Stefan-like problem with nonlinear thermal coefficient, the
free boundary condition (10) implies that the free boundary s(#) must be of the type

s(t) = 2no/aot (14)

where 7 is a positive parameter to be determined later.
Therefore, the conditions (8)—(11) become the following:

[LHF ] +20NH ) =0, 0<n<no (15)
fO) =1 (16)
fno) =0 (17)

f'(mo) = —2noatopol / [k(Tp)(Tp — Tn)]. (18)
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The problem (15)-(17) is equivalent to the following nonlinear integral equation of Volterra type:

S =1—=2n, L), N(HHI/Pno. L(f). N()] 19)

where @ is given by
"
P[0, L(f), N(f)] = (2/ﬁ)/0 E(t, f)/L(f)()de (20)

E(x, f) == exp (—2/0 SN(f(S))/L(f(S))dS> .
The condition (18) becomes

E(no, ) /@ [no, L(f), N(H] = nolv/7 [leo(Ty — T)] ey

and then the following theorem holds.

Theorem 1. The solution of the free boundary problem (1)—(5) is given by (14) and T (x,t) = T,,, + (Tp — Tp) f (1),
withn = x/ (2«/(xot) where the function f = f(n) and the coefficient ny > 0 must satisfy the nonlinear integral
equation (19) and the condition (21) respectively. W

Firstly, in order to prove the existence of the solution to the system (19) and (21) we will obtain some preliminary
results. Then we will prove that the integral equation (19) has a unique solution for any given 1o > 0 by using a fixed
point theorem. Secondly, in order to solve the problem (1)-(5) we will consider Eq. (21).

For convenience of notation, we will define @ [, f]1= @ [n, L(f), N(f)]

We suppose that there exists Ny, Ny, Ly, Ly positive constants such as

Ly < L(T) <Ly, Nu = N(T) < Ny. (22)

Furthermore, we assume that Jhe dilllensionless thermal conductivity and specific heat are Lipschitz functions, i.e.,
there exist positive constants L and N that verify the following:

IL(g) — LU <Llg—hl, Vg heC’RS)NL®(RS) (23)
IN() = NI < Nllg —hll, Vg, heC®(RY)NL®(R]). (24)
Then we get:

Lemma 2. We have

exp(—Nyx?/Ly) < E(x, f) < exp(—=Nux2/Ly), Vx> 0. (25)

Lemma 3. For 0 < n < ng we have

VL /Nyert(y/Nag/ Loy 0/ Lt < @1, f] (26)
< VL) Nuerf(/Nu/Lag )/ L.

Proof. Taking into account Lemma 2 we have

n n
@0, f1= /(L)) fo E@, f)dv < 2/VaLn) fo exp (~Nuv?/Lar) do

n
= /Lt /N (ST L)) /0 exp(—1) di
— (VI N/ Ln)ert (/N Lo ).

Analogously we can obtain the other inequality. H
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We consider CY[0, no], the space of continuous real functions defined on [0, no], with its norm | f| =
maXye[0,no] |f ml.

Lemma 4. Let g be a given positive real number. We suppose that the dimensionless thermal conductivity and specific
heat verify conditions (22)—(24). Then, for all f, f* € C°[0, no] we have

|En, f1—E[n. ]| < (/L) (N + NuL/La) | £* = £, V€ ©.n0). @7)
Proof. If we consider the following inequality:

lexp(—=x) —exp(=y)| < [x —y|, Vx,y=0,
then we get

|En, f1—E[n, ]|
exp (—2 / N @) /LG @) du) —exp (—2 / " uN(f*(u))/L(f*(u))du>

1 n
<2 ["un e anan— [ v Lo w

n
= 2/0 INCf@))/L(f @) = NCF* @) /L(f* )| u du

< P/Lm) (N +NuL/Ly) |f*—f|. m

Lemma 5. Let ng be a given positive real number. We suppose that (22)—(24) holds. For all f, f* € C 9710, nol,0 <
n < no we have

< @n/(LENT)(N + NuL/La)n?/3+ L) | %~ f] - (28)

Proof. (i) We have
< ) [ e (—2 | uvcrwiira du)

n
0

JL(f(v)) dv

— exp (-2/0 ulN(f* ) /L(f* w))u du)

n v
+(2/«/;)/0 |1 /L(f(v)) — 1/L(f*(v))|exp (—2/0 uN(f*(S))/L(f*(S))du> dv
=Ti(n) + T>(n).

It follows from (23) that
n
() < (2/v/7) /O |1/L(f () = 1/L(f*(v))| dv
n
< (2//7) fo [(L(F*(0) = L(f ) / (L(fW)L(f*(v)))| dv (29)

< 2L /(L2 | f* — f] -

Taking into account Lemma 4 we have that the term 77 (n) can also be bounded in the following way:
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Ti(n) < (2/+/7) /0" |Ev, 1= E[v, f*]| /Lmdv
< (4/ («/ELm))/O’7 (v2/Lm) (N + NuL/Ln) | £ = £ dv
< /L) | f* = | (N + NuL/Ly) /On v dv

= QP /GV7Ly)) (N + NuL/Lu) | £* = £] - (30)
Therefore, we obtain (28) by using (29) and (30). W

Theorem 6. Let 1y be a given positive real number. We suppose that (22)—(24) holds. If no satisfies the following
inequality:

Bln) = — Ly Nwert (1 m) ((ﬁ NMZ) 3 Z> 1 G
no) == + — 4+ <
VN7 L4 erf? ( IZ—ZWO) L )3

then there exists a unique solution f € C 0 [0, no] of the integral equation (19).

Proof. Let W : C°[0, no] — CP[0, o] be the operator defined by

W( )y =1—= @, LO/SMo. LHOI.  f € C°l0, o). (32)
The solution to the equation (19) is the fixed point of the operator W, that is
W(fm) = rfm, 0<n<no. (33)

Let us have f, f* € C°[0, no]; then we obtain
[W () =W | = Maxyeqo,n) |[W(F () — W)

< Max [(@[n. f] @m0 f1= @ [no. ] @0 f1)/ (2 Lno. £12 0. f7])]
< A Max |®[n, f*] ®Ino. f1— @ [no. f*] @ n. f1]

1n€[0,no]
< A Max (|2[n. f*]||® 1m0 £1— @ [no. f*]]

1n€[0,no]

+ @ [no, f¥][|@[n, ] = @1, f1])

where

A=NyL%/ (Lmerf2 (no,/NM/Lm)) 0. (34)
Finally, for Lemmas 3 and 5 and taking into account that 0 < n < 7o, we have
(W) =wr| < 8o |55 = 7]

Then W is a contraction operator and therefore there exists a unique solution of the integral equation (19) if the
condition (31) is satisfied. W

Remark 1. The solution f to the integral equation (19), given by Theorem 6, depends on the real number 79 > 0.
For convenience in the notation from now on we take

F) = fuo(m = fmo.m), 0<mn<mno no>0 N (35)
Let {2 be the set defined by

2 = {no e R/ (o) < 1}
= {no € R /there exists a solution of Eq. (19)} .
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Lemma 7. If

23, L/L3 < 1 (36)
there exists a positive number 1 such that

Bmo) <1 if0<mo<mg,  Bmo) =1 ifno=ng.

Proof. We have f(0) = 2L3 L/L}, B(+00) = 400 and f/(no) > 0 Vo > 0. Then 2 = (0, n%) where
By =1. A

To prove the existence of the solution to the Eq. (21), we define the real function
H(x):=E, f)/®[x, f1, x>0
where f is the solution to Eq. (19) given by Theorem 6.

Lemma 8. If (22) holds, then function H (x) verifies:
(i) Ha(x) < H(x) < Hi(x) where

Hi(x) = Lyry/Nag exp(—Npux>/Lag) /(v Lnerf e/ Nag / L)),
Hy(x) i= L/ Ny exp(—=Nyx? /L) /(v Lygerf(xy/Nu /Lu));

(i) H(0) = 400, H(+00) = 0.

Proof. By Lemmas 2 and 3 we have (i). Moreover H; and Hj are decreasing functions which satisfy H;(0) =
400, Hj(+00) = 0(i = 1, 2); therefore (ii) holds. W

Theorem 9. Eq. (21) has at least one solution no. Moreover, if xq is the unique solution to equation
Hi(x) = xI/m/ (co(Ty — Tw)), x>0,

and xo < ng then no € 2 with no < xo.

Proof.
Eq. 21) & H(x) = xIJ/7/ (co(Tp) — Tw)), x>0

and then, by Lemma 8, there exists at least one solution g > 0 of Eq. (21). Due to the properties of Hj(x) the
equation

Hi(x) = xIy7/ (co(Tp — Tw)), x>0, (37

has a unique solution xo. Furthermore no < xo and since f is an increasing function, then we have B(xo) < B(n5) = 1,
and then we have B(n9) < 1, thatisng € 2. W

Remark 2. The solution x( to Eq. (37) can be expressed as follows:

xo =M~ (Lyv/Nuco(Ty — Tn)/ (V7L 1)) (38)

where

M (x) := xerf(y/ Ny /Ly x) exp(szm/LM)

is an increasing real function. Then we have

B(xo) < 1 &= BM N (Lyv/Nyco(Ty — T,n) /(7L 1)) < 1. A

And so we have the following theorem.
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Theorem 10. (i) If N and L verify the conditions (22)—(24) and (36) and B(xg) < 1 where xo is defined by (38),
then there exists at least one solution of the problem (1)—(5) where the free boundary s(t) is given by (14) and the
temperature is given by T (x,t) = Ty, + (Tp — T,p) f(n), with n = x/2./aot where f is the unique solution to the
integral equation (19) and ng is given by Theorem 9.

(i) If N and L verify the conditions (22)—(24) and (36) then there exists at least one solution to the problem (1)—(5)
for all latent heats of fusion | > ly for given other parameters where ly is given by

lo :== Lyv/Nyco(Tp — Tin) /(v 7w Lin M (1))

where 1§ > 0 is characterized by the condition 8 (nj) =1. W

Remark 3. The existence of a solution to the problem (1)—(5) is given for large latent heat of fusion (VI > ly) if
conditions (22)—(24) and (36) for the thermal coefficients are verified. This is equivalent to saying that there exists a
solution for all small Stefan numbers Ste, i.e. VSte < Steg where

Ste = co(Tp — Tn) /1 Steg = co(Tp — T/ lo. (39
3. Solution to the free boundary problem with a heat flux condition on the fixed face

In this section we consider the problems (1)—(5), but condition (2) will be replaced by condition (6). If we define
the following transformation:

O, 1) =(T(x,1) = Tn) /T (T(x,1) =Ty + Tpub(x,1)) (40)

then the problem to solve becomes

N©@)6; = ag (LO)0y),, 0<x <s(t) (41)
k(T (0(0,1) + 1)) 0x(0, 1) = —qo/(T~/1) (42)
0(s(t),1) =0 (43)
k(T)0x (s(1), 1) = —pols'(t)/ Ty (44)
5(0) = 0. (45)

Now we assume a similarity solution given by (13). Then the free boundary condition (10) implies that the free
boundary s(¢) must be of the type (14) where 7 is a positive parameter to be determined later.
Therefore, the conditions (41)—(45) become the following:

[LOF ] +20N)f ) =0, 0<n<no (46)
k(T (f(0) 4+ 1) £/(0) = —2/at0q0/ T 47
f(no) =0 (48)
£/ (o) = —2no0t0po/ (k(Tp)Tn) (49)
s(0) =0. (50)

We have that the problem (46)—(48) is equivalent to the following nonlinear integral equation of Volterra type:

) = Ino/m (@ no, Lf), N(F)1 = @[, L), N(HD / (coTmE(no, £)) (5D

where ¢ and E were defined in (20).
The condition (47) becomes

E(o, ) =1 pono~/a0/qo- (52)

Theorem 11. The solution to the free boundary problem (1) and (3)—(6) is given by (14) and T (x,t) = T, +
Tnf () ,n = x/Q4/apt) where the function f = f(n) and the coefficient ny > 0 must satisfy the nonlinear
integral equation (51) and the condition (52). N



1996 A.C. Briozzo et al. / Nonlinear Analysis 67 (2007) 1989-1998

Theorem 12. Let ng be a given positive real number. We suppose that (22)—(24) hold. If ng satisfies the following

inequality:

Angl 2 (Nm Nm < NyLmg\ng  ~
Y (mo) = exp (—77 ) 2exp (——;7 N+ ———90)0 1
coTmL2 Ly ° Ly ° L., |3

[Ly [N ~  NyLn}
+ [—noerf —no )| N+ ——— <1
Nm77 ( LMn ) ( Lm

then there exists a unique solution to the integral equation (51).

Proof. Let R : CY[0, nol — co, no] be the operator defined by

R(fap = Ino/7 (Do, f1— @0, £/ (coTmE (o, £)), £ € C°l0,101,0 < 1 < no.

The solution to the equation (51) is the fixed point of the operator R, that is

R(fm)=fm, 0<n<no.
Let us have f, f* € cYo, nol; then we obtain
[R(f) = R(f)|
< Inov/m/ (coTmE(no. f)E(no. 7))
|EGo. ) (@ [no. £*]— @ [n. £*]) + Em. £) (@[, f1— @ 0o, f)|
< Ino/7 (U1 + Uz + U3) / (coTm E(no. £)E (o, )
where
Ul = E(?’](), f) (¢ [7707 f*] -9 [’707 f])
Uy = E(o. f*) (@ [no. £*] — @ no. £1)

Taking into account Lemmas 2—5 we obtain

ur<ut|f-r. U <Us | f = f~

. U= UR|f- £
where
Ut = (2m0 [ (L27) ) exp (~ N L) (R + NuTnd/ L) /3 + )
Uf = (2n0 /(Lfnﬁ) ) exp (—Nmng/LM) ((ﬁ + NMZn%/Lm) /3 + Z)
U$ = 2U; + [413v/ Lot /N /(LA erf(/ Nut/Lag10) (N + Ny Lnd /L)

Finally, we have

IRCH = RUS| =y o) | £ - f]-

(53)

(54)

(55)

Then, there exists a unique solution to the integral equation (51) if condition (53) is verified (i.e. R is a contraction

operator). W

Lemma 13. Function y = y(n), given by

~

an’l N N ~ Ny 2 -~
yn) = —2 5 exp’ "M 1 2exp (- 22 N4 MENT LT
coTmLs, Ly, Ly Ly 3
L N, ~ NyL
+ e ([ ) [N+ =2 . n>0
Ny Ly L,

(56)
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satisfies the following properties:
(i) y(0) =0, (i) y (+00) = +o00,
(iii) y is an increasing function and 37 > 0 / y(n) < 1 Vn € (0, 7).

Theorem 14. Eq. (52) has at least one solution ng. Moreover, if x| is the unique solution to the equation
L(x) =1 poxy/ao [q0, x>0
and satisfies y (x1) < 1, then y (ng9) < 1.

Proof. By Lemma 2 we have I(x) < E(x,f) < Ii(x) where I;(x) = exp(—Nux?/Ly) and L(x) =
exp (—Nyx?/Ly).

Since 11(0) = I,(0) = 400, I1(+00) = Ih(+00) = 0 and they are decreasing functions, then there exists at least
one solution 5 to Eq. (52).

Moreover, 79 < x1, where x is the unique solution to equation /1 (x) = [ pox./cq / q0 ,x > 0.

Furthermore, if y(x;) < 1theny(ng) <1. W

Remark 4. We note that x; = M (qo /(Ipono/ao) ), where

M. (x) = x exp (mez/LM)
and then

v < 1=y (M7 (g0 /(loonovar))) < 1. ® (57)
Theorem 15. (i) If N and L satisfy (22)—(24) and (57), then there exists at least one solution of (41)—(45) given by
s(t) = 2no/aot and

Tx,t)=Tu (14 f(m), n=x/(2x01)

where f and ng satisfy (51) and (52).
@ii) If N and L verify the conditions (22)—(24) and (57), then there exists at least one solution to the problem
(41)—(45) for all latent heats of fusion | > I for given other parameters where lj is given by

I5 = q0 / (pono/ao M« (7))
where 1 > 0 is characterized by the conditiony () =1. R

Remark 5. The existence of a solution to the problem (41)—(45) is given for large latent heat of fusion (VI > [5) if
conditions (22)—(24) and (57) for the thermal coefficients are verified.

Two examples with an explicit solution are well known.

Example 1. In the particular case N = L = 1, the solution of integral equation (19) is given by [16,17]

f) =1—erf(n) [erf(no) , 0 <n < no, (58)
where 1o > 0 is the unique solution to the equation

xerf(x) exp(x?) = Ste//7, x>0 (59)
where Ste is the Stefan number defined by (39).

Example 2. In [18,19], the case of p(T) = po,c(T) = co and k(T) = ko [1 +¢(T — Ty) /(Tl7 — Tm)] =
ko [1 + ¢0] was considered, thatis N(T) = 1 and L (0) = k(T) /ko = 1+ ¢6. In this case, the solution is given by
Tx,t) =Ty + (Tn —Tp) Y5 () /s (o), 0 <n<non=x/(2vot)
s(1) = 2no~/aot
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where é and 1y must satisfy the following equations:

¢ =38s (no)
(1 +8@s (10)) ¥5 (no) / (no s (110)) = 2/Ste

where ¥ = Wj is the error function defined as the unique solution to the ordinary differential problem
[(1+89 ) &' ] +207 () =0
v (0%) =0, ¥ (400) = 1.
Note that if ¢ = 0 we obtain Example 1.

Other examples with nonlinear thermal coefficients and an explicit solution of a similarity type for the corresponding
free boundary problem have been obtained in [20-28].
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