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D rqh0skdvh Odpì0Fodsh|urq0Vwhidq sureohp zlwk
qrqolqhdu wkhupdo frh!flhqwv1

Dguldqd F1 EULR]]R (1) 0 Pduðd Ihuqdqgd QDWDOH (1) 0
Grplqjr D1 WDU]LD (1)(2)Û

(1)Ghswr gh Pdwhpäwlfd/ I1F1H1/Xqlyhuvlgdg Dxvwudo/
Sdudjxd| 4<83/ V5333I]I Urvdulr/ DUJHQWLQD

(2) FRQLFHW/ DUJHQWLQD
H0pdlo= Dguldqd1Eulr}}rCifh1dxvwudo1hgx1du>

Pduðd1QdwdohCifh1dxvwudo1hgx1du> Grplqjr1Wdu}ldCifh1dxvwudo1hgx1du

Devwudfw

Zh vwxg| d rqh0skdvh Odpì0Fodsh|urq 0Vwhidq sureohp iru d vhpl0lq�qlwh pd0
whuldo zlwk qrqolqhdu wkhupdo frh!flhqwv zlwk d frqvwdqw whpshudwxuh frqglwlrq rq
wkh �{hg idfh x = 0 iroorzlqj J1 D1 Wluvnll/ Vrylhw Sk|vlfv Grnodg|/ 7+4<8<,/ 5;;0
5<51 Zh rewdlq vx!flhqw frqglwlrqv iru gdwd lq rughu wr kdyh wkh h{lvwhqfh ri dq
h{solflw vroxwlrq ri d vlplodulw| w|sh zklfk lv jlyhq e| xvlqj d grxeoh �{hg srlqw1

Nh| zrugv= Vwhidq sureohp/ Iuhh erxqgdu| sureohp/ Qrqolqhdu wkhupdo frh!flhqwhv/
H{solflw vroxwlrq/ Qrqolqhdu lqwhjudo htxdwlrq/ Phowlqj
DPV vxemhfw fodvvl�fdwlrq= 68U68/ ;3D55/ 68F38/ 78J43

41 Lqwurgxfwlrq1
Wkh Odpì0Fodsh|urq0Vwhidq sureohp lv qrqolqhdu hyhq lq lwv vlpsohvw irup gxh wr wkh

iuhh erxqgdu| frqglwlrqv ^6/ 7`1 Lq sduwlfxodu/ li wkh wkhupdo frh!flhqwv ri wkh pdwhuldo duh
whpshudwxuh0ghshqghqw zh kdyh d grxeo| qrqolqhdu iuhh erxqgdu| sureohp1 Zh frqvlghu
wkh iroorzlqj iuhh erxqgdu| sureohp +phowlqj, iru d vhpl0lq�qlwh pdwhuldo ^4/ 5`=

4(T )c(T )
@T

@t
=
@

@x

µ
k(T )

@T

@x

¦
; 0 < x < s(t) +4,

T (0; t) = Tb +5,

T (s(t); t) = Tm +6,

k (T (s(t); t))
@T

@x
(s(t); t) = Á40 l s0(t) +7,

s(0) = 0 +8,

ÛPDW 0 Vhulh D/ 43 +5338,/ 440491

44
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zkhuh T = T (x; t) lv wkh whpshudwxuh ri wkh oltxlg skdvh> 4(T ); c(T ) dqg k(T ) duh wkh
erg|*v ghqvlw|/ lwv vshfl�f khdw/ dqg lv wkhupdo frqgxfwlylw|/ uhvshfwlyho|> Tm lv wkh skdvh0
fkdqjh whpshudwxuh/ Tb > Tm lv wkh whpshudwxuh rq wkh �{hg idfh x = 0; 40 > 0 lv wkh
frqvwdqw ghqvlw| ri pdvv dw wkh phowlqj whpshudwxuh> l > 0 lv wkh odwhqw khdw ri ixvlrq
e| xqlw| ri pdvv dqg s(t) lv wkh srvlwlrq ri skdvh fkdqjh orfdwlrq1 Wklv sureohp zdv
�uvwo| frqvlghuhg lq ^8` wkurxjk wkh lqwhjudo htxdwlrq (�3) exw dq| pdwkhpdwlfdo uhvxow
zdv jlyhq1

Wkh jrdo ri wklv sdshu lv wkh iroorzlqj= zh suryh/ lq Vhfwlrq LL/ wkh h{lvwhqfh ri dw ohdvw
rqh h{solflw vroxwlrq ri d vlplodulw| w|sh iru wkh sureohp (�)Á (5) e| xvlqj d grxeoh �{hg
srlqw iru wkh lqwhjudo htxdwlrq (�3) dqg wkh wudvfhqghqwdo htxdwlrq (�6) xqghu fhuwdlq
k|srwkhvlv iru gdwd1

LL1 Wkh rqh0skdvh Vwhidq sureohp zlwk qrqolqhdu wkhupdo frh!flhqwv zlwk
frqvwdqw whpshudwxuh erxqgdu| frqglwlrq rq wkh �{hg idfh:

Li zh gh�qh wkh iroorzlqj wudqvirupdwlrq

µ(x; t) =
T (x; t)Á Tm
Tb Á Tm (T (x; t) = Tm + (Tb Á Tm)µ(x; t)) +9,

dqg zh dvvxph d vlplodulw| vroxwlrq ri wkh w|sh

µ(x; t) = f(«) ; « =
x

2
p
¨0t

; +:,

s(t) = 2«0
p
¨0t +;,

zkhuh «0 lv d srvlwlyh sdudphwhu wr eh ghwhuplqhg odwhu/ wkhq wkh sureohp (�) Á (5)
ehfrphv

[L(f)f 0(«)]0 + 2«N(f)f 0(«) = 0 ; 0 < « < «0 +<,

f(0) = � +43,

f(«0) = 0 +44,

f 0(«0) = Á
2«0¨040l

k(Tm)(Tb Á Tm) ; +45,

zkhuh N(T ) =
4(T )c(T )

40c0
; L(T ) =

k(T )

k0
dqg k0; 40; c0 dqg ¨0 =

k0
40c0

duh wkh uhihuhqfh

wkhupdo frqgxfwlylw|/ ghqvlw| ri pdvv/ vshfl�f khdw dqg wkhupdo gl�xvlylw| uhvshfwlyho|1
Zh kdyh wkdw wkh sureohp (9) Á (��) lv htxlydohqw wr wkh iroorzlqj qrqolqhdu lqwhjudo
htxdwlrq ri Yrowhuud w|sh=

f(«) = �Á © [«; L(f); N(f)]

© [«0; L(f); N(f)]
+46,

zkhuh © lv jlyhq e|

© [«; L(f); N(f)] :=
2p
Z

Z «

0

�

L(f)(t)
E(t; f) dt +47,



Eulr}}r0Qdwdoh0Wdu}ld/ %Vwhidq sureohp111% PDW0Vhulh D/ 43 +5338,/ 44049 46

zlwk

E(x; f) := exp

µ
Á2
Z x

0

N(f(s))

L(f(s))
s ds

¦
+48,

Wkh frqglwlrq (�2) ehfrphv

E(«0; f)

© [«0; L(f); N(f)]
=

«0l
p
Z

c0(Tb Á Tm) +49,

dqg wkhq wkh iroorzlqj wkhruhp krogv1

Wkhruhp 4 Wkh vroxwlrq ri wkh iuhh erxqgdu| sureohp (�) Á (5) lv jlyhq e| (8) dqg
T (x; t) = Tm + (Tb Á Tm) f («) ; zlwk « = x=2

p
¨0t zkhuh wkh ixqfwlrq f = f(«) dqg

wkh frh!flhqw «0 > 0 pxvw vdwlvi| wkh qrqolqhdu lqwhjudo htxdwlrq (�3) dqg wkh frqglwlrq
(�6) uhvshfwlyho|1´

Iluvw/ lq rughu wr suryh wkh h{lvwhqfh ri wkh vroxwlrq ri wkh v|vwhp (�3) dqg (�6) zh
zloo rewdlq vrph suholplqdu| uhvxowv1 Wkhq zh vkdoo suryh wkdw wkh lqwhjudo htxdwlrq (�3)
kdv d xqltxh vroxwlrq iru dq| jlyhq «0 > 0 e| xvlqj d �{hg srlqw wkhruhp1 Vhfrqgo|/ lq
rughu wr vroyh wkh sureohp (�)Á (5) zh zloo frqvlghu Ht1 (�6)1

Iru frqyhqlhqfh ri qrwdwlrq/ zh zloo qrwh © [«; f ] « © [«; L(f); N(f)] :
Zh vxssrvh wkdw wkhuh h{lvwv Nm; NM ; Lm; LM srvlwlyh frqvwdqwv vxfk dv

Lm á L(T ) á LM ; Nm á N(T ) á NM : +4:,

Zh frqvlghu C0 [0; «0]/ wkh vsdfh ri frqwlqxrxv uhdo ixqfwlrqv gh�qhg rq [0; «0] ; zlwk
lwv qrup kfk = max

«2[0;«0]
jf («)j1

Ixuwkhupruh/ zh dvvxph wkdw wkh glphqvlrqohvv wkhupdo frqgxfwlylw| dqg vshfl�f khdw
duh Olsvfklw} ixqfwlrqv/ l1h1/ wkhuh h{lvwv eL dqg eN duh srvlwlyh frqvwdqwv vxfk wkdw

jL(g)Á L(h)j á eL kg Á hk ; 8g; h 2 C0 ÁR+0 ¢ \ L1 ÁR+0 ¢ +4;,

jN(g)ÁN(h)j á eN kg Á hk ; 8g; h 2 C0 ÁR+0 ¢ \ L1 ÁR+0 ¢ : +4<,

Wkhq zh jhw=

Ohppd 5 Zh kdyh

d,

exp

µ
ÁNM
Lm

x2
¦
á E(x; f) á exp

µ
ÁNm
LM

x2
¦
; 8x > 0: +53,

e, Iru 0 < « < «0

�
LM

q
Lm
NM
erf

µq
NM
Lm

«

¦
á © [«; f ] á �

Lm

q
LM
Nm
erf
�q

Nm
LM

«
«
: +54,
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Ohppd 6 d, Ohw «0 eh d jlyhq srvlwlyh uhdo qxpehu1 Zh vxssrvh wkdw wkh glphqvlrqohvv
wkhupdo frqgxfwlylw| dqg vshfl�f khdw yhuli| frqglwlrqv (�7)/ (�8) dqg (�9) : Wkhq/ iru doo
f; fÛ 2 C0 [0; «0] zh kdyh

jE [«; f ]Á E [«; f Û]j á «2

Lm

Ì eN + NM eL
Lm

!
kfÛ Á fk ; 8« 2 (0; «0) : +55,

e, Ohw «0 eh d jlyhq srvlwlyh uhdo qxpehu1 Zh vxssrvh wkdw (�7)/ (�8) dqg (�9) krogv1 Iru
doo f; f Û 2 C0 [0; «0] ; 0 < « < «0 zh kdyh

j© [«; f ]Á © [«; f Û]j á 2p
Z

�� eN + NM eL
Lm

«
«2

3
+ eL« «

L2m
kf Û Á fk : +56,

Wkhruhp 7 Ohw «0 eh d jlyhq srvlwlyh uhdo qxpehu1 Zh vxssrvh wkdw (�7) ; (�8) dqg
(�9) krogv1 Li «0 vdwlv�hv gh iroorzlqj lqhtxdolw|

ø(«0) :=
4p
NmZ

«0L
5=2
M NM erf

�q
Nm
LM
«0

«
L4m erf

2
�q

NM
Lm
«0

«
ÌÌ eN + NM eL

Lm

!
«20
3
+ eL

!
< � +57,

wkhq wkhuh h{lvw d xqltxh vroxwlrq f 2 C0 [0; «0] ri wkh lqwhjudo htxdwlrq (�3)1
Surri1 Ohw W : C0[0; «0] Á! C0[0; «0] eh wkh rshudwru gh�qhg e|

W (f)(«) = �Á © [«; L(f)]

© [«0; L(f)]
; f 2 C0[0; «0]: +58,

Wkh vroxwlrq ri wkh htxdwlrq (�3) lv wkh �{hg srlqw ri wkh rshudwru W / wkdw lv

W (f(«)) = f(«) ; 0 < « < «0 +59,

Ohw f; f Û 2 C0[0; «0] eh; wkhq zh rewdlq

kW (f)ÁW (f Û)k =Max
«2[0;«0]

jW (f(«))ÁW (f Û(«))j

áMax
«2[0;«0]

øøøø© [«; f Û] © [«0; f ]Á © [«0; fÛ] © [«; f ]© [«0; f ] © [«0; f
Û]

øøøø
á A Max

«2[0;«0]
j© [«; f Û] © [«0; f ]Á © [«0; fÛ] © [«; f ]j á

á A Max
«2[0;«0]

(j© [«; f Û]j j© [«0; f ]Á © [«0; f Û]j+ j© [«0; fÛ]j j© [«; f Û]Á © [«; f ]j)
zkhuh

A =
NML

2
M

Lm erf
2
�q

NM
Lm
«0

« > 0 +5:,

Ilqdoo|/ iru Ohppdv 5/ 6 dqg wdnlqj lqwr dffrxqw wkdw 0 < « < «0 / zh kdyh

kW (f)ÁW (fÛ)k á ø («0) kf Û Á fk :
Wkhq W lv d frqwudfwlrq rshudwru dqg wkhuhiruh wkhuh h{lvwv d xqltxh vroxwlrq ri wkh

lqwhjudo Ht1(�3) li wkh frqglwlrq (24) lv vdwlv�hg1´
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Uhpdun 4 Wkh vroxwlrq f ri wkh lqwhjudo htxdwlrq (�3) ; jlyhq e| wkh Wkhruhp 7/ ghshqgv
rq wkh uhdo qxpehu «0 > 0: Iru frqyhqlhqfh lq wkh qrwdwlrq iurp qrz rq zh wdnh

f(«) = f«0(«) = f(«0; «) ; 0 < « < «0 ; «0 > 0:´ +5;,

Ohw l eh wkh vhw gh�qhg e|

l =
©
«0 2 R+=ø («0) < �

»
=

=
©
«0 2 R+=wkhuh h{lvwv d vroxwlrq ri Ht1 (�3)

»
1

Ohppd 8 Li
2L2M eL
L3m

< � +5<,

wkhuh h{lvwv d srvlwlyh qxpehu «Û0 vxfk wkdw

ø(«0) < � li 0 < «0 < «
Û
0 ; ø(«0) ü � li «0 ü «Û0:

Surri1 Zh kdyh ø(0) =
2L2M eL
L3m

; ø(+1) = +1 dqg ø 0(«0) > 0 8«0 > 0: Wkhq

l = (0; «Û0) zkhuh ø(«
Û
0) = �:´

Wr suryh wkh h{lvwhqfh ri wkh vroxwlrq ri wkh Ht1(�6) ; zh gh�qh wkh uhdo ixqfwlrq

H(x) :=
E(x; f)

© [x; f ]
; x > 0 +63,

zkhuh f lv wkh vroxwlrq ri Ht1(�3) jlyhq e| Wkhruhp 71

Wkhruhp 9 Wkh Ht1(�6) kdv dw ohdvw rqh vroxwlrq «0: Pruhryhu/ li x0 lv wkh xqltxh
vroxwlrq ri htxdwlrq

H�(x) =
xl
p
Z

c0(Tb Á Tm) ; x > 0; +64,

dqg x0 < «Û0 wkhq «0 2 l zlwk «0 < x0; zkhuh uhdo ixqfwlrq H� lv gh�qhg e|

H�(x) :=
LM
p
NM exp

�
ÁNm
LM

x2
«

p
Lm erf

�q
NM
Lm

x
« ; x > 0 +65,

Surri1 Zh kdyh

Ht1 (�6)() H(x) =
xl
p
Z

c0(Tb Á Tm) ; x > 0:

Wkhuhiruh/ wkhuh h{lvw dw ohdvw rqh vroxwlrq «0 > 0 ri Ht1(�6) ehfdxvh H(x) á H�(x) dqg
H(0+) = +1; H(+1) = 0 dqg wkhq «0 < x01 ´

Uhpdun 5 Wkh vroxwlrq x0 ri Ht1(3�) fdq eh h{suhvvhg dv iroorzv

x0 :=M
Á�
µ
LM
p
NMc0(Tb Á Tm)
l
p
ZLm

¦
+66,
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zkhuh

M(x) := x erf

Ìr
NM
Lm

x

!
exp

µ
Nm

LM
x2
¦

+67,

lv dq lqfuhdvlqj uhdo ixqfwlrq1 Wkhq zh kdyh

ø(x0) < �() ø

µ
MÁ�

µ
LM
p
NMc0(Tb Á Tm)
l
p
ZLm

¦¦
< �:´

Dqg vr zh kdyh wkh iroorzlqj Wkhruhp

Wkhruhp : +l, Li N dqg L yhuli| rqo| wkh frqglwlrqv (�7) ; (�8) ; (�9) ; (29) dqg ø(x0) < �
zkhuh x0 lv gh�qhg e| (33) wkhq wkhuh h{lvwv dw ohdvw rqh vroxwlrq ri wkh sureohp (�)Á (5)
zkhuh wkh iuhh erxqgdu| s(t) lv jlyhq e| (8) dqg wkh whpshudwxuh lv jlyhq e| T (x; t) =
Tm + (Tb Á Tm)f(«); zlwk « = x=2

p
¨0t zkhuh f lv wkh xqltxh vroxwlrq ri wkh lqwhjudo

htxdwlrq (�3) dqg «0 lv jlyhq e| Wkhruhp 431
+ll, Li N dqg L yhuli| rqo| wkh frqglwlrqv (�7) ; (�8) ; (�9) dqg (29) wkhq wkhuh h{lvwv

dw ohdvw rqh vroxwlrq ri wkh sureohp (�)Á (5) iru doo odwhqw khdw ri ixvlrq l > l0 iru jlyhq
rwkhuv sdudphwhuv zkhuh l0 lv jlyhq e|

l0 :=
LM
p
NMc0(Tb Á Tm)p
ZLmM («Û0)

zkhuh «Û0 > 0 lv fkdudfwhul}hg e| wkh frqglwlrq ø («
Û
0) = �:´

Dpruh frpsohwh yhuvlrq ri wkhvh uhvxowv dqg wkh fruuhvsrqglqj vwxg| iru wkh dqdorjrxv
sureohp zlwk d khdw  x{ frqglwlrq rq wkh �{hg idfh x = 0 lqvwhdg ri wkh whpshudwxuh
frqglwlrq (2) zloo eh jlyhq lq d iruwkfrplqj sdshu1

Dfnqrzohgjphqwv
Wklv sdshu kdv ehhq sduwldoo| vsrqvruhg e| wkh surmhfwv SLS Qo2000=2000 iurp

FRQLFHW0XD/ Urvdulr +Dujhqwlqd,/ Surmhfw Qo 53900=4 iurp Ixqgdflöq Dqwrufkdv +Du0
jhqwlqd,/ DQSF\W SLFW &03Á ���65 iurp Djhqfld +Dujhqwlqd, dqg �Irqgr gh D|xgd
d od lqyhvwljdflöq� iurp Xqlyhuvlgdg Dxvwudo +Dujhqwlqd,1

Uhihuhqfhv

^4` M1 U1 Fdqqrq/ Wkh rqh0glphqvlrqdo khdw htxdwlrq/ Dgglvrq0Zhvoh|/ Phqor Sdun
+4<;7,1

^5` M1 Fudqn/ Iuhh dqg prylqj erxqgdu| sureohpv/ Foduhqgrq/ R{irug +4<;7,1

^6` V1 F1 Jxswd/ Wkh fodvvlfdo Vwhidq sureohp1 Edvlfv frqfhswv/ prghoolqj dqg dqdo|vlv/
Hovhylhu/ Dpvwhugdp +5336,1

^7` G1 D1 Wdu}ld/ D eleolrjudsk| rq prylqj 0 iuhh erxqgdu| sureohpv iru wkh khdw0gl�xvlrq
htxdwlrq1 Wkh Vwhidq dqg uhodwhg sureohpv/ PDW0Vhulh D &5 +5333, +zlwk 8;9< wlwohv
rq wkh vxemhfw/ 633 sdjhv,1 Vhh zzz1dxvwudo1hgx1du2PDW0VhulhD25+5333,

^8` J1 D1 Wluvnll/ Wzr h{dfw vroxwlrqv ri Vwhidq*v qrqolqhdu sureohp/ Vrylhw Sk|vlfv Grn0
odg|/ 7+4<8<,/ 5;;0<51


