Conferencias, seminarios
y trabajos de Matematica

[SSN:1515-4904

Segundas Jornadas

sobre Ecuaciones
Diferenciales,
Optimizacion y

Analisis Numérico

Domingo A. Tarzia

Cristina V. Turner (Eds.)

UNIVERSIDAD AUSTR AL

FACULTAD DE CIENCIAS EMPRESARIALES



ISSN 1515-4904

MAT

SERIE A: CONFERENCIAS, SEMINARIOS Y
TRABAJOS DE MATEMATICA

No. 10

SEGUNDAS JORNADAS SOBRE ECUACIONES
DIFERENCIALES, OPTIMIZACION Y ANALISIS NUMERICO

Domingo A. Tarzia — Cristina V. Turner (Eds.)

INDICE

Marcos Gaudiano — Cristina Turner, “Difusion de un solvente en un polimero
vidrioso con una condicién de contorno del tipo creciente en el tiempo”, 1-9.

Adriana C. Briozzo — Maria F. Natale — Domingo A. Tarzia, “A one-phase
Lame-Clapeyron-Stefan problem with nonlinear thermal coefficients”, 11-16.

Eduardo A. Santillan Marcus - Domingo A. Tarzia, “Un caso de determinacién
de coeficientes térmicos desconocidos de un material semiinfinito poroso a través
de un problema de desublimacion con acoplamiento de temperatura y humedad”,
17-22.

Rosario, Diciembre 2005



A one-phase Lamé-Clapeyron-Stefan problem with
nonlinear thermal coefficients.

Adriana C. BRIOZZO M - Marfa Fernanda NATALE (V) -
Domingo A. TARZIA (D2)+

(MDepto de Matematica, F.C.E.,Universidad Austral,
Paraguay 1950, S2000FZF Rosario, ARGENTINA
(2) CONICET, ARGENTINA

E-mail: Adriana.Briozzo@Qfce.austral.edu.ar;
Marifa.Natale@fce.austral.edu.ar; Domingo.TarziaQfce.austral.edu.ar

Abstract

We study a one-phase Lamé-Clapeyron -Stefan problem for a semi-infinite ma-
terial with nonlinear thermal coefficients with a constant temperature condition on
the fixed face x = 0 following G. A. Tirskii, Soviet Physics Doklady, 4(1959), 288-
292. We obtain sufficient conditions for data in order to have the existence of an
explicit solution of a similarity type which is given by using a double fixed point.

Key words: Stefan problem, Free boundary problem, Nonlinear thermal coefficientes,

Explicit solution, Nonlinear integral equation, Melting
AMS subject classification: 35R35, 80A22, 35C05, 45G10

1. Introduction.

The Lamé-Clapeyron-Stefan problem is nonlinear even in its simplest form due to the
free boundary conditions [3, 4]. In particular, if the thermal coefficients of the material are
temperature-dependent we have a doubly nonlinear free boundary problem. We consider
the following free boundary problem (melting) for a semi-infinite material [1, 2|:

p(T)c(T)aa—I; - a% (k(T)g—D . 0<az<s(t) (1)
T0,t) =T, (2)
T(s(t),t) =T (3)
oT ,
k(T(s(t),t) 5 (s(t),t) = —po Ls'(t) (4)
s(0) = 0 (5)
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where T' = T'(z,t) is the temperature of the liquid phase; p(T),c(T) and k(T') are the
body’s density, its specific heat, and is thermal conductivity, respectively; T,, is the phase-
change temperature, 1T, > T,, is the temperature on the fixed face z = 0; p, > 0 is the
constant density of mass at the melting temperature; [ > 0 is the latent heat of fusion
by unity of mass and s(t) is the position of phase change location. This problem was
firstly considered in [5] through the integral equation (13) but any mathematical result
was given.

The goal of this paper is the following: we prove, in Section II, the existence of at least
one explicit solution of a similarity type for the problem (1) — (5) by using a double fixed
point for the integral equation (13) and the trascendental equation (16) under certain
hypothesis for data.

II. The one-phase Stefan problem with nonlinear thermal coefficients with
constant temperature boundary condition on the fixed face.
If we define the following transformation

T(z,t) —Tp,

O(z,t) = T T

(T(x,t) =T + (Th — T0,)0(z, 1)) (6)

and we assume a similarity solution of the type
O(x,t) = = — 7
s(t) = 2nev aot (8)

where 7, is a positive parameter to be determined later, then the problem (1) — (5
becomes

~—

LS ] +20N()f'(p) =0, 0<n<n (9)
f(0)=1 (10)
F0n0) =0 (11)

2ny0po!

F00) = ~prr T (12

T)e(T T
where N(T') = M,L(T} = k:]({: ) and ko, py, co and oy = L are the reference
G 0 PoCo

0 0
thermal conductivity, density of mass, specific heat and thermal diffusivity respectively.
We have that the problem (9) — (11) is equivalent to the following nonlinear integral
equation of Volterra type:

S L.
F) =1 Gl L), N(J)] (13)

where ® is given by

®in. LN = —= [ Bl ) di (1)
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with

Bz, f) = exp (—2 /0 ' ]z((;c((j))))sds> (15)

The condition (12) becomes

E(%» .f) — nolﬁ
(ﬁ[novL(f)vN(f)] CO(Tb_Tm)

(16)

and then the following theorem holds.

Theorem 1 The solution of the free boundary problem (1) — (5) is given by (8) and
T(x,t) = Ty + (T, — Ton) f (), with n = x/2\/agt where the function f = f(n) and
the coefficient n, > 0 must satisfy the nonlinear integral equation (13) and the condition
(16) respectively.l

First, in order to prove the existence of the solution of the system (13) and (16) we
will obtain some preliminary results. Then we shall prove that the integral equation (13)
has a unique solution for any given 7, > 0 by using a fixed point theorem. Secondly, in
order to solve the problem (1) — (5) we will consider Eq. (16).

For convenience of notation, we will note ® [n, f] = ® [n, L(f), N(f)].

We suppose that there exists N,,, Nas, L.,,, Ly positive constants such as

L, <LT)< Ly , Ny < N(T) < Ny . (17)
We consider C° [0, 7,], the space of continuous real functions defined on [0,7,], with
its norm || f[} = max |£ (n)].
2110

Furthermore, we assume that the dimensionless thermal conductivity and specific heat
are Lipschitz functions, i.e., there exists L and N are positive constants such that

L(g) = L(h)| < Lllg - h| , Vg,heC°(Ry) NL™(RY) (18)
IN(g) = N(W)| < Nllg—hl ,  Vg,heC(R{)NL®(RY). (19)
Then we get:

Lemma 2 We have

a)
exp (—@xz) < Bz, f) <exp <—2V—mx2) , Vo > 0. (20)

L,, M

b) For 0 < n < 7,

et (VBon) <ol < &yt (B ). (21)
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Lemma 3 a) Let 1, be a given positive real number. We suppose that the dimensionless
thermal conductivity and specific heat verify conditions (17), (18) and (19). Then, for all
f, f*eC?0,n,] we have

IE[n,f]—E[n,f*HSg—(NJr%) 1f*=fll » Yne€(0,m)- (22)

b) Let ng be a given positive real number. We suppose that (17), (18) and (19) holds. For
all f, f* € C°[0,m,] , 0 <n < n, we have

@, f1 = @[, £ < & (N + ) 2+ 1) 211 = £l (23)

Theorem 4 Let n, be a given positive real number. We suppose that (17),(18) and
(19) holds. If n, satisfies de following inequality

5/2 N

4 Mol Nu erf ( ﬁ%) ~ NML

B(no) == REAIED A R (24)
VN LA erf? ( JZ—Z%) Lom 3

then there exist a unique solution f € C°[0,m,] of the integral equation (13).
Proof. Let W : C°[0,n,] — C°[0,7,] be the operator defined by
@ [n, L(f)]

W)y =1— ———F7—== , f € C°0,n,). 25
( )(77) P [7707L(f)] [ 0] ( )
The solution of the equation (13) is the fixed point of the operator W, that is

W(fm) =rm) , 0<n<ng (26)

Let f, f* € C°[0,n,] be, then we obtain
W) =W = Maz [W(f(n)) = W(f*(n))]

€[0,mg)]
O [n, f*]®[ng, f1 = P ng, f*]P [, f]
M
Sne[om(i]x ® [n9, f1P [19, [*]

<AMCL£L’ ‘CI)[Th ](I)[UOaf]_q)[nO?f*]q)[naf”S

n€[0,n0]
0
where N2
A= My >0 (27)
L,, erf? ( 12—71‘:770)

Finally, for Lemmas 2, 3 and taking into account that 0 < n < 7, , we have
W) =W <BMmo) I1f = £l

Then W is a contraction operator and therefore there exists a unique solution of the
integral Eq.(13) if the condition (24) is satisfied.l
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Remark 1 The solution f of the integral equation (13), given by the Theorem 4, depends
on the real number n, > 0. For convenience in the notation from now on we take

fm) = fo,(n) = fne,m) »  0<n<my ,  1ng>01 (28)

Let €2 be the set defined by

Q= {neR"/B(n) <1} =
= {1y € R" /there exists a solution of Eq. (13)} .

Lemma 5 If N
203, L
Ly,

there exists a positive number n; such that

<1 (29)

Bme) <1 if 0<ng<mg , B(n) =1 if ng>ng.

213,L
Proof. We have 3(0) = ngl

2 = (0,75) where §(ng) = 1.8

To prove the existence of the solution of the Eq.(16), we define the real function

H(x) = Elz, f) x>0 (30)

@[z, f]
where f is the solution of Eq.(13) given by Theorem 4.

, B(+00) = +oo and f'(ny) > 0 Vi, > 0. Then

Theorem 6 The Eq.(16) has at least one solution n,. Moreover, if xy is the unique
solution of equation

H1<.T) = CO(;_})Z—%, x>0, (31)

and xoy < 1 then ny € Q with n, < o, where real function Hy is defined by

L/ N exp (‘LN—Mm 332)

Hy(z) := , ©>0 (32)
vV L,, erf (,/%Af :)3)
Proof. We have l
Fq. (16) <= H(x) = —2VT o0

co(Tp — Tm)’
Therefore, there exist at least one solution 7, > 0 of Eq.(16) because H(z) < H;(x) and
H(0") = 400, H(+00) =0 and then 7y < zo. B

Remark 2 The solution xq of Eq.(31) can be expressed as follows

1 (L Nyeo(Ty, — Trn)
To = M
/7L,
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where

18 an increasing real function. Then we have

LM\/]\;_M\/(:(Tjj _Tm))) <1m

B(zo) <1 <= (M‘l <

And so we have the following Theorem

Theorem 7 (i) If N and L verify only the conditions (17), (18),(19),(29) and (5(x¢) < 1
where xy is defined by (33) then there exists at least one solution of the problem (1) — (5)
where the free boundary s(t) is given by (8) and the temperature is given by T(z,t) =
T + (Ty — Trn) f(n), with n = x/2\/apt where f is the unique solution of the integral
equation (13) and 1y is given by Theorem 10.

(i) If N and L verify only the conditions (17), (18), (19) and (29) then there exists
at least one solution of the problem (1) — (5) for all latent heat of fusion | > ly for given
others parameters where ly is given by

I Ly Nuyeo(Ty — Thy,)
" VAL M ()

where ng > 0 is characterized by the condition 3 (n§) = 1.1

A more complete version of these results and the corresponding study for the analogous
problem with a heat flux condition on the fixed face x = 0 instead of the temperature
condition (2) will be given in a forthcoming paper.
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