QUARTERLY OF APPLIED MATHEMATICS
VOLUME LXXII, NUMBER 2

JUNE 2014, PAGES 347-361

S 0033-569X(2014)01344-1

Article electronically published on March 14, 2014

GLOBAL SOLUTION TO A NON-CLASSICAL HEAT PROBLEM
IN THE SEMI-SPACE R* x R*~!

By

MAHDI BOUKROUCHE (Lyon Unwversity, F-42023 Saint-Etienne, Institut Camille Jordan CNRS
UMR 5208, 23 rue Paul Michelon 42023 Saint-Etienne Cedex 2, France)

AND

DOMINGO A. TARZIA (Departamento de Matemdtica-CONICET, FCE, Univ. Austral, Paraguay
1950, S2000FZF Rosario, Argentina)

Abstract. We consider the non-classical heat equation in the n-dimensional domain
D = RT x R"! for which the internal energy supply depends on the heat flux on the
boundary S = dD. The problem is motivated by the modeling of temperature regulation
in the medium. Using the Green function for the domain D, the solution is found for
an integral representation depending on the heat flux V' on S which is an additional
unknown of the problem. We obtain that V' must satisfy a Volterra integral equation of
second kind at time ¢ with a parameter in R”~!. Under some conditions on data, we
show that there exists a unique local solution which can be extended globally in time.
This work generalizes the results obtained in the one-dimensional case.

1. Introduction. The aim of this paper is to study a problem on the non-classical
heat equation, in the semi-n-dimensional space domain D for which the internal energy
supply depends on the heat flux on the boundary S. In order to facilitate the notation
we denote a point in R™ as follows: (z,y) € R x R®~!. The domain D and its boundary
S are defined by

D=R*"xR"'={(z,y) eR": x=21>0, y= (22, ,2,) ER" 1}, (1.1)
S=0D={0} xR ={(z,y) eR": x=0, yeR"'} (1.2)
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PrOBLEM 1.1. Find the temperature u at (x,y,t) such that it satisfies the following
conditions:

w—Au = —F(u(0,9,t), x>0, yeR" >0
U(O, y,t) = O, Yy € Rnil, t> 0,
U(l‘,y7 O) = h(.’E, y)7 T > 07 y € Rnila

where A is the Laplacian in R™.

This problem is motivated by modeling the temperature in an isotropic medium with a
non-uniform source that provides a cooling or heating system, according to the properties
of F' with respect to development of heat flow at the boundary S. For example, assuming
that

VE\V,t)>0, YV #0, F(0)=0, (1.3)

then it is a cooling source when u,(0,y,t) > 0 and a heating source when u,(0,y,t) <0
[6L8].

Some references on the subject include [I], [18], [I9], where the following semi-one-
dimension of this nonlinear problem has been considered. The non-classical one-dimen-
sional heat equation in a slab with fixed or moving boundaries was studied in [16]. See
also other references on the subject, including [7], [I0]-[13]. To our knowledge, this is the
first time that the solution to a non-classical heat conduction of the type of Problem [Tl
is given. Other non-classical problems can be found in [2].

Section 2] provides the basic solution to the n-dimensional heat equation, which will
be used in Section [Bl to show that, under certain conditions on data F' and h of Problem
[Tl there exists a unique local solution, which can be globally extended in time.

We also give in Lemma [34] several observations concerning the forcing function Vj,
describing the flux on the boundary S. In Section [4] we study some particular cases of
this problem. In Section Bl we also give a general conclusion.

2. Basic solutions for the n-dimensional heat equation. In this section we
recall results on the integral representation of solutions of some classical problems of
heat distribution in n-dimensional cases. For the convenience of the reader we will
provide a proof for the generalization of classical one-dimensional results (see Lemma 2]
and Lemma 22]). We end this section with a technical Lemma 2:4] which contains some
mathematical formulas useful for the study of our Problem [Tl

It is classical that, by using the partial Fourier’s transform, the solution of the following
Cauchy problem for the n-dimensional heat equation

u—Au = 0, (z,y) eR™, t>0 (2.1
u(@,y,0) = h(z,y), (z,y) €R" (2.2

is known as Poisson’s formula, given by the expression [9]14]
u(z,y,t) = [ K(z,y,t&n,0)h(E n)dsdn (2.3)

R™
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where K is the fundamental solution of an n-dimensional heat equation defined by

exp{_W}
K(z,y,t;§,m,7) = (2 ( ))n , (zy) eR™, (Em) eR™, t>7, (24)
mt—1T1

withé =& e R, n= (&, ,&) € R" L and [ly —nl| = /21 o (2 — &)2.

LEMMA 2.1. The solution of the problem

w—Au = 0, x>0, yeR" >0 (2.5)
u(0,y,t) = 0, yeR" ', >0
u(z,y,0) = h(z,y), x>0, yeR"
is given by the following formula:
uent) = [ Grlay b€ OB(E n)dsdr (2.8

where G is the Green’s function for the n-dimensional heat equation with homogeneous
Dirichlet’s boundary conditions, given the following expression:

G1($,y,t;€777,7) = K(xayat;f,na’r)_K(_xayat;gvna’r)
lly=nll
exp A=)
e Gla,t.6.7). (2.9)

(2 m(t — 7')>n71

where K is given by (24) and G is the Green’s function for the one-dimensional case
given by

_@=8? _(z+e)?
e A=) — ¢ 4Gt-m)
G(z,t,&,1) = t>T.
2y/m(t—7)

Proof. Define h on R™ by

X h(&mn) if  (§n) e RY x R
h(&,n) =
_h(_§7n) if (5) 77) eER™ x Rn_la

so the solution of the Cauchy problem

u—Au = 0 in R" ¢>0,
u(z,y,0) = h(z,y), in R
is given by
wa,t) = [ K(e,y,t:6,m,00h(€,n)dedy = / K (2,9, t;€,, 0)h(€, ) dédn
R™ R+ xRn—1

—/ K(z,y,t;€,n,0)h(=¢,n)dédn.
R— xRn—1
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With the change of the variables £&; = —¢ in the integral on R~ x R*"! and & = € in
the integral on Rt x R”~1, we get

u(m, ﬁ) = /]RJr — [K(ﬂ?, Y, ta 617 m, O) - K(:E7 Y, t7 _617 m, 0)]h(€17 U)dfldn

As
K(xvyat; —5177%0) = K(_$7y7t;€17na0)7
we deduce the formula ([2.8)) taking into account (Z9) and G1(0,y,;&,n,7) = 0; thus

u(0,y,t) = 0.
So u is the solution of the problem (Z3h])-(27). O

LEMMA 2.2. The solution of the problem

w —Au = 0, >0, yeR"™Y t>0 (2.10)
uy(0,y,t) = 0, yeR"™' >0 (2.11)
u(z,y,0) = h(z,y), x>0, yeR" (2.12)

is given by the following formula:

u(z,y,t) = /DNl(x,y,t;ém,O)h(f,n)dédn (2.13)

where NV; is the Green’s function for the n-dimensional heat equation with homogeneous
Neumann’s boundary conditions, given by the following expression:

Ni(z,y,t:6,n,7) = K(z,y,t:&,n,7)+ K(—z,y,t;§,1,7)
lly—nll*
e |- 420 |
= N(z,t,&,71), (2.14)

(2 m(t — 7'))n71

where K is given by ([24) and N is the Neumann’s function for the one-dimensional case
defined by
S 4 5
N(x,t, &, 1) = t> T
2y/7(t—1)

Proof. Define h on R" by

h(€,n) if (&n) e RY xR!

h(€,n) =
h(=&m) if (§,m) e R™ xR*!

so the solution of the Cauchy problem

u—Au = 0, in R”, ¢t>0,
u(z,y,0) = iL(:c,y), in R,
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is given by

ww,t) = [ K(e,y.t: €, m, 0)h(€, m)dedy = / K (2,y, t:€,m, 0)h(&, n)dédn
R™ R+xRn—1

+/ K(z,y,t;£,m,0)h(—=&,n)dEdn.
R— xRn—1

With the change of the variables & = —¢ in the integral on R~ x R"~! and ¢ = € in
the integral on RT x R"™1 we get

wet) = [ K@t 6,m0) + Kt =m0l ndéidn,

As K(z,y,t;—&1,1,0)] = K(—z,vy,t;£1,1,0)], we deduce the formula [ZI3) taking into
account ([ZI4). We have

(-9 (z+¢)
2(t—1) 2(t—1)
and then Ny ,(0,y,t;&,m,7) = 0 thus uz(0,y,t) = 0. So u is the solution of the problem
E10)-E12). ~ 0

REMARK 2.3. In the proof of Lemma 2], we chose a function h odd, whereas in
the proof of Lemma 22, we choose a function h even. This is in order to obtain
G1(0,y,t;&,n,7) = 0 and to satisfy the boundary condition (Z6]). If we keep, in the
proof of Lemma 22, the function A odd, the boundary condition (ZII]) cannot be satis-
fied without adding another term to (Z13).

The same problem occurs if, in the proof of Lemma 2], we take the function h even,
instead of odd. Thus the boundary condition (28] cannot be satisfied without adding
another term to (2.8)).

We now present the following technical Lemma 2.4 which contains mathematical
formulas useful for the study of our Problem [T11

Nl,x(x7y7t;§an77-):_ K(.I,y,t;&,’l?,T)— K(_'rayat;§777a7)v

LEMMA 2.4. The functions G; and N; have the following fundamental properties:

oo [ o= (v a1

/Rn_l ly = nll* exp {—%] dn = % (2 (it — T))n_l (2.16)
Gyt G midy = Gzt 6,7) (2.17)

[ i@yt & m)dn = N, 1,€,7) (2.18)

- G1.2(0,y,t,&,m,7)dn = Go(0,£,§,7) = 2‘\/?(1564—7)3/2 exp [_4@54;} (2.19)
| MGt nids = gzt e |- Et__i”;] 220)
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/000 G1,:(0,y,t,&,n,7)dE = m exp {—%} . (2.21)

/000 Gi(z,y,t,&,n,7)dé = W exp [—Jfét_i_nﬂ)z] erf (2\/;3——7) , (2.22)

where
e (f/ )

Proof. Taking into account that

)2
/Rexp [—%} dn; =2/t —7) VjeEN, (2.23)

is the error function.

we have
lly —nll? /°° (yi — i)
/RH P [ si—ry | M= Mm | o | =g |

and thus (ZI5) holds.
Taking into account (Z23)) and

/R(yi — 1) exp [—%} dn;

= /RZ(t —7)2%exp(—22)\/2(t — 7)dz = (t — 1)/ 27 (t — 7),

we have
2 ly —nll? / - (y; — ;)
_ LAY\ N _Ni T
/Rn_l lly =7l exp[ rrrmey Kl ; Iy oxp | =gy |
R (i —m)?] ,
= /Rn 1 — ;)10 2exp{ 4(t—T) dnj

1=

o ([l S ) (]

and so (2.1 follows.

We also have

12
Gula,y,t.&m,7)dn = G(x’t’g’T)n_l / _exp {—H] di; - (2.25)
(v S

then ([2.I7)) follows using (2.10]), and similarly for (2.18). We obtain (2Z19) using (2.I7).

i=
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‘We have
oo g2 O Wir 2
/ et df = 2/t—T / e dX+/ e dX
0 —o00 0
= Vrlt—7) <1+erf (L» (2.26)
- 2Vt —T .
and

+00 L2 +oo s—
/ eI e = 2yiT ( / X dX - / e e—X2dX>
0 0 0

x
= t— 1—erf| ——— . 2.27
) (1- ot (57 (220
By using ([2:26) and ([Z.27]), we obtain
+o00

N(.’L‘,t,é_77')d€ = 17
0

and, moreover, using the definition of [2I4), we deduce ([Z20).
From (Z4) and (Z9), by derivation with respect to x, we obtain

—2(x — £)e (@O Flly=nl* _ —(z—8)

WD 2= @y ke

K,I($7y7t;§7n77—) =

—(z—¢) (z+¢)
Gw aat;va =-—K 7at;57 K_7at;57 i 2.28
then
Cra (0,9, €1, 7) K(0,y,t:€,0,7) ¢ -SSR (2.09)
T Y Y, 16,1, T) = 7—— Y, 06,1, T) = n € - . .
1 t-r (t=)F vmr
Thus
oo o Ll oo 2 P e
Gral0ytign e = — o [ e - E
0 (t—)F 2ym) o NG EDIR
as
+oo 2
/ e W= dE =2(t — 1), (2.30)
0
and (ZZ1)) holds.
By using ([2:26]) and (Z27]), we obtain
+oo T
Gla,t, &, 7)deE = erf : 2.31
|G nie—ar (5 ) (2:31)
so by the definition of (Z3]) we obtain ([2:22)), and close the proof of this lemma. O
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3. Existence and uniqueness of the solution to Problem [I.1Il In this section,
we give first in Theorem [3] the integral representation (3.I) of the solution of our
Problem [[1l but it depends on the heat flow on the boundary S, which satisfies the
Volterra integral equation ([3.3]) with initial condition ([B.:2)). Then we prove, in Theorem
B3] under some assumption on the data, that there exists a unique solution of the
Problem [Tl locally in time which can be extended globally in time.

THEOREM 3.1. The integral representation of the solution of the problem [[T]is given by
the following expression:

u(z,y,t) =uo(:v7y,t)—/0t (zeri((;_#j)zl Mnlexp [_Ly(t_i_nﬂ)?] F(V(nm))dn} Zl)

where
ug(z,y,t) = /D Gi(z,y,t;€,n,0)h(&,n)dEdn, (3.2)

and the function V defined by V(y,t) = u,(0,y,t) for y € R and ¢ > 0 (heat flux on
the surface x = 0) satisfies the following Volterra integral equation:

Vot =Vitnt 2 [ oot [ [ o[- rvr | an

t—7)"
(3.3)
in the variable ¢t > 0, with y € R"~! being a parameter where
Vo(y,t) = /D G1,0(0,y,t:§,m,0)h(&, n)dEdn. (3.4)

Proof. As the boundary condition in Problem () is homogeneous, we have from [9]

u(z,y,t) = /DGl(x,y,t;&n,O)h(f,n)dédn

t
+ / / G1(a,y,t:€, 0, 7)[F(V(n, 7)) dedndr, (3.5)
0o JD
and therefore

wn(,y,t) = /D G (2, s t; €17, 0)(€, m)dédn

t
+ / / Gra(w,y,t: €0 )= F(V (@, 7)dedndr.  (3.6)
0 D
Using (2.29) we obtain

/D Gro(0,y, 15,0, 7) F(V (0, 7))dédn

lly—mnl2

— F(V(U’T))e_ e i e 14 té_i—
- /R"—l (t — ) (2/7)" (/0 Se ¥ )d5> din
2 _ly=nl?
= m/ﬂv_llf(v(w))e 7 dn. (3.7)
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Thus taking = 0 in B.6) with B1), we get B3).
By [29) (the definition of G;), we obtain

/D G (., t:€,, ) F(V (1, 7))dédn

1 “ly=nl? [ _ (=82 _ (z+e)?
— —/ e Alt=r) {e i(t-1) — ¢ 4(n7)] F(V(T],T))dfdn
2(y/m(t—7)" Jp
T — 2 x 2 —ly— 2
— ;/ |:6 El(t—i)-) —e E;(:-fl)] df e J(t—ﬂ F(V(?],T))dn,
2( 7T(t — T))n R+ Rn—1
and using (2.26)- [227), we get
erf
/ Gy, t:E.m, 7V F(V (n, 7)) dédn = () / e S B (V (1, 7)) dn.(3.9)
D (2 ﬂ'(t — T)) -1 Jrn-1
Taking this formula in [B.3]), we obtain (BI). O

LEMMA 3.2. The simplified form of the Volterra integral equation B3] is

Vit - (Nl_ | e (/Rnley‘*fzh(&n)dn)df

/ / 7)) Huth)zd d (3.9)

2\/— - t—Tn/Qe e '
Proof. Using ([229) with 7 = 0 in the Volterra integral equation (B3], we obtain

B3). O

THEOREM 3.3. Assume that h € C(D), F € C(R) and locally Lipschitz in R; then there
exists a unique solution of the problem [[T]locally in time which can be extended globally
in time.

Proof. We know from Theorem (B that, to prove the existence and uniqueness of
the solution [BI)) of Problem (1), it is enough to solve the Volterra integral equation
B9). So we rewrite it as follows:

VGt = 1.0+ | gly.m Vi )ir (3.10)
with
_ 1 e’% e*"yZ?"z
$t) = o e (e e ) ae (3.11)
and
B 2 F(V(n, 1) Iy a1’
g(t77—7y7v(y77')) = _(2\/E)n /Rn ) me ) dn. (3.12)

We have to check the conditions H1 to H4 in Theorem 1.1 page 87, and H5 and H6
in Theorem 1.2 page 91 in [I5].
e The function f is defined and continuous for all (y,t) € R"~! x R*, so H1 holds.
e The function g is measurable in (y,t,7,2) for 0 <7<t < +o0, x € R, y € R"1, and
continuous in x for all (y,t,7) € R"~! x R* x RT, g(y,t,7,2) = 0 if 7 > ¢, so H2 holds.
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e For all £ > 0 and all bounded sets B in R, we have

lg9(y,t, 7. X)| < sup [F(X)|(t — )"/

_2 o ly—nll T
(2\/_)” XeB /RM i
sup |F(X)|(t =) 2y/7(t—7)"

(2\/—)
1 1
= — sup |[F(X)|——=;
77 R =
thus there exists a measurable function m given by
1 1
m(t,7) = — sup |F(X)|— 3.13
(t,7) WXE%\ (X ) (3.13)
such that
lg(y, t, 7, X)| <m(t,7) YO<7<t<k, XeB (3.14)

and satisfies

t
sup / m(t, 7)dr

te[o,K]Jo

1
— sup |F(X)| sup

VT xeB te[0,k] \/t—T
1
= —sup |F(X)| sup ( 24/ t—T|)

T Xe te(0,k]

= L 1P0)] sup vE < 2F up ()] < o0,

T XeB te[0,k] T XeB

so H3 holds.
e Moreover, we also have
lim tm(t Jdr = —— sup [F(X)| lim Ldr L sup |F(X)] Tim (2vE) = 0

T)AT = —= = —= =
t—0+ Jo Xe% t—0+ Jg VEt—T \/7_1'Xe}1)9 t—0+ ’

(3.15)
and
T+t 1 v
li t,7)dr = — F(X)| lim (2vt) = 0. 3.16
Jm [ mltm)dr = = sup [F(X)] lim, (2VF) (3.16)

e For each compact subinterval J of R*, each bounded set B in R®~!, and each ty, € R,
we set

Alt,y,V(n) = lgt, 759, V(n, 7)) — g(to, 759, V(n,7))|-

2 _lw=ni®> F(V(n,7)) _lw=mi> F(V(n, 1))

Alt,y,V = —— oy N \D ) T Ay N\ T
(&9, V() (2y/m)" /J /]Rn € (t—7)—"n/2 © (to — 1)~ /2
as the function 7 +— V (5, 7) is continuous and is in the compact B C R for all n € R"~1.
So by the continuity of F' we get F(V(n,7)) C F(B); that is, there exists M > 0 such

that |[F(V(n,7))| < M for all (n,7) e R""! x RT. So

dn|dt

9 "ft nn) % nn";
\4 T e 0 T
sup  A(t,y,V(n)) <

= ——dn —
V(n)€C(J,B) (2y/m)" V(n)eC(JB rr-1 /(= 7) rn-1/(to — 1)
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Using (2.15]), we obtain

oM 2y/rt—7) Y @2y/rlto—7))" !
sup A(ta Y, V(n)) S sup - )

V(n)€C(J,B) 2vVT)™ v(nec(s.B) (Vt—1)" (Vto—T)"

and thus

M Vip—T —Vt —
sup Ay, V(n) < == . a8
V(n)€C(J,B) VT viecins | V= 1)(to - 7)
Thus we deduce that
lim sup  A(t,y,V(n))dr =0.

t=to J 7 v(n)ec(J,B)

So H4 holds.
e For all compact I C RT, for all functions 3 € C(I,R"), and all tg > 0,

2
ly—n1?2 lly=nll

2 e at-m) e 4(tg—m)

lg(t, 75 0(7)) — g(to, 7, ¥(7))| = ENGR /Rnil F(y(r)) (t—7)"2  (tg — 1)/2 dr

as F € C(R) and ¢ € C(I,R™); then there exists a constant M > 0 such that |F((7))] <
M for all 7 € I. Then we obtain, as for H4, that

Jim | lat.73(7)) = gtto, 7 ()7 .

So H5 holds.
o Now for each constant K > 0 and each bounded set B C R" !, there exists a measur-
able function ¢ such that

|g(y,t,7,x) _g(yathaX)| < Qﬁ(t,T)‘.’E—X|

whenever 0 < 7 <t < K and both z and X are in B. Indeed, as F' is assumed to be a
locally Lipschitz function in R, there exists constant L > 0 such that

|F(z) — F(X)| < Lz — X| VY(x,X) € B%

Then we have

2 lly—nll>
ot m0) ~ gl b X0 = o [ (=) e () - POy
(2\/7_T)n Rn—1
< 2 (/ _\Ksé—wll;"d ) (t )_”/QL\ x|
S e 1G=7 dn -7 T —
(2\/7_1')” Rr—1
L
——r - X],
w(t—17)
and thus ¢(t,7) = \/# We also have for each t € [0, k] the function ¢ € L'(0,t) as
a function of 7 and
t+1 t+1 dr \/_
t+1,7)dr = — / 2 —0 withl—0.
/t i N Vitl-r1 \/_( 2

So H6 holds. All the conditions H1 to H6 are satisfied with (B.15]) and (3.16]).
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Thus from [I5] (Theorem 1.1 page 87, Theorem 1.2 page 91 and Theorem 2.3 page 97)
there exists a unique local-in-time solution of the Volterra integral equation ([B.3]) which
can be extended globally in time. Then the proof of this theorem is complete. O

Now, we will make several observations concerning the forcing function Vy(y,t) of the
Volterra integral equation (B.3)) with respect to the initial temperature h(z,y).

LEMMA 3.4. Let h be the initial temperature, and let V; be defined by ([B.2]).
If h € L*°(D), then we have

Vat Vo, 1) < |blles;, Yy € R™™, t>0. (3.17)

If h verifies the following assumptions:
(1) h e C°(D),

(2) there exist positive constants A and « such that

|h(z,y) — h(0,y)| < Az®, Vr >0, yeR"!, (3.18)
then we have
i V/7tVo(y,t) = h(0,y), Yy eR". (3.19)
e
Proof. By using (8:2) and formulas ([ZI5) and (Z30), we have
[172]] 0o /+°° _é _ly—nl?
1% ,t < - 1 (. i
| O(y )| = (2\/5)7% 0 ge g — € n
[12loo SR 1)
——2t(2 t— = —, Vy e R® ¢t >0,
a2t (2VAE=) WA

and therefore the inequality (BI7) holds.
By making the change of variable ¢ = 2v/z in ([B.2]), we obtain

+oo _n 2
VrtVo(y,t) = %/ U h(2ViEz e *dz| e T dn, (3.20)
(2\/7?) r—1 [Jo

and therefore by using the hypothesis (b) we derive
[h(2ViEz )| < |h(2VEz,0) = h(0,7)] + |h(0,7)]

a [e3
< RO+ A(2VEZ) " = [h(0,m)] + A2°(12)F
and
where
Ly.t) e ) (3.22)
1Wt) = —— =% ; : .
(2v/at)" ™" o
I(y,t) ! / [/-5-00 {h(?\/t_z n) —h(0 n)} e_zdz] e Ll dn.  (3.23)
2(Y,t) = ————— ,m) — h(0, G . .
(2v/at)" ™" Jre Lo
Taking into account (ZI5]) and the Dirac delta, we have
lim I(y,t) = h(0,y), Yy € R* 1L (3.24)
t—0t
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Moreover, we have

4A2Oétﬂ y*"l2 +OO o
Ly, < 2 / , ( / d) i
(2\/7rt) Rn—1 0

Bo(a)t? (3.25)

IN

IN

where By is a positive constant which depends only on parameter o > 0. Therefore

(BI19) holds. 0O

4. Particular cases. In this section we consider some particular cases with physi-
cally interesting phenomena and give their relations to the considered Problem [L.Il
(1) If the initial temperature is given by

h(z,y) = ho(z) VyeR" (4.1)
from B2) with h = hg, we have

ug(x,y,t) = /DGl(w,y,t,&n,O)h(&,n)dfdn

+oo
= [ @ | [ Gt gm0 ae
Using the formula ZI7), we get

+oo
w(u) = [ Gt & Oho(de = w(n.0), vy R (42)
0
From BII)) with h = hg, we have
sty = i [ [ e |
N LT e ) A 0 77
1 oo e ly—nli2
- - ~$ ho(6)d -,
ENET | s h@a [ "
and by using the formula (ZTI5]), we get
1 +oo e2
A = — TF ho(€)dE = f(1), Yy e R 4.3
St = gomr [t Th@d=r0, v (4.3

(2) If the initial temperature is given by (4] and the solution of the integral equation
[B3) is independent of y € R*7! i.e.,

Viy,t) = V(t), Yy e R" (4.4)
from B1]), and using (I]) we have
2

erf (21— -
(QV”Z_lFW(T)) [ e
w(t—7)) Rn—1

U($,y,t) = UO(xat)_/O (2

and by (ZI3), we get

wz,y,t) = uo(z,t) —/0 erf <2\/%>F(V(T))d7
= u(z,t), x>0, t>0, vy e R*1 (4.5)
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where ug(x,t) is given in ([@2]), and [BI2) becomes
2 F(V(r)) ly—n2
e
Rn—1

REGHEE
F().

= FV{) | =g (t,T,V(1)) Vy e R*L. (4.6)

1)
This particular case corresponds to the one-dimensional non-classical heat
equation which was studied in [I], [I§].
(3) If the initial temperature is constant, i.e.,

gy, t,7,V(y, 7)) 1= dn

h(z,y) = ho, V>0, YyeR" ! (4.7)

and the solution of the integral equation (B3] is independent of y € R"~!
i.e., satisfying (@), then by ([23T), the temperature is given by the following
expression:

u(z,t) = hoerf<2\/_) /Oterf<2\/%>F(V(T))dT, >0, t>0,(48)

and its heat flux V(¢) at x = 0 is given by the solution of the Volterra integral
equation

Vi) = t>0. (4.9)

—_— = ———dr,
vt /0 VvVt —1)

This particular case also corresponds to the one-dimensional non-classical heat
equation which was studied in [I].

REMARK 4.1. The Stefan problem for the non-classical one-dimensional heat equation

was studied in [3]-[5], [1I7].

5. Conclusion. In this study we have considered the non-classical heat problem in
a semi-n-dimensional space domain D for which the internal energy depends on the heat
flux on the boundary S of the domain D. In Section 2l we have recalled and discussed
the integral representation of solutions of some classical problems of heat distribution;
see Lemma [Z.]] and Lemma We end this section with a technical Lemma [Z4] which
contains mathematical formulas useful for the study of our Problem [Tl

In Section Bl we gave first in Theorem [B] the integral representation (B of the
solution of our Problem [T but it depends on the heat flow on the boundary S, which
satisfies the Volterra integral equation (B3] with initial condition (3:2]). Then we proved,
in Theorem [B.3], under some assumption on the data, that there exists a unique solution
of the Problem [[.T] locally in time which can be extended globally in time.

We also made in Lemma [B.4] several observations concerning the forcing function
Vo(y, t) given by ([B.2]) with respect to the initial temperature h(z,y).

In Section ] we have considered some particular cases with given physical interesting
phenomena and their relations to the considered Problem [l
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