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1. Introduction

Consider the following problem governed by the parabolic variational inequality
(@), v —u() + a(®), v —u(®)) + @) — Pu(t)) = (), v —u(t)) Vvek, (1.1)
a.e.t €]0, T[, with the initial condition
u(0) = up, (1.2)

where, a is a symmetric continuous and coercive bilinear form on the Hilbert space V x V, @ is a proper and convex function
from V into R and is lower semi-continuous for the weak topology on V, (-, -) denotes the duality brackets between V' and
V, K is a closed convex non-empty subset of V, uy, is an initial value in another Hilbert space H with V being densely and
continuously embedded in H, and g is a given function in the space L?(0, T, V’). It is well known [1-4] that, there exists a
unique solution

ou
ueeOT,HNI*0,T,V) withi= P [2(0, T, H)
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to (1.1)-(1.2). So we can consider g +— u, as a function from L?(0, T,H) to (0, T,H) N L?(0, T, V). Then we can
consider [5-7] the cost functional J defined by

1 2 M 2
](g) = Enug”LZ(O’T,H) + 5”g”L2(0,T,H)’ (1'3)

where M is a positive constant, and u; is the unique solution to (1.1)-(1.2), corresponding to the control g. One of our main
purposes is to prove the existence and uniqueness of the optimal control problem

Find g,p € L*(0, T, H) suchthat](g,,) = min J(g). (1.4)
gel?(0,T,H)

This can be reached if we prove the strict convexity of the cost functional J, which follows (see Theorem 3.1) from the
following monotony property: for any two control g, and g, in [?(0, T, H),

us(p) <us(u) Vu €[0,1], (1.5)
where

us(p) = puq + (1 — puy, Ug() = Ugyy,  With gz(u) = pgr + (1 — w)gs. (1.6)

In Section 2, first we establish in Theorem 2.2, the error estimate between us;(u) and u4(u). This result generalizes our
previous result obtained in [8] for the elliptic variational inequalities. We deduce in Corollary 2.3 a condition on the data to
getus(p) = ug(u) forall o € [0, 1]. Then we assume that the convex K is a subset of V = H'(£2) and consider the parabolic
variational problems (P) and (Py). So, using a regularization method, we prove in Theorem 2.5 this monotony property (1.5),
for the solutions of the two problems (P) and (P,). This result with a new proof and simplified, generalizes that obtained
by [9] for elliptic variational inequalities. In Section 2.1 we also obtain some properties of dependency solutions based on
the data g and on a positive parameter h for the parabolic variational inequalities (1.1) and (2.1); see Propositions 2.6-2.8.
In Section 3, we consider the family of distributed optimal control problems (Pp)p-0,

Find g, € [%(0,T,H) such that J(gop,) = min Jp(g), (1.7)
ge€l2(0,T,H)
with the cost functional
1 2 M 2
.]h(g) = 5 ”ugh ||L2(O,T,H) + 5 ||g||L2(O,T,H)’ (18)

where ug, is the unique solution of (2.1)-(1.2), corresponding to the control g for each h > 0. Using Theorem 2.5 with its
crucial property of monotony (1.5), we prove the strict convexity of the cost functional (1.3) and also of the cost functional
(1.8), associated with problems (1.4) and (1.7) respectively. Then, the existence and uniqueness of solutions to the optimal
control problems (1.4) and (1.7) follow from [6].

In general, see for example [10] the relevant physical condition, to impose on the boundary, is the Newton law, or the
Robin law, and not the Dirichlet. Therefore, the objective of this work is to approximate the optimal control problem (1.4),
where the state is the solution to parabolic variational problems (1.1)-(1.2) associated with the Dirichlet condition (2.2), by
a family indexed by a factor h of optimal control problem (2.1)-(1.2), where states are the solutions to parabolic variational
problems, associated with the boundary condition of Newton (2.3). Moreover, from a numerical analysis point of view it
maybe preferable to consider approximating Neumann problems in all space V (see (2.1)-(1.2)), with parameter h, rather
than the Dirichlet problem in a subset of the space V (see (1.1)-(1.2)). So the asymptotic behavior can be considered very
important in the optimal control.

In the last Section 3.1, which is also the goal of our paper, we prove that the optimal control g,p, (unique solution of
the optimization problem (1.7)) and its corresponding state ug, onh (the unique solution of the parabolic variational problem
(2.1)-(1.2)) for each h > 1, are strongly convergent to g, (the unique solution of the optimization problem (1.4)), and ug,,

(the unique solution of the parabolic variational problem (1.1)-(1.2)) in L2([0, T] x £2) and L?(0, T, H'(£2)) respectively
when h — +00.

This paper generalizes the results obtained in [11], for elliptic variational equalities, and in [12] for parabolic variational
equalities, to the case of parabolic variational inequalities of second kind. Various problems with distributed optimal control,
associated with elliptic variational inequalities are given; see for example [ 13-19,9,20-22] and for the parabolic case see for
example [23,14,24-30].

2. On the property of monotony

As we cannot prove the property of monotony (1.5) for any convex set K. Let £2 a bounded open set in RV with smooth
boundary 82 = I'; U I',. We assume that I} N I, = @, and meas(/}) > 0.Let H = [%(£2), V = H'(£2). We can prove the
property of monotony (1.5) for any convex subset of V. Let

K={veV:vyr =0}, and u,e€ky={veV:yn =D>h}.

So we consider the following variational problems with such a convex subset.
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Problem (P). Letgivenb € [?(]0, T[x1}),g € L2(0, T,H)andq € [2(]0, T[xI3%), ¢ > 0.Finduin €([0, T], H)NL?(0, T, K;)
solution of the parabolic problem (1.1), where (-, -) is only the scalar product (-, -) in H, with the initial condition (1.2), and
®(v) = frz q|v|ds.

Problem (P;). Let given b € L?(]0, T[xI}),g € [*(0,T,H) and q € [*>(]0, T[x %), q > 0. For all coefficient h > 0, find
ue €(0,T,H)NL*0, T, V) solution of the parabolic variational inequality

(@), v —u(®) + an(u(®), v — u(t)) + @(v) — (u(t)) > (g(t), v —u(t)) + h/ b(t)(v —u(t))ds Vv eV, (2.1)
I

and the initial condition (1.2), where a,(u, v) = a(u, v) +h fn uvds.

It is easy to see that Problem (P) is with the Dirichlet condition
u=>b onrIx]0,TI[, (2.2)
and Problem (Py) is with the following Newton-Robin type condition

ou
— — =h(u—->b) onIyx]0,T[ (2.3)
on

where n is the exterior unit vector normal to the boundary. The integral on I3 in the expression of @ comes from the Tresca
boundary condition (see [31-33,4]) with q is the Tresca friction coefficient on I';. Note that only for the proof of Theorem 2.5
we need to specify an expression of the functional ®.

By the assumption there exists A > 0 such that A||v]|3 < a(v, v) Yv € V. Moreover, it follows from [34,35] that there
exists A > 0 such that

ay(v, v) > Allv]3 Vv €V, with A, = A; min{1, h}

S0 ay, is a bilinear, continuous, symmetric and coercive form on V. So there exists a unique solution to each of the two
problems (P) and (Pp).

We recall that ug is the unique solution of the parabolic variational problem (P), corresponding to the control g €
1?(0, T, H), and also that ug, is the unique solution of the parabolic variational problem (P;), corresponding to the control
g €1?(0, T, H).

Proposition 2.1. Assume that g > 0in £2x10,T[, b > 0on I'1x]0, T[, u, > 0in £2. Thenas q > 0, we have u; > 0. Assuming
again that h > 0, then ug, > 0in £2x]0, T[.

Proof. For u = uy,, it is enough to take v = u™ in (2.1), to get

T T
||u’(T)||fz(m+)\/ ||u’(t)||f,dt+h/ / (U™ (t))2dsdt
0 0o Jny

T T T
< [(eo.w e~ [ [ aguor-wt@pase—n [ [ bou @dste+ @1, (24)
0 o Jn, o Jn
so the result follows. 0O

Theorem 2.2. Let uy and u, be two solutions of the parabolic variational inequality (1.1) with the same initial condition, and
corresponding to the two control g; and g, respectively. We have the following estimate

1
3 llua(re) = us () o1y + Alua(p) — “3(M)||Z2(O,T,V) + 1 d1a()(T) + (1 — ) d24 () (T)
+u@ ) + (1 —wW)Puz) — P(us(n) < (1 — (AT, g1) + B(T, &) Yu €[0,1],

where

T T T
Lia(u)(T) = / u(w)(®)dt forj=1,2, AT, g) = / a@dt,  B(T,g) = / B(t)dt,
0 0 0

Lig() = (U, ug(u) — ) + a(uy, ug(u) — ;) + @ (ug()) — @ (uy) — (g, ua() — ;) > 0,
o = (g, Uy — ug) + a(uy, uy — uy) + () — P (ur) — (g1, uz —ug) >0, (2.5)
B = (2, uy — ) + a(uy, uy — up) + @ (uy) — P (Uy) — (g2, ug — up) > 0. (2.6)
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Proof. Asus(u)(t) € K sowith v = us(u)(t), in the variational inequality (1.1) where u = u4(u) and g = gs(u), we obtain
(fa(w), us(w) — ua(p)) + aua(p), us(p) — us(n)) + @ (us(n)) — @ (ua(pn))
> (g3(w), us(n) —us(n)) ae.t €]0, T,
then
(4 () — 3 (1), us(p) — uz(w)) + aua(p) — us(p), us(p) — us(p))

< (G3(w), us(p) — ug()) + aus(u), us(u) — ug(u)) + @ (us(p)) — @ (ua(p)(t))
—(g3(n), us(u) —ug(u)) ae.t €]0, T[,

thus

|

(lua(ue) = us()lIf) + Alua(p) — s < (G3(w), us(ie) — ua(p))

+a(us(w), us(u) — ug(p)) + @ (uz(u)) — @ (ug())
—{g3(u), us(n) —ug(w)), ae.t €0, T[,

N =
(o]

t

using that uz(u) = p(uy — up) + up, g3(u) = (g — &) + g we get

19
= — (lua() — us(WIIF) + Alua() — us)IF + w@ @) + (1 — WP uz) — D (us ()
29t

<pu( =)o+ B) — plig(u) — (1 — whye(u) ae.t €]0, T[,

so by integration betweent = O and t = T, we deduce the required result. O

Corollary 2.3. From Theorem 2.2 we get a.e.t € [0, T]

uz(u) = ug() Vu € [0, 1],
AT, 81) =B(T,8) =0= {ha(n) =hs(u) =0 Vu €[0,1],
@ (us()) = u® W) + (1 — weu) Yu €0, 1].

Lemma 2.4. Let u; and u, be two solutions of the parabolic variational inequality of second kind (1.1) with respectively as second
members g, and g,, then we get

1
2 2 2
llur = w2llioe .1y + Allur = talliz gy < X”gl —&1l2¢0.1.v1) (2.7)
where A is the coerciveness constant of the bilinear form a.

Proof. Taking v = u, in (1.1) where u = uy and g = g;; then v = u; in (1.1) where u = u, and g = g, so by addition
(2.7)holds. O

We generalize now in our case the result on a monotony property, obtained by [9] for the elliptic variational inequality.
This theorem is the cornerstone to prove the strict convexity of the cost functional J defined in problem (1.4) and the cost
functional J, defined in problem (1.7). Remark first that with the duality brackets (-, -) defined by

€(0). 9) = E(0). 9) + h / b(t)pds

I

(2.1) leads to (1.1). We prove the following theorem for & such that @ (v) = sz qlvl|ds.

Theorem 2.5. For any two control g; and g, in L*>(0, T, H), it holds that
us(n) <us(u) in2 x[0,T], Yu € [0, 1]. (2.8)

Here ug(j1) = Upg,+(1—pygy» Us() = plg, + (1 — p)ug,, uy = ug, and u, = uy, are the unique solutions of the variational
problem (P), with g = g and g = g, respectively, and for the same q, and the same initial condition (1.2). Moreover, it holds also
that

upg() < up3(u) in2 x [0,T], Y € [0, 1]. (2.9)

Here uap () = Upg iyt (—mwygyp»> Usn() = pilg, + (1 — wug,,, Uy = Ug, and upy = ug,, are the unique solutions of the
variational problem (Py), with g = g, and g = g, respectively, and for the same q, h, b and the same initial condition (1.2).
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Proof. The main difficulty, to prove this result comes from the fact that the functional @ is not differentiable. To overcome
this difficulty, we use the regularization method and consider for ¢ > 0 the following approach of @

@, (v) :/ gv/ &2+ |v|2ds, VveV,
I3

which is Gateaux differentiable, with
wv
@ W) v)= [ Y s V(w,v) e V2
g2 + |w|?
Let u® be the unique solution of the variational inequality
@, v—u’)y+a@,v—u’) + (L), v—u’) > (g,v—u’) aete€[0,T]Vv €K, andu®(0) = up. (2.10)

Let us show first that for all € [0, 1]ug(n) < u§(w), then thatug(u) — uz(w) and uj(u) — us(p) strongly in 1?(0, T; H)
when ¢ — 0. Indeed for all x € [0, 1], let consider U, (u) = uj(n) — u§(u) thus uj(w)(t) — UF (u)(t) is in K. So we
can take v = u§(u)(t) — UF(w)(t) in (2.10) where u® = u§(u) and g = g3(u) = (g1 — £2) + &. We also can take
v = uj(t) + UF (u)(t) in (2.10) where u® = uf and g = g4, and we multiply the two sides of the obtained inequality by
then we take v = u$ + U} (u) in (2.10) where u® = uj and g = g, and we multiply the two sides of the obtained inequality
by (1 — w). By adding the three obtained inequalities we get a.e. t €]0, T|[,

10
2 0t
hence as U;r (1)(0) = 0, by integration fromt = 0tot = T we obtaina.e.t €]0, T[

AUF G + MU GO < (n@L W) + (1 — @[ (uh) — ®L(uG(w), U (),

1 T T
§||U;(M)(T)||i + )»/ IUF (w17 de < / (n@L WS (0) 4 (1 — )@, (U3 (1)) — L (uz (1) (1)), U () (6))dt.
0 0

As
THIA 1— pusUr
(i) + (1= W@l — @l Uf ) = [ ST W gy [ A0 B0,
NG PN T
qua (U () |
&2 + |uy|?
) - ) =3
where I} = I N{uj (1) > u§(w)}. The functionx > ¥ (x) = \/5? forx € Risincreasing (w/(x) =2 +x)7 > 0)
50
/ quuil; (W +/ q(1 —wuUf(w) [ qua(wUS ()
13 Je% 4 llus 112y ry e + [uy|? ry &2+ |ugl?
< [ aruiUS @) / g1 — WU W) o [ usUS W) |
- 1.,2/ /82 + |ui|2 r 82 + |U§|2 rz/ 82 + |U§|2
Moreover, the function v is concave on R* \ {0} <¢”(x) = 3e2(2 +x0) 7 < 0) thus
1 T
5||U+(M)(T)||i + )»/ Ut (w@©)3de < o. (2.11)
0
As U (n) = 0on {I3 x [0, TT} N {ug(n) < us(u)}so
uj(w) < uj(n) Yu e [0, 1]. (2.12)

Now we must prove that u§(u) — uz(p) and uf (i) — us(p) strongly in 1?(0, T; H) when & — 0.Taking v = u, € K with
u® =u; (i =1, 2)in(2.10), we deduce that

(@, uf —up) 4+ a(uf — up, uf — up) + (P, U5, uf) < alup, up — uf) + (P (Uf), up) — (g, up — uf).

As

@MﬂﬁBOmmH%@MM§/MM$
I
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we deduce, using the Cauchy-Schwarz inequality, that |[uf |2 (g 1) S0 also ||u5 ()|l ;2(0,1.v) are bounded independently from
€. By Theorem 2.2 we get

1
Ellui(ﬂ«) — ug(W e o,msmy + Alus(w) — ug(Wllizrvy) < w1 — (A (T, g1) + B°(T, 82))

1
= /’L(] - /’L)E (”g] _gZHfz(O,T;H) + ”uq - ui”é(O,T;H)) VI’L € [07 1]7
thus ||uj (1) l;2 1.v) is also bounded independently from ¢. So there exists [; € V, fori = 1, ..., 4, such that

uf — I; inL*(0, T; V) weak, and in L>°(0, T; H) weak star. (2.13)
Now we check that [; = u;. Indeed fori = 1, 2 or 4 and as @ is convex functional, we have
(U, v—uf) +a@,v—uf) + & (v) — P (u)) > (U, v —uf) +a,v—u) + (P.(uf), v — uf)
> (giv vV — uf)v ae.t E]O» T[s
thus
(U5, v—uf) +auf,v—uf) + &, (v) — P (u) > (g, v—u;), ae.tel0T[. (2.14)

Taking v = uj £ ¢, in (2.14) we have

(U, @) = —a(us, @) + (g, @), Vo € [*(0,T, Hy(2)). (2.15)

As H(} (£2) C V with continuous inclusion but not dense, so V' (the topological dual of the space V) is not identifiable with a
subset of H~1(£2). However, following [ 12] we can use the Hahn-Banach Theorem in order to extend any elementin H~1(£2)
to an element of V' preserving its norm. So from (2.13) and (2.15) we conclude that

N 2 00
uf —I; inL*(0, T, V) weak, inL®(0, T, H) weak star, } (2.16)

and u; — [;inI?(0, T, V') weak

Then from (2.14), and following [4,36] we can write

T T
/ {(ﬂf,v)+a(uf,v)+¢a(v)—(gi,v—Uf)}dt2f (g, uf) + a(uf, uf) + e (uf) } dt
0 0

1 1 T
Enuf(nnf, - 5||ub<r>||£, +/ la@s, uf) + @, ()} dt
0

Using the property of &, we have liminf,_,o @, (uj) > @(l;), and (2.16) we obtain

T T
/ {{. v) + ali, v) + @ (v) — (g v — )} dt > / {{h. L) + alli, 1) + @ (1)} de. (2.17)
0 0

Let w € K and any ty €]0, T[ then we consider the open interval 9; =]ty — ]1 to + }—.[C]O, T[ for j € N* sufficiently large
we take v = {;”(gtlfet 2]0 e, N (2:17) to get
/ {ow—1) +ali,w—1) + ®w) — o)} dt > / (g1, w — li)dt. (2.18)
9j 9
Now we use the Lebesgue Theorem to obtain, whenj — +o00
{lyw—1) +ali, w—1) + ®w) — 1) > (g, w—1L), aetelo,TL (2.19)

So by the uniqueness of the solution of the parabolic variational inequality of second kind (1.1), we deduce that ; = u;.
To finish the proof we check the strong convergence of u{ to u;. Indeed fori = 1, 2 or 4 taking v = u;(t) in (1.1) where
u = uf then v = uf(t) in (1.1) where u = u;, then by addition, and integration over the time interval [0, T] we obtain

1 T
5 (T = uf (M + / aui(t) — ug (£), wi(t) — ug (£))de
0

T
< / . (D)) — D (ui(t)) + B (D)) — b, (uf (D)t (2.20)
0
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as
2.) ~ 20) = [ aWeTH P = lods < eVl
I
so from (2.20)
1 &2 ! & € /
5||Ui — U ||L°°(O,T,H) + ) a(ui(t) — U (t), ll,'(t) — U (t))dt <2Te¢ |F2|||q||L2(1"2)
thus
uf — u; strongly in L*(0, T; V) N L°(0, T; H) fori = 1,2, 4 (2.21)
then also
u§(u) = pus + (1 — pus — uz  strongly in (0, T; V) N L0, T; H) (2.22)

from (2.12),(2.21) and (2.22) we get (2.8). As the proof is given for any two control g = g; and g = g, in[*(0, T, H), but for
the same q, h, b and the same initial condition (1.2), so we get also (2.9). O

2.1. Dependency of the solutions on the data

Note that this subsection is not needed in the last section. We just would like to establish three propositions which allow
us to deduce some additional and interesting properties on the solutions of the variational problems (P) and (Pp,).

Proposition 2.6. Let ug,, u; be two solutions of Problem (P), with g = g, and g = g respectively. Assume that g, —
ginL%(0, T, H) (weak), we get

Ug, — ug inL*(0,T,V)NL>®(0, T, H) (strong) (2.23)

g, — Ug inL*(0,T,V’) (strong). (2.24)
Moreover,

g1 > g in§2 x[0,T]thenuy, > ug, in$2 x [0, T]. (2.25)

Umin(gy.gy) < Ua() < Umax(g,.e), YH € [0, 1]. (2.26)

Let ug, p, Ug,n be two solutions of (Py), with g = g1 and g = g, respectively for all h > 0, we get
g1 > g in§2 x [0, T]then ug,p > ug,, in 2 x [0, T]. (2.27)

umin(gl,gz)h =< uh4(:u) = umax(gl,gz)h V,LL € [Oa 1] (228)

Proof. Letg, — ginL?(0, T, H), ug, and ug be in [*(0, T, K) such that
(Ug,, v — Ug,) + a(ug,, v — Ug,) + P(v) — P(ug,) > (g, v —Ug,) Yv €K, ae.t €]0,T[. (2.29)

Remark also that V> = {v € V : v, = 0} C V with continuous inclusion but not dense, so V" is not identifiable with a
subset of V;. However, following again [12] we can use the Hahn-Banach Theorem in order to extend any element in V; to
an element of V' preserving its norm. So with the same arguments as in (2.14)-(2.19), we conclude that there exists 1 such
that (eventually for a subsequence)

ug, — n inlL*(0, T, V) weak, in L*°(0, T, H) weak star, (2.30)

and i, — 7inL*(0, T, V') weak ' :
Using (2.30) and taking n — 400 in (2.29), we get

Mmv—n+amv—n+e@ -, > g v-—n, Yvek, aetel0,T[, (2.31)

by the uniqueness of the solution of (1.1) we obtain that n = u,. Taking now v = ug(t) in (2.29) and v = ug, (t) in (2.31),
we get by addition and integration over [0, T| we obtain

1 T
> g, (1) — ug (DI + Alug, — gl?y g7y < / (8n(t) — g(1), g, (t) — ug(t))dt,
0
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so from the above inequality and (2.30) we deduce (2.23). To prove (2.25) we take first v = u;(t) + (u1(t) — uy(t))~ (which
isinK)in(1.1) where u = u; and g = g1, then taking v = u,(t) — (u;(t) —ux(t))~ (whichalsoisin K)in(1.1) whereu = u,
and g = g, we get

1 T

Ell(ul(T) —uz(M) I + Al (ug — Uz)_llfz(oj,v) < /(; (&2(8) — g1(t), (u1(t) — ua(t))™)dt
as

P(ur) — P(ur+ (U1 —uz)7) + Puz) — P(uz — (U1 —up)”) =0.

Soifgy — gy < 0in 2 x [0, T] then || (1 — u2) " ll;2¢0,7,v) = 0,and as (u; — up)~ = 0 on I'1 x]0, T[ we have by the Poincaré
inequality that u; — u; > 0in £2 x [0, T]. Then (2.26) follows from (2.25) because

min{gy, &} < ugr + (1 — w)g; < max{g,, &} Yu €[0,T].

Similarly taking v = ug s (t) + (Ugn(t) — Ug,n(t))~ (which is in V) in (2.1) where u = ug, and g = gih, then taking
U = Ug,p(t) — (Ug,n(t) — Ug,n(t))” (which also is in V) in (2.1) where u = ug,, and g = gh, we get

1 _ _ _
En(ug]h(T) - ugzh(T)) ||[2~1 + )"”(ugﬂ‘l - ugzh) ”52(0:[,‘/) + h”(ug1h - ugzl’l) ”fz(O,T,LZ(F]))

T
< / (©(6) — 1), (ur () — up(6)) " de
0

so we get also (2.27), then (2.28) follows. O

The following Propositions 2.7 and 2.8 are to give, with some assumptions, a first information that the sequence (ug, )p~0 is
increasing and bounded, therefore it is convergent in some sense. Remark from (2.4) that ug, > 0 althoughg < 0, provided
to take the parameter h sufficiently large.

Proposition 2.7. Assume that h > 0 and is sufficiently large, b is a positive constant, ¢ > 0 on I, x [0, T], then we have
g0 in2x[0,T]=0=<u, <bin2UI; x[0,T]. (2.32)
Proof. Taking in (2.1) u = ug, (t) and v = ug, (t) — (ug, (t) — b) ™, we get
(ilghv (ugh - b)+> + ah(ugh’ (ugh - b)+) - (p(ugh - (ugh - b)+) + (p(ugh)

< (g, (ug, — b)) + hf b(ug, — b)tds, ae.t€l0,T[
I
as b is constant we have a(b, (ug, (t) — b)*) =0soae.t €]0, T[

Il (ug, () — )T II7) + a(ug, — b, (ug, —b)™) + h/ Ug, (ug, — b)*ds

n

= (ga (ugh - b)+) + h/]: b(ugh - b)+d$ + ¢(ugh - (ugh - b)+) - ¢(ugh)s
1

10
230

as ug, (0) = band
D, — (g, — B = @) = [ allg, — (g, — )] ~ I s <0,
I
)
1 T T
En(ugh (M —b)7" I +/0 an((ug, (t) — b)*, (ug, (t) — b)H)dt < /(; (g(t), (ug, (t) —b)*)dt <0,
thus (2.32) holds. O

Proposition 2.8. Assume that h > 0 and is sufficiently large. Let g, g1, g, in L*(0, T, H), q € L?(0, T, [*(I;)) and b is a positive
constant, we have

£ <8 =<0 in2x[0,T]and h; < h; = 0 < Ug,p, < Ugp, in 2 x [0, T], (2.33)
g=<0 in2x[0,T]=0=<uy <ugins2 x[0,T], Vh > 0. (2.34)
llvoll

hy < hy = |lug,, Ib — g, lli20,7.02ryy) (M1 — h2), (2.35)

—u , ST
gy, l1200,7.v) = Jq min(1, hy)

where vy is the trace embedding from V to [>(I).
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Proof. To check (2.33) we take first v = ug,p, (t) + (Ugyn, (t) — Ug,p, (), for t € [0, T], in (2.1) where u = ug,p,, & = g1h

and h = hy, then taking v = ug,p, (t) — (Ug,h, (t) — Ug,n, ()" in (2.1) where u = ug,p,, & = g2hy and h = hy,
adding the two obtained inequalities, as

(p(uglhl + (ugzhz - ug1h1)+) - (p(uglhl) + <zj(ugzhz - (ugzhz - u81h1)+) - ¢(ug2h2) =0

we get

2 & (”(ugzhz - ug1h1)+”%l) - a(ugzhz — Ugihys (ugzhz - ug1h1)+) + - (h1ug1h1 - hzugzhz)(ugzhz - ug1h1)+d5
1
> (g1 — &2, (Ugyn, — Ugyn) ") + (M — hz)/ b(ug,n, — Ugyn,)Tds, ae.t €]0, T,
In
so by integration on ]0, T[, we deduce

1 T
Ell(ugzhz (T) - ug1h1 (T))+||12-I + / ahz((ugzhz - ug1h1)+’ (ugzhz - ug1h1 (t))+)dt
0

T T
=< / (gz — 81, (ug2h2 (t) - ug1h1)+)dt + (hl - hz)/ (ug1h1 - b)(ug2h2 - ug1h])+d5dt’
0 0 JIn

and from (2.32) we get (2.33). To check (2.34), let W = ug, (t) — ug(t), and choose, in (2.1), v = ug, (t) — WT(t), so a.e.

t €]0, T[

(g, WH) + ap(ug,, WH) < +®(ug, — W) — D (ug,) + (g, WF) + h/ bwds,

I
asug =bon Iy x [0, T] weobtaina.e.t €]0, T[
(i1g,, WH) + a(ug,, W) +h | [WHPds < (8, W) + ®(ug, — WF) — D (ug,).
Iy
Then we choose, in (1.1), v = ug(t) + W (t), which is in K because from (2.32) we have Wt = 0on I'y x [0, T], so
(itg, WH(0)) + a(ug, W) > (g, WF) — D (ug + WF) + d(1y), ae.t €]0,T[.

So from (2.36) and (2.37) we deduce that

1 T
5||W+(T)||,2, +/ aWt, whde+h | [WHPds < @(ug, — W) — D (ug,) + P (ug + W) — & (1) = 0.
0

In

(2.36)

(2.37)

Then (2.34) holds. To finish the proof we must check (2.35). We choose v = Ug, (t)in(2.1)whereu = Ug, (t), then choosing

v =Ug, (t) in (2.1) where u = Ug, (t), we get

_<ugh2 — Ug,, > Ug, — ugh1> - a(ughz — Ugy, > Ug, — ughl) —hy / Ugp, (ugh2 — Ugy, )ds + hy f Ugp, (ughz — Ug, )ds

In I

> —(hy — hy) b(ughz — ugh])ds, ae.t €]0, TJ,
I
then
1 5 T T
5||ugh2 (T) — ug, (Ml +/ an, (Ugy,, — Ug, , Ug, — Ug, )t < (hy — hz)/ f (ug, — b)(ug,, — ug, )dsdt.
0 0 Jn
So

1
2 : 2
EHUghz — Ugy Nlioo,r.y + 21 min{1, ho}llug, —ug, 121y,
< lvollthy — ha)|Ib — Ugp, 20,7020y ||ugh2 — Ugy, 20,7,

Thus (2.35) holds. O
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3. Optimal control problems and convergence for h — +o0

In this section, b is not constant but a given function in L?(]0, T[x I'}). First, we prove the existence and uniqueness of
the solution for the optimal control problem associated with the parabolic variational inequalities of second kind (1.1), and
for the optimal control problem associated also with (2.1), then in Section 3.1 we prove (see Lemma 3.2 and Theorem 3.3)
the convergence of the state ug,, » and the optimal control g,;,, when the coefficient h on Iy, goes to infinity.

The existence and uniqueness of the solution to the parabolic variational inequalities of second kind (1.1) and (2.1), with
the initial condition (1.2), allow us to consider g +— u, and g — ug, as functions from 1?(0, T, H) to [*(0, T, V), for all
h > 0.

Using the monotony property (2.8) and (2.9), established in Theorem 2.5, we prove in the following thatJ and J;, defined
by (1.3) and (1.8), are strictly convex applications on L?(0, T, H), so [6] there exists a unique solution 8op IN 1?(0, T, H) of
problem (1.4), and there exists also a unique solution g, in 12(0, T, H) of problem (1.7) for all h > 0.

Theorem 3.1. Assume the same hypotheses of Proposition 2.1. Then ] and J,, defined by (1.3) and (1.8) respectively, are strictly
convex applications on L2(0, T, H), so there exist unique solutions go, and Zopy, in 12(0, T, H) respectively of problems (1.4) and
(1.7).

Proof. Let u = ug and ug, be respectively the solution of the variational inequalities (1.1) and (2.1) with g = g;fori =1, 2.
We have

||u3(lL)”l%2(O,T,H) = /'Lz ||ug1 ”iZ(O.T.H) + (1 - IJ«)ZHng ”52(0’7'.}.1) + 2“’(1 - M)(ug1 5 ugz)

then the following equalities hold
||u3(ﬂ)||zz(0,T,H) = M||ug1 ”iz(o,T,H) + (] - /’L)”ugz ||32(0,T,H) - I’L(l - I’L)”ugz - ug1 ”iz(O.T.H)’ (31)
||U3h(M)||f2(O,T,H) - /“L”ug1h||,%2(0’T’H) + (1 - /"L)”ugzh”fZ(O’T’H) - M(] - M)”ugzh - uglh”zz(O,T,H)' (32)

Now let € [0, 1]and g1, 8, € [?(0, T, H) so
(1—w)

e + (1= I E) —JE&w) = Sl I ) + 5 Ml

1 2 M 2 2
— MO g+ 5 {8 o + (= W2l 11

—I@ﬂﬂmémmm}

using (3.1) and g3 () = ugr + (1 — w)gr we obtain

1 1
wien + (1= i (E) I ) = 5 (1430, = 144G g 1)) + 301 = )1 = 2l g

M
+ 1= wlg — &Nk, (33)

for all . €10, 1[ and for all g;, &, in L(0, T, H). From Proposition 2.1 we have u4(11) > 0in §2 x [0, T] for all u € [0, 1], so
using the monotony property (2.8) (Theorem 2.5) and we deduce
||u4(M) ”fz(O.T,H) E ||u3 (l"(/) ||zZ(O,T,H) . (3'4)

Finally from (3.3) the cost functional J is strictly convex, thus [6] the uniqueness of the optimal control of problem (1.4)
holds.

The uniqueness of the optimal control of problem (1.7) follows using the analogous inequalities (3.3)-(3.4) for any
h>0 O

3.1. Convergence when h — +00

In this last subsection we study the convergence of the state Ugop,h and the optimal control g,p,,, when the coefficient h
on I, goes to infinity. For a given g in L?(0, T, H), first we have the following estimate which generalizes [34,35].

Lemma 3.2. Let ug, be the unique solution of the parabolic variational inequality (2.1) and ug the unique solution of the parabolic
variational inequality (1.1), then

Ug, — Ug € [2(0, T, V) strongly ash — +o00, Vg € [%(0, T, H).
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Proof. We take v = ug(t) in (2.1) where u = ug,, and recalling that u, (t) = b on I'; x]0, T[, taking ug, (t) — ug(t) = ¢p(t)
we obtain for h > 1,a.e.t €]0, T[

(Bn. dn) + a1 (dn. dn) + (h— 1) [ |pnlPds < —(itg. ¢n) — alug. dn) + (&, $n) + D (¢n).
n

so we deduce that

1
S8l + 18ali oy + = DI 2y

is bounded for all h > 1, then |lug, l;20.7v) < lIPnll20.7,v) + llUglli201.v) is also bounded for all h > 1. So there exists
n € L*(0, T, V) such that ug, — 5 weakly in L?(0, T, V) and ug, — b strongly on I'y when h — +00 so0 1(0) = u,.
Letp € L*(0, T, Hy(£2)) and taking u = ug,, v = ug, (t) £ ¢(t) in (2.1), we obtain
(g, ) = —a(ug,, 9) + (g, ¢) ae.t €]0,T[.

As |lug, ll;2(0.7.v) is bounded for all h > 1, we deduce that ||i, ||L2<0,T.v2/) is also bounded for all h > 1. Following the proof of
Theorem 2.5, we conclude that

u,, — n inl*(0, T, V) weak, and in L*°(0, T, H) weak star, (35)
and il;, — 7in*(0, T, V') weak : :
From (2.1) and taking v € K, so v = b on I';, we obtain
(Ug,, v — Ug, ) + a(ug,, v — ug,) — h/ lug, — b%ds > D(ug) —P(W) + (g, v—1ug) Yveky, aet€l0,Tl[,
I
then
(Ug,, v —ug,) +a(ug,, v —Ug,) > P(Uug) —P(v) + (g, v —ug) Yveky, ae. , tel0,Tl. (3.6)

So with (3.5) and the same arguments as in (2.14)-(2.19), we obtain
Mv—n+amv-—n+P@) -2 = (g v—n) YveK, aet€]0,T[
and 1(0) = uy. Using the uniqueness of the solution of (1.1)-(1.2) we get that n = u,.

To prove the strong convergence, we take v = ug(t) in (2.1)

(Ug,, Ug — Ug,) + ap(Ug,, Ug — Ug,) + D (Ug) — P(ug,) > (g, Ug — Ug,) + h/ b(ug — ug,)ds, ae.t €]0, T[
I

thus as u; = bon I'1x]0, T[, we put uy, — Uy = ¢y, soa.e.t €]0, T[
(Bn. dn) + aldn, ) + h/ |nl*ds + P (ug,) — P (ug) < (ilg, Pn) + alug, ¢n) + (&, ¢n),
I

SO

1
E”(ph”foo(o,rﬂ) + )\h||¢h||fz(0,1,v) + (p(ugh) - (p(ug)

T T T
<- / (g (), ()t — / a(ug(0), P(0)dt + / (£(0). du(0))dt,
0 0 0

using the weak semi-continuity of @ and the weak convergence (2.30) the right side of the just above inequality tends to
zero when h — 400, then we deduce the strong convergence of ¢, = Uy, — Ug to 0 in 12(0, T, V) N L*®(0, T, H), for all
g € 1?(0, T, H). This ends the proof. O

Now we give, without need to use the notion of adjoint states [6], the convergence result which generalizes the result
obtained in [12] for a parabolic variational equations (see also [37,38,11,39]).

Theorem 3.3. Let Ugop,hs Soppy and ug,,, gop be respectively the states and the optimal control defined in problems (1.4) and
(1.7). Then

hllr—bl:loo ”ugophh = Ugyo li2orvy = hEToo ||ug0phh — Ugyp 120 0.7.1) s
= hETOO ltgp,n — Usgop ll20.7.12(ry)) = 0, (3.7)

hEToo ”goph - gop”LZ(O,T,H) =0. (3.8)
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Proof. First, we have

1
2 2 2 2
]h(goph) - 2 ”ugophh ||L2(O,T,H) + EHgOPh ”LZ(O,T,H) = Enugh ”LZ(O,T,H) + ?”g”LZ(O,T.H)’

forallg € L?(0, T, H), then forg = 0 € [?(0, T, H) we obtain that

1 2 M 2 1 2
.]h(goph) = EHUgophh ||L2(O,T,H) + ?”goph ”LZ(O,T,H) = 5””0}1 ”LZ(O,T,H) (39)

where ug, € 12(0, T, V) is the solution of the following parabolic variational inequality

<uoh, v — Ug,) + ap(ug,, v — Ug,) + P (V) — P (ug,) > h/ b(v —ug,)ds, ae.t€]0,T[
I

for all v € V and ug,(0) = up. Taking v = up € K, we get that ||ug, — upll;2¢0.rv) is bounded independently of h,
then |lug, |20, 7.1y is bounded independently of h. So we deduce with (3.9) that ||“gop,,h 120,71y @a0d ||&opy, 112(0.7.1) are€ also

bounded independently of h. So there exist f and 5 in L>(0, T, H) such that
gop, = f inL*(0, T, H) (weak) and ug,, , — ninL*(0, T, H) (weak). (3.10)

Taking now v = g, (t) € Kp in(2.1), for t €]0, T[, withu = Uggp, h and g = gop,, we obtain
<ugophh’ ugop - ugophh> + a (ugophh’ ugop - ugophh) + (h - 1) /I" ugophh (ugop - ugophh)ds + ¢(ugop) - ¢(Ugophh)
1

> (8opy» Ugop — ”gophh) + h/; b(ug,, — ugophh)ds, ae.t €]0,T[
1

as ug,, = bon It x [0, T], taking ug,, — Ugop, h = ¢n we obtain
(G )+ 010 80+ = 1) [ 190105 =~y 000+ [ 010815 (g 80 + iy 80
I b
ae.t €]0,T[

then

1 T
Wl + Ml gy + =D [ [ ionoPasar
1

T T T T
< —f (goph(t),¢h(t))dt+/ f QI¢h(t)|dsdt+/ (agop(t)a¢h(t))dt+/ a(ugyy, n(t), Pn(t))dt.
0 o Jn 0 0

There exists a constant C > which does not depend on h such that

Pnlli20.7.v) = ltgop,h = Ugop 20, 7vy = €5 NPl = C

T
and (h— 1)/ / |ug0phh — b|?dsdt < C,
0 I

thenn € I?(0, T, V) and
Uggpn — 1 inL2(0, T, V) weak and in L°(0, T, H) weak star (3.11)
Ugopn — b inI?(, T, [*(I})) strong, (3.12)
son(t) € Ky forall t € [0, T]. Now taking v € K}, in (2.1) whereu = Ugop, and g = gop, SO

(Uigopy s U = Ugep ) + An(Ugyy s U = Ugy ) + P (V) — D (Ug,, )
> (8opy» V — Uggp,n) + h /n b(v — ug,, n)ds, ae.t €]0,T[
asv € K, sov = bon Iy, thus we have
(Ugopyns Ugop,n = V) + Altlgyy s Ug,, — V) + /F1 |tgop,n — b|*ds + P (Ugyp,n) — P (V)
< —(8opy» U — Ug,,,) ae.t€]0,T[.
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Thus
(Ugop, > Ugopyn — V) + Altlgyy s gy, — V) + P (Ug, 1) — P(V) < —(8op,, v — Ug,, ) ae.t €10, T[.
Using (3.10) and (3.11) and the same arguments as in (2.14)-(2.19), we deduce that
nv—n)+amn,v—n+@w) —P1) > (f,v—mn), YvekK, aet€l0,Tl[,
so also by the uniqueness of the solution of (1.1) we obtain that
up = 1. (3.13)

We prove that f = g.p. Indeed we have

1 M
16) = S0 ry + 5 W )

IA

1 M
. s 2 2 R T
lhlin-:gof{ 5 ”ugophh ”LZ(O,T;H) + 5 ”goph ||L2(O,T;H) } - lhlin-:gofjh (goph)

IA

o o] 2 M2
lthJ:&f]h(g) = lhlgllgf{inugh ”LZ(O,T;H) + EHgHLZ(O,T;H)} .

Using now the strong convergence iy, — Ug as h — +00, Vg € H (see Lemma 3.2), we obtain that

o 1 M

J() < liminfJ (gop,) < 5||ug||iz(o,m,) + 5||g||§2(0,7;m =J(g). Vg el*(0,T:H) (3.14)
then by the uniqueness of the optimal control problem (1.4) we get

f = 8op- (3.15)
Now we prove the strong convergence ofugophh ton = ugin [2(0, T, V)NL>(0, T, H)NL?(0, T, L*(I})), indeed taking v = n
in(2.1) whereu = Ugp, h and g = gop,» as n(t) € K, fort € [0, T], son = b on I'}, we obtain

<i1gophh - 7:]5 ugophh - ’7) + al(ugophh -1, ugophh - 77) + (h - ]) / |ug0phh - 7)|2d5

I
+ ¢(ugophh) - d)(n) < (goph, ugophh - 77) + <77’ uggphh - 77) + a(’]a ugophh - ’7)

thus

1 2 2 ! 2
5 Mz = 1l 0y 21 Mgy = Ml 7y + /0 (D (g, ) — DI + (h = Dltgy, , = 1lPog 1120

T

T T
=< / (goph (t)v ugophh(t) - ﬂ(t))dt + / (U, ugophh - U)dt + / a(n(t)a U(t) - Ugophh(t))dt.
0 0 0
Using (3.11) and the weak semi-continuity of @ we deduce that
hETOO ||Ug0ph,1 — e o,1;0) = hETOO ||Ugophh = nlleze,r,v
= gy, = Mll20.7.2¢r)) =0

and with (3.13) and (3.15) we deduce (3.7). As f € L2(0, T, H), then from (3.14) with g = f and (3.15) we can write

1 2 M 2
J) = J(8op) = EHUgop”Lz(ho’H) + Engop”,_z(o,T.H)

. N 2 M 2
S lth_:goth (goph) - lh]I_Tl)_g(I)]of { 5 ”ugophh “LZ(O.T.H) + 5 ”gOPh ||L2(0,T,H) }
< lim Ja(gop) =J(&op) (3.16)
h—+o00
and using the strong convergence (3.7), we get
hEToo €opy 12 0,7.11y = I80pll2(0.7.1)- (3.17)
Finally, as

”goph _gop”fz(oj;H) = ”goph ”52(0!7-;,.1) + ”gopuiz(o,T;H) - z(goph’gop) (3-18)
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and by the first part of (3.10) we have
: 2
hllr-il—]oo (g()ph7 gop) = ||g°P”L2(0,T,H)’

so from (3.17) and (3.18) we get (3.8). This ends the proof. O
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