
EXISTENCE AND UNIQUENESS OF DISTRIBUTED OPTIMAL

CONTROL PROBLEMS GOVERNED BY PARABOLIC VARIATIONAL

INEQUALITIES OF THE SECOND KIND

Mahdi Boukrouche[ and Domingo A. Tarzia†

[Lyon University, F-42023 Saint-Etienne, Laboratory of Mathematics, University of Saint-Etienne, LaMUSE
EA-3989, 23 Docteur Paul Michelon 42023 Saint-Etienne Cedex 2, France. E-mail:

Mahdi.Boukrouche@univ-st-etienne.fr
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Abstract: Let ug be the unique solution of a parabolic variational inequality of second kind, with a second member
g. Using a regularization method, we prove, for all g1 and g2, a monotony property between µug1 + (1 − µ)ug2 and
uµg1+(1−µ)g2 for µ ∈ [0, 1]. This allowed us to prove the existence and uniqueness results to a family of distributed
optimal control problems governed by parabolic variational inequalities of second kind over g for each heat transfer
coefficient h > 0, associated to the Newton law, and of another distributed optimal control problem associated to a
Dirichlet boundary condition.
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1 INTRODUCTION

Let consider the following problem governed by the parabolic variational inequality of the second kind

〈u̇(t) , v − u(t)〉+ a(u(t) , v − u(t)) + Φ(v)− Φ(u(t)) ≥< g(t) , v − u(t) > ∀v ∈ K, (1)

a.e. t ∈]0, T [, with the initial condition

u(0) = ub, (2)

where, a is a symmetric, continuous and coercive bilinear form (with λ its positive coerciveness constant) on
the Hilbert space V ×V , Φ is a proper and convex function from V into R and is lower semi-continuous for
the weak topology on V , < ·, · > denotes the duality brackets between V ′ and V , K is a closed convex non-
empty subset of V , ub is an initial value in another Hilbert space H with V being densely and continuously
imbedded in H , and g is a given function in the space L2(0, T, V ′). It is well known [4, 5] that, there exists
a unique solution

u ∈ C(0, T,H) ∩ L2(0, T, V ) with u̇ =
∂u

∂t
∈ L2(0, T,H)

to problem (1)-(2). So we can consider g 7→ ug as a function from L2(0, T, H) to C(0, T,H)∩L2(0, T, V ).
In Section 2, we establish in Theorem 1, the error estimate between u3(µ) and u4(µ), where

u3(µ) = µug1 + (1− µ)ug2 , u4(µ) = ug3(µ), with g3(µ) = µg1 + (1− µ)g2. (3)

This result generalizes our previous result obtained in [3] for the elliptic variational inequalities. We
deduce in Corollary 1 a condition on the data to get u3(µ) = u4(µ) for all µ ∈ [0, 1].

Let Ω an open bounded set inRN with its regular boundary ∂Ω = Γ1∪Γ2. We suppose that Γ1∩Γ2 = Ø,
and mes(Γ1) > 0. Let given a time interval [0, T ] for some T > 0. Let consider the following free boundary
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problem

∂u

∂t
−∆u = g, in Ω×]0, T [, (4)

∣∣∣∣
∂u

∂n

∣∣∣∣ < q =⇒ u = 0,

∣∣∣∣
∂u

∂n

∣∣∣∣ = q =⇒ ∃k > 0 : u = −k
∂u

∂n





on Γ2×]0, T [, (5)

u = b on Γ1×]0, T [, (6)

with the initial boundary condition (2) and the compatibility condition

ub = b on Γ1×]0, T [, (7)

where n is the unit outward normal to Γ2, g is the external force, b is given on Γ1, (5) is the Tresca type
boundary condition (for more description see [1],[2],[5]) and q is the Tresca friction coefficient on Γ2.

We consider a family of free boundary problems (4)-(5) with the intitial condition (2), where the Dirichlet
boundary condition (6) is replaced by the following Robin condition which depends on a parameter h > 0

−∂u

∂n
= h(u− b) on Γ1×]0, T [. (8)

Let H = L2(Ω), V = H1(Ω). Let

V0 = {v ∈ V : v|Γ1
= 0}, and K = {v ∈ V : v|Γ1

= b}.
So we consider the following variational problems:
Problem (P ) Let given b ∈ L2(]0, T [×Γ1), g ∈ L2(0, T, H) and q ∈ L2(]0, T [×Γ2), q > 0. Find u in
C([0, T ],H) ∩ L2(0, T, K) solution of the parabolic variational inequality (1), where < ·, · > is the scalar
product (·, ·) in H , with the initial condition (2), where a(u, v) =

∫
Ω∇u∇vdx and Φ(v) =

∫
Γ2

q|v|ds.

Problem (Ph) Let given b ∈ L2(]0, T [×Γ1), g ∈ L2(0, T,H) and q ∈ L2(]0, T [×Γ2), q > 0. For all
coefficient h > 0, find u ∈ C(0, T, H) ∩ L2(0, T, V ) solution of the parabolic variational inequality

〈u̇(t) , v − u(t)〉+ ah(u(t) , v − u(t)) + Φ(v)− Φ(u(t)) ≥ (g(t), v − u(t))

+h

∫

Γ1

b(t)(v − u(t))ds ∀v ∈ V, (9)

and the initial condition (2), where ah(u, v) = a(u, v) + h
∫
Γ1

uvds.

We know that there exists λ > 0 such that λ‖v‖2
V ≤ a(v , v),∀v ∈ V0. Moreover, it follows from [11]

that there exists λ1 > 0 such that ah(v, v) ≥ λh‖v‖2
V , ∀v ∈ V, with λh = λ1 min{1 , h} so ah is a bilinear,

continuous, symmetric and coercive form on V . Therefore, there exists an unique solution to each of the
two problems (P ) and (Ph). Then we can consider [7, 8] the cost functional J defined by

J(g) =
1
2
‖ug‖2

L2(0,T,H) +
M

2
‖g‖2

L2(0,T,H), (10)

where M is a positive constant, and ug is the unique solution to (1)-(2), corresponding to the control g. One
of our main purposes is to prove the existence and uniqueness of the distributed optimal control problem:

Find gop ∈ L2(0, T, H) such that J(gop) = min
g∈L2(0,T,H)

J(g). (11)

This can be reached if we prove the strictly convexity of the cost functional J , which follows from the
following monotony property : for any two control g1 and g2 in L2(0, T, H),

u4(µ) ≤ u3(µ) ∀µ ∈ [0, 1]. (12)
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In Section 3, by using a regularization method, we prove in Theorem 2 this monotony property (12), for
the solutions of the two problems (P ) and (Ph). This result with a new proof and simplified, generalizes that
obtained by [10] for elliptic variational inequalities.

In Section 4, we also consider the family of distributed optimal control problems (Ph)h>0:

Find goph
∈ L2(0, T,H) such that J(goph

) = min
g∈L2(0,T,H)

Jh(g), (13)

with the cost functional

Jh(g) =
1
2
‖ugh

‖2
L2(0,T,H) +

M

2
‖g‖2

L2(0,T,H), (14)

where ugh
is the unique solution of (9) and (2), corresponding to the control g for each h > 0.

We prove the strict convexity of the cost functional (10) and (14), associated to the distributed optimal
control problems (11) and (13) respectively by using the crucial property of monotony (12) (see Theorem
2). Then, the corresponding existence and uniqueness of solutions to optimal control problems (11) and (13)
follows from [8].

This paper generalizes the results obtained in [6, 10] for elliptic variational equalities, and in [9] for
parabolic variational equalities, to the case of parabolic variational inequalities of second kind.

2 ERROR ESTIMATE FOR CONVEX COMBINATIONS OF SOLUTIONS

Theorem 1 Let u1 and u2 be two solutions of the parabolic variational inequality (1) with the same initial
condition, and corresponding to the two control g1 and g2 respectively. We have the following estimate

1
2
‖u4(µ)− u3(µ)‖2

L∞(0,T,H) + λ‖u4(µ)− u3(µ)‖2
L2(0,T,V ) + µI14(µ)(T ) + (1− µ)I24(µ)(T )

+µΦ(u1) + (1− µ)Φ(u2)− Φ(u3(µ)) ≤ µ(1− µ)(A(T, g1) + B(T, g2)) ∀µ ∈ [0, 1],

where

Ij4(µ)(T ) =
∫ T

0
Ij4(µ)(t)dt for j = 1, 2, A(T, g1) =

∫ T

0
α(t)dt, B(T, g2) =

∫ T

0
β(t)dt,

Ij4(µ) = 〈u̇j , u4(µ)− uj〉+ a(uj , u4(µ)− uj) + Φ(u4(µ))− Φ(uj)− 〈gj , u4(µ)− uj〉 ≥ 0,

α = 〈u̇1 , u2 − u1〉+ a(u1 , u2 − u1) + Φ(u2)− Φ(u1)− 〈g1, u2 − u1〉 ≥ 0, (15)

β = 〈u̇2 , u1 − u2〉+ a(u2 , u1 − u2) + Φ(u1)− Φ(u2)− 〈g2, u1 − u2〉 ≥ 0. (16)

Corollary 1 From Theorem 1 we get a.e. t ∈ [0, T ]:

A(T, g1) = B(T, g2) = 0 ⇒




u3(µ) = u4(µ) ∀µ ∈ [0, 1],
I14(µ) = I24(µ) = 0 ∀µ ∈ [0, 1],
Φ(u3(µ)) = µΦ(u1) + (1− µ)Φ(u2) ∀µ ∈ [0, 1].

Lemma 1 Let u1 and u2 be two solutions of the parabolic variational inequality of second kind (1) with
respectively as second member g1 and g2, then we get

‖u1 − u2‖2
L∞(0,T,H) + λ‖u1 − u2‖2

L2(0,T,V ) ≤
1
λ
‖g1 − g2‖2

L2(0,T,V ′). (17)
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3 ON THE PROPERTY OF MONOTONY

Theorem 2 For any two control g1 and g2 in L2(0, T,H), it holds that

u4(µ) ≤ u3(µ) in Ω× [0, T ], ∀µ ∈ [0, 1]. (18)

Here u4(µ) = uµg1+(1−µ)g2
, u3(µ) = µug1 + (1− µ)ug2 , u1 = ug1 and u2 = ug2 are the unique solutions

of the variational problem P , with g = g1 and g = g2 respectively, and for the same q, and the same initial
condition (2). Moreover, it holds also that

uh4(µ) ≤ uh3(µ) in Ω× [0, T ], ∀µ ∈ [0, 1]. (19)

Here u4h(µ) = uµg1h+(1−µ)g2h
, u3h(µ) = µug1h

+ (1−µ)ug2h
, u1h = ug1h

and uh2 = ugh2
are the unique

solutions of the variational problem Ph, with g = g1 and g = g2 respectively, and for the same q, h, b and
the same initial condition (2).

Proof. Because the functional Φ is not differentiable we use the regularization method by considering for
ε > 0 the following approach Φε(v) =

∫
Γ2

q
√

ε2 + |v|2ds,∀v ∈ V, which is Gateaux differentiable and
then we consider the limit when ε → 0 by using [5, 12].

¤

4 OPTIMAL CONTROL PROBLEMS

Lemma 2 Assume that g ≥ 0 in Ω×]0, T [, b ≥ 0 on Γ1×]0, T [, ub ≥ 0 in Ω. Then as q > 0, we have
ug ≥ 0. Assuming again that h > 0, then ugh

≥ 0 in Ω×]0, T [.

Theorem 3 Assume the same hypotheses of Lemma 2. Then J and Jh, defined by (10) and (14) respectively,
are strictly convex applications on L2(0, T,H), so there exist unique solutions gop and goph

in L2(0, T,H)
respectively to the distributed optimal control problems (11) and (13) for all h > 0.
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