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1 1 .
Employing (3), (4) and [A(D) + 3 nE(D)] = EE(D) we obtain by sub-

straction
{(400) + 3n[E@(n) - BD)]} = 3[EGM) - E(D)] - B(n)

integrating in (ny,72) gives

02 (406)(n7) - (Ao0)(r) 2

N+

[ 126 - E@lan> o,

a contradiction.

Case (ii). Again by contradiction, if 6(n) were not monotone there would be
aD > 07 D S Cv and 0 .<. T < ™, 0(’71) =<0(ﬂ2) = Dv 0(’7) < D in (7)1,7)2)

and thus, with an argument similar to Case (i) we would have
|

0 <(408Y () - (400 (nf) = 7 [ [B(e(n) - E(D)dn-

N2
- / B(n)dn < 0, a contradiction.
L Y

(N.B. A situation like 6(n) > C in (0,n,) is excluded.)

In both cases we conclude that 6(n) is a decreasing function of n due to
the fact that lim 6(n) = 0. .

7—00

When the thesis of the Lemma 1 is verified we can consider the inverse
function 1 = n(6) for 0 < § < C, which satisfies the following property

* |B(s)]

THEOREM 2. Assume that / ds < +00. For the inverse function

1 $ :
n = (@) we have the integral equation equivalent to (1)-(4):

(6) n(6) = T(n)(), 6€(0,C),

where the operator is defined by

(M) (T(n(6)))’ .—.2/:{%E(¢)-/ﬂ+°°Mdﬁfo*i‘f_‘ﬂ}'luw)

(¢) S n3(r)
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Proof. We have
h(n) (A 08)(n)

(n) = 3B(6) - Bla) = = :
hence
J (M) o o)y,
(h(n)) _ (A°9) (n) _ B(n)
7 n
Assuming for the moment that __Q?_) — 0, n— oo:
_ k() _ (Aof) (a)ds B(s)
no f /
and hence

7 " 82 s

d(Aob) (Aob)(n)dn (1 _ oo B(s
n 7 B {2E(8) /v(o) s
whence

B ¢ 1 +% By(s) dA(r)
n’(e)—2£ (§E(¢)‘A(,, s dH/: 73(r)

i.e. (6), (7)-

(Ao8)(n) + 'I'E(O) _ /w (A o 8)(s)ds +/oo .B_(.s_).d,
2 "

it [

‘B(ﬂ) '

dA(Y)
n*(%)

We now prove that h(n)/n — 0, n — co (under the hypothesis

+00
B(s)ds < 400 for B > 0). From (4) it follows
o A

hln) = h(0%) + [0 " B(8(s))ds /; " Bds,
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ie. (A08)(n)+ %nE(O(n)) = (A4o8)(0%)+ % /0" E(6(s))ds — /oﬂ ?(s)ds.

Hence

0=(Ao6)(n)=(406)(0")+ %/on [E(6(s) - E(O(n))]da - /: Bds

Therefore, if B < 0 orif B > 0 and / B(s)ds < oo, we will have 0 >
(Ao8)(n) > constant. The claim now follows due to hm E(O(n)) = 0. More

precisely if lim - / B(s)ds =0,

X

h(n) _ h(o+)
174

/ E(6(s))ds — - / B(s)ds

and therefore lim h(n)

, . = 0, due again to the fact that E(6(+o0)) = 0.
—~00

Theorem 3. (i) If B(n) <0, Vn > 0 then

(9) T(n(e)) < 2/ 22,

and T is a monotone operator in the following sense

(10) 71(8) < n2(6) = T(m(9)) < T(n2(9)) -
(i) i B(n) <0, Vn 20, and

_ +00 B(S) .
(11) /o ds = K < +oo,

then, there exists a function ng = ng(8) which verifies the condition

(12) o . m<T(m).

Moreover, ng is given by
no(6) = u[A(C)— A(F)] >0 in (0,C),
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where p > 0 is a parameter to be chosen so that

1 X
(19) O<u's A(C)[K TIBO)

(iil) Under the previous hypotheses there exists at least a squtmn n = n(6) of
the integral equation (6)-(7).

Proof. (i) It is clear that

c dA(Y CdA ¢ - A(C

The monotonicity is obvious.

(i) By (1) and (13) »

(Tm(o))zzzf( E(¢)+ K + — (A(C) 1 0] A(lc,)))-luw).

Select p so that ;—E(wﬁ) + K <

FAITC—’-)-' (i.e. (14)). We find

) |

Tmlo)* 2 26 [ (4(C) - A¥)aA(Y) = (o6

.Thexefo:e o < Tn < Ting < - < 2( dEA((r)))lﬁ < 2(-5%6?-)-) 1_12. H
[

follows that there exists the pointwise imit n(6) = hm n (T"10)(8). Repeated

application of the monotone convergence theorem’ to thc mtegrals in the def-
nition of T gives n(0) Tﬂ(O), 0<é6<C.

THEOREM 4. Tbm is at most one solution to (l)-(i) that is monotane de- -
creasing in (0, c0). .

Proof. Assume 6,(n), 6;(n) are two such solutions. Two cases are pos'm'ble:
(i) There are 0-< m <., such that 8;(n]) = 6,(n])

b1(nz) =63(ny), 61(n) < 62(n)in (m,m);
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) for 0 < m < n, Gu(n) = Ga(n) and Ex(n) < (o).
Case (i). By (4),

hi(ny) = he(d) = / " B(6(n))dn - / " B(n)dn,

t = 1,2. Substracting we get
0 >(A 06;)(n3) — (A0 61)'(n7) = ((A06;) (nf) — (4 06:1)(nf))+
3 m(E@: (7)) — B@() + 3 m(EG:() - E@:(n7))

=§ " [BG(m) - E@:(m))dn >0

(the second line above being zero by the strict monotonicity of 6,6, )

Case (ii). With analogous considerations (1, = +o0)

(A06) (nf) —(Aoby)(nf)+ 5 771(E(92(77 )) = E(6:(n7))) =

=2 [7 [Bestn)) - E@s(a))dn > 0.

Therefore, the assumptions 6; # 6 leads to contradiction.
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