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Stefan Problem 

Communicated by I. Stakgold 

(*) Departamento de  Matemstica, Univers idad de Buenos A i r e s ,  
Ciudad U n i v e r s i t a r i a ,  (1428) Buenos A i r e s ,  Argent ina ,  and 
I n s t i t u t o  Argent ino  de  Matemdtica, Viamonte 1636, (1055) 
Buenos A i r e s ,  Argent ina .  

(**) Department of Mathematical  Sc i ences ,  Oakland Un ive r s i t y ,  
Roches ter ,  M I  43309, U.S.A. 

(***) PROMAR (CONICET-UNR), I n s t i t u t o  de Matemstica "B.Levi", 
Fac.  de  C ienc ia s  Exactas  e  I n g . ,  Avda. P e l l e g r i n i  250, 
(2000) Rosar io ,  Argent ina .  

Abs t r ac t :  The problem of t h e  s t eady  tempera ture  d i s t r i b u t i o n  
i n  a  con ta ine r  of f l u i d  t h a t  i s  kep t  a t  a  g iven p o s i t i v e  
tempera ture  over  a  p a r t  of i t s  boundary and is  cooled  wi th  a  
given r a t e  q  on t h e  r e s t  of t he  boundary i s  cons idered .  It 
is  shown t h a t  t h e r e  e x i s t s  a  c r i t i c a l  q  > 0 such t h a t  f o r  
q  > q t h e  tempera ture  is  n e g a t i v e  i n  a C p a r t  of t h e  f l u i d  
and t k i s  is  i n t e r p r e t e d  a s  t h e  e x i s t e n c e  of a  s o l i d  phase 
toge the r  w i th  t h e  l i q u i d  f a s e .  For q  < q t h e  tempera ture  
i s  p o s i t i v e  and t h e r e  i s  only  l i q u i d  i n  thg con ta ine r .  Vari- 
ous e s t i m a t e s  f o r  qc  a r e  g iven i n  terms of t h e  geometry. 

KEY WORDS: Stefan problem, variational formulation, heat flux, phase change. 

(Received for Publication 27 May 1988) 
1. INTRODUCTION 

We cons ide r  t h e  problem of t h e  s t eady  tempera ture  d i s t r i b u t i o n  

of a  body o r  a  con ta ine r  w i th  a  f l u i d .  Our main concern i s  t he  
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3 2 J. E. BOUILLET ET AL. 

c r i t i c a l  coo l ing  r a t e  qc ,  on a  p a r t  of t he  boundary t h a t  i s  be ing 

cooled ,  such t h a t  f o r  l a r g e r  coo l ing  r a t e s  a  s o l i d  phase appears  

i n  t he  system whi l e  f o r  lower coo l ing  r a t e s  t h e  system remains l i q -  

u id  everywhere. 

We assume the  body t o  be a  bounded domain 0 C R", w i th  a  su f -  

f i c i e n t l y  r e g u l a r  boundary = r1  LJ r2, and r 2  being d i s -  

j o i n t  p o r t i o n s  of 20 of p o s i t i v e  (n - 1)-dimensional measure. 

Assuming a  phase-change tempera ture  of 0°C f o r  t h e  m a t e r i a l  occu- 

pying 2 ,  keep r 1  a t  t h e  tempera ture  6  = b > 0 and ma in t a in  a  

h e a t  f l u x  q  > 0 on r 2 .  Assuming a  s t e a d y - s t a t e  problem, we can 

expect  a  phase change t o  t ake  p l ace  i n  R i f  t h e  out f low of h e a t  

q  > 0 through Y 2  i s  l a r g e  enough: t h i s  paper i s  devoted t o  ob- 

t a i n  e s t i m a t e s  f o r  t he  c r i t i c a l  f l u x  qc  such t h a t  

f o r  q  < qc ,  6 > 0 i n  2 (no phase change),  and 

f o r  q  > qc,  6 t akes  n e g a t i v e  and p o s i t i v e  va lues  i n  R 

(two phases  a r e  p r e s e n t ) .  

The tempera ture  8 = 8(x )  can be r ep re sen ted  i n  t he  fo l lowing  

way: 

E1(x) < 0, x E R1 ( s o l i d  phase) 

8 ( x )  = 0 , x E d ( f r e e  boundary) 

02 (x )  > 0, x E R2 ( l i q u i d  phase) 

where Ci = G U R2 U L, and s a t i s f i e s  t h e  cond i t i on  below 
1 
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CRITICAL OUTFLOW FOR STEFAN PROBLEM 

where k .  > 0  i s  t h e  thermal  conduc t iv i ty  of phase j ( i  = 1 s o l i d  

phase ,  i = 2 l i q u i d  phase ) .  

I f  we d e f i n e  t h e  new unknom func t ion  u  a s  fo l lows [5,6] 

we o b t a i n  t he  problem (B = k2b > 0 ) :  

The n o t a t i o n  above and I n  t he  s eque l  i s  the  fo l lowing :  

n  i s  t h e  o u t e r  normal t o  r 2 .  1 - 1  denotes  (n-1)-dimensional 

Lebesgue measure of I .  
- 7 1 - - 

a r e  assumed t o  be smooth ( s a y  C ) ,  bu t  T1 n Y 2  may 

rep re sen t  edges (R3) o r  co rne r s  (R2) of 3 C .  

On occas ions  (Example l ) ,  3C = C! I' CJ ? where - . 3  i s  a  

p a r t  of t he  boundary where E 0; ou r  a n a l y s i s  a p p l i e s  wi th  minor 
3 n  

mod i f i ca t ions  t o  t h i s  case  a s  w e l l .  

I n  Sec t ion  2 we p r e s e n t  t h e  v a r i a t i o n a l  fo rmula t ion  of ( 1 . 4 ) .  

The e x i s t e n c e  of a  c l a s s i c a l  s o l u t i o n  t o  t h i s  problem i s  w e l l  known. 

We in t roduce  s e v e r a l  comparison theorems t h a t  w i l l  a l low us  t o  es-  

t ima te ,  from above and below (Sec t ion  3) t h e  c r i t i c a l  f l u x  
q c .  

Seve ra l  examples i l l u s t r a t e  t h i s  method. 

Some of the  r e s u l t s  were p re sen ted  by D . A .  Ta rz i a  i n  [ 7 ] .  Some 

r e l a t e d  q u e s t i o n s  on the  op t imiza t ion  of q  can be  found i n  [ 11. 
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34 J. E. BOUILLET ET AL. 

2. SOME GENERAL RESCLTS 

Following the  p r e s e n t a t i o n  i n  Sec t ion  1, we a r e  l e d  t o  the  

fo l lowing  problem i n  a  bounded domain S C R ~ ,  2;: = U r 2  ( d i s -  

j o i n t ) , ' r l  > 0,  > 0: 

. and That i s ,  we have a  boundary cond i t i on  of t h e  f i r s t  k ind  on 
- 

* - 
of t h e  second kind on the  p o r t i o n  r 2  of o... B and q a r e  posf 

t l v e  c o n s t a n t s ,  a l though many of our  arguments applv  t o  func t ions  

of x t 0 - .  

We r e c a l l  t h e  v a r l a t l o n a l  formulations of (2 .1 ) :  Put  a ( u , v )  

:= -u . ?v  dx, 

The unique s o l u t i o n  u  = u of (2 .1 )  i s  c h a r a c t e r i z e d  [ 3 , 4  1 by 
B,q 

and a l s o  by 

In  t he  p r e s e n t  setting the  existence of a  phase change In  ' 

1 s  e q u i v a l e n t  t o  u  = u  t ak ing  nega t lve  va lues  i n  X. The pur- 
B , q  
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CRITICAL OUTFLOW FOR STEFAN PROBLEM 3 5 

pose of t h i s  n o t e  i s  t o  f i n d  cond i t i ons  on Q ,  B ,  and q  under 

which t h i s  change of s i g n  of u  takes  p l ace .  

Our techniques  r e l y  on the  v a r i a t i o n a l  fo rmula t ions  (2 .2 ) ,  

( 2 .3 ) .  We begin  wi th  t he  s t a t emen t  of a  sequence of r e s u l t s  t h a t  

w i l l  be u s e f u l  i n  t he  s eque l :  t h e i r  p roo f s  a r e  f a i r l y  s t anda rd  and 

can be  found e lsewhere  ( c f .  [ 6 I ) .  
Consider ,  f o r  f i x e d  B > 0 ,  t h e  unique s o l u t i o n  u  = u  = u  

q  B,q 
t o  ( 2 . 2 ) .  We have: 

u  - 2 0 i n  fi i f  and on ly  i f  u  - 3 0 on r2  . 
q  4 (2 .5 )  

In  o t h e r  words, t h e r e  w i l l  be a  change of phase i n  R i f  and 

only  i f  u  t akes  n e g a t i v e  va lues  on r 2 :  i f  u  i s  going t o  
q q  

change s i g n  a t  a l l ,  u  w i l l  t ake  nega t ive  v a l u e s  a t  p o i n t s  of Xi 
q  

where the  out f low of h e a t  q  > 0 t akes  p l a c e .  

Then 

1 The func t ion  0 < q  + u  E H (a) i s  s t r i c t l y  
4  

dec reas ing ;  

The func t ion  0 < q  -+ u  dy i s  s t r i c t l y  
1 - 2  q  

dec reas ing .  

Let f  : R+ + R be t h e  r e a l  f u n c t i o n  de f ined  by 

f  i s  d i f f e r e n t i a b l e ,  f '  i s  a  cont inuous  and s t r i c t l y  

dec reas ing  f u n c t i o n ,  and i s  g iven by (2 .9)  
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3 6 J. E. BOUILLET ET AL. 

There e x i s t s  a cons t an t  C > 0 such t h a t  a (uq ,uq )  = 
2  

C q  , and (2.10) 

The cons t an t  C = C(R,rl ,T2) > 0 i s  g iven by the  fo l lowing 

expres s ions :  

i - 
i i )  C = a(;,;) = , u dS. , 

!- 2 

where u i s  t h e  s o l u t i o n  of t h e  fo l lowing problem 
- 

. 72 ; then i f  q  > qo,  Let qo = - 
C (2.12) 

u  = u  changes s i g n  i n  3 .  
q  B,q 

The proof of t h i s  s t a t emen t  fo l lows from the  f a c t  t h a t  

0  = f l ( q o )  = I J r 2  Uqo 
d-y . 

The d i f f i c u l t y  h e r e  l i e s  wi th  t he  f a c t  t h a t  t he  cons t an t  C 

i s  unknown ' a  p r i o r i ' .  

As s a l d  b e f o r e ,  t h e  main purpose of t h i s  n o t e  i s ,  f o r  a given 

" " 9  ^ AS = T 1 11 T'2, B > 0, t o  e s t i m a t e  t h e  c r i t i c a l  h e a t  f l u x  
qc  

such t h a t  
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CRITICAL OUTFLOW FOR STEFAN PROBLEM 

q  > qc i f  and only  i f  u  changes s i g n  i n  2 
q  

(two-phase S t e f a n  problem), 

q  Q qc i f  and only  i f  u  > 0 i n  Ci 
4  

(hea t  conduct ion  problem).  

With t h i s  d e f i n i t i o n ,  qo > qc.  

The fo l lowing  theorems g ive  comparison r e s u l t s  f o r  s o l u t i o n s  

u  = u  . These r e s u l t s  w i l l  be  app l i ed  i n  t h e  s e q u e l .  We s h a l l  
B,q 

only inc lude  a  proof f o r  t h e  second and t h i r d .  The f i r s t  i s  proved 

us ing  s i m i l a r  techniques .  

Theorem 1  -- 
( a )  Let u be t he  s o l u t i o n  t o  (2 .1)  i n  t h e  s ense  ( 2 . 2 ) ,  then B. 4 

(b)  Let u  and u  be  t h e  s o l u t i o n s  t o  (2 .1)  i n  t h e  
B1941 B29q2 

sense  (2 .2)  f o r  B1 = Bl (x ) ,  q 1  = q l ( x )  and B 2  = B2(x) ,  

q2 = q2(x)  r e s p e c t i v e l y .  Then i f  B1 Q B2 cn 
- I '  

- = a u2 
-ql  (x)  Q -q2(x) = - on Y 2 ,  i t  fo l lows  t h a t  

2 n an 

Remark: We a r e  c l e a r l y  a l lowing f u n c t i o n s  B(x) de f ined  on T 
1  

( a s  t r a c e s )  and q(x)  on r 2 .  

Coro l l a ry :  A s t r i c t  i n e q u a l i t y  i s  ob t a ined  i n  the  theorem above i f  

e i t h e r  of t he  i n e q u a l i t i e s  on r l  o r  r 2  i s  s t r i c t .  

- - - - 
Theorem 2 .  Assume a R  = T1 LJ r 2  = T1 U T 2 ,  w i th  Y 1  C T1, r 2  C T 2 ,  - 
and l e t  u ,u  be t h e  s o l u t i o n s ,  i n  t h e  s ense  ( 2 . 2 ) ,  of 
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3 8 J. E. BOUILLET ET AL.  

- + 
Proof .  Put z = (u - u) . We s h a l l  show t h a t  z = 0.  - - - 1  - 
F i r s t  we show t h a t  v  = u  + z E K = { v  E H ( 2 2 )  : v ! y y  = B} and 

- - 
As u  G B i n  : (Theorem 1. ( a ) )  we have u i r l  \ Y 1  < B and, - 
obviously ,  u!T1 \ I = B. - - 1  - 
Hence u  - u , r l  \ < 0 and t h e r e f o r e  z i T 1  \ T i  = 0. We c l e a r l y  - - 
have u - u  7 ,  = 0, whence we conclude t h a t  z;:l = 0. - - - 1 - -  - -  - 
Take now v = u  + z : v  E H (:2) and v T i  = u ( r l  + z : r l  = B + 0 = - - 
B ,  t h e r e f o r e  v  E K .  S i m i l a r  arguments show t h a t  v  = u  + z E K. - - 
Replacing these  v , v  i n  t he  v a r i a t i o n a l  formula t ion  ( 2 . 2 )  f o r  u  

and u  g ives  

Thus (-(u -u) ' ) '  ds = 0 ,  and a s  (; - u ) +  -1 = 0 ~t fo l lows  
J 

t n a t  (u - u)' = 0 I n  I , g lv lng  u  > ; I n  ;, a s  d e s l r e d .  

We s h a l l  now cons ide r  qc = q (2) a s  a  f u n c t i o n  of t h e  domain 

2 .  Let  'Ll and C2 be two bounded domains, w i th  r e g u l a r  bound- 

a r i e s ,  such t h a t  
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CRITICAL OUTFLOW FOR STEFAN PROBLEM 3 9 

where the  boundary cond i t i ons  on i ( i )  ( i  = 1 ,2 )  and i2  a r e  of t h e  
1 

same type a s  t h e  ones de f ined  b e f o r e .  

Let ui ( i  = 1 , 2 )  be  t h e  s o l u t i o n  t o  problem (2 .2 )  f o r  t h e  

domain Gi wi th  d a t a  B on r ( i )  and q .  = q . ( x )  on ? 2  ( i = l , 2 ) ,  
1  1 1  

t h a t  i s  

where 

Theorem 3. Under t h e  hypotheses  above, we o b t a i n :  

Proof .  To prove (2 .18)  we must show t h a t  z  = 0 i n  9, where z = 

u  - u  € l 1 .  C l e a r l y ,  z i t 1 )  = 0 because r j l )  E ? 2 .  
By us ing  (2 .16)  wi th  v l  = ul  + z E K1, we have 

I f  w e  extend by 0 t h e  f u n c t i o n  z  t o  t h e  whole s e t  . ̂ and we 

put  v2 = u2 + z  E K2 i n  (2 .16 ) ,  we o b t a i n  
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J. E. BOUILLET ET AL 

7 u 2 . 7 z d x = a ( u  1  z ' ~ )  

From (2.19) and (2.20) we o b t a i n  

Coro l l a ry .  Let Cl and :I2 be a s  above, i . e .  they s a t i s f y  t h e  

cond i t i ons  i n  (2 .15 ) .  Then, w e  have t h a t  

t h a t  i s ,  qc  = qc(r.) i s  anon- inc reas ing  func t ion  of t h e  domain 9 

where t h e  o r d e r  i s  r ep re sen ted  by cond i t i ons  (2 .15) .  

P roo f .  I t  i s  enough t o  pu t  q l  E q2 (=q)  i n  Theorem 3. 

Remark. Let  .: C R~ be t h e  s e t  de f ined ,  i n  p o l a r  coo rd ina t e s ,  by 

Consider t he  fo l lowing annu la r  domains 

i = { ( r , O )  / R1 < r < R , 0  < $ <  2 ~ ; )  

~ 2 2  = I ( r , @ )  / R2 < r  < R , 0  < q 3 <  2n- 

which s a t i s f y  the i n c l u s i o n s  C 2 C li2 : employing 

qc(ZL)  and qc (22 )  ( c f .  Example 2 ,  S e c t .  3) w e  o b t a i n  

B < qc ( J  < B 

K l og  - R . 
R2 R l o g  - R1 

f o r  
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CRITICAL OUTFLOW FOR STEFAN PROBLEM 4 1 

3. ESTIMATES FOR qc 

Two e s t i m a t e s  f o r  t h e  c r i t i c a l  f l u x  qc  can be  ob ta ined  us ing  

Theorem 1. Sec t . 2 :  

Theorem 4 .  ( i )  Let w denote  t h e  s o l u t i o n  of ALL = 0 i n  G, 

~ i ? ~  = B, - r 2  = 0; (3 .1 )  

Then q  G qi imp l i e s  u  > (I. > 0  i n  2. 
q  

As w > O i n  G ,  t h i s  imp l i e s  qi  Q qc . 

( i i )  Let p2 E r 2  and t h e  a f f i n e  f u n c t i o n  r be such t h a t  

and p u t  

( i i i )  u ~ ( ~ ~ )  < 0 f o r  a l l  q  > qs,  and t h e r e f o r e  qc d qs .  

On the  o t h e r  hand, o G TI i n  2 and, i f  w # TI we have qi < qs. 

Remark. A s u f f i c i e n t  cond i t i on  f o r  such TI t o  e x i s t  i s  t h e  e x i s t -  

ence of suppor t ing  hyperplanes  o t o  2 a t  p2 E ? 2  which a r e  
- . c o n s t r u c t  an a f f i n e  func t ion  n a  p o s i t i v e  d i s t a n c e  away from ' ' 

van i sh ing  on (and a t  p 2 ) ,  and such t h a t  r T1 > B ,  and t h e r e  

i s  p1 E wi th  v ( p l )  = B .  The op t lma l  q  can be  ob ta ined  by 

s e l e c t i n g  p 2 ,  u = o such t h a t  d i s t ( o , r  ) i s  l a r g e s t .  
p2 

1 

This c o n s t r u c t i o n  f a i l s  i f  r 2  i s  a  f l a t  p o r t i o n  of X,  e .g .  

t he  s i d e  of a  t r i a n g l e  ? C  R', - . be ing  formed by t h e  o t h e r  two 

s i d e s .  
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42 J .  E. BOUILLET ET AL.  

The f a c t  t h a t  u q < p 2 )  < 0  s u g g e s t s  t h a t  t h e  s e c o n d  p h a s e  

a p p e a r s  a t  p 2  E "2, t h e  p o i n t  " f a r t h e s t "  f rom ( c f .  ( 2 . 5 ) ) .  

I n  many c a s e s  ( c f .  Examples be low)  t h e  f u n c t i o n  7; can  be  
- 

o b t a i n e d  by s a t i s f y i n g  ( 3 . 3 )  and  ~ r ( p  ) = B, where  p .  E F 1  I l ' P z E  
r 2  and d i s t ( p l , p 2 )  = sup  d i s t ( x , r l ) .  There  i s  n o  u n i q u e n e s s  i n  

x E r  
g e n e r a l  f o r  t h e  p o i n t s  p i 2 €  T I ,  p 2  E i2. F o r  i n s t a n c e ,  i n  Example 

1. t h e r e  a r e  many p l  = ( 0 , y )  and  p 2  = ( x o , y ) ,  w i t h  y  € [ O , y o ] ,  

I n  t h e  f o l l o w i n g  examples  t h e  f u n c t i o n s  x a n d / o r  7 c a n  b e  

f o u n d  e x p l i c i t y ,  l e a d i n g  t o  t h e  d e t e r m i n a t i o n  of  qi  a n d / o r  q s .  

The s t r a i g h t f o r w a r d  c o m p u t a t i o n s  a r e  o m i t t e d .  

2  
Example 1. > = ( 0 , ~ ~ )  X (O,yo)  C R , r l  = <O) " [ O,yo 1 ,  -- 

?, = { x o l  x i  O , Y o ]  , T 3  = (O,xo) x {O] U ( 0 , ~ ~ )  x { y O l .  We o b t a i n  

T h e r e f o r e  qs = qi  = q c  = B / s ~ .  

2  2  112 < Example 2 .  A n u l a r  r e g i o n :  ? = . ( r , @ )  : r l  < r := ( x  + y  ) -- 
2  

2 '  
0 <  q < 2 7 l C  R 

r2  
l o g  - 

We o b t a i n  ) ( r )  = B A  
r2 

l o g  - 

r l  
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CRITICAL OUTFLOW FOR STEFAN PROBLEM 

q _  = max c o s  @ B . -- 

o b v i o u s l y ,  qs  qc .  

Example 3 .  S p h e r i c a l  s h e l l :  c: = i ( r , @ , ! )  : rl < r := 

+ y 2  + j 2  < r c 1 1 ~  ; r1  = i r  = rl> ; - - r  

2' . - 3Lr = r2,! . 

r2 - X 

T ( X )  = B - ( a s  i n  Example 2 . ) .  

r2 - r l  

~ ( r , $ )  = T ( X )  = 
B 

( X  + R) 
R(1 + c o s  tio) 
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44 J. E. BOUILLET ET AL. 

The upper e s t i m a t e  qs f o r  q r e l i e s  on t h e  c o n s t r u c t i o n  of 

a  l i n e a r  " b a r r i e r "  .rr t o  t h e  s o l u t i o n  u(x)  of ( 2 . 1 ) ;  a s  remarked 

be fo re  t h i s  i n  t u r n  depends s t r o n g l y  on t h e  geometry of t h e  p o r t i o n  

r 2  of 3L ( e . g .  " s t r i c t  convexi ty") .  We d i s c u s s  now the  use  of 

Poincar6  type  b a r r i e r s  t o  compute a  va lue  qs.  Let 5 E T 2  be 

such t h a t  t h e r e  e x i s t s  xo & c ,  Ix0 - 51 = a  > 0, { x :  x  - x 0 I < a }  
- 

n 5 = { E , .  The Poincare' b a r r i e r s  a t  6 E r 2  a r e  ( c f .  [ 2  I )  

" ,  
! x  - xoI 

= C log  ( ) ,  C > O ,  n = 2 .  

The fo l lowing  p r o p e r t i e s  of V a r e  s t r a i g h t f o r w a r d  

Lemma. (i) Ax V(x,5) = 0 i n  G ; - 

( i i i )  Yx E ? 2  , 

Let pl  E ?I , p2 E r 2  be such t h a t  d  = sup d i s t ( x , r l )  = 
XET2 

p 2  - p 1  > 0. Denote V(x,E) = V a , c ( ~ , E )  , wi th  6 = p2 . 
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CRITICAL OUTFLOW FOR STEFAN PROBLEM 45 

Theorem 5. Assume 

( a )  V I  2 B i f  and only  i f  V(pl, S) > B ; 

Then i f  u i s  t h e  s o l u t i o n  t o  ( 2 . 1 ) ,  q  > qV impl i e s  V(x , t )  > 
q  

u (x) i n  2 . Therefore  uq(S) < 0 ,  and i f  qc i s  t he  c r i t i c a l  
4  

va lue  f o r  R,B, then qc < qV. 

Remark. ( a )  i s  an immediate consequence of t h e  monotonic i ty  of V 

on f x  - x01, f o r  s p e c i a l  domains ( c f .  Examples). 

m. Apply Theorem 1 ,  p a r t  (3) t o  uq(x)  and V(x,()  : 

Assuming V(pl,c)  = B, we have V > u  on Y 1  by ( a ) .  
q  

au 
NOW 9 i  = - q  < - qv 6 , Vx t T 2  , a f t e r  s e l e c t i o n  of 

an r2 b ( x )  

t h e  parameters  a,C i n  t h e  d e f i n i t i o n  of V .  

Example 5. As an a p p l i c a t i o n  we s h a l l  compute qV(> qc) f o r  t h e  

a n u l a r  r eg ion  i n  Example 2  above: Put xo = (xo,O) ,  p ,  = ( r l , O ) ,  

p2 = 5 = ( r 2 , 0 ) ,  xo > r 2  > r l ,  a  = xo - r 2 .  Then, V(x,c) = 

I x-Xo I a+r  -r 
C l og  - 2  1  and t h e  cond i t i on  V(pl,C) = B i s  C.log(- ) 

a  a  
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46 J. E. BOUILLET ET AL. 

Hence q V  = i n f  - = i n f  B 

a f r  -r a  a > O  a+r -r 2 1  
l),B C l o g  (--- a  log  (------ ) 

a  

1  r  -r 
= B .  2 1  , wi th  f ( a )  = a  l o g  ( 1  +- ) .  

sup f ( a )  a  
a  >O 

The a n a l y s i s  of f ( a )  i s  e a s i l y  accomplished i n  t h e  u s u a l  way, 

y i e l d i n g  sup f  ( a )  = r 2  - r l  , whence 
a > O  

B 
qV = - , same va lue  a s  i n  Example 2 .  

r - r  2 1  

As t h e  previous  example shows, l e t t i n g  a  + when r2 has  

convexity p r o p e r t i e s  " f l a t t e n s "  t he  Poincare' b a r r i e r  y i e l d i n g  t h e  

same upper bound given by t h e  p lane  b a r r i e r .  I t  i s  p r e c i s e l y  t h e  

ca se  when t h i s  p l ane  b a r r i e r  i s  no t  a v a i l a b l e  t h a t  sugges t s  employ- 

i ng  the  f u n c t i o n s  V .  
2 Consider a  domain - R C { ( x , y ) :  x  < O} C R , such t h a t  ? 2  C afi 

be t h e  segment { (0 ,y )  : -1 < y  < 11 and such t h a t  t h e r e  e x i s t s  an 

open t r i a n g l e  T  wi th  v e r t i c e s  (0 ,  I ) ,  ( 0 , - I ) ,  (-A,O) , A > 0 ,  con- 

t a ined  i n  fi. Notice t h a t  I'2 i s  a  common boundary t o  both  r e -  

g ions ,  so  i f  we d e f i n e  r i T )  a s  be ing composed of t h e  two s i d e s  

j o i n i n g  ( 0 , - I ) ,  (-A,O) and ( 0 , l )  of T, we can apply Theorem 3 t o  

o b t a i n  

Therefore  we w i l l  compute qV f o r  T: 

Example 6 .  By symmetry we t ake  5 = p2=(0,C) E "2. In  o rde r  t o  
- 

f i n d  t h e  d i s t a n c e  between r l  and xo = (a,O) i n  t he  d e f i n i t i o u  

i x-x0 I 
V(x,S) = C . l og  - , 

a  
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CRITICAL OUTFLOW FOR STEFAN PROBLEM 47 

we e a s i l y  compute 

1  d i s t a n c e  (xo,P,) = G2 i f  a  > - 
A 

- 
d i s t a n c e ( x o ,  r , )  

so  V > B on T l ,  p rovided C . l o g  = B .  
a  

The reasoning now p a r a l l e l s  t h a t  of Example 5 and 

qV = min B B 

m) ' 
sup ( a  l o g  -- sup ( a  l o g  (- 

a>, a  0  < a < -  1  
A (3 .7 )  

1: Case a >  1 / A :  

The a n a l y s i s  of t h e  f u n c t i o n  f ( a )  = 5 l og  ( 1  + i) l e ads  t o  2  2 

s o l v i n g  1  + a  = a  * e(2i(1ia')): t h i s  g ives  a  c r f t i c a l  p o i n t  

a - 0.5049 where f l ( a )  = 0 ,  w i th  f '  < 0  f o r  a  > a  . 
Therefore .  

1 
sup (a l o g  +- - 0.4026 = f  (ac)  i f  ac  > l/A, 

1 2- 
a  2- 

2: Case a  < 1/A: 

The d i s c u s s i o n  of g (a )  = a  l o g  ( an) a + A = a  l o g  (3 + -). 6 
a  

B = --- A l e a d s  t o  a  c r i t i c a l  p o i n t  a C  t h a t  
0 '  
B B B s a t i s f i e s  (a + --) l o g  ( 2  + -)= - o r ,  p u t t i n g  z = a + 

a  C C a a  a  

z l o g  z = z - a, 0  < z < 1. Standard  c o n s i d e r a t i o n s  (namely, 

D
ow

nl
oa

de
d 

by
 [

D
om

in
go

 T
ar

zi
a]

 a
t 1

1:
16

 0
4 

A
pr

il 
20

13
 



48 J. E. BOUILLET ET AL. 

s e c a n t  and t angen t  l i n e  approximations t o  zC) g ive ,  f o r  zC := 
B a + - , t h e  e s t ima te s  

a  

whence f o r  a C  one has  

A tl 1  Fjr-!j-- < a c  < < -  . 
I+A - 2 e ( , / l + ~ ~ - l )  A 

1 1  Moreover, t h e  graph of g ( a )  shows t h a t  g (aC)  > g(x) = 7 l og  L2 
and t h e r e f o r e ,  i f  a c  - 0.5049 < 1/A i n  Case 1  ( i . e .  A < 2) we f i n d  

by (3 .7)  

< qv  = - B(e 0 - 2) , f o r  i n s t a n c e .  m- 1) 

?rn 
Remark. A lower bound f o r  .- qc  i s  r e a d i l y  found observing t h a t  t h e  

plane 7 such t h a t  r1 '2  = 0 , n(-A,O) = B satisfies a l s o  
B < B .  We t h e r e f o r e  have 7; 9 qc . 

We in t roduce  now a  v a r i a n t  of t he  Poincarg  b a r r i e r s  used above 

t o  examine ou r  l a s t  

Example 7 .  Pu t  $ =  {(x,?): - E < x < E ,  - h < y < h } ,  E >  0, h >  0 .  

Define T 1  a s  be ing composed of top and bottom s i d e s  of t h i s  r e c t -  

a n g l e ,  and T 2  a s  be ing  made of t he  two v e r t i c a l  s i d e s .  We main- 

t a i n  a  tempera ture  B > O on - and ask  f o r  t h e  minimum h e a t  f l u x  

q on Y 2  f o r  which t h e  zone { ( x , y )  E 2 : u(x,y)  > 01 (whose 

boundary obviously  con ta ins  Ti) be disconnected ,  a  region where 

u  < 0 j o i n i n g  the  two components of " 
- 2. 

C l e a r l y ,  i f  i s  enough t o  cons ide r  G n { x  > 0 ,  y  > Or, s e t  

x  = ( E  + a ,  O ) ,  6 = (E,O),  observe  t h a t  t h e  p o i n t  i n  r l  n e a r e s t  
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CRITICAL OUTFLOW FOR STEFAN PROBLEM 49 

t o  xo i s  p l  = (E ,h ) ,  p u t  d  := and d e f i n e ,  w i th  1  r 

d  6 < - ,  
a  

Ix-x I 
O )  log  (- 

6 a  
V(x,C) = B .  

d 
l o g  (-) 

6  a  

With t h e  cho ice  of c o n s t a n t s  we have V(pl,<) = B ,  whence 

v l r l  > B. With an argument a l r eady  employed, s e l e c t  

B 6 
= e B -  e  B6 

qv := 
d  

sup ( a  l o g  (-)) 
d  =m 

0 < a < d  6a 
6  

and according t o  Theorem 1 ( b ) .  Sec t .  2 ,  i f  q  > qV,  uq < V(x,c) 

i n  a. But V(x,S) = 0 i f  /x-xol = 6  a  > a ,  and t h e r e f o r e  u  < 0 
q 

i n  a  c i r c u l a r  segment t h a t  p e n e t r a t e s  & a  - a  i n t o  0. Hence i f  

a(6-1) > E  t h e  zone u  > 0  is  n o t  connected.  We now opt imize  
q 

t h e  choice  of a , & .  

We want t o  have a(6-1) > E wi th  t he  r e s t r i c t i o n s  1  < 6  < 

m . P u t t i n g  v = 6a reduces  t h e  problem t o  f i n d  a , ~  s o  
a  

t h a t  q-a > E and a  < I- < o r  

A d i s c u s s i o n  of t he  f u n c t i o n s  of a  > 0 ,  q = E + a  and q = 

f i  y i e l d s  

( i )  No s o l u t i o n  i f  h  < E (which is obv ious ) ;  

( i i )  i f  h  > E ,  t h e  r eg ion  
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50 J. E. BOUILLET ET AL. 

I n  terms of a,i- w e n e e d ,  f o r  h  > E ,  

h2 - E~ 
The minimum va lue  i s  a t t a i n e d  a t  a  = ---- , g iv ing  

2E 

2e E B 
i n f  qV = - 2 2  

h  - E  

2  2  
h  -E 

2  2  
w i th  a  = ---- 6 - E  + h  = d  . For t h i s  va lue  6 ,V(X,S)  

2 E E~ - h2 a  
i s  n o t  d e f i n e d .  

By theorem 3 S e c t .  2,  t h e  same phenomenon i s  found f o r  any - - 
domain 2 3 R such t h a t  r2  = r 2 ,  i f  tempera ture  B > 0 i s  main- - - 
t a ined  on a R \ y 2  = ' ' 1  ' 
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