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Abstract. In this paper, we study boundary optimal control problems on the heat flux and simultane-
ous distributed-boundary optimal control problems on the internal energy and the heat flux for a system
governed by a class of elliptic boundary hemivariational inequalities with a parameter. The system was
originated by a steady-state heat conduction problem with non-monotone multivalued subdifferential
boundary condition on a portion of the boundary of the domain described by the Clarke generalized
gradient of a locally Lipschitz function. We prove an existence result for the boundary optimal control
problem and simultaneous distributed-boundary optimal control problems. We show an asymptotic be-
havior result for the optimal controls and the system states for both optimal control problems, when the
parameter, like a heat transfer coefficient, tends to infinity on a portion of the boundary.

Keywords. Asymptotic behavior; Clarke generalized gradient; Elliptic hemivariational inequality; Mixed
elliptic problem; Simultaneous optimal control problems.

1. INTRODUCTION

We consider a bounded domain Q in RY whose regular boundary I" consists of the union of
three disjoint portions I';, i = 1, 2, 3 with |[';| > 0, where |I';| denotes the (d — 1)-dimensional
Hausdorff measure of the portion I'; on I'. The outward normal vector on the boundary is
denoted by n. We formulate the following classical steady-state heat conduction problem with
mixed boundary conditions [1, 2, 3, 4, 5, 6]:

u

—|r, =4 ulp, =", (1.1)

—Au=g in Q, u|Fl =0,
where u is the temperature in €, g is the internal energy in , b is the temperature on I'3 and
g is the heat flux on I'>, which satisfy the hypothesis: g € H = L*(Q), ¢ € Q = L*(I';), and

be H2(T3).
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Throughout the paper, we use the following notation:
V=H'(Q), Vo={veV|v=0 on I'}},
K={veV]v=0onT,v=>bon I3}, Ko={veV|v=0 on I'TUT3},

a(u,v):/QVqudx, L(v):/ﬂgvdx—/r qy(v)dr,
2

where y: V — L?(I") denotes the trace operator on I". In what follows, we write u for the trace
of a function u € V on the boundary. In a standard way, we obtain the following variational
formulation of (1.1), [7]:

find u.. € K such that a(uw,v) =L(v) forall v € Kj. (1.2)

The standard norms on V and V}) are denoted by

2 2 1/2
vl = (V2200 + 1991305y )  for vEV,
||v||V0 = ||VV||L2(Q;Rd) for v € VO-

It is well known by the Poincaré inequality (see, e.g., [5, 8, 9]) that on V) the above two norms
are equivalent. Note that the form a is bilinear, symmetric, continuous, and coercive with
constant m, > 0, i.e.,

a(v,v) = HvH‘Z,O > mg||v||% forall ve V.

We remark that, under additional hypotheses on the data g, g, and b, problem (1.1) can be
considered as steady-state two-phase Stefan problem; see, e.g., [6, 7, 10, 11].

Now, in this paper, we consider the mixed nonlinear boundary value problem for an elliptic
equation as follows:

Ju

u
=0, _%‘rz =4 _%h“

—Au=gin Q, u L€ adju), (1.3)
which was recently studied in [12, 13] (see also [14]).

Here « is a positive constant which can be considered as the heat transfer coefficient on the
boundary while the function j: I'; x R — R, called a superpotential (nonconvex potential), is
such that j(x,-) locally Lipschitz for a.e. x € I'; and not necessary differentiable. Since in ge-
neral j(x,-) is nonconvex, so the multivalued condition on I'; in problem (1.3) is described by a
nonmonotone relation expressed by the generalized gradient of Clarke [15]. Such multivalued
relation in problem (1.3) is met in certain types of steady-state heat conduction problems (the
behavior of a semipermeable membrane of finite thickness, a temperature control problems,
etc.). Further, problem (1.3) can be considered as a prototype of several boundary semiper-
meability models, see [16, 17, 18, 19], which are motivated by problems arising in hydraulics,
fluid flow problems through porous media, and electrostatics, where the solution represents the
pressure and the electric potentials. Note that the analogous problems with maximal mono-
tone multivalued boundary relations (that is the case when j(x,-) is a convex function) were
considered in [20, 21], see also the references therein.
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Under the above notation, the weak formulation of the elliptic problem (1.3) becomes the
following elliptic boundary hemivariational inequality [13]:

find u € Vy such that a(u,v)+ OC/F 7 (u;v)dl > L(v) forall v € V. (1.4)
3

Here and in what follows, we often omit the variable x, and we simply write j(r) instead of

Jj(x,7). The stationary heat conduction models with nonmonotone multivalued subdifferential

interior and boundary semipermeability relations can not be described by convex potentials.

They use locally Lipschitz potentials and their weak formulations lead to hemivariational in-

equalities, see [17, Chapter 5.5.3] and [18].

We mention that theory of hemivariational and variational inequalities was proposed in the
1980s by Panagiotopoulos, see [17, 22, 23], as variational formulations of important classes
of inequality problems in mechanics. In the last few years, new kinds of variational, hemi-
variational, and variational-hemivariational inequalities were investigated, see recent mono-
graphs [8, 24, 25], and the theory has emerged today as a new and interesting branch of applied
mathematics.

We formulate the following optimal control problems:

e A problem of the type studied in [26, 27, 28] given by:
find ¢*€Q suchthat J(q¢")= miBJ(CI) (1.5)
q€

with
1a) = 5 ltg —zalFy + 22 lally
and, for each o > 0, the problem
find g, € Q suchthat Ju(gy) = Il‘lréiBJa(q) (1.6)

with
1 M,
Ja(q) = Fllag = zallz + =7 l4llg (17)
where u, is the unique solution to the variational equality (1.2), uq, is a solution to
the hemivariational inequality (1.4), z; € H given, and M, a positive constant. This

complement to the one studied in [12, 13, 29].
e A simultaneous distributed and Neumann boundary optimal control problem, given by

[13, 28, 30]:
find (g,9) € HxQ suchthat J(g,g)= min J(g,q) (1.8)
(8:9)eH*Q
with
(g.4) = 5 lusq — zally + 5 gl + 22 el (1.9

where ug, is the unique solution to the variational equality (1.2), z; € H given and
M, and M, are positive constants given. For each o > 0, the following simultaneous
distributed and Neumann boundary optimal control problem

find (g,,9y) € H*xQ suchthat Ju(24,G,) = min  Jy(g,q) (1.10)
(8,9)eH*Q
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with | Iy u
2 1 2 2 2
Jo(8,9) = §||”ocgq —zallfg + 7||8HH+ 7||Q||Q (1.11)

where uqg, is a solution to the hemivariational inequality (1.4), z; € H is given and M,
and M, are positive constants.

The paper is structured as follows. In Section 2, we establish preliminaries concepts of the
hemivariational inequalities theory, which are necessary for the development of the following
sections. In Section 3, we prove existence of the boundary optimal controls and asymptotic
behavior of the boundary optimal controls and the system states (1.6)-(1.7), when o — oo.
In Section 4, for each o > 0, we obtain an existence result of solution to the simultaneous
distributed-boundary optimal control problem (1.10). In Section 5, the strong convergence of a
sequence of optimal controls and the system states to the problems (1.10)-(1.11) to the unique
optimal control and the system state to the problem (1.8)-(1.9), are obtained when the parameter
« goes to infinity. A novelty of this work is that we can obtain the asymptotic behavior of the
optimal system states uqgz,g, as @ — o without any prior knowledge on the monotonicity on o
as it was given in [13, 14]. In Section 6, we formulate the conclusions of this paper.

2. PRELIMINARIES

In this section, we recall standard notation and preliminary concepts, which are necessary for
the development of this paper.

Let (X, ||- |lx) be a reflexive Banach space, X* be its dual, and (-, -) denote the duality between
X* and X. For a real valued function defined on X, we have the following definitions [15,
Section 2.1] and [24, 31].

Definition 2.1. A function ¢: X — R is said to be locally Lipschitz if, for every x € X, there
exist U, a neighborhood of x and a constant L, > 0 such that

[9(Y) = 9(2)| < Lylly —2[lx forall y,z € U

For such a function, the generalized (Clarke) directional derivative of ¢ at the point x € X in the
direction v € X is defined by

(PO(X;V) = limsup Py +Av)—o(y) ‘
y—x,A—0t A

The generalized gradient (subdifferential) of ¢ at x is a subset of the dual space X* given by
dp(x) ={¢ eXx*| @°(x;v) > (L,v) forall veX}.
We consider the following hypothesis.
H(j): j: I's x R — R is such that

(a) j(+,r) is measurable for all r € R,

(b) j(x,-) is locally Lipschitz for a.e. x € I'3,

(c) there exist co, c; > 0 such that |0 j(x,r)| < co+cy|r| forall r € R, a.e. x € I'3,

(d) jo(x, r;b—r) <0forall r € R, a.e. x € I's with a constant b € R.

Note that the existence results for elliptic hemivariational inequalities can be found in several
contributions; see, e.g., [8, 17, 24, 32, 33]. In [13, Theorem 4], the hypothesis H(j)(d) is
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considered in order to obtain the existence of a solution to problem (1.4). Moreover, under this
condition, the authors studied the asymptotic behavior when @ — oo (see [13, Theorem 7]).

We note that, if the hypothesis H(j)(d) is replaced by the relaxed monotonicity condition
(see [13, Remark 10] for details)

(&) Sers—r)+00sr—s) <mj|r—s|
forall r, s € R, a.e. x € '3 with m; > 0, and the following smallness condition

() ma>am|y?

is assumed, then problem (1.4) is uniquely solvable, see [33, Lemma 20] for the proof. However,
this smallness condition is not suitable in the study to problem (1.4) since for a sufficiently large
value of «, it is not satisfied. Finally, in [13], we can find several examples of locally Lipschitz
(nondifferentiable and nonconvex) functions which satisfy the above hypothesis.

3. EXISTENCE AND ASYMPTOTIC BEHAVIOR OF THE BOUNDARY OPTIMAL CONTROLS

In this section, we study the existence of solutions of problem (1.6) and its asymptotic be-
havior when the parameter o goes to infinity.

We know, by [26], that there exists a unique optimal solution ¢* € Q of the boundary optimal
control problem (1.5). Here, we prove the existence of solution to the optimal control problem
(1.6) in which the system is governed by the hemivariational inequality (1.4).

Theorem 3.1. For each oo > 0, if H(j)(a) — (d) holds, then the boundary optimal control pro-
blems (1.6) has a solution.

Proof. We denote, for each o > 0 and each g € Q, by Ty (q) the set of solutions of (1.4), and
we have that

m=inf{Jy(q),q € Q,uaq € Ta(q)} > 0. (3.1
Next, for each o > 0, we consider g% € Q a minimizing sequence to (3.1), and we prove that
there exist &, € Q and ng € Vp such that, when n — o

Ugqe — Mo inVpweakly — and g — &g in Q weakly.

After that, we obtain that 1) = uge,,, Where uqe , is a solution to the hemivariational inequality
(1.4) for data &, € Q and g € H. Finally, we prove that m > Jy(&y). Thus &g is an optimal
solution to optimal control problem (1.6). 0

Now, we can prove the following asymptotic result by using the following additional hypo-
thesis on the superpotential j.

(Hy): if j°(x,r;b—r)=0forall r € R, a.e. x € ['3, then r = b.

Theorem 3.2. Assume H(j) and (Hy). If ¢}, is a optimal solution to problem (1.6) and q* is the
unique solution to problem (1.5), then qg — q* in Q strongly and ugg:, — e+ in 'V strongly,
when ot — oo.

Proof. We make the prove in three steps.
Step 1 Since ¢, is a optimal solution to problem (1.6), we deduce that there exist positive
constants k1 and k,, independent of ¢, such that

llgallo <ki and |[ugg||n < k. (3.2)
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Now, if we choose v = thoogr — Uggr, € Vp as a test function in the elliptic boundary hemivaria-
tional inequality (1.4) and by H(j)(d), we have
A(Uoog* — Uargs s Uong* — Uorgy,) < A(Uoog* s Uoogs — Uy, ) — Llttoogs — Uagy,)-

Next, we obtain that ||ugg;: |lv < k3, with k3 = mla(MaHucoq*Hv +||L||v+) + ||tteog+ ||y and M, > O.
Moreover, there exists k4 > 0 such that —o fr3 jo(uaq»&;qu* — gy, ) AT < ky. Therefore, there
exists 11 € V such that

Uggz, — M weakly in V, as o — oo (3.3)
and we have from (3.2) that there exists & € Q such that

gy — & weakly in Q, as o — oo.

Step 2 Here, we show that & = ¢* and 1 = ue.y+. Taking into account that n € Vp, for w € K, if
we consider v =w — g,z € Vpin (1.4), since w = b on I'3, by H(j)(d), we obtain
L(w —ttgq,) < a(tggy,,w — tggs ) (3.4)

Next, we use the weak lower semicontinuity of the functional V > v — a(v,v) € R and (3.4) to
deduce that

n € Vp satisfies L(w—n) <a(n,w—n) forall we K.

Subsequently, in a similar way to [12, 26] (see more details in Theorem 5.1, Step 2), from (3.3),
by the compactness of the trace operator, the upper semicontinuity of the function R x R 5
(r,5) = j%(x,r;5) € R fora.e. x € T3 and H(j)(d), we prove that j%(x,n;6—1n) =0a.e. x € 3.
By using the hypothesis (H}), we have n(x) = b for a.e. x € I's, that is, € K. Therefore, we
obtain that

n € K satisfies L(w—1n) <a(n,w—n) forall we K.

Next, we have that
N € K satisfies a(n,v) =L(v) forall v € Ky,

i.e., M € K is a solution to problem (1.2) and by the uniqueness of solution to problem (1.2), we
have 1 = u..¢. Hence ugg; — g weakly in V as o — oo. Now Jo(qg) < Ja(q), Vg € Q. Next
1 o Mo 1 2 My
I(E) = 3l — 2l + S2NENG = 511 — zallfr+ 21IE N
< liminfJe(qy) <liminfJq(g)
= lim Jo(q) =J(q), Vg€ Q.

From the uniqueness of the optimal control problem (1.5) (see [26]), we obtain that & = ¢*.
Thus U = Uoog* Next, we have that, when ot — o,

qq —¢q" weaklyin Q and ugg: — Moy weaklyin V.

Step 3 Taking v = tteogr — Uggy, € Vo in problem (1.4), since uwy = b on I', by H(j)(d) and the
coerciveness of the form a, we have

Ma ||ttoogs — Uaugs, sz/ < A(Uoogt Usog — Uggy,) T L(Uogs, — Uoog*)-
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Next, by the weak continuity of a(ue,, "), the compactness of the trace operator and the fact
that ugg: — Ueog+ strongly in H, we conclude that ugg: — Ueoy+ strongly in V' as o — eo. Now,
from wugg; — Ueog strongly in H, we deduce

1 , 1 )
O%lggoiHuaqa—ZdHH:§||“wq*—zd||H- (3.5)

As g, — g* weakly in Q, one has
lq° I < timinf |13 (3.6)
Next, from (3.5) and (3.6), we obtain

1 2 [ M 2 o] » My 2
e =l "1 < ignin (3l ol + 2 1)
that is, J(¢*) < liminfJy(g},).
o—ro0
On the other hand, from the definition of g and ugg+ — Uey+ Strongly in H (see [13, Theo-
rem 7]), we obtain

limsupJy () < limsupJy(g*) =J(¢%).

Of—ro0 o—>o0
Thus
(] 2 My ! 2 My
Jim (Sl ~ 2ol + 2166l = 3o~y NI 6D
Finally, from (3.5) and (3.7), when o — oo, we have ||q*a||2Q — ||q*\|2Q As g}, — q* weakly in
0, we deduce that gy, — ¢ strongly in Q. O

4. EXISTENCE OF THE SIMULTANEOUS OPTIMAL CONTROLS

We know, by [30], that there exists a unique optimal pair (g,q) € H x Q of the simultaneous
distributed-boundary optimal control problem (1.8). In similar way to [12], we have a result on
existence of solution to the simultaneous optimal control problem (1.10) in which the system is
governed by the hemivariational inequality (1.4).

Theorem 4.1. For each a > 0, if H(j)(a) — (d) holds, then the simultaneous distributed-
boundary optimal control problem (1.10) governed by the hemivariational inequality (1.4) has
a solution.

Proof. By definition, for each o > 0, the functional J is bounded from bellow. Next, taking
into account that the hemivariational inequality (1.4) has a solution (see [13, Theorem 4]), for
each a > 0 and each (g,q) € H x Q, we denote by Ty (g, q) the set of solutions of (1.4) and have
that

m=inf{Ja(g,q),(8,q) € H X Q,uagq € Tu(g,9)} > 0. (4.1)
For each a > 0, let (g%,¢%) € H x Q be with n € N a minimizing sequence to (4.1) such that
1
mSJa(g,?,q,‘f)gm%—;l. 4.2)

Taking into account that the functional Jy, satisfies

lim  Ja(g.q) = +oo
I1(2,9)||xo—+o0
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where [|(g,9)| |5 ..o = I18l17; + I|4l[3» we obtain that there exists C| > 0, independent of e, such
that

lgnllz <Ci and  ||gy]lo < Ci.

Moreover, from (1.4), we can prove that there exists C, > 0, independent of ¢, such that
uagaqellvy < Ca. (4.3)
In fact, let u., € K be the solution to problem (1.2). We have

-0 . o
a(Uegaqy, Uso — Uggqn) + O‘/r J (Uagaqes oo — Uggage ) dT” > /an (thoo — Uggaqe) dx
3

_ / % (oo — Ugrgarge) dT .
I

Hence

(U0 — Uargirqgs, Uoo — Uargltqy) < athoo, Uoo — Uagtgn) + /r J (Uaggqgsb — uaggqg) dl
3

-I-/Qg,?(uaggqg—uw)dx—/r q, (uagnqa—um)dl".

From hypothesis H(j)(d), since the form a is bounded (with positive constant M,), we have

s~ g |, < (ot~ ) + | (g — )t~ | gy o) T
< Mty o~ gl + 1151+ 11911711 1t — g v
< Cs (Ml lv +Cy+ Cal[71]) 1o — g v

where ||7|| denotes the norm of trace operator, and Cs is a positive constant due to the equiva-
lence of norms. Subsequently, we obtain (4.3). Therefore, for each o > 0, there exist f, € H,
Ex € O and Mg € Vj such that, as n — oo,

. a . a .
Uggaga — MNa 1 Vo, 8n 4fOt in H and 4p — 5(1 in Q.

Now, for each o > 0 and for all (g%,¢%) € H x Q, we have

u (xV—I—G/
gy V) + [

and taking the upper limit, we obtain

jo(uaggqgc;v)dFZ/ggvdx—/ g%vdT forall veV,
Q 1P

3

a(Ne,v) + alimsup ] (uag go;v)dl > / Sfavdx— / EqvdlD forall veVy.  (44)

n—oo

2 .
By the compactness of the trace operator from V into L(I'3), we have uggaa }r3 — Na ‘r3 in

L*(I'3) as n — oo, and at least for a subsequence, uggaqa(x) — Mg (x) for a.e. x € I's and
|uggaqe (x)| < hg(x) ae. x € I'3, where hq € L*(T'3). Since the function R X R > (r,s) —
jo (x,r;s) € R a.e. is upper semicontinuous on I'3 (see [13, Proposition 3]), we obtain

limsupjo(x,uaggqg(x);v(x)) < j2(x,na(x);v(x)) ae. xeTs.

n—soo

Next, from H(j)(c), we deduce the estimate

126 g (x): ()] < (co+ ¢t luagege () [(3)] < ka(x) ac. x €T
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where k¢ € L'(T'3) and kg (x) = (co +c1he(x))|v(x)|. From the dominated convergence theorem
(see [31]), we have

limsup jO(uagrolcqu;v) dl' < [ lim supjo(uaggqgc;v) dr' < / (Ma;v)dr.
n—oo I3 I3 n—oo I3

Using the latter in (4.4), we obtain

a(na,v)+a/r

that is, N € Vp 1s a solution to the hemivariational inequality (1.4). Next, we prove that

jo(na;v)dFZ/favdx—/ Eqvdl forall v eV
Q T,

3

No = Ugf,&,
where uy ¢, 1s a solution to the hemivariational inequality (1.4) for data fo € H and & €0,
for each o > 0. Finally, from (4.2) and the weak lower semicontinuity of J,, we have
m > liminfJy(go, g5 )

n—oo

1. . 2 My, . » My . )
> S liminf{uaggqy —zallf + = liminf|lgy|[7 + =~ liminf{|gy[5
> S|ugfe, —zalla+ 7||fa||H+ 7||5a||g =Jo(fa,8a);

and therefore, for each a > 0, (fy,&y) is an optimal pair to simultaneous distributed-boundary
optimal control problem (1.10). 0

5. ASYMPTOTIC BEHAVIOR OF THE SIMULTANEOUS OPTIMAL CONTROLS

In this section, we investigate the asymptotic behavior of the optimal solutions to problem (1.10)
when of — oo,

Theorem 5.1. Assume H(j) and (Hy). If (84,qy) IS a optimal solution to simultaneous dis-
tributed and Neumann boundary optimal control problem (1.10) and (g,q) is the unique solu-
tion to simultaneous optimal control problem (1.8), then (g4,qy) — (8,9) in H x Q strongly
and ugg, g, — Usgg in V strongly, when o — oo.

Proof. As in Theorem 3.2, we make the prove in three steps.
Step 1. Since, for each @ > 0, (g,,4,) is @ optimal solution to problem (1.10), we have the
following inequality, for all (g,q) € H x Q

5”“0%% _ZdHH+7||gaHH+7||‘IaHQ < EH“Ong—Zd|’H+7HgHH+THCIHQ'
Taking g = 0in Q and ¢ = 0 on I, we obtain that there exists a positive constant C; such that

1 o My My 2
EHuo@m—Zd!|H+7|\ga!|H+7|\qa!|QSElluaoo—ZdHyﬁcl

because {ugoo} is convergent when o — oo (see [13, Theorem 7]). Therefore, there exist posi-
tive constants Cy, C3, and Cy4, independent of ¢, such that

8ol < G, [Gallo <C5 and  ||uag,g,||ln < Ca. (5.1)
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Now, we choose v = uegg — tag,g, € Vo as a test function in elliptic boundary hemivariational
inequality (1.4) to obtain

-0
a(uo@a% ) M“?ﬁ - ua?a%> + a/l_, J (uagocﬁ(x ’ ”mgﬁ - ua?a%) dr Z L(I/loogq - uag(xﬁa)'
3

From the equality
a(Uogyg, Uegq — Uagogy) = —A(Ueogg — Uag gy Uogg — Uogyd,) T A(Uoogg, Uogg — Uagyg,, )

we obtain

0 :
A(Uoogg — Uog,g, s Uoogg — Uagygy) — O /F3 J (uag,g, s temgg — Uorg,g,) AT (5.2)
< a(Uoogg, Uoogg — Uorg,q,) — LUecgg — Uag,g,)-
Taking into account that j* (uaz g, ; Uegg — Uag,g,) = J° (Mag,q,: 0 —taz,g,) on T3, and H(j)(d),
we have jo(uaga% JUogg — Uag,g,) < 0 onI3. Hence
A(Uesgg — Uorg g Uergq — Uaigody) < (Uesgqs Uoogg — Uorgygy) — Lltesgg — oy )-
By the boundedness and coerciveness of a, we infer
2
Ma||uesgg — tag,g, [v < (Mallueggllv + ILllv+) l|uegg — tag,g, |lv

with M, > 0. Subsequently,

[ tagygo IV < lltegg — torgog, v + [lueoggllv

1
< m—(MaHMoo?aHv-i- |L||v+) + || ttocggllv (5.3)

a

=:GCs,

where Cs > 0 is a constant independent of o. Observe that a(uegg — tag, g, » U=gg — Uag,g,) = O-
From (5.2), we have

~a [ (o7, 1o ez, AT < (Mol + |l kg — oz, v
3

1
< —(Mal|utesgglly + | Lllv+)?
a
= C6,
where Cg > 0 is independent of . Thus
. C
B / [ (Mo, tgg — Hagyg,) AT < —. 5.4)
I3 o

It follows from (5.3) that {”aga%} remains in a bounded subset of V. Thus there exists 1 € V
such that, by passing to a subsequence if necessary,

Uog,g, — T weakly in V, as @ — oo. (5.5)
Moreover. from (5.1), we have that there exists 7 € H and p € Q such that
8q —h weaklyin H, as o — o

and
gy — p weaklyin Q, as @ — oo.
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Step 2. Next, we show that h =g, p = ¢, and 1] = u.gg. We observe that n € V because
{uaga%} C Vo and V) is sequentially weakly closed in V. Let w € K and v =w — uqgz,3, € Vo-
From (1.4), we have
L(W - uagaqa) < a(uaga% W u“?aﬁo) + a/l" jo(uo@aqa W u“?aﬁa) dr.
3
Since w = b on I'3, by H(j)(d), we have
O‘/F 7 (tag, g, W — tog,q,) AT = O‘/F J(tag,q,:b— tag,q,)dT <0
3 3
which implies
L(W - uag(xﬁa) S a(uag(xaa W uo@a%)' (56)
Next, we use the weak lower semicontinuity of the functional V 5 v — a(v,v) € R and (5.6)
to obtain
n € Vp satisfies L(w—n) <a(n,w—n) forall we K. (5.7)

Subsequently, we show that 1 € K. In fact, from (5.5), and the compactness of the trace op-

erator, we have ”a%%‘rg — n|r3 in L?(T'3), as a — o. Passing to a subsequence if nec-

essary, we may suppose that gz g, (x) = 1(x) for a.e. x € I's and there exists f € L*(I'3)
such that |ugg g (x)] < f(x) a.e. x € I's. Using the upper semicontinuity of the function
RxR>(r,s)— 70 (x,r;5) € R for a.e. x € I's, see [13, Proposition 3 (iii)], we obtain

limsup j°(x, Uag,g,(X):b—uag,qg, (X)) < P, n(x);b—n(x)) ae. xels.
o—roo

Next, taking into account the estimate
17°(x, Uag,g, (X);b—uaz g, (x)| < (co+ciluag,g, (X)]) b — tag,q, (X)] <k(x) ae. xeT3
with k € L!(I'3) given by k(x) = (co + c1.f(x))(|b| + f(x)), and the dominated convergence

theorem (see [31]), we obtain

limsup | j%(tag,q,:b — taz,g,)dl S/ Jo(n;b—n)dr.

a—o JI3 I3

Consequently, from H(j)(d) and (5.4), we have

Ol—ro0

0< —/ jo(n;b—n)drgliminf<—/ jo(uagaqa;b—uagaqa)dr> <0
I's I3

which gives [, °(m;b—n)dr = 0. Again by H(j)(d), we have j%(x,n(x);:b—n(x)) =0 a..
x € I'3. By using now the hypothesis (H;), we have 1(x) = b for a.e. x € I'3, which together
with (5.7) implies

n € K satisfies L(w—n) <a(n,w—n) forall we K.

Next, we prove that 1) = ueop,p. To this end, let v:=w —1n € Ky with arbitrary w € K. Hence,
L(v) <a(n,v) for all v € K. Recalling that v € Ky implies —v € Ky, we obtain a(n,v) < L(v)
for all v € K. Hence, we conclude that

n € K satisfies a(n,v) =L(v) forall v € Ky,
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1.e., N € K is a solution to problem (1.2). By the uniqueness of solution to problem (1.2), we
have 1) = ueopp. Hence ugg g, — teopp weakly in V, as @ — co. Now

Ja(8a o) < Ja(8,q), V(g.q) €HxQ
and
J(h ) = 5 et 2 i+ 2 11+ 22 ol

= Sl —zally+ ZH 1l + 2 el

< liminfJo(24,qq) < liminfJa(g,q)

= lim Jo(g,9) = J(g:9), V(g,9) € HxQ.
From the uniqueness of the optimal control problem (1.8) (see [29]), we obtain that

h=g and p=q.
Thus U, = teogg. Next, we prove that, as o — oo
8q — & weaklyin H, dq — q weaklyin Q

and

Uog,g, — Usgg Weakly in V.

Step 3. Now, we prove the strong convergence ugg g, — Ueogg in V, as & — oo. Choosing
V = Uosgg — Uag,q, € Yo in problem (1.4), we obtain

.0 .
a(uag(xﬁa ) u”?ﬁ - ua?a%> + a/l_, J (uagocﬁ(x ’ um?ﬁ - ”‘O@a%) dr Z L(I/loogq - uag(xga ) .
3

Hence

A(Ueogg — Uog, g, > Uoogqg — Uagygy) < A(Uengg, Ueogg — Uag,g,) T Ltog,g, — Uegy)
+o /r J" (tag,g, s teogg — Uag,g, ) AT
3
Since uogg = b on I'3, by H(j)(d) and the coerciveness of the form a, we have

Mq |Uesigg — g g, |V < (U Uoogg — Uagygy) + Loz g, — Ueogq)-
Employing the weak continuity of a(uegzg, -), the compactness of the trace operator, and taking
into account that ugg, gz, — Usgg strongly in H, we conclude that ugg, gz, — Usgg strongly in V
as Of — oo,
Finally, we prove the strong convergence of g, to g in H and g, to g in Q as & — o. In fact,
from uggz, g, — Uegg strongly in H, we deduce

1 , 1 )
Jim >{luag,q, —zallts = 5 lluegg —zall5- (5.8)

As g, — g weakly in H and g, — g weakly in O, we have

=12 ST —12 NP T)
< < . .
18|l < liminf|jge[ly  and |[g[[g < liminf|lg,|lo (5.9)
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Next, from (5.8) and (5.9), we obtain
My .o .. . 1 » My _ ., My _ 5
H”oogq ZdHH+ HgHH H‘Z|’Q§11arn_>1£f(§“”agaqa_ZdHH+7|’gaHH+7HQaHQ)

that is, J(g,q) < lio?Liana (o> qa)-
On the other hand, from the definition of (g4,G,), we have Ju(gy,d,) < Ju(g,q). Taking
into account that ugg, g, — Uegg strongly in H (see [13, Theorem 7]), we obtain

limsupJq (84, q,) < limsupJy(g,9) = J(8,9).

O—»o0 o—so0

Thus hm 1 Jo(8a:Ga) = J(g,q) or equivalently

oa—

: 1 My, _ M _
im (5, 2ol + 5 el + 5 )
(5.10)

1 » My 2 (1=(12
— 5l — zal i+ SH1IEI s + 21 a3,
Now, from (5.8) and (5.10), we have, as o¢ — oo,

1817 = 18llz  and  [[gqllg — gl

and as g, — g weakly in H and g, — g weakly in Q, we deduce that g, — g strongly in H and
o — q strongly in Q. This completes the proof. U

6. CONCLUSIONS

We studied two optimal control problems, with a parameter, for the systems governed by
elliptic boundary hemivariational inequalities with a non-monotone multivalued subdifferential
boundary condition on a portion of the boundary of the domain, which is described by the
Clarke generalized gradient of a locally Lipschitz function. The first optimal control problem
corresponds to a family of boundary optimal control problems and the second one corresponds
to a family of distributed-boundary optimal control problems. We proved an existence result
for the two optimal control problems and demonstrated an asymptotic result for the optimal
controls and the system states, when the parameter (the heat transfer coefficient on a portion
of the boundary) tends to infinity. These results generalize for a locally Lipschitz function j,
under the hypothesis H(j) and (H;) and the classical results obtained in [26, 30] for a quadratic
superpotential j. We remark that, by using the hypothesis (H}), the asymptotic behavior of the
systems for both optimal control problems were obtained without any previous knowledgement
on the monotonicity on the parameter like in [13, 14].
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