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Abstract

We consider two steady-state heat conduction systems called, S and S,, in a multidimen-
sional bounded domain D for the Poisson equation with source energy g. In one system,
we impose mixed boundary conditions (temperature b on the boundary I'y, heat flux g on
I'; and an adiabatic condition on I's). In the other system, the condition on I'; is replaced by
a convective heat flux condition with coefficient a. For each of these systems, we consider
three associated optimization problems (P;) and (P, ), i = 1,2,3, where the variable is the
source energy g, the heat flux g and the environmental temperature b, respectively. In the
particular case where D is a rectangle, the explicit continuous optimization variables and
the corresponding state of the systems are known. In the present work, by using a finite
difference scheme, we obtain the discrete systems (S") and (S") and discrete optimization
problems (P") and (P!), i = 1,2,3, where & is the space step in the discretization. Explicit
discrete solutions are found, and convergence and estimation errors results are proved
when & goes to zero and when « goes to infinity. Moreover, some numerical simulations
are provided in order to test theoretical results. Finally, we note that the use of a three-
point finite-difference approximation for the Neumann or Robin boundary condition at the
boundary improves the global order of convergence from O(h) to O(h?).

Keywords: optimal control; finite difference method; explicit discrete solutions; estimation error

MSC: 35C05; 49]20; 49K20; 49M25; 65N15; 65N30

1. Introduction

We consider a multidimensional bounded domain (3 C R" whose regular boundary
I' consists of three disjoint portions I'; with meas(I;) > 0, for i = 1,2,3. We define
two stationary heat conduction problems (S) and (S, ) with mixed boundary conditions
which are given by (1) and (2), and by (1) and (3), respectively:

—Au=g in Q, (1)
= b/ _al =4, _al :0’ 2
u r on T, q on T3 ( )
d _ d _ o) _
—qu rl_tx(u—b), —5 rz—q — 50 F3—O, 3)
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where g is the internal energy of the system in (), b > 0 the environmental temperature on
I'1, g is the heat flux on I'; and, & > 0 is the convective heat coefficient on I';. We assume that
g€ H=1%Q),q€ Q=1%T,)and b € B = H/?(T;). These problems correspond to
stationary Stefan problems [1,2]. Notice that mixed boundary conditions play an important
role in several applications, e.g., heat conduction and electric potential problems [3].

The variational formulation of the elliptic problems (S) and (S, ), corresponding to (1),
(2) and (1), (3), respectively, can be found in [2,4,5]. In general, solutions of mixed elliptic
boundary value problems are not very regular [6], but there are cases in which they are
regular [7-9]. Other theoretical optimization problems on the subject have been studied
in [10,11].

We define the optimization problems (P;) and (P;,) i = 1,2,3, associated to the
systems (S) and (S), respectively (see [4,12-15]).

The distributed optimization problems (P;) and (Pj,) on the constant internal energy
g are formulated as:

find gop € R suchthat Ji(gop) = miﬂlg J1(g) 4)
g€
find g, € R suchthat Ji4(ga,) = Iéneiﬂlg J12(g) )

where J; : R—-RJ and J;, : R—R] are given by

1 M 1 M
(@) = 5l —zall}+ SHgl (@) = 5 lluag —zallly + gl ©)

with M; € R and z; € R. Foreach g € R, 1y and u,q denote the unique solutions to the
systems (S) and (S, ), respectively, for given data g € R and b € R. Here and throughout
this section, || - || g denotes the standard L?(Q)) norm.

The boundary optimization problems (P, ) and (P,,) on the constant heat flux g on I'p
are defined as:

find gqop € R suchthat J5(q0p) = miﬂrg J2(q) )
g€
find g4, € R suchthat Jp(qe,,) = rqréi]g J2a(q) (8)

where ], : R—RJ and Jp, : R—R{ are given by

1 M 1 M
J2@) = 5 g = zallfy + F ey Tal@) = 5 luag —zallly + 2Nl ©)

with M, € Rt and z; € R. For each g € R, we denote with u,; and 1, the unique solutions
to the systems (S) and (S,) respectively, for data ¢ € Rand b € R. Here and throughout
this section, || - || denotes the standard L?(I';) norm.

The boundary optimization problems (Ps) and (Ps,) on the constant temperature b in
an external neighborhood of I'; are set as

find b,y € R suchthat J3(bop) = rbnié\ J3(b) (10)
€
find by, € R suchthat J3,(by,,) =min J3,(b) (11)
beR

https:/ /doi.org/10.3390/axioms15030190


https://doi.org/10.3390/axioms15030190

Axioms 2026, 15, 190

3 0f 36

where J3 : R—-R{ and J3, : R=R], given by

Jo(0) = 3 llus —zally+ 2013, Taa(b) = Sl —zalfy + 2 IBE (2
with M3 € R" and z; € R. For every b € R, the functions u;, and u,;, are the unique
solutions of systems (S) and (S) respectively, for data ¢ € R and g € R. Here and
throughout this section, || - || denotes the standard norm in B = H/2(Ty).

In [16], explicit solutions to the continuous systems (S) and (S, ) were derived, together
with the associated optimization problems (P;) and (P;,) fori = 1,2, 3, in the particular case
where the domain is a rectangle. These explicit solutions serve as a rigorous benchmark for
assessing the accuracy and reliability of numerical methods.

The aim of this paper is three-fold: (i) to obtain explicit solutions to the systems (S) and
(Sy) in a rectangular domain; (ii) to derive explicit discrete solutions for the optimization
problems (P;) and (P;,), i = 1,2, 3, using finite difference methods; and (iii) to estimate the
order of convergence of the discrete solutions by comparison with the exact explicit ones.

It is worth mentioning that there are several articles available in the literature that
obtain explicit discrete solutions of some optimization problems [17,18]. For example,
in [19], exact formulas are derived for the solution of an optimal boundary control problem
governed by the one-dimensional heat equation where the control function measures the
distance of the final state from the target. In [20] a finite element approximation is applied
for some kind of parabolic optimal control problems with Neumann boundary conditions.
Some numerical experiments are carried out setting a rectangular domain.

This paper is organized as follows: in Section 2 we obtain the discrete explicit solution
to the systems (S) and (S, ) by the finite difference method. In Section 3, we obtain explicit
discrete solutions to the discrete distributed optimization problems associated with (P )
and (Py, ), respectively, where the variable is the internal energy g. In Section 4, we define
discrete boundary optimization problems where the variable is the heat flux g, associated
with (P,) and (P, ), respectively, obtaining the discrete explicit solutions. In the same
manner, in Section 5, we derive explicit discrete solutions to the discrete boundary optimal
control problems associated with (P;) and (Ps,), respectively, where the optimization
variable is b. In all cases, when the step discretization goes to zero, convergence results
are obtained by also estimating the order of convergence of the approximate solutions. In
Section 6, we carry out some numerical simulations in order to illustrate the theoretical
convergence results obtained in the previous sections. Finally, in Section 7, we analyze the
order of convergence of the discrete systems associated with (S) and (S.) by considering
a modified approximation of the Neumann boundary condition on I';, which leads to an
improved convergence order.

The explicit continuous solutions of the systems and the associated optimal control
problems in a rectangular domain are already available in the literature; in particular, they
are given in [16].

The novelty of the present work can be summarized as follows: (i) the derivation of
explicit discrete solutions for the state and the control variables; (ii) a rigorous analysis
of the convergence of the discrete solutions, including the estimation of their orders of
convergence; and (iii) an improved approximation of the boundary conditions in the
discrete framework.

2. Discrete Systems for (S) and (S,)

In this section we obtain the discrete explicit solutions to the systems (S) and (S,)
in a rectangular domain in the plane Q) = (0, x9) x (0,yp) with xg > 0 and yp > 0. Its
boundaries I'; for i = 1,2, 3 are defined by:
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I ={0y):ye€Ouyl}, T2={(x0¥):y€ 0y}
and
I3 ={(x,0): x€[0,x0]}U{(x,y0) : x €0,x0]}.

According to [16], the continuous solutions, in (), for the systems (S) and (S,) defined
by (1), (2) and (1), (3) are given by:

u(x,y) = —3gx+ (gxo—q)x+b, ¥V (x,y) €Q
(13)
ue(x,y) = =382+ (gxo —q)x + 2(gxo—q) +b, V (x,y) €

As a consequence of the symmetry of domain (2 and the boundary conditions, the
solutions u and u, of systems (S) and (S, ) are independent of variable y, and therefore,
we work with one-dimensional problems.

Given n € N, we define:

h=2% xj=(i—-1)h fori=1,...,n+1, ul~u(x,y)fori=2,...,n+1. (14)

Here, n is the number of subintervals of [0, xo], / is the uniform mesh size, u’f =b,and
u? denotes the discrete approximation of the temperature at the node x;,i =2,...,n+ 1.
Since the temperature is constant along the y-direction, uf’ approximates u(x;, y) for any
(xi,y) € Q.

We apply the classical finite-difference method to the system (S) described by
Equations (1) and (2). Since the boundary condition on I'; prescribes 1(0,y) = b, we
immediately obtain u; = b.

For the interior nodes, we use the classical centered second-order finite-difference

approximation:
82 [ 7 - 2 ir —1s .
DRSS S (15)
and from the differential Equation (1), we impose that
—ghz = ”?ﬂ - Zu? + ”5‘11/ i=23,...,n (16)

To incorporate the Neumann boundary condition on I';, we use a backward finite
difference for the first derivative:

Ju u(x,+1,y) — u(xy,,
a(anrl’y) ~ ( n+1 ]/)h ( n y), (17)

l

which, using the boundary condition % (xp4+1,Y) = g, leads to assuming that
—qh = ”ZH —ul. (18)

Taking into account (16) and (18), the resulting discretization leads to the discrete linear
system (S")
Adt=T", (19)

where v = (u?)izzwnﬂ € R" denotes the vector of unknowns, A is the associated

tridiagonal coefficient matrix:
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-2 1 0
1 -2 1 0 0
1 -2 1 0 ... 0
A= : (20)
o ... 0 1 -2 1 0
o ... ... 0 1 -2 1
o ... ... ... 0 -11 axn
and T" € R" is the vector of independent terms:
t
Th = (—gh2—b,—ghz,...,—ghz,—qh>. (21)

The square matrix A is invertible and its inverse matrix is given by

-1 -1 -1 ... ... -1 1

-1 -2 =2 ... .. -2 2

-1 -2 =3 ... ... -3 3
ATl =

-1 -2 -3 ... —(n—-1) n-1

-1 -2 -3 ... —(n—-1) n

nxn

Then, the linear system (S") has a unique solution:
ul :b+h2g((i—1) n— @) —(i-1)hg, i=2,...,n+1.
Asn = and ull = b, it follows that:
ul :b—l—(i—l)h(gxo—q)—hzg@, i=1,...,.n+1.

Then, the continuous solution u(x,y) of system (S) can be approximated by the
piecewise linear interpolant 1" (x, y) obtained from the nodal values computed by the finite
difference scheme. More precisely, we define

uh(x/]/) = (gxo - ‘7 - hgl)x _._hzg(@) + b/ X e {xi/ xi+1]/ }/ S [0/]/0}, (22)

withi=1,...,n.
The following lemma shows that the discrete solution u"* provides a first-order accurate
approximation of the exact solution u and its derivative with respect to x.

Lemma 1.

(a)  For every grid point (x;,y) withi =1,...,n+1,y € [0,yo], the following comparison holds:
(i) ifg > O0thenul(x;,y) < u(x;y).
(ii) ifg <O, then u"(x;,y) > u(x;,y).

(b)  The approximation error satisfies first-order estimates in the H-norm, namely,
h —_—
lu—u"lp < Cih, and |G~ %lu < Cih,
where the constants Cq and E:vl, which do not depend on h, are given by C1 = xo |g| 1/ %xo Yo

and C; = |g|1/%xoy0.
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Proof.

(@) From the functions u and u”", given by (13) and (22), respectively, we have

u(x;,y) — ul(x;,y) = w, i=1,...,n+1.

(b) From the definition of the norm in space H and Formulas (13) and (22) for functions u
and u”, respectively, it follows that:

Xit+1

. 2
=l =po ) [ () = y) o
i=1""%

= ﬁyoh&;gzrﬁ (%4—%—0—10)

IN

%yo h5g2 nd = % h2g2 x% Yo = C%hz.

The norm ||g—;‘ - aalxh ||ir can be computed analogously. [J

We next apply the classical finite-difference method to the system (S,) defined by
Equations (1) and (3). For each n € N, we set h = 32 and denote by uZ’i ~ uy(x;,y) the
approximate value of u, at (x;,y) fori =1,--- ,n+1.

The Robin boundary condition on I'y is approximated by a classical forward finite-
difference scheme, namely,

Uua(x2,y) — Ua(x1,y) _ Oa
p N5y (x1,9)- (23)

Taking into account that % (x1,) = a(ue(x1,y) — b), we impose that

h h
ul, —u
a2 Cal a(ull | —b). (24)

Moreover, at the interior nodes we use the approximation given in (16), while the
Neumann boundary condition at x,,41 is discretized according to (17).
Then, we obtain the linear system (S):

n h
Apv, =T,

where the vector of unknowns UZ € Rl s given by vﬁ = (”Z,i)i:l,...nﬂf the tridiagonal
coefficient matrix A, of order n + 1 is defined as:

~(I4ah) 1 0 ... .. 0
1 2 1
Ay = , (25)
: 1 -2 1
0 0 0 .. 0 =11/ im
and t
Ti = (—abh —gh?,...,—gh®,—qh) €R". (26)

It can be seen that the square matrix A, is invertible and its inverse matrix is given by

https:/ /doi.org/10.3390/axioms15030190
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-1 -1 -1 -1 1
-1 —(1+ah) —QQ4ah) ... ... —(1+ah) 1+ah
1|1 —(14+ah) —(Q+42ah) ... ... — (14 2ah) —(1+2ah)
-1 _
A“ - E . . . . .
-1 —(1+ah) —(1+2ah) ... —(14+(n—1ah) 1+ (n—1)ah
-1 —(1+ah) —(1+2ah) ... —(14 (n—1)ah) 1+ nah

(n+1)x (n+1)
Then, the linear system (S/*) has a unique solution:
= (b+8 ) 4 (i-1)(gxo—q) h—Sh—g TR i=1,.  ,n+1
x 8 q o )

As a consequence, the continuous solution u,(x,y) of system (S,) given by (13) can
be approximated in Q by the discrete function u/ (x,y), defined as the piecewise linear
interpolation of the nodal values obtained from the finite-difference system (S/).

wl(x,y) = (gx0 —q —hgi)x +b+ 8070 _&hy Poigp2 (27)

forx € [x;, xit1],y € [0,y0],i=1,...,n
Notice that u/ (x,y) — u"(x,y) when a — oo for every (x,y) € Q.

Lemma 2. Let 1, be the solution of problem (Sy), where & > 0 is the convective heat transfer
coefficient appearing in the Robin boundary condition, and let u?: denote its piecewise linear discrete
approximation defined in (27). Then, for each mesh size h, the following error estimates hold:

g — |5 < Cra b, and || % f’“a 4|y < Cih,

where Cy, = |g|x0\/x0 Yo (% + %0(170 + 0;7) and C; = |g|\/3x0yo are positive constants
0
independent of h.

Proof. Taking into account that 1, and u are given by (13) and (27), respectively, we have

2
g — ult| |2 _yOZ/ (ua(x,y) —uZ(x,y)) dx
hoi? h5 Woow nt W

_ 2 e _nmr s " ~
—yong 4 6 "0 Tt T

_ 2 (1,5,,3( 1 1 1 W2 (1 1 s
_yog {hn(ﬁ‘i‘ﬁ“'lzorﬂ)"' a}’l <§+67)+T;:|

In addition, the partial derivatives with respect to x of functions u, and u are given by:

Ty =Gy = —grtgn—q Y0y eO
and
Wiy =% (y)=gx—q-hgi, €[ xal ye Oyl
Then, the bound for || G % || coincides with the bound for || §% du _ & || H, obtained in

Lemmal. [

Remark 1. Notice that Cq,, — C1 when « — oo, where Cq is the constant appearing in Lemma 1.
This shows that the error bound associated with the convective boundary condition converges to the
one obtained for the Dirichlet problem as & — oo.
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3. Distributed Optimization Problem with Variable g

In this section we obtain discrete optimal solutions to the continuous optimization
problem (P;) and (Py,) in the rectangular domain Q) for the case where the optimization
variable is g.

3.1. Discrete Problem (PI') Associated with (Py)

Taking into account that b, g, 4 and the desired state z; in (6) are constants, according
to [16], the continuous quadratic functional cost for problem (P;) is explicitly given by:

S {3 (F+ %) re (- B+ 30a0) +§ - G+ LR o)

N\’—‘

J1(g) =

Then, the solution to the distributed optimization problem (P;) is g, defined by:

] (% _ (bqixzod))

=1 2
8o 3 x0 (l_i_%) @9)
57
and the continuous optimization state when ¢ = g, is
Ug,, (X, y) = _%gOP X+ (Sop X0 — 9)x + 1. (30)

We define the discrete distributed optimization problem (P}') for the constant internal
energy g as

find gé‘p € R such that ]{’(g?p) = géiﬂrg Ji(g)

where the discrete cost function J¥ is given by:

h
Ji(g) = 3llug —zall + 3Mi gl

Here, ug denotes the discrete approximation corresponding to the internal energy g
(see (22)), h is the discretization step defined in (14), z; is the desired target, and M; > O is
a regularization parameter.

Taking into account that the variable g is constant results in:

J‘1-%—1 2
T8 )—2yo{M18 xo + Z / x?/) ) dx} (31)
and from algebraic work, it follows that

2
h — 1y 2% (2 My 1kt 1R 1K 5k
Ji(8) =2ax J/Oq{gq{w"'xg"'lsox"'mx"'%x_mm

X 5 2 (b—z4) h (1 1 h ho (b—z4) (1 1h
+g70|:_17+7 Zod +i0 ,_i_liio)_io - <,+,io)} (32)
1 (b—z4) (b—24)*
41— Od + = 2 }

Lemma 3. For any given internal enerqy g € R, the following estimate holds for the discrete cost
functional J:

11(8) = Ji(8) ~ Ca (33)
(b—zy)

qxo

1 58% ;1 _ 1
where C; = 3x3 Y08 q _ﬂ%""é_i

is a constant independent of h.

https:/ /doi.org/10.3390/axioms15030190


https://doi.org/10.3390/axioms15030190

Axioms 2026, 15, 190 9 of 36

Proof. From (28) and (32) we get

h -1 Ml1mt 1K 1K 50
18 = s _fxgyoqz{ng[ﬁxféjLﬂE*%;—ﬂ?o}

Q
N[—=

=
oW
=
S)
BN

Therefore, we obtain (33). [

From the optimality condition we obtain the following result:

Lemma 4.

(a)  The explicit expression for the optimal variable g’gp is given by:

h h?
A1+70 A2+X7% A3

PR Bl M ) e
where
Ar=§-Tmh A=t
Ao =G 3 As(h) = o (g + i+ o 3)- (35)
As=TE -},

(b)  In addition, the following error estimates hold:

|8op — &byl = C3 1, (36)

T1(8op) = i (8hy)| = Cah, (37)

where C3 and Cy do not depend on h.

Proof.

() It follows immediately from the expression of the derivative of ]I with respect to g.

(b) Rewriting g, given by (29) as: gop = %%, it follows that:

h n?
A1 As(h)+ 3 Az A4+g Az Ay

h o 4 A2A4togh 2
Sop ~ 8op = 33 ATTA; As () ~33 T A h+o(h”),
and we obtain (36) with C3 = |C;| where
Ay Agt 25 Ay
Cy =L =2nnmt (38)

7 7
3xj Aj

From the expressions for J;(g) at ¢ = gop and J¥(g) at g = g’gp, it follows that:

2
]1(8017) - ]{l(gélp) = %XS’ Yo qz {qu‘l(g(zJp - (ggp)z) - %%OAl (gOP - ggp)

2
(b A0 + Bl (42 + f0) |

https:/ /doi.org/10.3390/axioms15030190


https://doi.org/10.3390/axioms15030190

Axioms 2026, 15, 190

10 of 36

By using (34) and (36) we get (37) where
3
Cy = éxgyoqzlzmcggopf;g + 5185 j;z +2A,C52 + A28y 2

2 A] (5A1 +48A2A4)
216A%

= 3x3Y0q
O

Lemma 5. Let us consider ug,, the solution of the system (S) given by (1) and (2) for ¢ = gop

and u", the discrete solution defined by (22) for h > 0 and for g = gop, where gop is the optimal
op

value of the problem (PJ!) given by (34). We have:

h
ou"y

augo,, sy
ox dx

%C6h

(a) lug,, — g lln = Csh, (b)

where Cs and Cg are positive constants that are independent of parameter h.

Proof.

(a) From the definition of the norm in H, we obtain

L Xit1 N 2
||ugop _uhh ||%—I :yoi_21~/36[ (”gop(x/]/) _uggp(x/]/)) dx
L x1+1 , s 2
= 2/ — L gopx® + x0x(gop — gﬁ,’,,) + hgf,'p(zx - h@)} dx
i=1

= o3 o 2, [10-25 25 4 16( "0‘;3) |72+ o).

where Cj is given by (38). Therefore, it follows that

h
||u80p - ugélpHH ~ C5 h/

with
B 1.3 %o G 0
C5 - |80P‘\/120x0 Yo |:10 —-25 z'ops + 16( §0P3> :|
(b) We have
‘ augop o au:’é’p 2
ox dx H

nrXiv . 2

200 282,53 + gop gly (2 + 3hxo — 403) + (ghy)2 (42 — 3o + 213)|

=0 [2x%(gop — 8up)? +3h x0 gy (Sop — &op) + M8l (Sop + g’ép)} :

Taking into account Lemma 4, we get

h
auggp _auglgp 2 _ XoYo 2 243 x0C3 +2 ﬁ 2 h2+ (h3)
dx Jx H -6 gOP Sop Sop 0 :
Then,
h
Jitgop u;gp h
‘ ox ox ~ Ceh,

https:/ /doi.org/10.3390/axioms15030190
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with

Co = IgOpI\/XOyO 2-3 "°C3 +2 ("gf;) }

where Cj is given by (38).
O

3.2. Discrete Problem (Pl ) Associated with (Py,)

From [16], we know that the continuous quadratic functional cost in (6) for the opti-
mization problem (Py,) is explicitly given by:

J1a(8) = J1(8)
—Z —z 39
_'_x%gng{gzx(%<§+“xo)+gx0( %_L_’_Z(b d))+1+0cx0 Z(b d))}[ ( )

92 axg 9xo gxo

where J; is defined by (28). Moreover, the continuous optimal distributed variable denoted
by g«,, is given by

(%_(bfzd)+i+i_w>

X 2ux, 252
Sy = 3 (qlz°+ I +° S )”’XO (40)
57 % T3 a2l
The continuous associated state is established by:
Uaguyy (4, Y) = = 380X + (8ap X0 — )X + 3 (8ayy X0 — 4) + 1. (41)
We define the discrete cost function as
Ti(8) = ol — 2l + 5 Millgl @)

where function uﬁg, given in (27), denotes the discrete approximation corresponding to

the internal energy g, i > 0 is the discretization step, z; is the desired target, and M; > 0
is a constant parameter. We set the following discrete optimization problem (P} ) on the
constant internal energy g as

find gzop € R such that ]’fa(ggop) = I'gréiﬂlg ().

The discrete cost function ]{’a is explicitly given by

J1:(8) = J1a(g)

8X0 5 1 h 1 K2 1 KW 1 7 . 1h 1 K2
+x0y°gqh{q[ 24+36xo+24x%+10xg+ax0(_6+3xo+6x%
1 I 1,1k , 1 (3,18 2 (43)
+“2xé(_2+%>}+§+ﬁ70+a70<§+€x7)>+@
(b—zg) (1 _1h 2
+o (‘z‘a%‘%) ,

where [, is given by (39).

Lemma 6. For g € H, h > 0and « > 0, the following estimate holds

|H1o<(g) - ]1a(g)| ~ CZah
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where

gx 5 7.1 2 1,31 2 (b—z4) 1 2
J(‘ﬂ—**—fg)+§+§*+f+ d(—z—rxo)

Can = 33040181 |5

is a constant independent of h.
Proof. It follows immediately from expression (43). O
Remark 2. Cp, — Cp when a — oo, where Cy is given in Lemma 3.

Lemma 7.

(a)  The explicit expression for the optimal control ggop is given by:

h W2
A1a+ ?O At ;% A3ac

h _ 4
Swop T Bxg At As () 44
where
_ 5 _ bz 1 (5 3 3(b—zy)
Al =5 T +axo<z+axo e )
_ 33—z _ 1 1 9 3, 3(b—z)
AZa - 4qud _2+axo<_4_axo+ qud>/
_ b= 1 1
Ay = 4q§g T8 7 daxy’
(45)
_2 .M 1 (2 1
Ay = 15+xgl+ocxo<3+m)’
_ _h 3 W2 h 5
A51X(h) — T2x (15"8 + m + 3xg j)
h 7 h 2 1 h
i —6+3XO+6XZ+W(—2+,CO)>
(b)  In addition, the following error estimates hold:
|8aop — &ty = Canh, (46)
]104(g0(0p) - ]{loc (gzgp) ~ C4l¥ h’ (47)

where Cay and Cy, do not depend on h.

Proof.

(a) It follows immediately from the fact that

2 2
]{lzx(g) = %x?)]/Oqz [2g% (A4oc + AStx(h)) - %% (Alac + X%AZIX + %A&x)] .

(b) Notice that g4,, given by (40) can be rewriten as gx,, = 3‘770 i};a . Then,

h W2
— A1y Asa (h)+ %AZa Agat ; Azg Agq
0

hoo_ - 1
gtxup glxap 3xg Aia+A4a Asg ()

5
Ay Agy+r97 A
q 2040 T D1 1ah+0(l’l2).

7 i
3x; Az,

Q
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and we obtain (46) with C3, = |C3, |, where

5 7
q A A4”‘+<24+60CXO >A1A

Cia =55 A (48)

Following Lemma 4 we obtain Formula (47) with
0 X%
C4”‘ = xOyOq ‘ 2A40¢ 3lxgl"ap q + 24g0(0p q

x3
6gzxgp a;z + 2Alth§a qo + AZagaop 7
O

Remark 3. When &« — oo, we have A;, — A;, where A; and A;, are given by (35) and (45),
respectively, for i = 1,2,---,5. As an immediate consequence it follows that C3, — Cs and
Cyq — C4 when o — oo, where C3 and Cy are defined in Lemma 4.

Lemma 8. Let us consider ug,,,, the function given by (13) for § = &u,, where gu,, is the optimal
variable of problem (Py,) given by (40), and ng,l , the function defined by (27) for h > 0 where
aop

9= g’&op is the optimal control of (P}, ) given by (44). We have:

auh
Otlgy, » aglt op

dx ox

h ~
(@) Nitagay, —tyg I~ Cahy  (b) |

~ CGlX hl
H
where Cs,, and Cg, are positive constants independent of parameter h.

Proof. Working algebraically we can obtain

cx cr\2
5y = |g%p|{léox8 Yo [10 — 25Xogop3a + 16( x?gopaa)

&xo ‘Xgllop 8a dop thop

1/2
k5 (60 + 120 — 240, Cic P 120557 — 1407t +80C3“x0)}} ,

and

. X0y x0Cs, x0C3, 2

Cen = |g“op|\/060 {2—3 guof, +2( gaoi ) }’

where C3, is given by (48). [

Remark 4. Cs, — Cs and Cg, — Cg when a — oo, where Cs and Cq are given in Lemma 5.

Remark 5. In [21] the double convergence when (h,a) — (0, +00) of optimal control problem
(Pﬁ) was studied, obtaining a commutative diagram that relates the continuous and discrete optimal
control problems (Py), (P1,), (P') and (P}.,) as in the following scheme:

]Problem (P} ) Problem (Py)
N
Sop N (gop) u' lx h—0 Sops 1 (Sup)r“gap
R
& — oo - & — 00
- Th) > (0,00)
. PT;JblElhﬂ (P{’ABL Problem (Py,)
h —_—
glxop’]lﬂ(gﬂgp )’uzxxﬁnp h—=0 gmp/hu(gaop)r”agaup
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4. Boundary Optimization Problem with Variable g
4.1. Discrete Problem (PY}) Associated with (P,)

Under the same considerations given in Section 3.1 and taking into account Formula (9),
for a given g € Q, we obtain the following quadratic cost function:

h(q) ==L {q xo(l + fo) qx0< — x5 — (b— Zd))
(49)

+ &2+ (b — 207+ B30 — 2a) }.

Then, the boundary optimal control of problem (P,), called gop, and the associated continu-
ous optimal state are given by:

5 2
128% + (b —z4)
ZJ} iy gy (¥,y) = =38 %* + (g %0 = Gop)x+b. (50)

op —

Associated with (P,), we define the approximate discrete distributed optimal control
problem (P}) on the constant heat flux g as

find qf,‘p € R such that ]Z(qop) min J%(q)
geR

where the discrete cost function J¥ is defined by

J3(0) = 3lluy — zallfs + 3Mallqll,

where uZ, given in (22), denotes the discrete approximation for a fixed constant flux g, i
is the spatial step, and z; (the desired state). From the definition of the norm over Q, it

results that:
X z+1

J5(q )—zyO{qu xo + 2/

and working algebraically, we get

up(x,y) — za)2dx }

IS(Q) = ]2(‘1) + %{hgﬁm [%qxo — %gx% — %(b _Zd)]

(51)
+h2g| i aBg — £(b—za) + fha x| + Jh w0 + hphie?}.
Lemma 9. Given q € Q and h > 0, we have
12(2) = L(9)| = C7 1, (52)
where C; = Y2y |g|| 3 3q%0 — 2:9x2 — 1(b— z4)| is a constant independent of h.
Proof. It follows immediately from expression (51) for ]g. O
Lemma 10. Let us consider h > 0.
(a)  The explicit expression for the optimal variable q’gp is given by:
qu =qop — B % - Bz%, (53)

-1
with By = By = (} + 2%)
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(b)  The following error estimates hold:
|9k, — qopl =~ Csh, (54)
J2(9ap) = 2(4op) | ~ Coh, (55)

where Cg and Cg are constants independent of h.

Proof.

(a) From the expression (51) for ]3, we have

M
37 18@ = bdu{2v0a(3+58) - fig b - 0 —z0) + Jgwoh+ Hgh).

Therefore,
f—zgx% +(b—2zy) — 11—2gl12 — %gxoh
2x0 (1 + f—g)

b
Jop =

Taking into account that g, is given by (50), we obtain Formula (53).
(b) On one hand, expression (54) is a direct consequence of expression (53) where

Cs:‘%

On the other hand, taking into account Formula (51) for ]g, it follows that

I3 (4ep) = J2(q0p) = T2(aby) — J2(4op)
, (56)
+500 g [ dqhy o — 853 — 1(b—24)| + ().

From the definition of [, given by (49) and the explicit expression (53) for q’gp, we get
2 2
o (aly) = J2(op) = H0{ 32 ((aly)" — a3,)
+(ghy — 40p) ( — B — (0 -20)) }
2 (57)
= 50 (ql, — qop) (32 (aly + q0p) — H823 — (0 —20))
— XY 2xg 5 002 2
= ﬁghBl( — Bf]qor) + ﬁgxo + b 7Zd) + O(h )
Taking into account (56) and (57), we obtain estimate (55) with

lglx3yo
Co = £

B 2
(= Foq0p + 5873 +b—20) + dopxo — Figxd — 1 —z4)].

O

Lemma 11. Consider ug,,, the solution of (1) and (2) for g = qop, and u;‘h , the discrete solution
op

given by (22) for each h > 0 where q = q’gp is the optimal variable of the problem (PY) given by
(53). Then, we have:

oul
‘h})]p _ auqop
ox ox

~Cnh, (58)
H

(a) ||”ng — g, |lH = Cioh, (b)

where C1g and Cqq do not depend on the parameter h.
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Proof.

(@) From the definition of u and u" given by (13) and (22), respectively, it follows for

i=1,...,nthat

op

. izfi
wh (%,y) = gy, (x,y) = 38%° = (95 — qop + giM)x + g 5 I,

(59)

=1gx? —l—hgx(% - i) +h2g(§—i% + i(igl)), Vx € [x;, Xi41]-

Then,

Xit1

- u%an—yoz/

= X0 Y0 §° {m (B1 — 3)2h2 x3

— g, (x))2 dx

+ 2%—6113 xo(By —3)2

Therefore, we get Formula (58) (a) with Cyp = |g(B1 — 3)|x04/ % .
(b) Inthe same manner, we get
2 Xit+1

_yOZ/ gx — %p Jop) — hgl) dx
H

4
= yo 8| (12— 6B1 + B%)h X0+ 7 (B1 — 3)Bil + gh B3 |.

1xg

ou'
‘]fvlp auqop

ox ox

Then, we get (58) (b) with

Ci1 = %\/xoyg(lz —6B1 + B%)
O

4.2. Discrete Problem (PJ. ) Associated with (Pa,)

If we suppose that the desired state z; is constant in (9), the quadratic cost function [,
for optimal control problem (P, ) is explicitly given by:

]204( ) OyO [q O(Dla+%3)2)"_qx0(D2agx%+D3a(b_zd))

(60)
+D4,,ngx‘01 + D5, (b — zd)2 + Déagx(z)(b — zd)} ,
where ) 5 5 )
Din =3+ + 22 Du=—%H—mg o2
Dy = —1- 3%, Dia = 15 + 35 + 22 (61)
Dsy =1, D6a:%+%xo-

Then, the continuous boundary optimization control, called Qtops and the associated

state are:
DZagx%+D3a (bfzd)

qlxop - -
2x0 (D],,fi’%f)
*0

(62)
Uagey, (X,Y) = =38 X% + (§ X0 = Gapy )X + 3 (8 X0 — Ga,) + .

Remark 6. Notice that Jo,(q) — J2(q) forall g € Q and qs,, — gop when & — co.
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Define the discrete cost function as:

To(@) = 3llulty — zall % + 3 M2 g1, (63)

where 1! 4 is the solution of (S given in (27) when q is fixed. We set the following discrete
opt1mlzat1on problem (Pfa) on the constant heat flux g as

find ¢" €R suchthat J} (g )=min % (q).
op °or gerR
Working algebraically, the cost function ]é’a can be written explicitly as:

J5.(q9) = Joa(q)

+1xo yogh{@ — Sgﬁ _ (b=z) % Zd)"o +3 3"0‘1 78x5 _ 2(b—zg) | 20g-g0)

2 6w « a?
(64)
+h(J§Tg _ (bé ) + qXO +2gxg+q _|_1;%>
+h28< + 60() + ﬁgh?’}.
Lemma 12. For each g € Q and h > 0, we have:
J3(7) = Joa(a)| = Cruch, (65)
with
5 b— 7 b— 2(q—
Cra = $dwofg (0 — 20 - Ol + 31 - Zgno 20 2|
a constant independent of h.
Proof. It follows immediately from expression (64). O
Lemma 13. Let us consider h > 0.
(a)  The explicit expression for optimal control qzop is given by:
h h?
oy = ooy, ~ Bulg” — Bud (66)
with .
— 9 Mp
b= (1t ) (o 8)
" -1
By = (1_txxo><D1"‘+ xo) ’
(b)  The following error estimates hold:
|qZOp - qaop| ~ C80( h/ (67)
]éltx(ngr) - ]211 (qup) ~ Cgl’( h’ (68)

where Cg, and Co, do not depend on h.
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Proof.

(a) From the derivative of the control function ]’21“ given by
2
3
L) = & a(@) +dxovogh{F+ T2+ 2 +n(B+ &)}
_ Xoyo My 2 _
= {quo (Dla + ng> + x9 (Dzagxo + D3, (b zd))

o a (s &)
it follows that
. 7gh<x7:§+3270 %) ghz( %) x0<D2agxo+D3a(b Zd))
Taop = 3(D1,x+ ) '

Working algebraically, we get Formula (66).
(b) Estimate (67) follows straightforwardly from (66) with

From Formula (64) we obtain that

]éllx(qzw) - ]20((17040;7) = ]211 (qup) - ]ZDC(qaap)

fhop ¥ 5g3  (b— 304,
Famoyogh( T 2 - g g (69)

_78x5  2(b—z4) + Z(qﬁop—gxg)) +o(h?).

60 o o2

Moreover, taking into account the explicit expression for ]5’0( given by (64) and
Formula (66), it follows that

2
]gpc (ngp) - ]204(%0;:) = % (qzop - qlxop) [(%DP + %g,,)xo (Dltx + I\J:f) )
+D20gx3 + Daa(b = 2a) (70)

2
= — 47 gB1 (2111960 (Dla + i%) + D2y gx3 + D3y (b — zd)> + o(h?).
Combining (69) and (70) we get estimate (68) with

2
Cor = 52Ig]| = Bt (20, %0 (Dra+ 4% ) + Daaga + Daa (b~ 20))

+qt¥op Yo 5gx5 _ (b=zy) Zd) + 3%0;1 78X 2(b—zy4) + (qﬂop ng)
3

24 6 axp «2x)

O

Lemma 14. Let us consider ug,,  the solution of (1) and (3) for g = qu,, and u the discrete

ngp

solution given in (27) for h > 0 and q = q%p. Then, we have:
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h ~
(a) ||uaqgnp — Uagy,, |t~ Cioah,
oul (71)
aq{}op Bu,w“ap _
(b) -~ o || = Cuah,
H

Proof. Similarly to what was done in Lemma 12, we obtain

Cioa = |8]x0

pom ) 3 3 12 6 12 9
\/@%m(a%*m“) +9(w2xé+m“> _3Bl“<“zxé+“"0+z)

Clloc = %\/X()yo(lz — 6B1a + Bix).

O

Remark 7. The constants verify that Ci,, — C;, when o — oo, foreachi =7,...,11.

Remark 8. The double convergence when (h,a) — (0,400) of the optimal control of problem
(P) holds. The relationship among optimal control problems (Py), (Pa), (Py) and (PL. ) is given
by the following diagram:

Problem (P}) Problem (P;)
b e —
qopf]Z’ (qop)/uhqu h —0 ‘70!7/ ]fl (qu), u‘]ap
P
& = 00 -7 & — 0o
_-(ha) = (0,00)
. Prgble;hn (PL, })l Problem (Pay)
_
%Dp/]u(%gp )’uzxq,’{up h—=0 ’hoprba (%np)r“maup

5. Boundary Optimization Problem with Variable b
5.1. Discrete Problem (PY}) Associated with (P3)

In this section we consider the boundary optimal control problem (P3) given by (10).
Taking into account expression (12), for a given constant b, we get

Ja(b) = 5002 (14 2) (288 — gy - 22)
(72)

2 2.4 5 3 2
+[ 850 — 50 + (4 — 2924) +2a(24 +l7x0)} }

Then, the boundary optimal variable of problem (P3), called b,, and the associated contin-
uous optimal state, are given respectively by:

2
X
_g370+@+zd

bop = i , Up,, = —%gx2+ (gxo—q)x—i—bop. (73)
T+%
We define the discrete optimal control problem (Pé“) on the constant temperature b as

find b’gp € R such that ]g(b’gp) = lggﬂg J3(b)
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where the discrete cost function J#(b) is defined as:

J3(b) = 3lluy — zall3; + 3 Msl|bII3,

where uZ is given in (22) for a fixed constant b, / is the spatial step, and z; (the desired state)
is constant.
Notice that the cost function J% can be explicitly written as:

) = Ja®) + 242 = (3 + §) o (oo — Frgsf+ )

(74)
—i—%hz(@ + 2gx% + zd) + 2 gh3xg + ﬁgh‘*}.
Lemma 15. Let b € R and h > 0; we have:
13(6) = Ja(b)| = Cra (75)
where ,
5
Cia = 355y l8l| =5+ 5 = 5 + %),
does not depend on h.
Proof. It follows from expression (74) for ]é’ O
Lemma 16. Let us consider h > 0.
(a)  The explicit expression for the optimal variable bf,‘p is given by:
1
ol :bop+E1gx0h(1+3hTO), Bi=—— (76)
4(1+ %)
(b)  The following error estimates hold:
b, — bopl = Ci3 1, (77)
J5(bh,) = J3(bop)| ~ Cush, (78)
where Cy3 and Cq4 do not depend on h.
Proof.
(@) According to (74) we have
d d
) = s(0) — ogb (3 + 1), (79)

Then, Formula (76) for bf,‘p follows immediately.

(b) Estimate (77) is a direct consequence of (76) with C13 = |E1gxo|.
Moreover, taking into account Formulas (72) and (74) for J3 and ]’g and Formulas (73)
and (76) for b,y and bé‘p, respectively, it follows that

Iéf(b?p) - ]3(bop)

2 bf,'
= Ja(bly) — a(bop) + {2 + Iqxo — FoF+ F Ph+o(i?).
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In addition, the expression ]3(b’3p) — J3(bop) can be rewritten as

2
]3(17(;)1;7) - ]3(bop) = %El (Zbop (1 + 1\;[703) + %gx% —qXxo — ZZd)h + O(hz)-

Therefore, it follows that estimate (16) is given by

2 ba 5 2
C1y = S8 El(zbop(1+¥—;) +§gxg—qx0—2zd) LT
O
Lemma 17. Let us consider Upy, s the solution of (1), (3) for b = by, and ”Zh , the discrete solution
op
given in (27) for h > 0 and b = b’(}p. Then, we have:
auzh au,
(a) ||M}blgp — ubap||H ~ C]5 h, (b) a;p — a;p ~ Cl6 h, (80)
H

where C15 and Cyg are constants that do not depend on h.

Proof. Working algebraically, we obtain
3 2
luay = s, Iy = 55 (288 — By 4 )12 +- o).

Then, we obtain estimate (a) with

Cis = xolgl\/*§2 /262 — E1 + .

In a similar manner, we get that estimate (b) holds with

Cis = Igly/ ™5
O

5.2. Discrete Problem (Pl ) Associated with (Ps,)

From [16], we know that the continuous quadratic functional cost in (6) for the opti-
mization problem (P3,) is explicitly given by:

J3u(b) = J3(b) + xozi{i(q — §%0)(—6b + 3qx0 — 285 + 624) + 5 (q — ng)z} (81)

where J3 is defined by (72). Moreover, the continuous optimal boundary control b, is

given by
8% — 1
by,, = bop — . 82
Dmp ¥ 0‘(1 IJ\:{)S ) ( )

The continuous associated state is established by:
p, (%,y) = =38 %+ (g%0 — 0)x + (g X0 — ) + by (83)
Define the discrete cost function as:
Jia(b) = 3llugy = zallfy + 3 Ms] bll3 (84)

where qu is the solution of (S") given in (27) for a fixed b. We set the following discrete
optimization problem (P}, ) as
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find b, €R suchthat J5 (b)) = min Jh (b).
Working algebraically leads us to write J as follows:
_5 3 7 2
F(0) = Jau(0) + droyogh{ —b(% + 3 +8) +s(2 — o — )
+q< +32+ %) +z(¥+2) (85)
thlg(B i+ ) ra(B+&)+ %] +rg(3+&) +Rd )
Lemma 18. For b € Band h > 0, we have
5 (b) = Jaa (B)| & Crau b, (86)

with

-5 7x3
Cuo = 00gl| —b(R+2+8) +o( S0 - - 20) (B + 30+ 3) +2(3+2)|
Proof. It arises immediately from (85). O

Lemma 19. Let us consider h > 0.

(a)  The explicit expression for optimal control bZop is given by:

b :b%p—i—&gxoh( 4 +3x0) 87)

Xop axQ

where Eq is given in (76).
(b)  The following error estimates hold:

b2 | = Ciza I, (88)

“Dp ‘Xop

‘]3a anp ]30((b060p)’ ~ Cranh, (89)

where Cy3, and Cy4, do not depend on h.

Proof.

(a) It follows from expression ]g‘a given by (85).
(b) The estimate in (88) is obtained immediately from item (a) with

Ci3a = |Ell|g|x0’1 +

oaxo

Taking into account (85) and (81) yields

]3a( zxop) ]3a(b06up) ]30(( ocop) ]3a(baop)+Fllxh+o(h2)'

2 2( =
Fuo = 3808 (= (ouyy —20) (3 85) +820 (2 — ol — i) F (3 + 25 + ) )
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In addition, from the definition of ]éla and bzup, we have

Jaa(Bh,,) = Jaa(buyy) = Ja(bl,,) = J3(b,,) + Faat + 0(H?)

with ,
B = S Ey (—q -+ gxo) (1+ 3% ).

axo

Finally, according to Formula (72) for J3, we get

Ja(bL,,) = Ja(bayy,) = Esult +o(h?),

with ,
P = 8 Ry (14 4) (260, (14 22) + 390 — g0 — 224).

Therefore, estimate (19) holds for

Claa = ‘Fla + By + B3y

O
Lemma 20. Let us consider Ubyy, the solution of (1) and (3) for b = by,,, and quh , the discrete
Xop
solution given in (27) for h > 0and b = bzop. Then, we have:
Jul
h “bﬁop au”‘baop
(a) Hu“bgop — Uaby,, |z~ Cisah, (b) |55 — —3¢ ~ Ciga h, (90)
H

Proof. Similarly to what was done in Lemma 12, we obtain

Cisa = x0lg]\/"$° A,

— 2 16 32 8 16 1 1 2
A= \/E1(2+0¢35()+a2x%) +E1<_1_“x()_oc2x%) +6+rxo+lX2X%/
Ci6a = Cie-

O

Remark 9. The constants obtained in the estimates of the previous lemmas verify that C;, — C;
when o — oo fori =12,---,16.

Remark 10. The double convergence when (h,a) — (0,400) of the optimal control of problem
(P ) holds. The relationship among the optimal control of problems (P5), (Psy), (P) and (P%,) is
given by the following diagram:

;Prof;ler;z (Pé’h) Problem (Ps)
-
b(}lpllsl(bﬂp)/u'bgp h—0 bop/]b<bop)/”hgp
1
& — ol & — 00
oo () = (0,00)
} Pr;)blei:l (Pa"nz Problem (P )
E—
ba"gp/ B;Xuc(bagp)/ M”‘h{\xgp h—=0 bﬂopfhfx (btmp)'uﬂbm;p
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6. Numerical Results

We carried out some numerical simulations in order to illustrate the theoretical results
obtained in the previous sections for the optimal control problems (P/') and (P!) for
i=1,23.

Throughout this section we consider the domain Q) = [0,1] x [0,1], i.e, xog = yo = 1.

Before analyzing the optimal control problems we illustrate the behavior of the contin-
uous state of the systems (S) and (S,) and the discrete state of the systems (S;,) and (S").

In Figure 1a we plotted the state of system u given by (13) and the approximate discrete
function 1" defined by (22) against the position x for h = 1/3,1/5,1/10. As we saw in
Lemma 1 for each fixed x, the functions u"(x) increase and get closer to the limit u(x) as
h decreases. In a similar manner, in Figure 1b, for &« = 50, we obtained system u, given
by (13) and the approximate discrete function u’; defined by (27) against the position x for

=1/3,1/5,1/10. Notice that as  decreases, the functions {uZ} increase and get closer to
the limit u, as it was proved in Lemma 2.

u

20 ..o ut h=1/3 20

s u® h=1/5

h=1/3
h=1/5
Loh=1/10

s e e s & u® h=1/10 25

Temperature
Temperature

21 T T T T T T T T T 21 T T T T T T T T T
1) 01 0z 03 0.4 05 08 07 [:F:] 0g 1 o o1 0z 03 04 05 06 07 ng g 1
Position x Position x

(a) u and u" for different values of h (b) uy and u! for different values of it with a = 50

Figure 1. State of systems (S), (S"), (Sy) and (S!) using g = 12, b = 30, z; = 40 and g = 10.

In addition in order to visualize the double convergence of u* — u when (1, a) — (0,0),
in Figure 2 we plotted u and u for (h,&) = (1/3,10),(1/5,50) and (1/10,500).

30 e

28 4

28 4

27

28

254

24 |

Temperature

23

22 4

{[oon ult h=1/3a=10
21 ul h=1/5a =750 "
&yl h=1/10a =500
20 T T T T T T T T T
0 01 02 0.3 04 05 08 o7 [ E:) 0g 1
Position x

Figure 2. Plot of u and u! against n = 1/ for different values of (I, «).

Table 1 illustrates that the L? errors exhibit a linear rate of convergence. Indeed, each
refinement step in which the mesh size & is divided by two produces an error that is
approximately halved, confirming the expected first-order behavior.
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Table 1. L2 errors for u — u" and u, — u’ for different values of «.

h [l — uh]| 12 ot — 1| 2
a =50 a =100 a =200
0.250000 7.675914 x 10~1  8.120374 x 10~1  7.897314 x 10~1  7.786397 x 10!
0.125000 3.722243 x 10~!  3.942740 x 10~ 3.832039 x 10~!  3.777023 x 107!
0.062500  1.832549 x 107! 1.942324 x 1071 1.887200 x 10~!  1.859813 x 10!
0.031250  9.091783 x 1072 9.639423 x 1072  9.364392 x 1072 9.227771 x 102
0.015625 4528211 x 1072  4.801716 x 1072 4.664351 x 1072 4.596121 x 102

6.1. Control Variable g

In this subsection we obtain some computational examples for the optimal distributed
control problems (Py), (PI'), (P1,) and (P} ). For each plot, we set g = 12,b = 30,z; = 40
and M; = 1.

In Figure 3 we plotted the continuous quadratic cost function J; given by (28) and the
discrete cost function ]{1 obtained in (32) against g for h = 1/10, 1/50 and 1/100. Notice
that as / decreases, the function ] = JI'(g) also decreases to the limit function J; = J;(g)
in agreement with Lemma 3. In a similar manner in Figure 4, for « = 50, we obtain
the continuous function J;, and the discrete functions ]fa forh =1/10,1/50 and 1/100
observing the convergence of ]{’a — J14 as h decreases to zero. Moreover, Figure 5 shows
the double convergence of JI, — J; when (I, &) — (0, 00). We illustrate how ]I gets closer
to J; as the value of h decreases and the value of « increases.

— J1lg)

128 o et J(g) R =1/10
was JR(G) R =1/50
s, o[BG} h=1/100

Cost function

Figure 3. Plot of J; and ]{1 against g.

120

. — Jualg)

128 wan JR(g) B =1/10
% %, was JHo(g) b =1/50

R N, fA— - hg)

h=1/100
126 o ’
125 o

124 4

Cost function

123 4

122+

1214

Figure 4. Plot of ], and ]’fa for « = 50 against g.
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Figure 5. Plot of [; and ]ﬁx against g.

In Figure 6 we plotted the continuous optimal control g,, for problem (P;) given by
(29) and optimal control g4, given by (40) for a = 15,50, 100. Notice that as « increases,
Su,, decreases to the limit gop. In addition, we set different values of n between n = 10 and
n = 100. Recalling that h = 20 = %, for each h, we obtained the optimal discrete control ggp
to problem (P!') defined by (4) and the optimal discrete control ggﬂp to problem (P} ) given
by (40) for « = 15,50, 100. For each « fixed, we observe the discrete solution gﬁup — Sy
when h — 0,i.e., n — oo.

62

m
m
1

m
m
L

\

Optimal control g

X

10 20 30 40 50 &0 70 a0 a0 100

n=1/h
Figure 6. Plot of g,), gfjp, Su,, and gﬁup againstn = 1/h.

6.2. Control Variable q

In this subsection we ran some computational examples for the optimal boundary
control problems (Py), (P}), (P,) and (PY. ). For each plot, we set ¢ = 10,b = 50,z; = 40
and M, = 1.

In Figure 7 we plotted the continuous quadratic cost function J, given by (49) and the
discrete cost function ]é‘ obtained in (51) against g for h = 1/10,1/25 and 1/50. Observe
that as h decreases, function ]é‘ = ]g(q) also decreases to the limit function J, = J>(q).
In a similar way, in Figure 8, for « = 100, we obtained the continuous function J,, and
the discrete functions ]é’lx for h = 1/10,1/25 and 1/50. The convergences ]g — J and
J& — Jog When h — 0 are in agreement with Lemmas 9 and 12, respectively.
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Figure 8. Plot of 5, and ]é‘a for @ = 100 against q.

Cost function

Moreover, Figure 9 shows the double convergence of ]é’a — J» when (h,a) — (0,00).
We illustrate how ]5’0( gets closer to ] as the value of i decreases and the value of « increases.

a0

88—,

36 |
84 -
82 |
20 |
78;
76 |
74 -
72

70+

— [ ()

amenn JB(q) h=1/10a =50

 Jhiq) h=1/25a =100
< Jhig) h=1/50a =200

.

&8

s
¥ .
¥ v
r
. "
fe &
- _"
o
.’ ...
K
¥
" .
."..,'
L
a2t
L
LT
T T T T T
5 g 7 g 9

Figure 9. Plot of J, and ]gm against q.
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In Figure 10 we plotted the continuous optimal control g, for problem (P;) given by
(50) and optimal control g,, given by (62) for « = 50,100, 200. Notice that as a increases,
qa,, decreases to the limit g,p. In addition, we set different values of n between n = 10
and n = 100. Recalling that h = %0 = %, for each h, we obtained the optimal discrete
control qé’p to problem (P}) defined by (53) and the optimal discrete control qﬁup to problem
(P) given by (66) for & = 50,100, 200. For each « fixed, we observe the discrete solution
qﬁop — a,, whenh — 0,1.e.,n — oco.

5585
55
P ..
] e
5.45 - .
-
o .___-
S sad 7
g e B B W B R
S .
5] - P —" S -t
£ PR -
= =
9 PR S T [P S S — -
© e
-
o I I j T T T T T
10 20 30 40 50 a0 A x p 4
n=1/h

Figure 10. Plot of gqop, qlgp, qa,, and qzop againstn = 1/h.

6.3. Control Variable b

In this section we obtain some computational examples for the optimal distributed
control problems (Ps), (P{), (Ps,) and (PY,). For each plot, we set g = 12,¢ = 10,z; = 40
and M3 = 1.

In Figure 11 we plotted the continuous quadratic cost function 3 given by (72) and the
discrete cost function J# obtained in (74) against g for # = 1/10, 1/25 and 1/100. Notice
that as /i decreases, function J# = J(b) also decreases to the limit function J3 = J3(b) in
agreement with Lemma 15. In a similar manner, in Figure 12, for « = 50, we obtained
the continuous function J3, and the discrete functions ]ga for h = 1/10,1/25 and 1/100.
Observe the convergence of ]ga — J3o as h — 0. Moreover, Figure 13 shows the double
convergence of J% — J3 when (h,a) — (0,00). We illustrate how J% gets closer to J3 as the
value of I decreases and the value of « increases.

478

— [3(0)

474_"--.._ lo.e..a JEb) h=1/10

. e.a JHB) h=1/25
. tew JHE) h=1/100

472

Cost function

Figure 11. Plot of [3 and ]él against b.
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Figure 12. Plot of 3, and ]ga for « = 100 against b.
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Figure 13. Plot of [3 and J3, against b.

In Figure 14 we plotted the continuous optimal control b, for problem (P3) given by
(73) and optimal control by, given by (82) for « = 15,50,100. Notice that as « increases,
b,xup decreases to the limit b,p. In addition, we set different values of n between n = 10 and
n = 100. Recalling that h = 32 = %, for each h, we obtained the optimal discrete control
bé‘p to problem (P}) defined by (76) and the optimal discrete control bgop to problem (P}, )
given by (87) for « = 15,50,100. For each « fixed, we observe the discrete solution bZOP

decreases to by,, when h — 0.
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Figure 14. Plot of b,), b’gp, b“w and bﬁon againstn = 1/h.
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7. Improvement of the Order of Convergence

In this section, we introduce alternative discrete solutions #" and 7 associated with
systems (S) and (S, ), respectively, and analyze the order of convergence of i to u and
of i to uy as h — 0F. The Neumann boundary condition on Ty is approximated by
a three-point backward finite-difference scheme. Moreover, for the discrete solution ﬁ’;,
the Robin boundary condition on I'; is approximated by a three-point forward finite-
difference scheme. These higher-order boundary approximations lead to an improved
order of accuracy.

We consider the system (S) defined by Equations (1) and (2). From this system, we
define the discrete problem (5"), where for a fixed h > 0, ﬁ? approximates u(x;,y), for
i=1,---,n+ 1. Notice that from the Dirichlet condition on I'y, it follows immediately that
i = b.

For the interior nodes, we employ the classical centered second-order finite-difference
approximation given in (15), which leads to the discrete system (16) for il',i =2, ..., n.

For the Neumann boundary condition on I';, we use the three-point backward
approximation

Bu(xny1,y) —4u(xn,y) +u(x,—1,y)

%(xnﬁ-l/y) ~ h : (91)

Thus, the discrete Neumann condition can be written as

—2qh = 3ul | — 4l + . (92)
In addition, from (16) for i = n, we obtain

—gh* =al , —2ul it (93)

Subtracting the two previous equations, it follows that

v, =8 o (94)
n n+1 — qn.

2

Therefore, the system given by (16) together with (94) can be written as
Aw' = T" (95)

h

where w" = (ﬁ?)izzl...’n+l € R" is the vector of unknowns, A is the matrix given by (20)

and T" € R" is the vector of independent terms:
~ 12 t
T = (—gh*—b,—gh,...,—gh* —qh+ ). (96)
Notice that system (95) differs from (19) in the last component of the vector of independent
terms. Solving the linear system gives

- ) h= .
i} = b+ (i— 1)h(gxo— ) — - -1 97)
Taking into account that fori =1,--- ,n
~h ~h
P 1t . R
m; = P gxo—q—(2i—1) X (98)
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and
2

i = il — iy = b+%i(i—l), (99)
the linear approximation is given by i (x, y) = iit;x + h;, i.e.,

. . h W2 .
i (x,y) = (gxoq(211)g2>x+g2 i(i—1)+b, x € [x,x41), i=1,--,n (100)

In the following lemma, we give some bounds for the approximate function " :

Lemma 21. The following bounds hold:

le— @y <DJ2  and BB, <Dy,
where Dy = \/ "3 ¢ and Dy = /2% ¢.

Proof. From the definition of the norm in space H and using the expressions (13) and (100)
for functions u and #", respectively, it follows that

=1y = [ [ (uGey) - 7 (x,0)° dwdy
(101)

n

Xit+1
—w) [ B
i=1"%
where

Ei(x) = u(x,y) = #"(x,y), x € [x;,xi11], y € [0,y0)-

Note that, within each subinterval, E;(x) depends only on x and the index 7, but not on y,
since both u and #" are constant along the y-direction.
A direct computation yields

Ei(x) = %( — %+ (2 — 1)hx — W2i(i — 1)) = —%(x —ih)(x — (i —1)h). (102)

X 2 _ i1)5 2 Xit1
/“E?(x)dx:g[(xlh)+h(x—ih)4+h3(x—ih)3
X,

: 4 5 2 M,
! (103)
2 5 5 5 2
_& (P _n ok 8 5
4 (5 2 T3 3 120h
As a consequence, from (101), it follows that
7 §h°  xoy08” 4
and then
_~ny [ XoYo o
In addition,
h Yo i 2
1 =205 = [7 ] Gy - ) axdy
n (104)
=3 Z/X F(x)dx,

i=1"%i
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where

() = B0oy) - B (ow) = —g(x - Z50),

for x € [x;,x;41]. Then,

X X; | 2
/ i Flz(x)dx:/ ! g2<x_(2121)h> dx
X X

Therefore, from (104), we have

2 2
w o ||* _ ., & 3 _ XoYo8” ;o
‘ax ov ||y = Yo g5 n "
and finally
) oi" _ [ *oYo
|3 - % no\ 1z 8
O

Remark 11. We emphasize that by improving the approximation of the Neumann boundary
condition on Ty, the convergence order of the error ||u — i"|| i is increased to second order, namely,
O(h?). The improvement is entirely due to the modification in the last component of vectors T and
T in systems (S) and (S), respectively, where a term of order h? appears. This enhancement leads
to a more accurate numerical approximation while remaining fully consistent with the theoretical
convergence results established in [10,22].

Remark 12. The linear system (95) obtained by using the three-point backward finite-difference
approximation for the Neumann boundary condition on I'y can be equivalently interpreted by
introducing a ghost point x,, 1 outside the computational domain and assuming that the discrete
differential equation holds at the boundary node x,,1 1. Indeed, assuming that the equation is satisfied

at i ., we have

an 2 h h h
_gh =Upio— 2unJrl + Uy,

while the Neumann boundary condition is approximated by

~h ~h
Upyp — Uy

o 7
Eliminating the ghost value 1, from these two expressions yields

gh?

—ﬁz + ﬁﬁ+l = —b]h + T,
which coincides with the boundary equation obtained in (94). Hence, the three-point backward finite-
difference approximation of the Neumann condition is consistent with the ghost-point formulation

and leads to the same discrete system.

Analogously to the analysis of system (S), we propose a new discrete approximation
il for system (S, ) and study the order of convergence of ii” to u as h — 0. The associated
discrete system (S, ) employs a three-point backward finite-difference approximation
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for the Neumann boundary condition on I'; and a three-point forward finite-difference
approximation for the Robin boundary condition on I'j, leading to improved accuracy.
We consider system (S, ) defined by Equations (1) and (3) and define ZIZ,I- ~ U (X, Y).
For the interior nodes, i = 2,...,n, we employ the classical centered second-order
finite-difference approximation given in (15):

g — 200 il = —gh?, (105)

ai—1 —

For the Robin boundary at I', we use the three-point forward approximation:

~ ~h h
=3ty g + 4y 5 — Uy 5

7 = a(ilyy — b). (106)
Combining this expression with the interior equation at i = 2 yields the simplified
discrete condition
~h L ~h g’
*(1 + lxh)um =+ Mlx,z = 70(]117 — 7 (107)

For the Neumann boundary at I'; we use the three-point backward approximation:

3ilt g —4dl, + i, = —2qh. (108)

an—1 "

Combining with the interior equation for i = n gives

i = —gnt 8 109
utX,l’l + ua,n+1 =9 + 2 . ( )

The system given by (105), (107) and (109) can be rewritten as
Al = Th (110)

where w! = (LN‘Z,i)i:L---,HH € R"*1 is the vector of unknowns, A, is the matrix given by

(25) and T,ff € R"*1 is the vector of independent terms:
_ t
Th=(—abh— S, —gh?,...,—gh®, —qh+ &) eR"™L (111)

It should be noted that only the first and last components of T/ differ from those in T,
given by (26).
The solution of system (110) is given by

. 1 ) . )
i :b—l—&(gxo—q) —l—(z—l)h(gxo—q)—%((z—l)h)z, i=1,...,n+1. (112

We define the linear interpolation on each subinterval [x;, x;;1] by

(2, y) = fgix +hei % € [xi,Xi1], ¥ € [0, y0], (113)
where

~ o1 .

mari—gxo—q—gh<z—2>, i=1,...,n, (114)

= 1 gh? . ..

hyi=b+ ;(gxo—q)+7(z—1)z, i=1,...,n (115)

From the previous expressions, we derive the following lemma.
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Lemma 22. The following bounds hold:

oif
g — @l < Dak?, || % — %5 < Dy,

where Dy = /330 g and Dy = /2%g.

Proof. By the definition of the H-norm, and using the expression for u, in (13) as well as
the definition of & in (113), it follows that

2 1 Yitl o
=l =y} [ B () dx, (116
i=1Y%i

where
Eqi(x) = ta(x,y) — (x, y)
2

Eui(x) = 824 & 2i 1) - %(iz S, xe [ il (117)

We can notice that E, ;(x) = E;(x) where E;(x) is given by (102). Therefore, from (103), it
follows immediately that

*oyo8” .4
120

Yo ~h
12— = [ [ Gy - By dxdy
X; _
—on/ + ( 2121)’1) dx (118)

2 2
_ ., 8 43, _ X0Yo&" ;2
—yolzh n=-—0 h*.

lotoe — T 113 <

In addition,

O

8. Conclusions

Applying the finite difference method, we derived discrete systems (S") and (S") and
discrete optimization problems (P!) and (P!), i = 1,2,3, where « > 0 is a parameter that
represents the heat transfer coefficient on a portion of the boundary of the domain. Explicit
discrete solutions were obtained, and convergence results as discretization step & — 0 and
parameter & — oo were proved. Error estimations were also obtained as a function of step
h. Some numerical computations were provided in order to illustrate the theoretical results.

The obtained results showed that the proposed numerical approach provided first-
order accurate approximations for both state systems (S) and (S, ) and associated optimal
control problems (P;) and (P;,), i = 1,2,3, and that the discrete solutions converged to the
corresponding continuous ones as discretization step & — 0.

Finally, for systems (S) and (S, ), an alternative discretization of the Neumann boundary
condition on I'; and of the Robin boundary condition on I'j for (S,) was considered. By
modifying the approximation of these boundary conditions, the order of convergence of the
numerical solution was improved, leading to a more accurate approximation.

A main limitation of the present work is that the analysis is restricted to rectangular
domains, which allows the derivation of explicit solutions and simplifies the numerical
implementation. As a future development, the proposed methodology is expected to be
extended to more general domains, including polar and spherical coordinate systems.
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