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PREFACE 
 

 

Heat conduction problems are classic challenges for engineers and 

scientist with consciously emerging challenging problems to be solved. 

Among the multifaceted applications of heat conduction problem there 

principle, say classical, problems that are always challenging to develop new 

solutions, among them: transient heat conductions with non-linear heat 

conductivities, Stefan problems, phase change materials, porous media heat 

conduction with convection, etc.  

This collection of studies arranged as a book was suggested by the 

publisher and when we, the editors, were invited there was an ambiguity what 

exactly to be included as topic. Then, we decided to invite authors who are 

appearing in journal publications and the responses as chapters arranged in this 

book clearly indicate what some of the modern trend in conduction studies are.  

Following these introductory notes we may mention three chapters 

applying the integral-balance method, which is one of the most powerful 

engineering methods in heat conduction.  

In Chapter 1, Bolati et al. applied different approximations for the one-

dimensional one-phase Stefan problem corresponding to the fusion process of 

a semi-infinite material with a temperature boundary condition at the fixed 

face and non-linear temperature-dependent thermal conductivity. A refined 

balance integral method, assuming a quadratic temperature profile in space is 

successfully applied.  

Agrawal and Sahu, in Chapter 2, applied the variational integral method to 

analyze variety of rewetting problems. The analysis is extended to include the 

effect of precursory cooling, variation in heat transfer in multiple step 

functions, exponential functions and variation in property. Based on the 
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analysis, closed form solution for the temperature field and rewetting velocity 

are developed. 

In Chapter 3, Hristov applied a constitutive approach to modeling of heat 

shock waves described by the diffusion approximation in radiation heat 

transfer in terms of time fractional derivatives. Approximate closed-form 

analytical solutions by a double integration method concerning a step change 

of the surface temperature and two classical problems with time-dependent 

boundary are developed for special case of time-depended boundary 

conditions. 

Avci et al. (Chapter 4), considered the heat conduction equation in terms 

of Caputo-Fabrizio operator with a nonsingular exponential kernel in problems 

formulated in a line segment. The solutions developed by the Laplace 

transform in time and the finite sin-Fourier transform in space allowed 

demonstrating the effect of the fractional parameters controlling the memory 

kernel, thus, elucidating what really as physics the Caputo-Fabrizio operator 

models in heat conduction.  

In Chapter 5, Raguii et al. summarize some recent results on the 

conduction-limit impact within a double-diffusive convection of a Bingham 

plastic fluid which occurs within a Silicon Carbide Ceramic annulus; 

contained between a cold “and less concentric” outer circular cylinder and a 

hot “and concentric” inner one. Predictions of a such critical limit, into these 

few pages, will be a function of some relevant parameters; such as the 

boundary layers’ ratio, known generally as Lewis number and the 

thermosolutal buoyancy one; which is a pure relation between the 

thermosolutal gradients and its expansion coefficients, as long as the geometry 

aspect ratio is developed. 

Abahri and Ma consider in Chapter 6 the current state of knowledge 

related to transport of heat, fluid (air) and mass (moisture) in porous 

construction materials. 

Finally, Ma et al. (Chapter 7) consider the energy storage properties of 

Phase Change Materials (PCMs) related to energy consumption in buildings. 

Analytical solution in semi-infinity domain, a short time solution in 2D 

rectangular corner, a semi-analytical solution for a bounded domain, the multi-

phase problem in a Cartesian domain, and the phase change problem in a 

cylindrical domain are developed. 

After these brief outlines of the main results presented in the chapters 

collected we may express out warm appreciations to all author contributing the 

book. Moreover, last but not least, we like to express our gratitude to the 

publishing office for their understanding about the problems emerging during 
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the manuscript collection and editing. We believe that this book would a good 

reference source to many researchers involved in various s application s of 

heat conduction problems and would motivate them to go further in this 

amazing and challenging area of research. 

 

 

Prof. Dr. Jordan Hristov, PhD, DSc  

Department of Chemical Engineering,  

University of Chemical Technology and Metallurgy,  

Sofia, Bulgaria 

 

Prof. Dr. Rachid Bennacer, PhD  

LMT-ENS Cachan, CNRS, Paris-Saclay University,  

Cachan, France  

 

July 2018 

 

 

 

 

Complimentary Contributor Copy



Complimentary Contributor Copy



In: Heat Conduction

Editors: J. Hristov and R. Bennacer

ISBN: 978-1-53614-673-8

c© 2019 Nova Science Publishers, Inc.

Chapter 1

APPROXIMATE SOLUTIONS

TO THE ONE-PHASE STEFAN PROBLEM

WITH NON-LINEAR

TEMPERATURE-DEPENDENT THERMAL

CONDUCTIVITY

Julieta Bollati1,2∗, Marı́a F. Natale2, José A. Semitiel2

and Domingo A. Tarzia1,2,†

1Consejo Nacional de Investigaciones Cientı́ficas y Tecnológicas
2Departamento de Matemática, Universidad Austral,

Rosario, Argentina

Abstract

In this chapter we consider different approximations for the one-

dimensional one-phase Stefan problem corresponding to the fusion pro-

cess of a semi-infinite material with a temperature boundary condition at

the fixed face and non-linear temperature-dependent thermal conductivity.

The knowledge of the exact solution of this problem, allows to compare

it directly with the approximate solutions obtained by applying the heat

balance integral method, an alternative form to it and the refined balance

integral method, assuming a quadratic temperature profile in space. In

∗Corresponding Author Email: JBollati@austral.edu.ar.
†E-mail address: DTarzia@austral.edu.ar.

Complimentary Contributor Copy



2 Julieta Bollati, Marı́a F. Natale, José A. Semitiel et al.

all cases, the analysis is carried out in a dimensionless way by the Stefan

number (Ste) parameter.

Keywords: Stefan problem, heat balance integral method, refined integral

method, temperature-dependent thermal conductivity, exact solutions

1. Introduction

Stefan problems model heat transfer processes that involve a change of phase.

They constitute a broad field of study since they arise in a great number of math-

ematical and industrial significance problems. Phase-change problems appear

frequently in industrial processes and other problems of technological interest

[1]-[4]. Reviews on the subject were given in [5, 6].

The heat balance integral method introduced in [7] is a well-known method

of approximation of solutions of Stefan problems. It transforms the heat equa-

tion into an ordinary differential equation over time assuming a quadratic tem-

perature profile in space. For these temperature profiles, different variants of this

method were established by [8]. Moreover in [9]-[14] the heat balance integral

method is used for different temperature profiles.

In this chapter, we obtain approximate solutions to a phase-change Stefan

problem (2)-(6) for a non-linear heat conduction equation corresponding to a

semi-infinite region x > 0 with a thermal conductivity k(θ) given by

k(θ) =
ρc

(a + bθ)2
(1)

and phase change temperature θf = 0. This kind of thermal conductivity or

diffusion coefficient was considered in [15]-[25].

The exact solution of this problem was given in [26], where the temperature

is the unique solution of an integral equation and the coefficient that character-

izes the free boundary is the unique solution of a transcendental equation. From

this fact, the most remarkable aspect of this chapter lies in the comparison of

the exact solution, which is difficult and cumbersome to operate, with different

approaches obtained through: the heat balance integral method, an alternative

form to it [8] and the refined integral method [27].

The methods mentioned above have been developed for the non-linear diffu-

sion equation to the case of a linearly temperature-dependent thermal diffusivity

[28] and a power-law dependent diffusivity with integer positive exponent [29],

[30]; obtaining closed forms of approximate solutions.
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Approximate Solutions to the One-Phase Stefan Problem ... 3

The goal of this chapter is to provide approximate solutions in order to fa-

cilitate the search of the solution and show that it is worth using approximate

methods due to the small error with respect to the exact solution. In all the ap-

plied methods the dimensionless parameter called Stefan number is defined. We

take Stefan number up to 1 due to the fact that it covers most of phase change

materials [31].

2. Mathematical Formulation and Exact Solution

We consider a one-dimensional one-phase Stefan problem for the fusion of a

semi-infinite material x > 0 with non-linear temperature-dependent thermal

conductivity. This problem can be formulated mathematically in the following

way:

Problem (P). Find the temperature θ = θ(x, t) at the liquid region 0 <
x < s(t) and the evolution of the moving separation phase given by x = s(t)
satisfying the following conditions

ρc
∂θ

∂t
=

∂

∂x

(
k(θ)

∂θ

∂x

)
, 0 < x < s(t), t > 0 (2)

θ = θ0 > 0 , on x = 0, t > 0 (3)

k (θ)
∂θ

∂x
= −ρλṡ(t) , on x = s(t), t > 0 (4)

θ = 0 , on x = s(t), t > 0 (5)

s(0) = 0 (6)

where the parameters c, ρ and λ are the specific heat, the density and the latent

heat of fusion of the medium respectively, all of them assumed to be positive

constants. The thermal conductivity k is given by (1), with positive parameters

a and b.

In [26] was proved the existence and uniqueness of an exact solution of the

similarity type of the free boundary problem (2) − (6) for t ≥ t0 > 0 with t0
an arbitrary positive time when data satisfy condition ac = bλ.

If we define the non-dimensional Stefan number by

Ste =
cθ0

λ
, (7)
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4 Julieta Bollati, Marı́a F. Natale, José A. Semitiel et al.

then we have Ste = bθ0

a .

Now, we can write the exact solution as [26]:

θ(x, t) =
1

b

[
1

Θ(x, t)
− a

]
, 0 < x < s(t) , t > 0, (8)

s(t) =
2

a
ξ
√

t , t > 0, (9)

where Θ is the unique solution in variable x of the following integral equation

Θ(x, t) =
1

a

(
1 + Ste

(1+Ste)erf(Λ)
erf

(
R

x

0

dη
Θ(η,t)

2
√

t
− Λ

))
, 0 ≤ x ≤ s(t), (10)

for t ≥ t0 > 0 with t0 an arbitrary positive time and ξ is given by

ξ =
2Λ exp

(
Λ2
)

1 + Ste
, (11)

where Λ is the unique positive solution to the following equation

z exp(z2)erf(z) =
Ste√

π
, z > 0. (12)

Remark 2.1. In [26] was proved that the integral equation (10) is equivalent

to solve the following Cauchy differential problem in variable x:





∂Y

∂x
(x, t) =

a

2
√

t
[
1 + Ste

(1+Ste)erf(Λ)
erf (Y (x, t))

] , 0 < x < s(t), t > 0,

Y (0, t) = −Λ,
(13)

where

Y (x, t) =

∫ x
0

dη
Θ(η,t)

2
√

t
− Λ (14)

with a positive parameter t ≥ t0 > 0 and Λ the unique solution of (12).
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Approximate Solutions to the One-Phase Stefan Problem ... 5

3. Heat Balance Integral Methods

As one of the mechanisms for the heat conduction is the diffusion, the excitation

at the fixed face x = 0 (for example, a temperature, a flux or a convective

condition) does not spread instantaneously to the material x > 0. However, the

effect of the fixed boundary condition can be perceived in a bounded interval

[0, δ(t)] (for every time t > 0) outside of which the temperature remains equal

to the initial temperature. The heat balance integral method presented in [7]

established the existence of a function δ = δ(t) that measures the depth of the

thermal layer. In problems with a phase of change, this layer is assumed as the

free boundary, i.e., δ(t) = s(t).

From equation (2) and conditions (4) and (5) we obtain the new condition:

k (θ)

(
∂θ

∂x

)2

=
λ

c

∂

∂x

(
k(θ)

∂θ

∂x

)
on x = s(t), t > 0. (15)

From equation (2) and conditions (3), (4) and (5) we obtain the integral

condition:

d

dt

s(t)∫

0

θ(x, t)dx =

s(t)∫

0

∂θ

∂t
(x, t)dx + θ(s(t), t)ṡ(t)

=
1

ρc

s(t)∫

0

∂

∂x

(
k (θ(x, t))

∂θ

∂x
(x, t)

)
dx

=
−1

ρc

[
ρλṡ(t) + k (θ0)

∂θ

∂x
(0, t)

]
. (16)

The classical heat balance integral method introduced in [7] proposes to ap-

proximate problem (P) through the resolution of a problem that arises on replac-

ing the equation (2) by the equation (16), and the condition (4) by the condition

(15); that is, the resolution of the approximate problem defined as follows: con-

ditions (3), (5), (6), (15) and (16).

In [8], a variant of the classical heat balance integral method was proposed

by replacing equation (2) by condition (16), keeping all others conditions of the

problem (P) equals; that is, the resolution of an approximate problem defined as

follows: conditions (3),(4),(5),(6) and (16).
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6 Julieta Bollati, Marı́a F. Natale, José A. Semitiel et al.

From equation (2) and conditions (3) and (5) we also obtain:

s(t)∫

0

x∫

0

∂θ

∂t
(η, t)dηdx =

s(t)∫

0

x∫

0

1

ρc

∂

∂η

(
k (θ(η, t))

∂θ

∂η
(η, t)

)
dηdx

=

s(t)∫

0

1

ρc

[
k (θ(x, t))

∂θ

∂x
(x, t)− k (θ0)

∂θ

∂x
(0, t)

]
dx

=
1

ρc

s(t)∫

0

ρc

∂θ

∂x
(x, t)

(a + bθ(x, t))2
dx− k (θ0)

ρc

∂θ

∂x
(0, t)s(t)

= −
θ0 (1 + Ste) +

∂θ

∂x
(0, t)s(t)

a2 (1 + Ste)2
. (17)

The refined integral method introduced in [27] proposes to approximate

problem (P) through the resolution of the approximate problem that arises by

replacing equation (2) by (17), keeping all others conditions of the problem (P)

equals. It is defined as follows: conditions (3), (4), (5), (6) and (17).

For solving the approximate problems previously defined we propose a

quadratic temperature profile in space as follows:

θ̃(x, t) = Ãθ0

(
1 − x

s̃(t)

)
+ B̃θ0

(
1 − x

s̃(t)

)2

, (18)

where θ̃ and s̃ are approximations of θ and s respectively.

Taking advantage of the fact of having the exact temperature of the problem

(P), it is physically reasonable to impose that the approximate temperature given

by (18) behaves in a similar manner than the exact one given by (8); that is: its

sign, monotony and convexity in space. As θ verifies the following properties:

θ(x, t) > 0, (19)

∂θ

∂x
(x, t) = − θ0

aSte

1

Θ2(x, t)

∂Θ

∂x
(x, t) < 0, (20)

∂2θ

∂x2
(x, t) = − θ0

aSte

(
− 2

Θ3(x,t)
∂Θ
∂x (x, t) + 1

Θ2(x,t)
∂2Θ
∂x2 (x, t)

)
> 0, (21)
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Approximate Solutions to the One-Phase Stefan Problem ... 7

on 0 < x < s(t), t > 0, we enforce the following conditions on θ̃:

θ̃(x, t) > 0, (22)

∂θ̃

∂x
(x, t) = − θ0

s̃(t)

(
Ã + 2B̃

(
1 − x

s̃(t)

))
< 0, (23)

∂2θ̃

∂x2
(x, t) =

2B̃θ0

s̃2(t)
> 0, (24)

for all 0 < x < s̃(t), t > 0. Therefore, we obtain that both constants Ã and B̃

must be positive.

3.1. Approximate Solution Using the Classical Heat Balance

Integral Method

The classical heat balance integral method proposes to approximate problem (P)

through the resolution of the approximate problem defined in Sect. 3, that is:

Problem (P1). Find the temperature θ1 = θ1(x, t) at the liquid region 0 <

x < s1(t) and the location of the free boundary x = s1(t) such that:

d
dt

s1(t)∫

0

θ1(x, t)dx = −1
ρc

[
ρλṡ1(t) + k (θ0)

∂θ1

∂x (0, t)
]
, 0 < x < s1(t), (25)

θ1 = θ0, on x = 0, (26)

k (θ1)

(
∂θ1

∂x

)2

=
λ

c

∂

∂x

(
k(θ1)

∂θ1

∂x

)
, on x = s1(t), (27)

θ1 = 0, on x = s1(t), (28)

s1(0) = 0. (29)

By proposing the following quadratic temperature profile in space:

θ1(x, t) = θ0A1

(
1− x

s1(t)

)
+θ0B1

(
1− x

s1(t)

)2

, 0 < x < s1(t), t > 0,

(30)

the free boundary is obtained of the form:

s1(t) =
2

a
ξ1

√
t, t > 0, (31)

Complimentary Contributor Copy



8 Julieta Bollati, Marı́a F. Natale, José A. Semitiel et al.

where the constants A1, B1 y ξ1 will be determined from the conditions (25),

(26) and (27) of the problem (P1). Because of (30) and (31), the conditions (28)

and (29) are immediately satisfied. From conditions (25) and (26) we obtain:

A1 =
2
[
3Ste − (1 + Ste)2ξ2

1(Ste + 3)
]

Ste
[
(1 + Ste)2ξ2

1 + 3
] , (32)

B1 =
3
[
−Ste + (1 + Ste)2ξ2

1(Ste + 2)
]

Ste
[
(1 + Ste)2ξ2

1 + 3
] . (33)

From the fact that A1 > 0 and B1 > 0 we obtain that 0 < ξ1 < ξmax and

ξ1 > ξmin > 0, respectively where:

ξmin =

√
Ste

(1 + Ste)2(2 + Ste)
, ξmax =

√
3Ste

(1 + Ste)2(3 + Ste)
. (34)

Since A1 and B1 are defined from the parameters ξ1 and Ste, condition (27)

will be used to find the value of ξ1. In this way, it turns out that ξ1 must be a

positive solution of the fourth degree polynomial equation:

Q1(z) := (1 + Ste)4
(
2Ste2 + 11Ste + 16

)
z4

−2 (1 + Ste)2
(
6Ste2 + 19Ste + 3

)
z2

+3Ste (1 + 6Ste) = 0, ξmin < z < ξmax . (35)

It is easy to see that Q1 has only two positive roots. In addition:

Q1(ξ
min) = 2Ste

2(2Ste+3)2

(2+Ste)2
> 0, (36)

Q1(ξ
max) = −3Ste(2Ste+3)2

(3+Ste)2
< 0, (37)

Q1(+∞) = +∞. (38)

Therefore Q1 has a unique root in
(
ξmin, ξmax

)
and it is given explicitly by

ξ1 =

(
(Ste+1)2 (6 Ste2+19 Ste+3)−

√
6 Ste+1 (2Ste2+5 Ste+3)

(Ste+1)4 (2Ste2+11Ste+16)

)1/2

. (39)

All the above analysis can be summarized in the following result:
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Approximate Solutions to the One-Phase Stefan Problem ... 9

Theorem 3.1. The solution to the problem (P1), for a quadratic profile in space,

is given by (30) and (31) where the positive constants A1 and B1 are defined by

(32) and (33) respectively and ξ1 is given explicitly by (39).

As this approximate method is designed as a technique for tracking the lo-

cation of the free boundary, the comparisons between the approximate solutions

and the exact one are made on the free boundary thought the coefficients that

characterizes them (Fig.1). Generally for most phase-change materials candi-

dates over a realistic temperature, the Stefan number will not exceed 1 [31].

From this, in order to analyse the accuracy of the approximate solution we

compare the dimensionless coefficients ξ1 with the exact coefficient ξ given

by (11) for Ste < 1. Moreover, in Fig.2, we show the temperature profile

of the approximate solution and the exact one at t = 10s, for the parameters

Ste = 0.4, a = 1
√

s/m and θ0 = 3◦C.

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

Stefan number, Ste

D
im

e
n
s
io

n
le

s
s
 f
ro

n
t 
lo

c
a
ti
o
n

 

 

ξ

ξ
1

Figure 1. Plot of ξ and ξ1 against Ste.

3.2. Approximate Solution Using an Alternative of the Heat

Balance Integral Method

An alternative method of the classical heat balance integral method proposes

to approximate problem (P) through the resolution of the approximate problem

defined in Sect. 3, that is:
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Figure 2. Plot of θ and θ1 against x at t = 10 s for Ste = 0.4, a = 1
√

s/m,

θ0 = 3◦C.

Problem (P2). Find the temperature θ2 = θ2(x, t) at the liquid region 0 <
x < s2(t) and the location of the free boundary x = s2(t) such that:

d
dt

s2(t)∫

0

θ2(x, t)dx =
−1

ρc

[
ρλṡ2(t) + k (θ0)

∂θ2

∂x (0, t)
]
, 0 < x < s2(t), (40)

θ2 = θ0 > 0, on x = 0, (41)

k (θ2)
∂θ2

∂x
= −ρλṡ2(t), on x = s2(t), (42)

θ2 = 0, on x = s2(t), (43)

s2(0) = 0. (44)

The solution of the problem (P2), for a quadratic temperature profile in

space, is obtained by

θ2(x, t) = θ0A2

(
1− x

s2(t)

)
+ θ0B2

(
1 − x

s2(t)

)2

, 0 < x < s2(t), t > 0,

(45)

s2(t) =
2

a
ξ2

√
t, t > 0, (46)
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where the constants A2, B2 y ξ2 will be determined from the conditions (40),

(41) and (42) of the problem (P2). The conditions (43) and (44) are immediately

satisfied. From conditions (41) and (42), we obtain:

A2 =
2ξ2

2

Ste
, (47)

B2 = 1 − 2ξ2
2

Ste
. (48)

As we know, the constants A2 and B2 must be positive then we have 0 <

ξ2 <
√

Ste

2 .

Moreover, as in the previous problem (P1), the constants A2 and B2 are

expressed as a function of the parameters ξ2 and Ste, and using condition (40)

the coefficient ξ2 must be a positive solution of the fourth degree polynomial

equation given by:

(1 + Ste)2 z4 +
(
6 + 7Ste + 5Ste2 + Ste3

)
z2 − 3Ste = 0, (49)

for 0 < z <
√

Ste

2 .

Then, it is easy to see that the above equation has a unique solution given ex-

plicitly by

ξ2 =

(
−(6+7Ste+5Ste

2+Ste
3)+

q

(6+7Ste+5Ste
2+Ste

3)
2
+12Ste(1+Ste)2

2(1+Ste)2

)1/2

. (50)

All the above analysis can be summarized in the following result:

Theorem 3.2. The solution to the problem (P2), for a quadratic profile in space,

is given by (45) and (46) where the positive constants A2 and B2 are defined by

(47) and (48) respectively and ξ2 is given explicitly by (50).

Fig. 3 shows, for Stefan values up to 1, how the dimensionless coefficient

ξ2, which characterizes the location of the free boundary s2, approaches the

coefficient ξ, corresponding to the exact free boundary s. Moreover, in Fig.4,

we show the temperature profile of the approximate solution and the exact one

at t = 10s for the parameters Ste = 0.4, a = 1
√

s/m and θ0 = 3◦C.
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Figure 3. Plot of ξ and ξ2 against Ste.
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Figure 4. Plot of θ and θ2 against x at t = 10 s for Ste = 0.4, a = 1
√

s/m,

θ0 = 3◦C.

3.3. Approximate Solution Using a Refined Balance Heat Integral

Method

The refined integral method proposes to approximate problem (P) through the

resolution of an approximate problem formulated in Section 3, that is:
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Problem (P3). Find the temperature θ3 = θ3(x, t) at the liquid region 0 <
x < s3(t) and the location of the free boundary x = s3(t) such that:

s3(t)∫

0

x∫

0

∂θ3

∂t (η, t)dηdx =
−θ0(1+Ste)−

∂θ3

∂x (0,t)s3(t)

a2(1+Ste)2
, 0 < x < s3(t), (51)

θ3 = θ0 > 0, on x = 0 (52)

k (θ3)
∂θ

∂x
= −ρλṡ3(t), on x = s3(t), (53)

θ3 = 0, on x = s3(t), (54)

s3(0) = 0. (55)

The solution of the problem (P3) for a quadratic temperature profile in space

is given by:

θ3(x, t) = θ0A3

(
1− x

s3(t)

)
+ θ0B3

(
1 − x

s3(t)

)2

, 0 < x < s3(t), t > 0

(56)

and the free boundary is obtained of the form:

s3(t) =
2

a
ξ3

√
t, t > 0, (57)

where the constants A3 , B3 y ξ3 will be determined from the conditions (51),

(52) and (53) of the problem (P3).

From conditions (52) and (53) we obtain:

A3 =
2ξ2

3

Ste
, (58)

B3 = 1 − 2

Ste
ξ2
3 . (59)

As is already know A3 > 0 and B3 > 0, thus we obtain that 0 < ξ3 <
√

Ste

2 .

Moreover, since A3 and B3 are defined from the parameter ξ3, condition (51)

will be used to find the value of ξ3. In this way it turns out that ξ3 must be a

positive solution of the second degree polynomial equation:

(
Ste3 + 2Ste2 + Ste + 6

)
z2 + 3Ste(Ste − 1) = 0, 0 < z <

√
Ste

2
. (60)
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Then, it is easy to see that the above equation has a unique solution if and

only if Ste < 1 which is given explicitly by:

ξ3 =

(
3Ste(1 − Ste)

Ste3 + 2Ste2 + Ste + 6

)1/2

. (61)

All the above analysis can be summarized in the following result:

Theorem 3.3. The solution to the problem (P3), for a quadratic profile in space,

is given by (56) and (57) where the positive constants A3 and B3 are defined by

(58) and (59) respectively and ξ3 is given explicitly by (61).

Therefore for every Ste < 1, we plot the numerical value of the dimension-

less coefficient ξ3 against the exact coefficient ξ (Fig.5). It can be seen that the

refined integral method results in good agreement with the exact solution of the

problem (P), only for lower values of Stefan number. Moreover, in Fig.6, we

show the temperature profile of the approximate solution and the exact one at

t = 10s for the parameters Ste = 0.4, a = 1
√

s/m and θ0 = 3◦C.
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Figure 5. Plot of ξ and ξ3 against Ste.
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Figure 6. Plot of θ and θ3 against x at t = 10 s for Ste = 0.4, a = 1
√

s/m, θ0 = 3◦C .

4. Comparisons between Solutions

In the previous sections we have applied 3 different approximate methods

(heat balance integral method (HBIM), an alternative of the HBIM and the re-

fined integral method (RIM)) for solving a Stefan problem with a non-linear

temperature-dependent thermal conductivity.

For each of this methods, i.e., for each Problem (Pi), i = 1, 2, 3 it has

been plotted the dimensionless coefficient that characterizes the approximate

free front ξi versus the coefficient ξ corresponding to the exact moving boundary

of problem (P) (Figures 1, 3, 5).

The aim of this section is to present, for different Stefan numbers, the nu-

merical value of the exact coefficient ξ given by (11) and the approximate co-

efficients ξ1, ξ2 and ξ3 given by the analytical expressions (39), (50) and (61)

respectively. Those calculations will allow us not only to compare the approxi-

mate solutions with the exact one but also to compare the different approaches

between them in order to show which technique gives the best agreement. With

that purpose we display in Table 1, for different values of Ste, the exact di-

mensionless free front ξ, the approximate dimensionless free front ξi and the

porcentual relative error Erel(ξi) = 100
∣∣∣ξ−ξi

ξ

∣∣∣, i = 1, 2, 3.
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It may be noticed in Table 1 that the relative error committed in each ap-

proximate technique increases when the Stefan number becomes greater reach-

ing the percentages 21%, 14% and 100% for the problems (P1), (P2) and (P3)

respectively. From this fact, we study the behaviour of the different approaches

for Ste << 1 (Table 2). In this case the relative errors for problem (P1), (P2)

and (P3) does not exceed 0.5%.

Table 1. Dimensionless free front coefficients and its relative errors

Ste ξ textbfξ1 Erel(ξ1) ξ2 Erel(ξ2) ξ3 Erel(ξ3)

0.1 0.2099 0.2099 0.037 % 0.2100 0.018 % 0.2100 0.042 %

0.2 0.2805 0.2754 1.803 % 0.2788 0.608 % 0.2763 1.498 %

0.3 0.3262 0.3126 4.194 % 0.3207 1.697 % 0.3112 4.622 %

0.4 0.3593 0.3348 6.809 % 0.3481 3.110 % 0.3258 9.330 %

0.5 0.3846 0.3482 9.470 % 0.3663 4.741 % 0.3244 15.63 %

0.6 0.4046 0.3557 12.09 % 0.3782 6.515 % 0.3091 23.60 %

0.7 0.4209 0.3593 14.63 % 0.3856 8.375 % 0.2802 33.41 %

0.8 0.4343 0.3602 17.07 % 0.3897 10.28 % 0.2364 45.58 %

0.9 0.4457 0.3592 19.41 % 0.3913 12.20 % 0.1709 61.66 %

1.0 0.4554 0.3568 21.63 % 0.3911 14.11 % 0 100.0 %

Table 2. Dimensionless free front coefficients and its relative errors

Ste ξ ξ1 Erel(ξ1) ξ2 Erel(ξ2) ξ3 Erel(ξ3)
0.01 0.0702 0.0703 0.142 % 0.0703 0.037 % 0.0703 0.075 %

0.02 0.0987 0.0989 0.241 % 0.0988 0.066 % 0.0988 0.135 %

0.03 0.1201 0.1205 0.302 % 0.1202 0.086 % 0.1203 0.178 %

0.04 0.1378 0.1382 0.329 % 0.1379 0.099 % 0.1381 0.206 %

0.05 0.1531 0.1536 0.326 % 0.1532 0.103 % 0.1534 0.219 %

0.06 0.1666 0.1671 0.296 % 0.1668 0.101 % 0.1670 0.215 %

0.07 0.1789 0.1793 0.242 % 0.1790 0.090 % 0.1792 0.196 %

0.08 0.1901 0.1904 0.167 % 0.1902 0.073 % 0.1904 0.160 %

0.09 0.2004 0.2005 0.073 % 0.2005 0.049 % 0.2006 0.109 %

In Figure 7 we present a comparison of the absolute errors of the approx-

imate temperatures given by Eabs(θi(x, t)) = |θ(x, t)− θi(x, t)| , i = 1, 2, 3
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against the position x, at t = 10s, Ste = 0.4, a = 1
√

s/m and θ0 = 3◦C.
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Figure 7. Temperatures absolute errors against x at t = 10s for Ste = 0.4, a =

1
√

s/m and θ0 = 3◦C.

Remark 4.1. In order to compare the absolute errors of the different ap-

proaches in a common domain, in Figure 7, we plot up to x = s3(10) =

min{s1(10), s2(10), s3(10)}.
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Conclusion

In this chapter it was provided an overview of the popular approaches such

as HBIM, RIM, for the case of a one-dimensional one-phase Stefan problem

(P) with a non-linear temperature-dependent thermal conductivity as the novel

feature.

It must be emphasized that the fact of having the exact solution of prob-

lem (P) has allowed us to measure the accuracy of the approximate techniques
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applied throughout this chapter. Comparisons with known solution have been

made in all cases and all solutions have been presented in graphical form.

It has been observed that as the Stefan number increases, the coefficients

that characterizes the free approximate boundaries move away from the exact

one. However, for Ste << 1, the three approaches commit a relative error that

does not exceed 0.5%.

In all the analysed cases, it could be concluded that the alternative technique

of HBIM given by problem (P2) is significantly more accurate than the others.
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Abstract

Variational integral method has been employed to analyze variety of

rewetting problems. This includes the basic two region rewetting model

that assumes a constant heat transfer coefficient in the wet region and

adiabatic condition in the dry region ahead of wet front. Subsequently the

analysis has been extended to include the effect of precursory cooling,

variation in heat transfer in multiple step functions, exponential functions

and variation in property. Based on the analysis, closed form solution is

obtained for the temperature field and rewetting velocity.

Keywords: variational integral method, conduction, rewetting, Ritz profile,

Peclet number
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1. Introduction

Quenching is a technique used to cool sufficiently hot objects in various in-

dustrial applications. When liquid is brought in contact with sufficiently hot

surface, it cannot wet the hot surface immediately. A vapour blanket is formed

on the solid surface that prevents the contact between hot surface and liquid.

Consequently, the heat transfer from the hot surface reduces due to poor con-

duction of heat through the vapour layer. If the process is allowed to continue,

the hot surface reaches a temperature at which the vapour film collapses and the

liquid wet the solid surface. This process is termed as rewetting. This means

re-establishment of hot surface-liquid contact. Rewetting is considered as an

important process during quenching in view of heat transfer rate.

In general two different approaches have been followed to analyze the phe-

nomenon of rewetting. One can consider the rewetting process as conduction

controlled or hydrodynamically controlled for the analysis. In the case of rewet-

ting by top flooding, axial conduction plays a dominant role. In such a case,

conduction-controlled rewetting models could represent the physical phenom-

ena reasonably well while reducing the complexity of the problem. Various an-

alytical and semi-analytical techniques have been used to solve the conduction

equation. These include analytical techniques such as separation of variables

method, Winer-Hopf technique, and heat balance integral method (HBIM).

Some of the techniques compute the solution by truncating the series of com-

plex function by employing Fourier expansion. The truncation of infinte series

of a function may lead to errors in the function. On the contrary, various numer-

ical techniques have been used to solve the conduction equation such as finite

difference technique, finite element method, and implicit isotherm migration

technique. The accuracy of the solution obtained by numerial technique mainly

depends on the choice of structural meshing. Therefore, in order to obtain the

solution with acceptable accuracy, a dense discritization mesh is usually used,

which is computationally inefficient and time consuming as well. The main

objective of the analytical models is to predict rewetting velocity, temperature

distribution and rewetting temperature. This includes mainly the analytical and

numerical solution of various rewetting problems comprising different geome-

try, different convective boundary condition, heat generation, property variation

and coupling effect of coolant flow. The variational integral method proposed

by Biot [1] has mostly been used to solve problems of elasticity and applied

sciences. Earlier Sparrow and Siegel [2] used the variational integral method to
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evaluate the fully developed velocity profile and temperature distribution in dif-

ferent duct geometries. Later on, Arpaci [3] applied the same method to solve

variety of conduction problems. Although the techniqe is simple, it provides

results with reasonable accuracy. In the present chapter variatinoal integral

method (VIM) is employed to analyze the phenomenon of rewetting in vari-

ous cases namely, two region rewetting model, rewetting model with precursory

cooling and rewetting model with temperature dependent thermal conductivity.

1.1. Method of Variational Calculus

Variational calculus includes finding a function y(x) such that a definite integral

whose integrand, is a function of y(x) assume an extreme value. For example

the differential length of a curve (Fig. 1), y = y(x) connecting two different

points P1 and P2 can be expressed as:

ds = (dx2 + dy2)
1
2 (1)

which can be rearranged as:

ds = (1 + y′2)
1
2 dx (2)

where y’=
dy
dx

The total length of this curve can be written as:

S =

b
∫

a

(1 + y′2)
1
2 dx (3)

At this juncture, one needs to find the minimum value of this function.

To find extreme values of an Integral

I =

b
∫

a

F (x, y, y′)dx (4)

where F (x, y, y′) is a function known from the statement of the problem, While

y is the unknown to be determined such that the integral becomes stationary. A

function defined by a definite integral whose integrand itself depends on func-

tions is said to be a functional. The integrand of this integral may also be called
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Figure 1. Variation of the dynamic permeability with porosity.

a functional when the independent variable x is considered fixed but the de-

pendent variable y is varied. The integal of (4) takes on different values along

different paths connecting the fixed points P1,P2. We have to find the particular

curve y(x) which makes the integral minimum.

If it is assumed that y(x) actually minimizes this integral, any function in

the neighborhood of y(x) can be represented by the form y(x) + εη(x), where

η(x) is a continuously differentiable function that vanishes at the ends of the

interval, and ε is a parameter as shown in Figure 1.1. Then in terms of these

functions, the integral of (4) can be written as:

I(ε) =

b
∫

a

F (x, y + εη, y′ + εη′)dx (5)

Which, according to the assumption about y(x), assumes its minimum value

when ε = 0.

Since in the (I,ε)-plane, I(ε) has a minimum for ε = 0, according to

differential calculus (I,ε)satisfies the necessary condition for extremum at this

point, namely

dI(ε)

dε
= 0; when, ε = 0 (6)

Now, defining

F (ε) = F (x, y + εη, y′ + εη′) (7)
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And assuming that the order of integration and differentiation can be inter-

changed, we combine (5), (6) and (7) to give

dI(ε)

dε
=

b
∫

a

dF (ε)

dε
dx (8)

Since for a fixed value of x the derivative of (7) with respect to ε is

dF (ε)

dε
=

∂F (ε)

∂y + εη
η +

∂F (ε)

∂y′ + εη′
η′ (9)

Noting that

F (ε)

∣

∣

∣

∣

∣

ε=0

= F and utilizing (5), (7), (8) and (9); Eq.(6) can be written as:

dI(ε)

dε

∣

∣

∣

∣

∣

ε=0

=

b
∫

a

(∂F

∂y
η +

∂F

∂y′
η′

)

dx = 0

Integrating the second term of this integral by parts, we obtain

b
∫

a

[

∂F

∂y
− d

dx

(

∂F

∂y′

)

]

ηdx +
∂F

∂y′
η

∣

∣

∣

∣

∣

b

a

= 0 (10)

Since, by definition, η vanishes at the ends of the interval, the second term of

(10) is zero. Hence

b
∫

a

[

∂F

∂y
− d

dx

(

∂F

∂y′

)

]

ηdx = 0 (11)

The integral of (11) vanishes for any η(x) when

∂F

∂y
− d

dx

(

∂F

∂y′

)

= 0 (12)
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Equation (12) is the Euler equation associated with the variational problem

given by (4). Thus the condition necessary for y(x) to minimize (or maxi-

mize) the integral of (4) is that F (x, y, y′) must satisfy the corresponding Euler

equation. In general, variational method is used by utilizing either the Sparrow

and Siegel approach [2] or Arpaci approach [3] to solve variety of problems.

Different approaches as reported by the researchers are elaborated below.

1.1.1. Sparrow and Siegel [2] Approach

The Eulers equation, valid for the governing equation of the physical problem

can be written in the following form [2]:

∂

∂x

(

∂F

∂θ′

)

− ∂F

∂θ
= 0 (13)

where, the functional F = f(x, θ, θ′, θ′′) is to be selected in such a way that,

when it is inserted into the Euler’s equation (13) leads to the governing differ-

ential equation of the physical problem. Once the functional F = f(x, θ, θ′, θ′)
is selected, based on the boundary condition of the physical problem, suitable

guess temperature profile is approximated and integral of the variational for-

mulation is obtained. Further, minimization of the integral provides various

constants associated with guess temperature profile. A detailed description of

the Sparrow approach is explained in section 1.2.1.

1.1.2. Arpaci [3] Approach

Unlike the Sparrow and Siegel [2], Arpaci [3] proposes the mathematical state-

ment of physical problem (governing differential equation) as the functional

F = f(x, θ, θ′, θ′′) for the variational formulation. In a view of this the differ-

ential equation of the physical problem is considered to be the Euler equation

associated with its desirable variational formulation. It is to be noted that unlike

the differential formulation, that involves the governing differential equation

and the boundary condition separately, the variational formulation includes the

boundary conditions in the governing variational equation. Further, it is likely

that a problem may yield different variational formulation, depending upon the

boundary conditions. Success of variational formulation depends upon approx-

imate geometrical profile which satisfies the prescribed boundary condition of
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a given problem. However, among these profiles there is only one physically

possible profile which, by satisfying the appropriate Euler equation, makes the

functional of the corresponding variational problem stationary. It is often diffi-

cult to guess this exact profile. However, some approximate methods, such as

Ritz and Kantorvich methods available in the literature, provides a basis for the

approximation of guess profile for which the functional F = f(x, θ, θ′, θ′′) has

minimum value [3]. The methodology to choose the approximate guess profile

is explained in the subsequent sections. Here, we have shown the application of

variational method to solve several rewetting problems.

1.2. Application of VIM to Solve Rewetting Problems

It may be noted that the method of variational principle has been extensively

used to solve problem of elasticity and applied sciences [2]. Earlier, Sparrow

and Siegel [2] used the variational method to evaluate the fully developed ve-

locity profile and temperature distribution in different geometries. Their re-

sults exhibited an excellent agreement with the exact solution. Later on, Arpaci

[3] applied the same method to solve variety of conduction problems. In the

present study an effort has been made to employ this technique to analyze va-

riety of rewetting problems involving various convective boudary conditions,

property varaition, precrusory cooling. Efforts have been made to utilize both

the approaches [2, 3] to solve the conduction equation to analyze the rewetting

behavior of hot surface.

1.2.1. Two Region Rewetting Model

It is observed that during top flooding rewetting, axial conduction plays a dom-

inant role [4, 10]. Therefore, a conduction model is adopted for analyzing the

rewetting phenomenon. Figure 2a schematically depicts the top flow rewetting

of a one-dimensional slab of infinite length.

Following assumptions are made for the analysis:

1. The wet front velocity is assumed to be constant during its propagation.

The end effects are neglected. Therefore, the problem can be reduced to

a quasi-steady one.

2. Based on the above assumption, one can conceive of a two region (wet

and dry) conduction problem with a sharp temperature gradient at the

interface.
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Figure 2. (a) Schematic of one-dimensional hot object (b) variation of heat

transfer coefficient along the axial direction [6].

3. The constant heat transfer coefficient is assumed in the wet region while

an adiabatic condition is considered in the dry region ahead of quench

front (i.e. precursory cooling is neglected) Figure 2b. This is justified for

lower coolant flow rates, however, at higher coolant flow rates; neglecting

precursory cooling may underpredict the rewetting velocity.

4. In the liquid region behind the wet front the surface temperature ap-

proaches liquid saturation temperature (Ts). The temperature of the sur-

rounding medium for the dry region is assumed to be equal to (Tw).

5. Suitable values of rewetting temperature and heat transfer coefficients are

taken as input parameters to solve the conduction equation.

6. Other factors such as: surface finish, surface roughness is not considered

in the analysis.
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Quasi-steady assumption

The one-dimensional conduction equation for the solid in Cartesian coordi-

nate system (Figure 2) can be written as:

K
∂2T

∂x̄2
− h

δ
(T − Ts) = ρC

∂T

∂t
(−∞ < x < +∞) (14)

Where K ,ρ,C represents thermal conductivity, density and specific heat of the

slab material respectively. In order to convert the above transient equation into

a quasi-steady one, the stationary coordinate (X) have been transformed into

the moving (x̄) coordinate system (Figure 3).

The heat transfer phenomena during a moving heat source/sink are of great

importance in several engineering applications namely, welding, continuous

casting, flame hardening and quenching. In such a case, the constant heat

source/sink (wet front) moves in the axial direction with a uniform velocity

with respect to a stationary coordinate system (X) (Figure 3). One can assume

that an observer stationed at a point on the moving x̄ − axis will find no

noticeable change in the temperature of his surroundings. This condition

termed as apparent steady state temperature, is represented mathematically as
∂T
∂t = 0 in the moving coordinate system [7].

Figure 3. Moving coordinate system (x̄) = X − ut.

The transformation of Eq. (14) into moving coordinate system can be done

by defining new variables as x̄ = X − ut and τ = t. This can further be used
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to transform (14) as:

∂T

∂X
=

∂T

∂x̄

∂x̄

∂X
+

∂T

∂τ

∂τ

∂X
=

∂T

∂x̄

( ∂x̄

∂X
= 1 and

∂τ

∂X
= 0

)

(15)

Similarly,

∂2T

∂X2
=

∂2T

∂x̄2
(16)

also the transient term in (14) can be expressed as:

∂T

∂t
=

∂T

∂x̄

∂x̄

∂t
+

∂T

∂τ

∂τ

∂t
= −u

∂T

∂x̄
+

∂T

∂τ
(17)

as ∂x̄
∂t

= −u and ∂τ
∂t

= 1
Substituting partial derivatives of (15), (16), (17) into (14), one can get:

K
∂2T

∂x̄2
− h

δ
(T − Ts) = ρC

(

− u
∂T

∂x̄
+

∂T

∂τ

)

(18)

Using Rosenthal approximation [7], ∂T
∂τ

= 0 and hence one can obtain:

K
∂2T

∂x̄2
− h

δ
(T − Ts) + ρCu

∂T

∂x̄
= 0 (19)

Equation (19) is identified as governing equation for the Cartesian geometry in

quasi-steady state condition.

One-dimensional formulation

The one-dimensional governing equation of a hot solid in the quasi-steady

condition is expressed in (19). The following normalized variables are defined:

x =
x̄

δ
, Pe =

uδρC

K
, Bi =

hδ

K
, θ =

T − Ts

T0 − Ts
, θ1 =

Tw − T0

T0 − Ts
(20)

Utilizing (20), the energy equation (19) is transformed into following form:

d2θ

dx2
+ Pe

dθ

dx
− mBiθ = 0

{

m = 1, wetregion

m = 0, dryregion
(21)

Subjected to boundary condition given by:

B.C. =

{

θ(−∞) = 0; θ(0) = 1; (−∞ < x ≤ 0)

θ(0) = 1; θ(+∞) = 1 + θ1; (0 ≤ x ≤ +∞)
(22)
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Sparrow and Siegel [2] approach

The Euler’s equation, valid for the governing equation (21), can be written in

the following form [2]:
∂

∂x

(∂F

∂θ′

)

− ∂F

∂θ
= 0 (23)

where the functional F = f(x, θ, θ′, θ′′) is to be selected in such a way that,

when it is inserted in to the Euler’s equation (23) leads to the governing differ-

ential equation (21). We have tried different functional forms in (23) and the

ones satisfying the above criteria are expressed as:

F =











ePex
[(dθ

dx

)2
+ Biθ2

]

, −∞ < x ≤ 0

ePex
(

dθ
dx

)2
, 0 ≤ x < +∞

(24)

After defining the functional F = f(x, θ, θ′, θ′′), the variational integral valid

for both wet and dry region is defined as:

I =























0
∫

−∞

Fdx, −∞ < x ≤ 0

+∞
∫

0

Fdx, 0 ≤ x < +∞.

(25)

At this junction, it is necessary to select a suitable guess temperature profile

that satisfies the boundary conditions of the problem. In view of this, we have

tried a guess profile for both wet and dry region containing different constants

and are expressed as:

θ(x) =

{

M1e
−a0x + M2e

b0x, −∞ < x ≤ 0

M3 + M4e
−c0x, 0 ≤ x < +∞.

(26)

where Mi, i = 1to4, a0, b0 and c0 are positive constants. In the variational

principle, the variational integral (I) is to be minimized to evaluate constants

approximated in the guess temperature profile. This is expressed mathemati-

cally as:
∂I

∂E
= 0 (27)
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where E = a0, b0, c0 Using boundary condition given in (22), and (24)-(27)

yields:

θ(x) =











e
Pe

2

[(

1+ 4Bi

Pe2

)
1
2
−1

]

x
, −∞ < x ≤ 0

(

1 + θ1

)

− θ1e
−Pex, 0 ≤ x < +∞

(28)

Equation 28 represents the temperature distribution in the hot solid for both

wet and dry region. It may be noted that the wet front velocity can be calculated

by applying heat flux continuity at the interface as:

(dθ

dx

)

x=o+
=

(dθ

dx

)

x=o−
(29)

Which yields, √
Bi

Pe
=

√

θ1(1 + θ1) (30)

Based on the analysis a three parametric relation between various modeling

parameters such as: Bi,Pe and θ1 is obtained (30) and is exactly same with the

previous results reported by various researchers [5, 8, 9, 10].

Arpaci [3] approach

Unlike Sparrow and Siegel [2], Arpaci [3] proposes the governing differential

equation as the functional F = f(x, θ, θ′, θ′′) for the analysis. Following Arpaci

[3] approach, the variational integral valid for the present configuration can be

expressed as:

I =























0
∫

−∞

(d2θ

dx2
+ Pe

dθ

dx
− Biθ

)

dx, −∞ < x ≤ 0

+∞
∫

0

(

d2θ
dx2 + Pe dθ

dx

)

dx, 0 ≤ x < +∞

(31)

It may be noted that the success of variational integral method depends on the

assumed guess profile. However, there is hardly any guideline to select the best

profile. Previously polynomial guess functions of different orders were used to

analyze the heat transfer and fluid flow problems [2]. It may be noted that, in

the present problem, the temperature decays (or increases slowly) away from
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the origin. In view of this, a hybrid profile consisting of different orders of

polynomial and exponential function is considered as below.

θ(x) =























M5 + M6e
x(1 + a1x), −∞ < x ≤ 0

N1(1 − e−x) + e−x(1 + b1x), 0 ≤ x < +∞
M7 + M8e

x(1 + a2x + a3x
2), −∞ < x ≤ 0

N2(1 − e−x) + e−x(1 + b2x + b3x
2), 0 ≤ x < +∞

(32)

where Mi(i = 5 to 8), Nj(j = 1 to 2), ak(k = 1 to 3) and bk(k = 1 to 3) are

positive constants. At this juncture, the variational integral (I) is minimized to

evaluate the constants and is expressed as:

∂I

∂G
= 0 (33)

where, G = a1, a2, a3, b1, b2, b3

By using eq. (31-33) and boundary conditions (22) one gets:

θ(x) =

8

>

>

>

>

<

>

>

>

>

:

First order approximation

(

ex(1 + a1x), −∞ < x ≤ 0

(1 + θ1)(1 − e−x) + e−x(1 + b1x), 0 ≤ x < +∞

Second order approximation

(

ex(1 + a2x + a3x2), −∞ < x ≤ 0

(1 + θ1)(1 − e−x) + e−x(1 + b2x + b3x2), 0 ≤ x < +∞

(34)

where,

a1 = −1 + Pe − Bi

1 + Bi
,

a2 =
2Pe2 + 6Bi2 − (8PeBi + 2 + 4Bi)

3Bi2 + 10Bi − (29 + 29Pe + 7Pe2)
,

a3 =
2Pe2 + 2Bi2 + 4Pe + 2− (4PeBi + 4Bi)

3Bi2 + 10Bi − (7Pe2 + 29Pe + 29)
,

b1 = θ1(Pe − 1),

b2 =
2θ1(Pe2 − 1)

Pe2 + 3

b3 = −2θ1(1− Pe)2

Pe2 + 3

(35)

By applying Arpaci [3] approach, two different guess profiles are adopted to

evaluate the temperature distribution in the hot solid. Based on the analysis the

temperature profile for both wet and dry region is expressed as a function of

Biot number, Peclet number and axial distance away from wet front. Using Eq.

(29) and (34), (35) one can evaluate the wet front velocity as:
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θ1 =

8

>

>

<

>

>

:

2Bi− Pe

Pe(1 + Bi)
, First order approximation

“ 2 + 4Bi − 6Bi2 − 2Pe2 + 8PeBi

29 + 10Bi + 7Pe2 + 29Pe− 3Bi2
+ 1

”“ 3 + Pe2

1 + 3Pe2

”

, Second order approximation

(36)

Eq. (36) represents a three parametric relationship between various modeling

parameters such as: dry wall temperature (θ1), Peclet number (Pe), and Biot

number (Bi). Similar expressions have been obtained by previous researchers

as well. However, different functional forms were obtained in the analysis [4, 8].

1.2.2. The Effect of Precursory Cooling on Rewetting of Hot Vertical

It is observed that when water is sprayed at lower flow rates from the top, the

water flows down in the form of film and cools the hot object. However, in

the case of higher flow rates, droplet spray arises due to instabilities in the up-

stream water layer. As a result, part of the coolant sputters away from the wet

front. The sputtered droplets impact the downstream surface where dryout has

occurred and provide cooling to dry wall by droplet vaporization. This phe-

nomenon is termed as precursory cooling. Droplet vaporization results from

convective heat transfer and radiative heat transfer across a thin vapor layer

separating the droplet from the surface. It is therefore essential to include the

precursory cooling in the model to analyze the rewetting of hot surface at higher

flow rates. Several researchers have proposed the rewetting models with precur-

sory cooling. These authors have considered a constant heat transfer coefficient

[11, 12], variation in heat transfer coefficient [10, 13] or variation in the heat

flux [14, 15, 16] in the dry region ahead of wet front to model the effect of

precursory cooling. In this model an exponentially decaying heat transfer coef-

ficient of the form h(x̄) = (hc

N
)e−ax̄ is assumed in the dry region ahead of wet

front to simulate the effect of precursory cooling. Here, N , a, hC represents the

magnitude of precursory cooling, region of influence of precursory cooling and

heat transfer coefficient in the wet region, respectively.

Earlier various analytical [15, 16, 17, 18] and numerical methods [19] have

been employed to solve the conduction equation with precursory cooling. In this

study an attempt has been made to obtain the solution of the rewetting model

with precursory cooling by employing the variational integral method. The re-

sult obtained from the present analysis is compared with the available theoretical

results and test data.
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Theoretical analysis

Figure 4a schematically depicts the rewetting of a thin vertical slab of infi-

nite length during top flooding. The assumptions common in the conduction-

controlled rewetting model are presented in section 1.2.1. To simulate the effect

of precursory cooling, the present model considers an exponentially varying

heat transfer coefficient in the dry region ahead of wet front [10] (Figure4b).

The transfer of energy from the hot surface to the surrounding fluid may be

represented by a one dimensional control volume as shown in Figure4c. An

elemental volume of length dx will be subjected to axial heat conduction. In

addition, the hot wall transports qv and qc amount of energy to the surrounding

fluid in the dry region and wet region, respectively. The heat loss from other

side of the hot surface is considered to be negligible and assumed to be insu-

lated. The one-dimensional transient heat conduction equation for the hot slab

in Cartesian coordinate system, as shown in Figure4a can be expressed as:

K
∂2T

∂x̄2
− h

δ
(T − Ts) = ρC

∂T

∂t
, (−∞ < x̄ < +∞) (37)

Figure 4. Schematic diagram of percursory cooling of one-dimensional hot ob-

ject.

where, h is heat transfer coefficient. δ, ρ, C and K are thickness, density,

specific heat, thermal conductivity of the slab material, respectively. Using
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quasi-steady state assumption (∂T
∂t = −u∂T

∂x̄ ), Eq. (37) yields:

K
∂2T

∂x̄2
+ ρCu

∂T

∂x̄
− h

δ
(T − Ts) = 0 (38)

The following normalized variables are defined:

x =
x̄

δ
, Pe =

uδρC

K
, Bi =

hδ

K
, θ =

T − Ts

T0 − Ts
, θ1 =

Tw − T0

T0 − Ts
, α = aδ (39)

Incorporating the effect of precursory cooling and utilizing (39), the energy

equation (38) is transformed into following form:

d2θ

dx2
+ Pe

dθ

dx
− mBiθ = 0

{

m = 1; wetregion

m = e−αx

N
; dryregion

(40)

Subjected to boundary condition given by:

B.C. =

{

θ(−∞) = 0, θ(0) = 1; (−∞ < x ≤ 0)

θ(0) = 1, θ(+∞) = 1 + θ1, (0 ≤ x ≤ +∞)
(41)

Solution Procedure

In the present study, the variational principle proposed by Arpaci [3] has

been employed to solve the rewetting model. Accordingly, the governing dif-

ferential equation of the physical problem is to be considered as the functional

F = f(x, θ, θ′, θ”) for the analysis. Following Arpaci [3], the variational inte-

gral (I) valid for the present configuration can be expressed as:

I =























0
∫

−∞

Fdx, −∞ < x ≤ 0

+∞
∫

0

Fdx, 0 ≤ x < +∞.

(42)

Utilizing Eq. (40), (42) can be expressed as:

I =























0
∫

−∞

(d2θ

dx2
+ Pe

dθ

dx
− Biθ

)

dx, −∞ < x ≤ 0

+∞
∫

0

(

d2θ
dx2 + Pe dθ

dx + Bi e−αx

N θ
)

dx, 0 ≤ x < +∞

(43)
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At this juncture, it is necessary to assume a guess temperature profile that sat-

isfies the boundary condition of the problem. There is hardly any guideline to

select the best profile. Recently, Agrawal and Sahu [6, 20] have used a hybrid

profile consists of exponential and polynomial functions of various orders to an-

alyze the rewetting model. In the present configuration, the temperature decays

(or increases slowly) away from the origin. Therefore, a hybrid profile involv-

ing both polynomial and exponential function is considered for the analysis and

expressed as below.

θ(x) =

{

P1 + P2e
x(1 + a1x), −∞ < x ≤ 0

P3(1− e−x) + e−x(1 + b1x), 0 ≤ x < +∞
(44)

where P, a1, b1 are positive constants. To find the values of constants a1, b1 that

will make the integral (I) a minimum, Eq. (43) is differentiated with respect to

each constant and set the resulting equation to zero. Which yields:

∂I

∂Y
= 0 (45)

where, Y = a1, b1

Using boundary condition given in Eq. (41), and Eq. (43-45) one gets:

θ(x) =

{

ex(1 + a1x), −∞ < x ≤ 0

(1 + θ1)− e−x(θ1 − b1x), 0 ≤ x < +∞
(46)

where,

a1 = −1 + Pe − Bi

1 + Bi
, b1 =

θ1(Pe−1)
4 + Bi

N

[

θ1
(2+α)2

− 1+θ1
(1+α)2

]

2Bi
N(2+α)3

+ 1
4

(47)

It may be noted that the wet front velocity can be calculated by applying the

continuity of heat flux at the interface as:

(dθ

dx

)

x=o+
=

(dθ

dx

)

x=o−
(48)

Which yields,

Pe =

(

2Bi
1+Bi

)(

1
4 + 2Bi

N(2+α)3
− Bi

N

[

θ1
(2+α)2

− 1+θ1
(1+α)2

+ 2θ1
(2+α)3

]

θ1
4 +

(

1
1+Bi

)(

1
4 + 2Bi

N(2+α)3

) (49)
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1.2.3. The Effect of Property Variation on Rewetting Velocity

It is observed that most of the rewetting models consider constant thermo-

physical properties during analysis. It may be noted that during cooling of hot

surfaces, metallurgical quenching and rewetting of nuclear fuel pin, the hot ob-

ject undergoes a substantial change in the surface temperature. In such a case,

assuming the constant thermo-physical property can only provide approximate

results.

In view of this, it is necessary to include the effect of property variation in

the rewetting analysis. Earlier, Olek and Zivrin [21] proposed a rewetting model

that considers the effect of various temperature dependent properties such as:

thermal conductivity, specific heat capacity, density and thickness of material

for the analysis. Compared to other parameters, the variation of thermal con-

ductivity with temperature was found to be more significant. Later on, Sahu et

al.[22] considered the effect of temperature dependent thermal conductivity in

their rewetting model. The Heat Balance Integral Method (HBIM) and optimal

linearization technique was employed to obtain the solution.

In this study, the effect of temperature dependent thermal conductivity is

considered in the basic rewetting model. The solution is obtained by employing

the variational integral method. The result obtained by the present analysis is

compared with other available results.

Theoretical analysis

The one-dimensional heat conduction equation for the hot solid in Cartesian

coordinate system is expressed as:

∂

∂x̄

(

K
∂T

∂x̄

)

− h

δ
(T − Ts) = ρC

∂T

∂t
, (−∞ < x̄ < +∞) (50)

where, h is heat transfer coefficient. δ, ρ, C and K are thickness, density, spe-

cific heat, thermal conductivity of the slab material, respectively. Using quasi-

steady state assumption (∂T
∂t

= −u∂T
∂x̄

), Eq. (50) yields:

∂

∂x̄

(

K
∂T

∂x̄

)

− h

δ
(T − Ts) + ρCu

∂T

∂x̄
= 0, (−∞ < x̄ < +∞) (51)

The variation of thermal conductivity of the hot solid is assumed to be a linear

function of temperature and expressed as:

K = K0

[

1 + γ(T − Ts)
]

= K0

[

1 + ε0θ
]

(−∞ < x̄ < +∞) (52)
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Where K0 is the thermal conductivity of the slab material at the ambient

fluid temperature, ε0 is the parameter which governs variation in thermal

conductivity, and γ is constant such that ε0 << 1. Following normalized

parameters are defined:

x =
x̄

δ
, Pe =

uδρC

K0
, Bi =

hδ

K0
, θ =

T − Ts

T0 − Ts

, θ1 =
Tw − T0

T0 − Ts

, ε0 = γ(T0 − Ts) (53)

where Pe is Peclet number, Bi is Biot number, T0 is the quench front tempera-

ture corresponds to the temperature at minimum film boiling heat flux. θ and θ1

are non-dimensional surface and dry wall temperature, respectively. Utilizing

Eqs. (52-53), governing Eq. (51) reduces to:

[

1 + ε0θ
]d2θ

dx2
+ ε0

(dθ

dx

)2
+ Pe

dθ

dx
− mBiθ = 0 (54)

where,

m = 1; wetregion (−∞ < x ≤ 0)

m = 0; dryregion (0 ≤ x < +∞)
Subjected to boundary condition given by:

B.C. =

{

θ(−∞) = 0, θ(0) = 1, (−∞ < x ≤ 0)

θ(0) = 1, θ(+∞) = 1 + θ1, (0 ≤ x < +∞)
(55)

Solution procedure

In this section, we have employed variational approach as explained by Arpaci

[3], the governing differential equation is considered as the functional F =
f(x, θ, θ′, θ”) for the analysis. Following Arpaci [3], the variational integral

(I) valid for the present configuration can be expressed as:

I =























0
∫

−∞

Fdx, −∞ < x ≤ 0

+∞
∫

0

Fdx, 0 ≤ x < +∞

(56)

Utilizing Eq. (54), Eq. (56) can be expressed as:

I =

8

>

>

>

>

<

>

>

>

>

:

0
Z

−∞

“

ˆ

1 + ε0θ
˜ d2θ

dx2
+ ε0

“ dθ

dx

”2
+ Pe

dθ

dx
− Biθ)dx, −∞ < x ≤ 0

+∞
R

0

“

ˆ

1 + ε0θ
˜

d
2
θ

dx2 + ε0

“

dθ

dx

”2
+ Pe dθ

dx

”

dx, 0 ≤ x < +∞

(57)
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It may be noted that the accuracy of the solution obtained by employing the

variational principle depends on the assumed guess profile. There is hardly any

guideline to select the best profile. In the present configuration, the temperature

decays (or increases slowly) away from the origin. Therefore, a hybrid pro-

file involving both polynomial and exponential function is considered for the

analysis and expressed as below.

θ(x) =

{

P1 + P2e
x(1 + a1x), −∞ < x ≤ 0

P3(1 − e−x) + e−x(1 + b1x), 0 ≤ x < +∞
(58)

where P, i = 1to3, a1, b1 are positive constants. At this juncture, the variational

integral (I) is minimized to evaluate the constants and is expressed as:

∂I

∂Y
= 0 (59)

where, Y = a1, b1

Using boundary condition given in Eq. (55), and Eq. (57-59) yields:

θ(x) =

{

ex(1 + a1x), −∞ < x ≤ 0

(1 + θ1) − e−x(θ1 − b1x), 0 ≤ x < +∞
(60)

Eq. (60) represents the distribution of temperature in the hot solid for both wet

and dry region. It may be noted that the wet front velocity can be calculated by

applying the continuity of heat flux at the interface as:

(dθ

dx

)

x=o+
=

(dθ

dx

)

x=o−
(61)

Which yields,

1 + a1 = θ1 + b1 (62)

Where

constants=

8

>

>

>

>

<

>

>

>

>

:

a1 =

(

16ε0 + 27(1 + Bi) −
p

640(ε0)2 + 864ε0(1 + Bi) + 729(1 + Bi)2 + 432ε0(1 + Pe − Bi)

8ε0

b1 =

(

27(1 + ε0) − 21ε0θ1 −

q

(21ε0θ1 − 27ε0 − 27)2 − 352ε0(27Peθ1 − 27Pe − 3ε0θ2
1 − 27ε0θ1)

176ε0
(63)
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1.2.4. Multiregion Rewetting Model [23]

The two-region rewetting model usually assumes a constant heat transfer coef-

ficient in the wet region and an adiabatic condition in the dry region ahead of

wet front. Experimental observations reveal that the heat removal rate is signif-

icant over a narrow region near the quench front. The higher heat removal rate

may be due to the turbulent nature of the bubbles and higher boiling heat trans-

fer coefficient. This narrow region is termed as sputtering region and found

to influence strongly the rewetting velocity. Therefore, a single heat transfer

coefficient in the entire wet region may not be suitable for analyzing the phe-

nomenon of rewetting. In order to model the sputtering region, different heat

transfer coefficients are assumed in the wet region.

The rewetting analysis of hot surface for several distributionsof heat transfer

coefficient along the hot surface is obtained by employing variational integral

method. Closed form solution is obtained for the temperature field and rewetting

velocity. Present variational integral method solution incorporates the sputter-

ing region in the model. By neglecting the sputtering region, the three-region

model reduces to the two-region model. The results of the present analysis are

compared with other available analytical results and test data.

Theoretical analysis The physical model under consideration is an infinitely

extended vertical slab with the liquid supplied from the top as shown in Fig-

ure 5a. As the liquid film progresses downward, vapour is generated near the

liquid front and a thin vapour film is formed at the solid-liquid interface that

prevents the liquid from contacting the hot surface. As the process continues,

the surface temperature cools off from its initial wall temperature Tw to rewet-

ting temperature T0, at which the vapor blanket becomes unstable and collapses.

Consequently, the liquid wets the hot surface. The region behind the wet front

corresponds to transition boiling and is followed by nucleate boiling regime.

Beyond this, the surface temperature drops below the temperature of incipient

boiling and the heat is removed by convection to single-phase liquid. Following

assumptions are made for the analysis [23]:

1. The wet front velocity is assumed to be constant during its propagation.

The end effects are neglected; therefore the problem can be reduced to a

quasi-steady one [8, 24].

2. In the present one dimensional model, the hot solid is divided into three

distinct regions, dry region ahead of the wet front (0 ≤ x̄ < +∞), the
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sputtering region immediately behind the wet front (−l ≤ x̄ ≤ 0) and

a continuous film region further upstream (−∞ < x̄ ≤ −l). In the

sputtering region (−l ≤ x̄ ≤ 0), the temperature of the hot surface varies

from rewetting temperature T0 to incipient boiling temperature Tb and in

the liquid region (−∞ < x̄ ≤ −l) the surface temperature varies from Tb

to liquid saturation temperature Ts.

3. Two constant but different heat transfer coefficients namely, hC and hB

are considered for the wet and the sputtering regions, respectively. How-

ever, for dry region, an adiabatic condition (h = 0) is considered [5, 26]

(Figure 5b).

4. Suitable values of rewetting temperature and heat transfer coefficients are

taken as input parameters to solve the conduction equation.

5. Other factors such as: surface finish, surface roughness, etc. are either

neglected or they do not affect the process of rewetting.

The one-dimensional conduction equation for the hot solid in Cartesian co-

ordinate system (Figure 5) can be written as:

K
∂2T

∂x̄2
− h

δ
(T − Ts) = ρC

∂T

∂t
, (−∞ < x̄ < +∞) (64)

where K, ρ, C and δ represents thermal conductivity, density, specific heat ca-

pacity and thickness of the slab material, respectively. While, h represents

the wet side heat transfer coefficient. Using the quasi-steady state assumption

(∂T
∂t

= −u∂T
∂x̄

), Eq. (64) yields:

K
∂2T

∂x̄2
+ ρCu

∂T

∂x̄
− h

δ
(T − Ts) = 0 (−∞ < x̄ < +∞) (65)

The following normalized variables are defined:

x =
x̄

δ
, Pe =

uδρC

K
, Bi =

hδ

K
, θ =

T − Ts

T0 − Ts
, θ1 =

Tw − T0

T0 − Ts
,

θ2 =
Tb − Ts

T0 − Ts
, L =

l

δ
, BiB =

hBδ

K
, BiC =

hCδ

K
(66)

Utilizing Eq. (66), the energy equation (65) is transformed into following form:

d2θ

dx2
+ Pe

dθ

dx
− Jθ = 0 (67)
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Figure 5. Schematic of one-dimensional hot object [23].

where,

J =











BiC ; (−∞ < x < −L)

BiB; (−L < x ≤ 0)

0; (0 ≤ x < ∞)

(68)

Subjected to boundary conditions given by:

θ(−∞) = 0, θ(−L) = θ2 θ(0) = 1, θ(+∞) = 1 + θ1;

(69)

Solution procedure

In this section, the variational principle proposed by Arpaci [3] has been

employed to solve the conduction equation. In such a case, the governing

differential equation of the physical problem is considered as the functional
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F = f(x, θ, θ′, θ′′) for the analysis. Following Arpaci [3], the variational inte-

gral (I) valid for the present configuration can be expressed as:

I =











































−L
∫

−∞

Fdx, −∞ < x ≤ −L

0
∫

−L

Fdx, −L ≤ x ≤ 0

+∞
∫

0

Fdx, 0 ≤ x < +∞

(70)

Utilizing Eq. (67), Eq. (70) can be expressed as:

I =











































−L
∫

−∞

(d2θ

dx2
+ Pe

dθ

dx
− BiCθ

)

dx, −∞ < x ≤ −L

0
∫

−L

(

d2θ
dx2 + Pe dθ

dx
− BiBθ

)

dx, −L ≤ x ≤ 0.

+∞
∫

0

(

d2θ
dx2 + Pe dθ

dx

)

dx, 0 ≤ x < +∞

(71)

At this juncture, it is necessary to assume a guess temperature profile that

satisfies the boundary condition of the physical problem. Although the accuracy

of the solution obtained by the variational integral method depends on the

guess profile, there is hardly any guideline to select the best profile. Previously,

Agrawal and Sahu [6, 20] used the hybrid profile involving the exponential and

polynomial functions of different orders to analyze the basic rewetting model.

It is observed that the temperature decays (or increase) exponentially farthest

from the quench front in the wet region or dry region respectively. In view

of this, a hybrid profile involving both polynomial and exponential function

is considered in the wet region and the dry region. While three different

guess profiles involving various orders of polynomial functions are tried in the

sputtering region. The details of the various models are elaborated below.

Model (1)

This model considers a hybrid profile involving both polynomial and expo-

nential function in the wet and dry region; polynomial guess profile in the

sputtering region as below.
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θ(x) =











ex+L(θ2 + a1(x + L)), −∞ < x ≤ −L (72)

a2x
2 + a3x + a4, −L ≤ x ≤ 0. (73)

(1 + θ1)(1− e−x) + e−x(1 + a5x), 0 ≤ x < +∞ (74)

where a1...a5 are positive constants. At this juncture, the variational integral

(I) is minimized to evaluate the constants and is expressed as:

∂I

∂Y
= 0 (75)

where, Y = a1, b1

and,

a1 = −θ2(1 + Pe − BiC)

1 + BiC
,

a2 = −10Pe(1 − θ2) + 5BiBL(1 − θ2) − 10BiBL

2BiBL3 + 20L
,

a3 = La2 +
(1 − θ2)

L
,

a4 = 1,

a5 = θ1(Pe − 1),

(76)

It may be noted that utilizing Eq. (76) and Eqs. (72-74), one can evaluate

the temperature distribution in various regions, namely, wet, sputtering and

dry region the hot object. While, the non-dimensional wet front veloc-

ity, Pe, and the dimensionless sputtering length, L, are still unknown and

they are determined by using the continuity of heat flux at the interface as below.

(dθ

dx

)

x=−L+
=

(dθ

dx

)

x=−L−
and

(dθ

dx

)

x=o+
=

(dθ

dx

)

x=o−
(77)

Combining Eqs. (72-74), (76) with Eq.(77), the values Pe and L are determined

by the simultaneous equations expressed as:

Pe
( 10(1− θ2)

2BiBL2 + 20
+

θ2

1 + BiC

)

=
2BiCθ2

1 + BiC
+

5BiBL(1 + θ2)

2BiBL2 + 20
+

θ2 − 1

L
(78)

and

Pe
( 10(1− θ2)

2BiBL2 + 20
+ θ1

)

=
5BiBL(1 + θ2)

2BiBL2 + 20
+

1 − θ2

L
(79)
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Eqs. (78) and (79) present the relationship between various modeling parame-

ters, namely, Pe, L, BiB, BiC , θ1 and θ2. For known values of BiB , BiC , θ1

and θ2, one can evaluate the Peclet number (Pe) and sputtering length (L) by

utilizing a suitable iterative technique. Subsequently, the temperature profile

for various regimes can be evaluated by employing Eq. (76).

Model (2)

The present configuration utilizes the hybrid guess profile expressed in Eq. (72)

and Eq. (74) for the wet region and dry region, respectively. However, in the

case of sputtering region, a cubic polynomial function is considered as below.

θ(x) = b1x
3 + b2x + b3, −L ≤ x ≤ 0 (80)

Employing Eq. (75), constants b1...b3 can be expressed as:

b1 = −
7

4

(

−15Pe(1 − θ2) + (7 + 8θ2)BiBL)

84L2 + 8BiBL4

)

, b2 =
1 − b1L3 − θ2

L
, b3 = 1 (81)

Combining Eqs. (76), (81) and Eqs. (72), (74) and (80), one can evaluate the

temperature distribution in various regions (wet, sputtering and dry) of the hot

object. While, the non-dimensional wet front velocity (Pe) and the dimen-

sionless sputtering length (L), can be evaluated utilizing Eq. (77). These yields:

Pe
( 105(1− θ2)

2(84 + 8BiBL2)
+

θ2

1 + BiC

)

=
2BiCθ2

1 + BiC
+

7

2

(7 + 8θ2)BiBL

84 + 8BiBL2
+

θ2 − 1

L
(82)

and

Pe
(

θ1 +
105(1− θ2)

2(84 + 8BiBL2)

)

=
1 − θ2

L
+

7

4

((7 + 8θ2)BiBL

84 + 8BiBL2

)

(83)

Using the Eqs. (82) and (83) and by employing a suitable iterative technique,

one can evaluate the Peclet number (Pe) and sputtering length (L). Therefore,

the temperature distribution along the hot object can be evaluated by employing

Eqs. (80), (81), (72), (74) and (76).

Model (3)

This model utilizes the hybrid guess profile expressed in Eqs.(72) and (74) for

the wet region and dry region, respectively. However, in the case of sputtering

region, a cubic polynomial function is considered as below.

θ(x) = c1 + c2(2Lx− x2) + c3(3Lx2 − 2x3), −L ≤ x ≤ 0 (84)
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Following Eq. (75), constants c1...c3 and Peclet number can be evaluated and

expressed as:

c1 = 1, c2 = −
42(133− 55PeL)(θ2 − 1) − (1459 + 641θ2)BiBL2

3052L2 + 298BiBL4
, c3 =

θ2 − 1 + 3L2c2

5L3

(85)

Combining Eqs. (76), (84), (85) with Eqs. (72), (74), one can evaluate the
temperature distribution in various regions (wet, sputtering and dry) of the hot
object. Utilizing Eq. (77), one can obtain:
Pe=
“

872L
2

375 +
596BiB L

4

2625

”“

10BiCθ2
16L(1+BiC )

+
3(θ2−1)

4L2

”

−
“

133(θ2−1)
125

”

+
“

(1459+641θ2 )BiBL
2

5250

”

+
“

55L(θ2−1)
125

”

“

872L2

375
+

596BiBL4

2625

”“

5θ2
16L(1+BiC)

”

(86)

and,

Pe =

(

133(θ2−1)
125

)

−

(

(1459+641θ2)BiBL
2

5250

)

+

(

872L
2

375
+

596BiBL
4

2625

)(

θ1
2L

)

(

55L(θ2−1)
125

) (87)

Using the equations (86) and (87) and by employing a suitable iterative tech-

nique, one can evaluate the Peclet number (Pe) and sputtering length (L).

Therefore, the temperature distribution along the hot object can be evaluated

by employing Eqs. (72), (74), and (76), (84) and (85).

1.2.5. Multi-Region Rewetting Model with Precursory Cooling [25]

Several rewetting models have been proposed that consider two or three differ-

ent regions for analysis. Usually a constant heat transfer coefficient of different

magnitude is assumed in the wet region; while, an adiabatic condition is as-

sumed in the dry region ahead of wet front. In actual situation, the distribution

of heat transfer coefficient near the sputtering region and the dry region ahead

of the wet front varies along the axial direction [27]. It is argued that accurate

choice of shape of the heat transfer coefficient is important to precisely predict

the wet front velocity and surface temperature distribution. In this study an at-

tempt has been made to extend the previous work (section 1.2.1) to analyze the

multi-region rewetting model with varying heat transfer coefficient in the sput-

tering and dry region ahead of the wet front. Two different rewetting models

are considered for the analysis. In the first model, a constant heat transfer co-

efficient is considered in the sputtering region and in second model, an axially
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varying heat transfer coefficient in the sputtering region is considered. Both the

models consider an exponentially decaying heat transfer coefficient in the dry

region ahead of wet front. For all the cases the closed form expression is ob-

tained for temperature field along axial direction. Relationship between various

rewetting parameters such as: Peclet number, Biot number, dry wall tempera-

ture, incipient boiling temperature, sputtering length, magnitude of precursory

cooling and the extent of precursory cooling have been obtained from the anal-

ysis.

Theoretical analysis

Figure 6a schematically depicts the falling film rewetting of a one-dimensional

slab of infinite length. As described in the previous section (section 1.2.4), three

different boiling regimes are observed behind the wet front during its propa-

gation. In addition to this, the dry wall ahead of wet front is cooled due to

precursory cooling (section 1.2.2). In such a case the distribution of heat trans-

fer along the hot object becomes non-linear and the heat transfer profile varies

arbitrarily along the axial direction (Figure 6b).

Figure 6. Schematic of three-region model of one-dimensional hot object [25].

Figure 6b depicts the actual variation of heat transfer coefficient along axial

direction. It is shown that the magnitude of heat transfer coefficient near the

wet front location is very high and it gradually decreases in the downstream

direction.

In order to analyze the rewetting phenomenon one can assume a constant

heat transfer coefficient of different magnitude in both wet and sputtering re-
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gion. Alternatively, one can consider a constant heat transfer coefficient in the

wet region and a parabolic variation in heat transfer coefficient in the sputter-

ing region. The assumptions applicable for conduction controlled rewetting are

reported in section 1.2.4(a, b, d,and e). In addition, present model considers a

constant heat transfer coefficient (hC) in the wet region and an exponentially

decaying heat transfer coefficient of the form h(x̄) = (hB

N
)e−ax̄ is considered

in the dry region ahead of wet front [10]. Two different models are consid-

ered to account the variation in heat transfer in the sputtering region. First

model considers a constant heat transfer coefficient (hB) in the sputtering region

(Figure6c). While, the other model considers, an axially varying heat transfer

coefficient of the form h(x̄) = bx̄2+cx̄+d′ in the sputtering region (Figure6d).

It may be noted that for a given value of Biot number and dry wall tempera-

ture, one-dimensional model predicts lower rewetting velocity compared to the

two-dimensional model. In order to avoid complexity of numerical calculation,

a one-dimensional model is proposed to demonstrate the effect of precursory

cooling and variation in heat transfer coefficient in the sputtering region. The

transfer of energy from the hot surface to the surrounding fluid may be repre-

sented by a one-dimensional control volume as shown in Figure7. An elemental

volume of length dx will be subjected to axial heat conduction. In addition the

hot wall transports qv , qb and qc amount of energy to the surrounding fluid in the

dry, sputtering and wet region, respectively. The heat loss from other side of the

hot surface is considered to be negligible and assumed to be insulated.

The one-dimensional conduction equation for the hot solid in Cartesian co-

ordinate system (Figure 6a) can be written as:

K
∂2T

∂x̄2
− h

δ
(T − Ts) = ρC

∂T

∂t
, (−∞ < x̄ < +∞) (88)

where K, ρ, C and δ represents thermal conductivity, density, specific heat ca-

pacity and thickness of the slab material, respectively. While, h represents

the wet side heat transfer coefficient. Using the quasi-steady state assumption

(∂T
∂t = −u∂T

∂x̄ ), Eq. (88) yields:

K
∂2T

∂x̄2
+ ρCu

∂T

∂x̄
− h

δ
(T − Ts) = 0 (−∞ < x̄ < +∞) (89)
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Figure 7. Control volume analysis of one-dimensional hot surface [25].

The following normalized variables are defined:

x =
x̄

δ
, Pe =

uδρC

K
, θ =

T − Ts

T0 − Ts
, θ1 =

Tw − T0

T0 − Ts
, θ2 =

Tb − Ts

T0 − Ts
,

L =
l

δ
, BiB =

hBδ

K
, BiC =

hCδ

K
, α = aδ (90)

Utilizing Eq. (90), the energy equation (89) is transformed into following form:

d2θ

dx2
+ Pe

dθ

dx
− Jθ = 0 (91)

Subjected to boundary conditions given by:

θ(−∞) = 0, θ(−L) = θ2 θ(0) = 1, θ(+∞) = 1 + θ1;
(92)
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The value of J varies for different heat transfer regimes and the details of the

heat transfer models are elaborated below.

Model (1):Constant heat transfer coefficient (hB) in the sputtering region

The model includes two constant and different heat transfer coefficients, namely,

hC and hB in the wet and the sputtering region, respectively. While, the dry

region consider an exponentially decaying heat transfer coefficient of the form

h(x̄) = (hB

N )e−ax̄ (Figure 6c). In such a case the value of J in Eq. (91) is

expressed as:

J =











BiC , −∞ < x ≤ −L

BiB , −L ≤ x ≤ 0.
e−αx

N
BiB , 0 ≤ x < +∞

(93)

In the present study, the variational principle proposed by Arpaci [3] has been

employed to solve the conduction equation. The governing differential equation

of the physical problem (91) is considered as Eulers equation of the variational

formulation. Following Arpaci [3], the variational integral (I) valid for the

present configuration can be expressed as:

I =











































−L
∫

−∞

Fdx, −∞ < x ≤ −L

0
∫

−L

Fdx, −L ≤ x ≤ 0

+∞
∫

0

Fdx, 0 ≤ x < +∞

(94)

Utilizing Eq. (91) and (93), Eq. (94) can be expressed as:

I =











































−L
∫

−∞

(d2θ

dx2
+ Pe

dθ

dx
− BiCθ

)

dx, −∞ < x ≤ −L

0
∫

−L

(

d2θ
dx2 + Pe dθ

dx − BiBθ
)

dx, −L ≤ x ≤ 0.

+∞
∫

0

(

d2θ
dx2 + Pe dθ

dx
− BiB

e−αx

N
θ
)

dx, 0 ≤ x < +∞

(95)

At this juncture, it is necessary to assume a guess temperature profile that

satisfies the boundary condition of the physical problem. Although the accu-

racy of the solution obtained by the variational integral method depends on the

Complimentary Contributor Copy



52 Manish Kumar Agrawal and Santosh Kumar Sahu

guess profile, there is hardly any guideline to select the best profile. Previously,

Agrawal and Sahu [6, 20] used the hybrid profile involving the exponential and

polynomial functions of different orders to analyze the basic rewetting model.

In this study, a hybrid profile involving both polynomial and exponential func-

tion is considered in the wet region (−∞ < x ≤ −L) and the dry region

(0 ≤ x < +∞) respectively. While, parabolic polynomial function is tried in

the sputtering region (−L ≤ x ≤ 0) and is expressed as:

θ(x) =

8

>

<

>

:

M1 + Me
x+L(θ2 + a1(x + L)), −∞ < x ≤ −L (96)

θ(x) = M3a2x
2 + M4a3x + M5a4, −L ≤ x ≤ 0 (97)

θ(x) = M6(1 + θ1)(1 − e
−x) + e

−x(1 + a5x), 0 ≤ x < +∞ (98)

where M1...M3 and a1...a5 are positive constants.

It may be noted that the Eq. (96-98) satisfies the boundary conditions of the

physical problem. In order to evaluate the constants one needs to differentiate

the variational integral (I) with respect to each constant. This is expressed as:

∂I

∂Y
= 0 (99)

where, y = a1...a5

By using Eqs. (95-99) and boundary conditions Eq. (92)











θ(x) =ex+L(θ2 + a1(x + L)), −∞ < x ≤ −L (100)

θ(x) = a2x
2 + a3x + a4, −L ≤ x ≤ 0 (101)

θ(x) = (1 + θ1)(1− e−x) + e−x(1 + a5x), 0 ≤ x < +∞ (102)

where,

a1 = −
θ2(1 + Pe − BiC)

1 + BiC
,

a1
2 = −

10Pe(1 − θ2) + 5BiBL(1 − θ2) − 10BiBL

2BiBL3 + 20L
,

a3 = La1
2 +

(1 − θ2)

L
,

a4 = 1,

a5 =

θ1(Pe−1)
4

+ BiB

N

h

θ1
(2+α)2

− 1+θ1
(1+α)2

i

h

2BiB

N(2+α)3
+ 1

4

i

(103)

It may be noted that utilizing Eq. (103) and Eqs. (100-102), one can evaluate

the temperature distribution in various regions, namely, wet, sputtering and dry

region of the hot object. While, the non-dimensional wet front velocity, Pe,

and the dimensionless sputtering length, L, are still unknown and they can be
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determined by using the continuity of heat flux at the interface as below.

(dθ

dx

)

x=−L+
=

(dθ

dx

)

x=−L−
and

(dθ

dx

)

x=o+
=

(dθ

dx

)

x=o−
(104)

Combining Eqs. (101-103) with Eq.(104), the values Pe and L are determined

by the simultaneous equations expressed as:

Pe
( 10(1− θ2)

2BiBL2 + 20
+

θ2

1 + BiC

)

=
2BiCθ2

1 + BiC
+

5BiBL(1 + θ2)

2BiBL2 + 20
+

θ2 − 1

L
(105)

and

La1
2 +

1 − θ2

L
= θ1 + a5 (106)

Eq. (105) and (106) are of great interest as these represent the relationship

among various modeling parameters, namely, Peclet number (Pe), sputtering

length (L), boiling Biot number (BiB), convective Biot number (BiC), dry

wall temperature (θ1), sputtering temperature (θ2), magnitude of precursory

cooling (N ) and the region for the influence of precursory cooling (α). For the

case of no precursory cooling (N → ∞), the results of the present model Eqs.

(105) and (106) are presented and compared with other analytical result.

Model (2):Axially varying heat transfer coefficient (hB) in the sputtering region

The model considers a constant heat transfer coefficient (hC) in the wet region,

parabolic variation in the heat transfer coefficient in sputtering region and an

exponentially decreasing heat transfer coefficient is considered in the dry region

for the analysis (Figure 6d). In this case the value of J in Eq. (91) is expressed

as:

J =











BiC , −∞ < x ≤ −L

bx2 + cx + d′, −L ≤ x ≤ 0.
e−αx

N
d′, 0 ≤ x < +∞

(107)

The profile bx2 + cx + d′ involves various constants. Utilizing the boundary

condition (x = −L, BiB = BiC) and (x = 0, θ2 = 1), the constants for the

heat transfer profile are obtained as below.

b = BiB−BiC
L2 , c = 2(BiB−BiC)

L
, d′ = BiB (108)
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The variational integral method proposed by Arpaci [3] is employed in order

to solve the conduction equation. Following the procedure described in Model

(1), and utilizing Eqs (91), (107), (108) and (94), one can express:

I =

8

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

:

−L
Z

−∞

“ d2θ

dx2
+ Pe

dθ

dx
− BiCθ

”

dx, −∞ < x ≤ −L

0
R

−L

“

d
2

θ

dx2 + Pe dθ

dx
−

“

(BiB−BiC )
L

x2 +
2(BiB−BiC )

L
x + BiB

”

θ
”

dx, −L ≤ x ≤ 0.

+∞
R

0

“

d
2
θ

dx2 + Pe dθ

dx
− BiB

e
−αx

N
θ

”

dx, 0 ≤ x < +∞

(109)

Utilizing Eq. (109), Eqs. (96-99) and boundary condition Eq. (92) one can

obtain Eqs. (100-102), where

a1 = −θ2(1 + Pe − BiC)

1 + BiC
,

a2
2 = −70Pe(1 − θ2) − 7L(1 − θ2)(3c− 2b − 5d′) − 7L(3b − 5c + 10d′)

L3(−4b + 7c− 14d′) − 140L
,

a3 = La2
2 +

(1− θ2)

L
,

a4 = 1,

a5 =

θ1(Pe−1)
4 + BiB

N

[

θ1
(2+α)2

− 1+θ1
(1+α)2

]

[

2BiB
N(2+α)3 + 1

4

]

(110)

Combining Eqs.(100-102) and Eq. (110), one can evaluate the temper-

ature distribution in various regions (wet, sputtering and dry) of the hot

object. While, the non-dimensional wet front velocity, Pe, and the dimen-

sionless sputtering length, L, can be evaluated utilizing Eq. (104). These yields:

−Pe

(

70(1 − θ2)

Z
−

θ2

1 + BiC

)

=
2BiC θ2

1 + BiC

−
7L(1 − θ2)(3c − 2b − 5d

′) + 7L(3b − 5c + 10d
′)

Z
−

1 − θ2

L

(111)

where;

Z = L2(−4b + 7c − 14d′) − 140
and

a2
2L +

(1 − θ2

L

)

= θ1 + a5 (112)
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Eqs. (111) and (112) represents the relationship among various modeling pa-

rameters, namely, Peclet number (Pe), sputtering length (L), boiling Biot num-

ber (BiB), convective Biot number (BiC), dry wall temperature (θ1), sputter-

ing temperature (θ2), magnitude of precursory cooling (N ) and the region for

the influence of precursory cooling (α). Using the Eqs. (111) and (112) and

by employing a suitable iterative technique, one can evaluate the Peclet number

(Pe) and sputtering length (L). The present model (Eqs. 111-112) is correlated

with the test data for a given set of rewetting parameters and is reported in the

subsequent section.

2. Results and Discussion

The present chapter reports the application of variational integral method pro-

posed by Sparrow and Siegel [2] and Arpaci [3] to analyze the rewetting be-

havior of a hot surface. Both these approaches use different functions to eval-

uate the variational integral. Subsequently, in both the cases, the variational

integral is minimized to evaluate the constants used in the guess temperature

profile. Based on the analysis a closed form expression is obtained between

various parameters such as: Peclet number, Biot number and dry wall temper-

ature. The results are discussed in the following section. A wide variety of

theoretical models have been proposed to analyze the rewetting behavior of hot

surface. These models employ either an analytical method or numerical one

to solve the conduction equation. Most of the theoretical models usually pre-

dict the temperature distribution, rewetting temperature, and rewetting velocity

during the phenomenon of rewetting. The theoretical models adopted the ana-

lytical techniques, namely, separation of variables, Winer-Hopf technique, and

Heat Balance Integral Method and numerical techniques such as: finite differ-

ence technique and the finite element method. In this study, an attempt has been

made to apply variational integral method to solve the conduction equation and

obtained a three parametric variation between various parameters such as: dry

wall temperature, Biot number and Peclet number. It may be noted that the re-

sults obtained by employing Sparrow approach [2] matches exactly with other

theoretical model [4, 8, 24] and hence not used for the comparison. While the

results obtained by employing Arpaci approach [3] with a second order approx-

imation is used to compare with other theoretical models. Present prediction is

compared with the results obtained by employing finite difference method [6],

separation of variable method [8, 29] and Heat Balance Integral method [4] and
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is depicted in Figure 8. The agreement between present predictions obtained by

a second order approximation with other model is excellent in certain cases. It

may be noted that the agreement between various reported predictions is poor

for certain values of Biot number. An order of magnitude difference among

some of the predictions are noted and shown in Figure 8.

Figure 8. Comparison of VIM model with other analytical models [6].

It is evident from the literature that a host of experiments have been con-

ducted in order to analyze the rewetting of hot surfaces in various geometries

such as: slab, tube and rod [24, 30, 31] for a wide range of coolant flow

rate. Tests have been carried out either in single rod [32] or with rod bun-

dle [24, 30, 33] for top flooding. It is found that, most of the experiments

were carried out using different coolants for atmospheric pressure condition

[24, 30, 33, 34]. However, a precise estimation of heat transfer coefficient has

not been mentioned in these experiments. Several theoretical models have been

proposed that consider effect of precursory cooling [10, 14, 15, 16, 18] and an

adiabatic condition in the dry region ahead of wet front [4, 6, 24]. These mod-

els [4, 6, 10, 16, 24] consider an approximate value of heat transfer coefficient

(Bi) to correlate with the test data. The results of the present solution (Eq. 49)

is characterized by various modeling parameters such as: zone of precursory

cooling (α), magnitude of precursory cooling (N ), Biot number (Bi), Peclet

number (Pe) and dry wall temperature (θ1). In this study, Bi, θ1 and α are
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kept constant a priori with an adjustable value of N for comparison with the

available test data taken from various sources and is shown in Figure 9. These

test data cover a wide range of coolant flow rate, dry wall temperature, coolant

type and different thicknesses of the test geometry. The result shows that the

magnitude of precursory cooling (N ) decreases with the increase in the coolant

flow rate. It may be noted that with the increase in coolant flow rate, number of

coolant droplets increases in the sputtering region, increasing the heat transfer

rate from the dry region ahead of wet front. This yields a stronger precursory

cooling and N decreases. Previous researchers have observed similar results in

their analysis [10, 14, 18].

Figure 9. Validation of predicted wet front velocity with experimental results of

Duffey and Porthouse [8] (wall thickness 0.085 cm).

In the present study, the effect of temperature dependent thermal conductiv-

ity in the rewetting model is analyzed by considering the variation of thermal

conductivity of the hot solid to be a linear function of temperature. The solution

is obtained by employing the variational integral method. The result obtained
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by the employing VIM analysis is compared with other available results. In

the present study, present results are compared with analytical solution of Ya-

manouchi [24] and are presented in Table 1. It is seen that variational integral

method predicts a lower value of Peclet number (Pe) compared to Yamanouchi

[24] model for lower drywall temperature. The maximum error in the variation

of Peclet number (Pe) between the present solution and Yamanouchi model

[24] is found to 0.56% and 10.41% at theta1 = 1.0 and theta1 = 7.0, re-

spectively. This shows that the effect of variable thermal conductivity on the

rewetting rate increases at higher dry wall temperature.

The effect of temperature dependent thermal conductivity has been found to

have minimal effect on the rewetting velocity. Following the success of these

models the VIM technique has been extended to solve the multi-region rewet-

ting problem with precursory cooling (Eq. 105, 106, 111, 112) and the obtained

results are discussed here.

Table 1. Comparison between wet front velocity obtained by (a)

Yamanouchi [24] and (b) present result for ε0 = 0.0012, Bi = 2.0 [23]

I II I & II

θ1 Yamanouchia [24] V IM b Relative error ’E’ (in %)

Pe Pe

1 1 0.9943 0.5632

2 0.5773 0.5678 1.6413

3 0.4082 0.3957 3.0495

4 0.316 0.3019 4.523

5 0.2581 0.2421 6.1963

6 0.2182 0.2004 8.1488

7 0.1889 0.1692 10.4178

a: Yamanouchi [24]; One-dimensional model

b: Result obtained by employing Variational Integral Method (VIM) [23]

In the present study variational integral method proposed by Arpaci [3] is

employed to analyze the rewetting behavior of a hot surface. The hot solid is

divided into three distinct regions, namely, dry region ahead of quench front,

sputtering region behind the wet front and a continuous liquid film region (Fig-

ure 5). A hybrid profile involving exponential and polynomial functions are

used in the wet and dry region, while, in the sputtering region, three differ-
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ent temperature profiles involving different orders of polynomial functions have

been tried. In all the cases, a closed form expression is obtained for the temper-

ature field in different regimes, namely, wet, sputtering and dry region. Peclet

number is found to depend on various modeling parameters, namely, drywall

temperature, incipient boiling temperature, sputtering length, convective Biot

number and boiling Biot number (Eq. 78, 79, 82,83, 86, 87).

A comparison among Peclet number obtained by various model for the spe-

cial case of BiC = BiB = Bi = 1 and θ2 = 0 is shown in Table 2. For all the

models, Peclet number increases with increasing Biot number. The results ob-

tained by employing variational integral method using a parabolic temperature

profile in the sputtering region (Model 1) is found to be in good agreement with

the 2-D solution obtained by Bonakdar et al. [27]. However, present model un-

derpredicts the result obtained by Sun et al. [5] and Sahu et al. [26] by employ-

ing Winer-Hopf technique and HBIM, respectively. The model that uses cubic

polynomial guess function (model-3) predicts a lower Peclet number compared

to the Peclet number obtained by model-1 and model-2.

It is to be noted that parameter θ1 characterizes the difference between dry

wall temperature and the quench front temperature. Dry wall temperature found

to affect the velocity of wet front propagation. While, θ2 represents the incipi-

ent boiling temperature that characterizes the length of sputtering region. Here,

θ2 ranges from zero to unity. For both the extreme values of θ2, the sputter-

ing length vanishes and the three-region model reduces to two-region rewetting

model with a uniform heat transfer coefficient over the entire wet region. In a

further refinement over the previous multi-region analysis (Figure 5), we have

incorporated the effect of precursory cooling in the dry region ahead of wet front

(Figure 6) and the obtained results are compared with available test data for a

varied range of experimental data and test geometry. Numerous experimental

investigations have been carried out to analyze the rewetting behavior of hot sur-

faces in different geometries such as: slab, rod, and tube [24, 30, 32]. Tests have

been carried out either for a single rod [32] or with rod bundle [24, 30, 34] with

varied range of coolant flow rate and dry wall temperature. It is observed that

most of the theoretical models considered an approximate value of heat trans-

fer coefficient (Biot number) to compare predicted models with the test data

[4, 29]. Most of the experimental studies use water as a coolant under atmo-

spheric condition. In such a case, θ2 may be assumed to be smaller than 0.2 as

reported by Sun et al. [5]. For lower values of θ2(θ2 < 0.2), the heat transfer in

the continuous liquid region exerts little influence on the wet front velocity and
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the rewetting model can be considered as a two-region basic rewetting model.

It is observed that by reducing the present model into a two-region model (ne-

glecting sputtering zone) both the models (model-1 and model-2) predict same

results. The results found and correlate the test data for higher flow rates. This

may be due to the higher boiling Biot number used in the entire wet region.

The results obtained by employing model-2 (neglecting sputtering region) is

compared with the experimental data taken from various sources with different

wall thickness, test geometry and coolant flow rates and are shown in Figure

10(a-c). The experimental data are taken from water-stainless steel pair, con-

sidering water as the coolant. It is reported that the value of N and ”a” are

obtained with the knowledge of variation of heat flux in the dry region ahead of

the wet front for a nitrogen-copper pair [31]. The value of N is considered as

unity and the zone of precursory cooling was considered to be 0.1 for comparing

the theoretical model with the test data [37]. However, the authors have varied

the Biot number for correlating the test data at various coolant flow rates. The

detailed information on the variation of heat flux in the dry region ahead of wet

front for water-stainless steel pair is not reported in the literature. In the present

prediction, the value of ”a” is taken as 0.05cm−1 for comparing the experimen-

tal results. Earlier researchers have followed same procedure to compare the

theoretical model with test data [10, 14].

Table 2. Comparison of present analysis with available analytical result

[23]

θ2 = 0,BiB = BiC = Bi = 1.0
I II III IV V VI VII

Eq.(78) Eq.(82) Eq.(86) 2-D 1-D 2-D

θ1 Pe Pe Pe Pe Pe Pe Pe

0.5 0.8956 0.0223 0.6957 1.7326 2.0018 1.2750 0.1711

1 0.5494 0.0114 0.4249 1.2253 1.4147 0.7326 0.1110

2 0.3172 0.0060 0.2447 0.8662 1.0001 0.3480 0.0733

3 0.2245 0.0041 0.1728 0.7072 0.8165 0.2337 0.0585

4 0.1741 0.0032 0.1338 0.6124 0.7072 0.1834 0.0501

I. Present solution (model-1) V. Sun et al. [10]

II. Present solution (model-2) VI. Bonakdar and McAssey [27]

III. Present solution (model-3) VII. Casamirra et al. [28]

IV. Sahu et al. [26]

The experimental data considered in the present analysis covers a wide vari-

ation of coolant flow rate and wall thickness. The present prediction (model-2)

provides an excellent agreement with the available test data of Duffey and Port-
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Figure 10. Comparison of wet front velocity obtained by VIM with experimen-

tal results of (a) Duffey and Porthouse [8] (wall thickness 0.05 cm) (b) Duffey

and Porthouse [8] (wall thickness 0.085 cm) and (c) Yamanouchi [24] (wall

thickness 0.1 cm) [25].

house [8] and Yamanouchi [24] for varied range of test geometry, coolant flow

rate and dry wall temperature and is shown in Figure 10(a-c).

Based on the analysis, a correlation between magnitude of precursory cool-

ing (N ) and flow rate per unit perimeter (Ψ) has been proposed. In past, various

researchers have proposed suitable correlation between coolant flow rate and N

while comparing with the test data of Duffey and Porthouse [8] and Yamanouchi

[24]. A summary of these correlations are presented in Table 3.
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Table 3. Summary of correlations between flow rate per unit perimeter

(Ψ) and magnitude of precursory cooling (N) [25]

Source N as a function of Solution method Model description

flow rate per unit

perimeter(Ψ))

Sun et al. [10] (1-D) N=800Ψ1.4 Analytical Exponential variation of

heat transfer coefficient in dry region

Dua and Tien [14] (2-D Slab) N=(160Ψ)+1 Winer-Hopf technique Exponential variation of

heat flux parameter in dry region

Sahu et al. [18] (2-D Slab, Cylinder) N=24.01Ψ0.701 HBIM Exponential variation

of heat flux parameter in dry region

Agrawal and Sahu [25] (1-D) N=18.60Ψ0.4947 VIM Axially varying heat transfer

coefficient in sputtering region and

exponentially decaying heat transfer

coefficient in dry region

Conclusion

Variational Integral Method has been employed to solve the heat conduction

equation in host of rewetting problems. Initially, a one-dimensional rewetting

model involving two regions, namely, wet region and dry region along the hot

solid is considered for the analysis. Later on, the analysis is extended to include

the effect of precursory cooling, property variation and axial variation in heat

transfer coefficient in the basic rewetting model. In all the cases a closed form

solutions have been obtained for temperature field and rewetting velocity of the

hot solid. It has been observed that the effect of temperature dependent thermal

conductivity has a minimal effect on the rewetting velocity. It may be noted that

VIM has the ability to solve variety of rewetting problems without recourse to

mathematical complexity and numerical computation. This technique is simple

and can be adopted as a tool for solving conduction equation in host of rewet-

ting problems. This study has shown that VIM has the potential to be used as

alternative analytical technique for solving conduction problems.
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A constitutive approach to modelling of heat shock waves described

by the diffusion approximation in radiation heat transfer in terms of

time fractional derivatives has been developed. Approximate closed-form

analytical solutions by a double integration method concerning a step
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1. Introduction

Shock wave of heat propagation into solids caused by strong radiation is rea-

sonably approximated by a nonlinear diffusion approximation widely applied

in various areas of energy transfer such as astrophysics [1], high temperature

plasma [2, 3], insulations [4], etc. Generally such a diffusion approximation re-

lates the heat flux at any point to its local gradient, which is a classical approach

for the so-called simple materials [5], and known as the Fourier law. Under the

conditions of high heat flux [6] the energy transfer by radiation and absence of

fluid motion is modelled by one-dimensional relationships, namely

ρ
∂e

∂t
=

∂Φ

∂x
, Φ = − 4

3Kρ

∂σT 4

∂x
(1)

The relation of the flux to the as a gradient of the 4th power of the local

temperature is the Rosseland approximation [1, 5, 6] applicable only to thick

media and absence of fluid flow [5, 6, 7, 8, 9]. The solution heat radiation diffu-

sion equation (1) was a challenging problem solved in different ways, among

them: self-similar solution [10, 11], traveling wave approach [12]. Related

problems with non-linear heat conduction have developed by the integral bal-

ance approach [13, 14] with well defined convex shapes of the temperature pro-

files moving as shock waves with finite speeds. Other classical approach is to

express the solution as series of a dimensionless group (preliminary suggested

as anzatz) in a structure of a series parabolic profiles.

2. The Nonlinear Heat Radiation Diffusion Equation:

Classical Formulation and Memory Fffects

2.1. The Heat Radiation Diffusion without Inertia

(without Flux Relaxation)

The internal energy and the Rosseland mean opacity depend on the temperature

and density as power-laws [6]

e = f
T β

ρµ1
,

1

K
= g

Tα

ρλ
(2)

For gold, for instance, we have g = 1/7200g/cm2 [12]. Moreover, α > 0
and β > 0 are constants and approximately [6, 12],α1 = 1.5 and β = 1.6. With

Complimentary Contributor Copy



The Heat Radiation Diffusion Equation with Memory 69

the power-law relationships (2) the thermal balance equations (1) results in

∂T β

∂t
= a

∂2T 4+α

∂2x
, a =

16ε

β

gσ

3fρ2−µ1+λ
, ε =

β

4 + α
(3)

In equation (3) the coefficient of thermal diffusion a has a dimension
[

m2/sK(4+α−β)
]

but for the special case when α = 0 and β = 1 its dimen-

sions reduces to a ≡ [m2/sK3] . Moreover, this model suggests that the ther-

mal diffusivity a is temperature independent since the principle assumptions are

constant material density ρ and heat capacity Cp, and constant heat conductivity

k 6= k(T ) .

By changing the variables U = T 4+α−β we may present (3) as an equation

including both wave and diffusion effects [6]

∂U

∂t
= a

[

1

1 − ε

(

∂U

∂x

)2

+
U

ε

∂2U

∂x2

]

(4)

In all cases it should be considered ε 6= 1 , since ε = 1 corresponds to the

linear diffusion model. Equation (4) was solved by a series approximation [6]

with defined front separating the disturbed and virgin area (T = 0 for x ≥ xF ,

that is U(0, t) = 0 ) of the medium

U(z, t) =

∞
∑

i=1

ci(t)z
i, z = xF − x (5)

The formulation of (3) may be represented as

∂θ

∂t
= a

∂2θ

∂x2
, θ = T β , γ =

4 + α

β
(6)

This is a degenerate parabolic equation with a common form

∂θ

∂t
=

∂

∂x

[

aγθγ−1 ∂θ

∂x

]

(7)

The meaning of the presentation (7) is that the heat flux depends non-linearly

from the gradient, namely

q = −k(θ)
∂θ

∂x
(8)
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through the power-law relationship of the thermal diffusivity a(θ) = aγθγ−1

where aγ = a/γ . Then the continuity equation (the energy balance) (9) yields

the diffusion equation (7)
∂θ

∂t
= −∂q

∂x
(9)

In terms of the original variable T we have (10) which consequently leads to (3)

q = −k(T )
∂T β

∂x
, a0 =

k0

ρCp
, k(T ) = k0

β

4 + α
T (4+α) (10)

The relationship (10) is based on the assumption that both the material den-

sity ρ and the heat capacity Cp are temperature independent while the heat con-

ductivity k(T ) is temperature-dependent that finally results in a temperature

dependent thermal diffusivity as a = a0T
(4+α). This is the Fourier law where

an instantaneous heat flux with infinite speed is defined. Despite the fact that so-

lutions of the degenerate diffusion equations such as (7) move with well defined

fronts [12, 13, 14, 16] a fact coming from the equivalence of (7) to the wave

equation (4) in the heat flux propagation into the medium there is no damp-

ing effect (time relaxation) which is a direct consequence the application of the

Fourier law.

2.2. Memory Formalism and Flux Damping (Relaxation)

Actually, the flux propagation into the medium should be related to its history

through the integral

q = −
∫ t

0
RD(t − s)a(T )

∂T β(x, s)

∂x
ds, RD(t − s) = δD(t) (11)

In the formulation (11) the influential function RD(t− s), termed here after

also as a memory kernel relates the present sate of the temperature gradient to

its history. In this context, in the original heat radiation diffusion model (3) and

all its equivalent representations the memory kernel is equals the direct Delta

function so that
∫ t
0 δD(s)ds = 1. This actually means that no damping effect on

the heat flux propagation into the medium exists in accordance with this model

formulation. The memory function should be positive and attain zero for long

times. Two principle memory functions are commonly used [5, 17]:

a)RD(s) = sr(s + 1)−µ is memory function of order r, if r < µ. For r = 0

we have a singular memory kernel which leads to applications of fractional

integral and derivatives. This kernel is scale free or scale invariant function.
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b) The exponential function e
βs

is memory kernel which is not scale in-

variant. This memory function is directly related to the fractional operators of

Caputo-Fabrizio [18, 19].

The models of heat radiation diffusion with memory developed in this chap-

ter consider only singular memory kernels and application of classical fractional

operators of Riemann-Liouville and Caputo [20]. The basic formulations are

presented briefly next.

2.3. The Heat Radiation Diffusion with Inertia:

Model Formulation

From the previous point regarding the retardation (memory effect) in the heat

flux propagation we consider power-law function (12) as a memory kernel

R(t) =
tµ−1

Γ(µ)
(12)

This memory kernel corresponds the well-known fractional operators with sin-

gular kernels [20] such as the Riemann-Liouville fractional integral (13) and

consequently to time fractional derivatives of Riemann-Liouville (14) and Ca-

puto (15) sense

RLIµ
t = D1−µ[f(t)] =

1

Γ(µ)

∫ t

0

f(x, s)

(t − s)1−µ
ds (13)

RLDµ
t f(x, t) =

1

Γ(1 − µ)

d

dt

∫ t

0

f(x, s)

(t − s)µ−1
ds (14)

CDµ
t f(x, t) =

1

Γ(1 − µ)

∫ t

0

1

(t − s)µ−1

df(x, s)

dt
ds (15)

The choice of the power-law memory kernel is due the rapid (but not with

infinite sped) heat flux propagation, that is short time-memory effects and to

the fact that this approach leads to the non-linear time-fractional diffusion (heat

conduction equation). Hence, the flux q is related to the temperature gradient

dT β/dx through a the power-law memory kernel in the form of the Riemann–

Liouville fractional Integral (13), namely

q = −RLIµ
t

[

a(t)
∂T β

∂x

]

= D1−µ
t

[

∂T β

∂x

]

=
1

Γ(µ)

∫ t

0

1

(t − s)1−µ

∂T β(x, s)

∂t
ds

(16)
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Then applying the continuity equation

∂T β

∂t
= −∂q

∂x
(17)

we get the non-linear heat diffusion equation with a memory i.e., non-linear

time-fractional heat diffusion equation

∂µ

∂tµ
T β =

∂

∂x

[(

a0
β

4 + α
T (4+α)

)

∂T β

∂x

]

, a0 =
k0

ρCp
, 0 < µ < 1 (18)

With the substitution θ = T β that means T = θ
1
β and T (4+α) = θ

4+α
β we

get

∂µθ

∂tµ
=

∂

∂x

[

(aγθγ)
∂θ

∂x

]

, 0 < µ < 1 (19)

where

aγ = a0
β

4 + α
, aγ =

a0

γ
, γ =

β

4 + α
(20)

In (18) and (19) the symbol ∂µ

∂tµ (•) denotes either Riemann-Liouville or

Caputo time-fractional derivative [20].

The time-fractional subdiffusion equation (19) was solved recently by the

integral-balance approach [21] and this solution methodology will be demon-

strated in this chapter.

3. Solution Approach: A Necessary Background about

the Techniques Used

3.1. Integral Balance Method

The integral-balance approach uses the concept of a final penetration depth δ(t)

of the diffusant (heat or mass) which eliminate ad hoc the infinite flux speed of

the classical diffusion equation. With this concept, in a semi-infinite medium,

the conditions at infinity (T (∞) = 0 and ∂T (∞, t)/∂x = 0) can be replaced

by condition at the impermeable front, namely

T (δ) = 0, and
∂T

∂x
(δ) = 0 (21)
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The new conditions from a sharp front δ(t) with unknown position that

should be determined as part of the solution. The classical integral-balance

method applied to the heat conduction equation with a thermal- independent

diffusivity is (i.e.a = a0 = const. ) [13, 14, 16].

∂T

∂t
= a0

∂2T

∂x2
(22)

Consider integration over the finite penetration depth δ of the diffusion (ther-

mal) layer. Applying the Leibniz rule we get (23)

d

dt

∫ δ

0
T (x, t)dx = −a0

∂T

∂x
(0, t) (23)

The integral relation (23) is a simple energy balance, since the left side of

(23) is the time variation of the energy accumulated in the thermal layer, which

is controlled by the flux at the boundary (the right side of (23)). This is the

simplest version of the integral method known as Heat-balance Integral Method

(HBIM) [22]. The core of the approximate solution is the replacement of T by

an assumed profile Ta expressed as a function of the relative space co-ordinate

x/δ). The result of this operation is an ordinary differential equation about δ(t)
[13, 14, 22, 23]. The principle disadvantage of HBIM is that ∂Ta(0, t)/∂x is

dependent on the type of the assumed temperature profile [13, 14, 22, 23].

However, if a double integration is carried out in accordance with the Dou-

ble Integration Method (DIM) [13, 14], then the right-side part of the integral

relation depends only on the boundary condition T (0, t) and is unaffected by

the choice of the assumed temperature profile. The integral relation of DIM is

[14]

∫ δ

0

(
∫ δ

x

∂T

∂t
dx

)

dx = a0T (0, t) (24)

This integral relation allows to work with either integer-order time-

derivatives [13, 14] or with time-fractional derivatives [21, 24](as in the present

case) where the Leibniz rule is inapplicable.

Now, let us turn on the problem related to the heat radiation diffusion equa-

tion at issue. When the thermal diffusivity is power-law dependent on the tem-

perature a = apT
m (m > 0), then the integral relation corresponding to DIM

[13, 14] is
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∫ δ

0

(∫ δ

x

∂T

∂t
dx

)

dx =
ap

m + 1
[T (0, t)]m+1

(25)

3.2. Assumed Profile

The approximate integral balance solutions presented in this chapter use an as-

sumed parabolic profile with unspecified exponent [13, 14, 16, 23, 24], generally

expressed as

ua = us

(

1 − x

δ

)n
(26)

where the variable ua(x, t) could be either T (x, t) or θ(x, t) , depending on

the context the problem solved as it demonstrated in the sequel. This profile can

be successfully applied to linear and non-linear diffusion problems with integer-

order (local) [13, 14, 16] and fractional (non-local) time derivatives [21, 24].

This profile satisfies all boundary conditions imposed at the boundary of the

diffusion layer for any positive value of the exponent n [23]. Moreover it allows

to generate either concave (as in the classical diffusion model) or convex (like

shock waves) solution profiles as it will demonstrated in this chapter. For more

details about the application of the assumed profile (26) in the integral-balance

solutions we refer to [12, 13, 14, 16, 21, 23, 24].

3.3. Transformation of the Diffusion Term and the Governing

Equation to a Degenerate Equation

Following the above transformations of heat diffusion and for the sake of clarity

of the further solutions we can present (3) as well as its equivalent form as

∂θ

∂t
= a

∂2θw

∂x2
, w =

4 + α

β
(27)

From (27) it is obvious that defined in (3) as well as ε = γ . From the values of

α and β mentioned at the beginning we have that w > 1 which allows (26) to

expresses as [13]

∂θ

∂t
=

∂

∂x

[

awθm ∂θ

∂x

]

, θm ∂θ

∂x
=

1

m + 1

∂θm+1

∂x
(28)

where aw = w · a and m = w − 1 > 0 . Here we use the notation already
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used in [13, 21]. The transformed equation (28) is a slow diffusion model [25,

26] and allows easily the Double-Integral Method to be applied. Equation (28

degenerates at θ = 0 , that is at the front of the moving solution δ because

for x = δ we have θ = 0 and consequently a(θ) = 0. A change of variables

ϕ = θm and τ = t/m allows (28), to be transformed as

∂ϕ

∂τ
= aw

[

(

∂ϕ

∂x

)2

+ mϕ
∂2ϕ

∂x2

]

(29)

This is equivalent to (4) and clearly demonstrates a simultaneous action of a

wave-like (first term in the right-hand side) and a diffusion transport (second

term) mechanisms. This transformed models was successfully solved by HBIM

in [16].

4. DIM Solutions: Constant Density Cases

Prior to the development of the solution of the models with memory we like to

draw a picture of the consequent part of this chapter. In order to demonstrate

the new properties we will solve approximately by the double integral method

three cases available in the literature, that is:

1) Transient problem with a step change in the boundary condition [27]

2) Marshak’s problem with exponential growing temperature as a boundary

condition [10, 27]

3) Garnier’s problem with a power-law (in time) rising boundary tempera-

ture [9, 27].

The integer order versions of these three classical cases where solved by

DIM recently [27] and we will used the solutions as reference ones comparing

them to the new results presented in this chapter.

4.1. Step Change of Temperature at the Boundary

This problem clearly demonstrates the solution technique of DIM. With a

Dirichlet boundary condition where with Ts = const. we have θs = θ(0, t) =

T β
s = const. Applying the DIM integral relation to (19) which is a fractional

analog of (25) we get

∫ δ

0

∫ δ

x

∂µ

∂tµ
θ(x, t)dxdx = aγ

θγ(0, t)

γ + 1
(30)
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With the assumed parabolic profile (26) θa = θs (1 − x/δ)n
we obtain the fol-

lowing ordinary fractional differential equation about δ(t) [21, 28]

∂µδ(t)

∂tµ
= aγ

θγ(0, t)

γ + 1
(31)

With either RiemannLiouville or Caputo derivative the solution of (31) with the

initial condition is [21]

δµ(t) =
√

aγtµ

√

(n + 1)(n + 2)

Γ(1 + µ)(γ + 1)
(32)

For µ = 1 we get the integer-order solution [13, 16]

δaγ(DIM) =
√

aγtµ

√

(n + 1)(n + 2)

γ + 1
(33)

Hence, the approximate solution is

Θµ =
θa

θs
=



1 − x
√

aγtµ
√

(n+1)(n+2)
Γ(1+µ)(γ+1)





n

(34)

thus defining the non-Boltzmann similarity variable ηµ = x/
√

aγtµ .

With the inverse change of variables T = θ1/β and Ts = θ
1/β
s we get

Tnorm =
T

Ts
=



1 − x
√

aγtµ
√

(n+1)(n+2)
Γ(1+µ)(γ+1)





n
β

(35)

The parabolic profile (35) depends on dimensionless ratio x/δ thus defining

the similarity variable ηµ = x/
√

aµ0tµ which for µ = 1 reduces to the classical

Boltzmann similarity variable ηµ=1 = x/
√

a0t . On the other hand, the profile

(35) defines the effective similarity variable ηeff (µ, γ) = x/
√

aeffµγtµ with

effective thermal diffusivity aeff(µ,γ) = a0/ [(y + 1)Γ(1 + µ)]. Hence, the

effective diffusivity can be presented as a product of a0 and a retardation factor

pµ,γ = 1/ [(y + 1)Γ(1 + µ)] and 0 < pµ,γ < 1. The effect of the parameter γ
is stronger because Γ(1 + µ) for 0 < µ < 1 has an order of magnitude of unity.

With the effective thermal diffusivity the approximate solution is
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Θµ
a(x, t) =

 

1 −

x
p

aeff(µ,γtµ
p

(n + 1)(n + 2)

!n

=

 

1 −

ηeff(µ,γ)
p

(n + 1)(n + 2)

!n

(36)

The second version of (36) has the same form as the classical integer-order

diffusion solution [29, 30] when µ = 1.

As it was established in [13], for µ = 1 the exponent of the solution (34)

follows the rule n = 1/γ . Thus in this specific case n(µ=1) = 1/γβ and with

γ = w − 1 = 4− 1 = 3, and β = 1.6 we have 1/γβ ≈ 0.208 [27]. In this case

η(µ=1) = x/
√

aγt defines the position of the front of the thermal wave.

However, when 0 < µ < 1 it is not possible to determine directly the

exponent of the approximate profile but by help of the result developed in [21]

we may define by interpolating the results as a function of µ for a given value

of γ .

The residual function R(x, t) of (28) when the approximate solution θa is

used can be defined as

R1(x, t) =
∂µθa

∂tµ
− ∂

∂x

(

aγθγ
a

∂θa

∂x

)

(37)

The residual function should attain a minimum for a certain value of the

exponent n since θa does not match the exact solution. The residual function

can be easily evaluated by transformation of the moving boundary domain 0 ≤
x ≤ δ(t) into one 0 ≤ ξ ≤ 1 with fixed boundaries. By introduction of the

Zener coordinate ξ = x/δ [31]. Now, the approximate profile can be presented

as

∂µθa

∂tµ
−→ ∂µV (ξ, t)

∂tµ
=

∂µ

∂tµ
(1 − ξ)n (38)

The approximation of the approximate solution (profile) V (ξ) = (1 − ξ)n

as a converging series Va(ξ) ≈
∑N

k=0 bkξ
k, 0 ≤ ξ ≤ 1 [28] allows to carry out

the time-fractional differentiation and to obtain approximation of the fractional

derivative from the approximate profile. This is an alternating series which

converges rapidly that easily can be proved by the Leibniz test. For example (up

to 4 terms, i.e., for N = 4, we have

Va(ξ) ≈ 1− nξ +
n(n − 1)

2
ξ
2
−

n(n − 1)(n − 2)

6
ξ
3 +

n(n − 1)(n − 2)(n − 3)

24
ξ
4 + O(ξ5)

(39)
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Taking into account that (ξ =
(

x/
√

aγ

)

t
µ

2 )/Fn,γ . The denominator Fn,γ is

the numerical factor in the expression of δ(t). This allows the series (39) to be

expressed as (we for N = 3, for the sake of simplicity)

Va(ξ) ≈ 1 − n
x

ξ
t−

µ
2 +

1

2
n(n − 1)ξ2t−µ − 1

6
n(n − 1)(n− 2)ξ3t−

3
2
µ (40)

Since all terms are power-law functions of time, we may apply easily to

each of them the rule of fractional differentiation that leads to

RLDµ
t V (ξ) ≈

N
∑

k=0

ckt
k−µ, ck = bk (Γ(1 + k/Γ(1 + k − µ)) (41)

Moreover, rearranging the terms in (41) so that each of them to contain a

power of ξ we may express each term as a product of a function dependent on ξ

and t−µ, that is [28]

RLDµ
t V (ξ) ≈RL Φ(n, ξ, µ)t−µ (42)

Therefore, we may present the approximate residual function as (with the

Riemann-Liouville derivative)

RLR1(ξ, t) =

(

RLDµ
t

N
∑

k=0

bkξ
k − aµ0

(m
2

)

V m−1

(

∂V

∂x

)2
)

(43)

Alternatively, with the Caputo derivative of the series expansion Va(ξ) ≈
∑N

k=0 bkξ
k we get (RLΦ(n, ξ, µ)t−µ −C Φ(n, ξ, µ)t−µ) = 1/Γ(1 − µ) [28]

which is independent of n. The residual function has the same construction as

that presented by (43) .

With the approximate residual function, at the boundary x = 0, we get

RRL(0, t) =
(

Φ(n, 0, µ)tµ − aµ0

( γ

δ2

)

n2
)

=
R̄RL(0, t)

tµ
(44)

RLR1(0, t) =

(

1

Γ(1− µ)
− γ(γ + 1)Γ(1 + µ)

n2

(n + 1)(n + 2)

)

(45)
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The solution of R̄RL(0, t) = 0, for various µ and γ provides values of

n shown in Table 1. The value n decays (see Figure 1 as illustration) with

increase in both µ and γ . In general we have n < 1 and the presented results

are for large γ ( we present only cases for γ ≥ 3 due the conditions imposed

by the heat radiation equitation. It is worthnoting that with n < 1 the assumed

profile (26) generates convex plots as solutions [13, 16], and concave profiles

for n > 1.

Table 1. Optimal exponents of the approximate profile at x = 0

γ ↓, µ → 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.99

3 0.577 0.557 0.524 0.481 0.429 0.369 0.303 0.231 0.150 0.042

4 0.408 0.395 0.374 0.345 0.310 0.269 0.223 0.172 0.113 0.032

5 0.316 0.306 0.290 0.269 0.243 0.212 0.177 0.137 0.091 0.026

Figure 1. The exponent n defined at x = 0 as a function of µ and γ .

Hence, with γ = 3 we have a decaying exponent as the fractional order

approaches unity. The behaviour is shown in Figure 1 for three integer values

of γ and consequently the ratio n/β can be determined straightforwardly (see

the data in Table 1).

The boundary conditions (21) (θa(δ, t) = 0 and ∂θa(, t)/∂x = 0) for x −→
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1 that means Φ(n, 1, ) −→ 1 require [21, 24, 28]

lim
x−→δ

R(δ, t) = 1−Dµ0

( γ

δ2

)

V γ−1

(

∂V

∂ξ

)2

≡ γ

δ2
(1−ξ)n(γ−1)n2(1−ξ)2(n−1)

(46)

It follows from (46) that it could be satisfied at x = δ by the approximate

profile if the exponent n is positive and satisfies the inequality [21, 24, 28]

n(γ − 1) + 2(n − 1) > 0 =⇒ n >
2

γ + 1
(47)

The condition (46) and the estimations for n when ξ −→ 1 is practically

the same as that observed when ξ −→ 0, that is n decreases with increase in γ .

The effect of µ on n is almost the same but the effect of γ on the exponent is

stronger.

The error measure defined as E(n, µ, m, t) =
∫ δ
0 [R(x, t)]2 dx is, in fact,

minimization of the residual function over the length of the thermal layer [32].

In ξ-space this means

E(n, µ, γ, t) =

∫ 1

0

[

Φ(n, ξ, µ)t−µdξ − aγ

( γ

δ2

)

n2
]2

dξ =

[

e(n, γ, µ)

δ2

]

(48)

In accordance the last form of (48) we have that E decreases in time because

the denominators is δ2 ≡ tµ. The solution of (48), in fact, the minimization with

respect to n provides optimal values of the exponent nopt (see Table 2).

Table 2. Optimal exponents of the approximate profile

γ ↓, µ → 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.99

3 0.124 0.118 0.110 0.103 0.093 0.081 0.066 0.047 0.025 0.021

4 0.104 0.096 0.090 0.083 0.075 0.065 0.053 0.038 0.020 0.018

5 0.085 0.0812 0.076 0.070 0.063 0.055 0.044 0.032 0.017 0.016

The heat wave profiles expressed as functions of the similarity variable ηµ

demonstrate shock wave behaviour. Precisely, with increase in the value of γ
the effect of the nonlinearity in the thermal diffusivity dominates and controls

the entire temperature distribution in the depth of the medium and is manifested
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by common convex shapes over the entire range 0 < µ < 1 (see Figure 2) . In

general, with increase in γ the thermal diffusion layer becomes shorter and the

profiles become steeper with almost vertical crossings with the abscissa. The

latter is a well-known fact from the integer-order ( without memory) degenerate

diffusion equations [13, 14, 16, 25, 26].

4.2. Temperature-Independent Properties with Time-Dependent

Boundary Condition (Marshak’s Problem)

4.2.1. Marshak’s Approach

Marshak [10] considered just a material heating and a model in the original

notations (resembling (27))

∂T

∂t
=

DM

(p + 4)

∂T 4+p

∂x2
, DM =

4cl0
3

(49)

The pseudo-diffusion coefficient DM has a dimension m3/sK(3+p) as it

was demonstrated in eq. (3). Marshak [10] considered time-dependent bound-

ary condition: Ts = J0exp(2αat) at x = 0 where J0 is the initial surface

temperature at t = 0 and αs is a time constant.

Now, let consider the version of (49) with memory

∂µT

∂tµ
=

DM

(p + 4)

∂T 4+p

∂x2
, DM =

4cl0
3

(50)

Now the thermal diffusivity DM has a dimension m3/sµK(3+p) .

The application of DIM integral relation (25) to (50) with Ta =

Ts (1 − x/δ)n
, with Ts = Ts(t) yields

Dµ
t

[

J0exp(2αst)δ
2
]

= DM [J0exp(2αst]
4+p , N (n, p) =

(n + 1)(n + 2)

(p + 4)
(51)

For µ = 1 we have

d
[

J0exp(2αst)δ
2
]

dt
= DMN (n, p) [J0exp(2αst)] (52)

and with the initial condition the result is [27]
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Figure 2. Approximate heat wave profiles developed by DIM and expressed as

functions of the similarity variable ηµ. Strong effects of the nonlinearity γ of

the thermal diffusivity diffusion coefficient (γ ≥ 3) and suppressed memory

(subdiffusion) effects . a) Approximate profiles of the heat wave for γ = 3 and

µ = 0.2, µ = 0.5 , µ = 0.8 . b) Approximate profiles of the heat wave for

γ = 3 and µ > 0.5 (weak memory effects ). The fronts of the profiles are

steeper that those in Figure 2a. c) Approximate profiles of the heat wave for

γ = 4. The strong effect of γ suppressing the memory effects over the entire

range 0 < µ < 1 and resulting in profiles with steep fronts . d) Approximate

profiles of the heat wave for γ = 5. The effect of γ is stronger and exhibited by

convex shock wave profiles.
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δ =

√

DM

αs
J3+p

0 e2αs(3+p)

√

N (n, p)

2(4p)
(53)

The ratio x/δ provides the dimensionless ratio x/

√

(DM/αs)J3+p
0 because

(

DMJ3+p
0 /αs

)

has a dimension [m2]. The normalized approximate solution

(54) is

Ts(x, t)

J0e2αst
=

(

1 − ηM
√

N (n, p)/2

)n

(54)

and generates a new similarity variable [27] ηM , namely

ηM =
x

√

DM

αs
J3+p

0 e2αst(3+p)
(55)

while the denominator of (54) defines numerically the penetration depth
√

N (n, p)/2(4 + p) for x/δ = 1.

However, for 0 < µ < 1 the integration of (51) is not straightforward and

we have to use that

D−µ
t

(

eat
)

=
a−µeat

Γ(µ)
γ(µ, at) = Et(µ, at) (56)

where Et(µ, at) is the Et unction (57) , while γ(µ, at) is the incomplete

Gamma function

Et(µ, at) =
1

Γ(µ)

∫ t

0

zµ−1eazdz (57)

with the special case Et(0, at) = limµ−→0Et(µ,at) = eat. Moreover, Et(µ, a)
satisfies the recurrence relation

Et(µ, a) = aEt(µ + 1, a) +
tµ

Γ(µ + 1)
(58)

Hence, after these explanations we get from (51)

δ2 =
DMN (n, p)J4+p

0 a−µ
M eaM tγ(µ, aMt)

J0e2ast
=

DMN (n, p)J4+p
0 Et(µ, aM)

J0e2ast

(59)
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where aM denotes the numerical value of the product of rate constant as of the

boundary condition and the non-linearity (4 + p) of the diffusion term in (50),

that is

aM = (2αs)(4 + p) (60)

Rearranging the solution (59) we get

δ2 = DMN (n, p)J3+p
0

a−µ
M eaM tγ(µ, aMt)

e2αst
= J3+p

0 DMN (n, p)
Et(µ, aM

e2αst

(61)

With the second version of (56) and the definition (60) we obtain a more

readable form, namely

δ2 =

[

J0e
2αst
](3+p)

aµ
M

N (n, p)γ(µ, aMt) (62)

Therefore, the penetration depth is

δ =

√

DM

aµ
M

[

J0e
2αst
]

3+p

2
√

N (n, p)γ(µ, aMt) (63)

Here
√

DM

a
µ
M

J3+p
0 has a dimension [m] and consequently the ratio x/δ de-

fines a similarity variable

η
µ
M =

x
√

DM

aµ
M

[J0exp(2αst)]
3+p

(64)

For µ = 1 we recover the similarity variable (55)

Then, the approximate solution is

Ta = J0exp(2αst)

(

1 − η
µ
M

Nµ
p

)n

(65)

Nµ
p =

√

N (n, p)γ(µ, aM)

[2(4 + p)]µ
=

√

N (n, p)

2(4 + p)

√

γ(µ, aMt) [2(4 + p)]1−µ
(66)
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The normalized form of (65) is

Ta

J0exp(2αst)
=



1 − x
√

DM

αµ
s

[J0exp(2αst)]
3+pNµ

p





n

(67)

The condition (ηµ
M/Nµ

p ) = 1 defines the front of the thermal wave, namely

xδ,µ =

√

DM

αµ
s

[J0exp(2αst)]
3+p

(68)

The ratio xδ

xδ,µ
= δ

δµ
allows to define the retardation factor Rδ,µ due the

memory effect, namely

Rδ,µ =
δ

δµ
=

√

αs

aµ
N

√

2(4 + p)γ(µ, aMt) (69)

Taking into account the relationship (60) we get

Rδ,µ =

√

α1−µ
s

√

[2(4 + p)]1−µ
√

γ(µ, aMt) (70)

For µ = 1 we get Rδ,µ=1 = 1 . Moreover, the retardation factor Rδ,µ

is independent of the exponent n of the assumed profile and the integration

technique used (DIM in this case). The only effect is due the exponent (1−µ)/2

and it is related to the expected subdiffusion transport of the thermal wave.

As it was demonstrated in [27] the optimal exponent, for µ = 1 and the

restrictions imposed by the conditions in the problem of Marshak lead to the

following limitation 1/8 < nopnopt < 1/4 about the optimal exponent. Further,

with the DIM solution the minimization of E(z, t) provided nopt ≈ 0.153 with

E(z, t) ≈ 0.00245, while with p = 3 used by Marshak the optimal exponent is

nopt ≈ 0.166. Now, bearing in mind that for the degenerate diffusion equation,

as it was demonstrated in the previous example, the with optimal exponents

close to the value n = 1/(p + 4) (see eq. (49), we have T 4+p ≈ T 5 ; where

p = 1 is the values chosen by Marshak. With β = 1 in (49), which is equivalent

to (27), we have w = (4 + α)/β ≈ 5.5 and therefore the scaling is Tw ≈ T 5.5.

From the data summarized in Table 1 we have to expect that nopt ≤ 1/5.5 ≈
0.18. The minimization of the residual function yields values of the optimal

exponent satisfying this restriction (see Table 3).

The profiles in Figure 3 are represented as functions of the dimensionless

space coordinate X = xδµ/ which allows better to compare these solutions to

the solutions developed for the case of µ = 1 developed in [27].
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Table 3. Optimal exponents of the approximate profile:

Marshak’s problem

(4 + p), µ → 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.99

5.5 0.08 0.0802 0.074 0.068 0.061 0.052 0.040 0.030 0.015 0.012

Figure 3. Marshak problem. Approximate heat wave profiles developed by

DIM and expressed as functions of the variable X = x/δµ. Strong effects of

the nonlinearity in the thermal diffusivity term T 5.5) and suppressed memory

(subdiffusion) effects. a) Approximate normalized profiles of the heat wave for

µ = 1 and µ = 0.5, µ = 0.8 , µ = 0.9. b) Approximate normalized profiles of

the heat wave for µ = 0.1 ,µ = 0.3, µ > 0.5 and µ = 0.9. The fronts of the

profiles are steep as in the temperature distributions in Figure 2.

4.2.2. Garrnier’s Problem: Power-Law Time Dependent Boundary

Temperature

Garnier et al. [9] postulated, by change of variable ζ = T 4+α, the following

integer-order model

∂ξε

∂t
= DG

∂2ξ

∂x2
, DG =

16

12 + 3α

gσ

ρ
(2−µ0+λ)
0

, ε =
β

4 + α
(71)

using the scaling laws (2) with α = 1.5,β = 1.6, λ = 0.2 and µ0 = 0.14 .

The solution of Garnier et al. [9] requires 2β < 4 + α, thus assuring ε ∈
(0, 1/2). Moreover, Garnier et al. [9] assumed the finite depth concept in the

Complimentary Contributor Copy



The Heat Radiation Diffusion Equation with Memory 87

heat wave propagation imposing the condition ξ(δ) = ∂ξ(δ)/∂x = 0 , that is

exactly the same as in the integral-balance approach used in this chapter.

Further, with a ramp heating expressed by a power-law surface temperature

Ts(t) = Ts0(t/ts)
k, the validity of the solution Garnier et al. [9] needs the

condition −1/(4 + α − β) < k < −1/(4 + α − 2β) to be obeyed. In the

definition of the boundary condition k is a given exponent and ts is a time scale.

The Garnier’s approach resulted in a self-similar solutions with fronts moving

as δ = δ0(t/ts)
nG ; where δ0 =

√
GDG

√

T 4+α
s0 and G is a dimensionless

parameter (see [27] for more details).

With the concept of memory in the heat flux propagation, as it was done in

section 2.43, we have a fractional analog of (70), namely

∂µξε

∂tµ
= DG

∂2ξ

∂x2
(72)

By change of the variable as θ = ξε = T 4+α we get

∂µθ

∂tµ
= DG

∂θw

∂x2
, w =

4 + α

β
=

1

ε
(73)

Now, assuming the approximate profile as θ = θs(1 − x/δ)n and the DIM

technology we have

1

(n + 1)(n + 2)

∂µ

∂tµ
δ2 = DG

Tw−1
s0

αts
(74)

or simply

δ2 = DGN (n, w, µ)
Tw−1

s0

αts
tk(w−1)−µ αts = (ts)

kw−1 = const. (75)

where

N (n, w, µ) =
(n + 1)(n + 2)

w

Γ(k(w − 1) + 1)

Γ(k(w − 1) − µ + 1
(76)

Hence, the penetration depth is

δG,µ =

√

DGT
(w−1)
s0 tnH

√

N (n, w, µ)

ats
, nH = k(w − 1)− µ (77)
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With the prescribed values of α and β we have w ≈ 3.437 and w − 1 =
2.437. Therefore, the front propagates proportional to δ ∝ t2.437k−µ. To have

a subdiffusion behaviour, we need (2.437k − µ)/2 < 1 that impose the con-

dition k < 2+µ
2.437 or µ > 0.437. Because, we have always 2 + µ < 3, then

the subdiffusion behaviour of the front motion requires k < 1.23. We have to

remember, that in solids we have only subdiffusion transport, and this imposes

the condition on the exponent in the time-depended (power-law) boundary con-

ditions, namely: 2/2.437 = 0.820 < k < 1.231. The condition of Garnier,

mentioned above, means −0.256 < k < 0.434 for µ = 1, but the negative sign

of k implies a decaying ramp boundary condition that contradicts the physical

conditions of the problem.

Next, from the solution developed and µ = 1 we have δ ≡ t
nH
2 and

(nH − 1) = (nG − 1)/β as it was developed in [27]. Further, with the inverse

transforms T = θ1/(4+α) the approximate solution Ta(x, t) is

Ta(x, t) = Ts0

(

t

ts

)k (

1 − x

δG,µ

)q

, q =
n

4 + α
(78)

The optimization of the residual function (with respect to q) provides m =

2.347. Then, we get qopt(m=2.437) ≈ 0.636 and consequently nopt(m=2.437) ≈
3.501 [27]. Therefore, the normalized temperature profile is

Ta(x, t)

Ts0

(

t
ts

)k
=

(

1− ηH

(2.684/as(1 + 4.347k))

)q

, q =
n

4 + α
(79)

Here nH(µ=1) = x/

√

DGT
nH/2
s0 tnH is the similarity variable for µ = 1 ,

while for 0, µ < 1 the similarity variable is nH(µ6=1) = x/
√

DGTw−1
s0 tnH

Consequently, the flux approximate profile is

Φa(x, t) = DG

[

Ts0

(

t

ts

)]4 4q

δG,µ

(

1 − x

δG,µ

)4q−1

(80)

or normalized by its surface density as

Φa(x, t)
[

Ts0

(

t
ts

)]4

δG,µ

4q
≡
(

1 − x

δG,µ

)4q−1

(81)
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For 0 < µ < 1 , the optimal exponents should be established by a procedure

similar to that used in the previous examples. We skip this step since real values

of the exponent k are missing in the literature and the determination of the

optimal exponent would be a serious obstacle. Meanwhile, we may use the

values qopt(m=2.437) ≈ 0.636 and nopt(m=2.437) ≈ 3.501 [27] to demonstrate

what are deviations of the profiles (with respect to the cas with µ = 1) when

0 < µ < 1. For the sake of simplicity of calculations we assume αts = 1.

First of all, we are interested in the penetration depth evolution with effects

of retardation controlled by the fractional parameter µ. The scaled penetration

depth δ/δs, where δs =

√

DGT
(w−1)
s0 tnH is the length scale of the process pre-

sented as a function of the fractional parameter µ and the exponent k in Figure

4. The exponent k is within the range 0.820 < k < 1.231 , corresponding to

subdiffusion penetration of the thermal wave, as it was established above. Be-

sides, as it could be expected, the reduction in the fractional order µ results in

sorter penetration depths, while the slower rise of the surface temperature (lower

values of k) has an opposite effect.

Figure 4. Scaled penetration depth as a function of the fractional order µ and

the exponent k. n = 3.437.

Further, the three-dimensional profiles, that is, the surfaces of the thermal

waves, are presented in Figure 5 as a function of the simultaneous action of

the fractional order µ (the retardation effect of the medium) and the similarity

variable ηH ; while rate of the surface temperature rise through the exponent k
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is taken as parameter. The two limits a) k = 0.82 and b) k = 1.2 are taken

for these simulations corresponding to subdiffusion transport. The red line (in

the electronic version) approximately defines the front of the wave. As we may

expect, the reduction in µ results in shorter penetration depth.

Figure 5. Garnier problem. Approximate three-dimensional heat wave profiles

developed by DIM and expressed as functions of the similarity variable ηH and

the fractional order µ. a) Case with k = 0.82 b) case with k = 1.2 .

Conclusion

The chapter demonstrated development and approximate closed-form analytical

solutions of the radiation heat diffusion with memory applying a constitutive ap-

proach involving a memory by a fractional integral with a singular (power-law)

kernel. The solution approach utilized the double integration method allowing

developments of closed-form solutions of the Dirichlet problem and two classi-

cal cases: Marshak’s problems with exponential time-dependent boundary con-

dition and Garnier’s problem with power-law ramp heating of the surface. The

solution approach is based on previously developed solution technology applied

to integer-order degenerate parabolic equations [13] and non-linear subdiffusion

equations [21]. It is generalization and development of the results obtained in

[27].
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Chapter 4
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AND DIRICHLET PROBLEMS FOR A HEAT
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Abstract

In this chapter, a heat conduction equation in terms of the Caputo-

Fabrizio derivative of order 0 < α ≤ 1 is considered. Caputo-Fabrizio

derivative is defined by a non-singular exponential decay kernel func-

tion. Thanks to this feature, it eliminates the computational difficulties

arising from the singular power kernel functions of the traditional frac-

tional derivatives such as Riemann-Liouville and Caputo. In the present

study, the fundamental solutions to the Cauchy and Dirichlet problems

based upon a heat conduction equation equipped with the Caputo-Fabrizio

derivative are investigated on a line segment. To obtain the fundamental

∗Corresponding Author Email: dkaradeniz@balikesir.edu.tr.
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solutions, the Laplace transform with respect to time t and the finite sin-

Fourier transform with respect to spatial coordinate x are applied. The

temperature profiles are illustrated for different values of fractional order

α by the graphics.

Keywords: Caputo-Fabrizio derivative, heat conduction equation, fundamental

solution, Laplace transform, finite sin-Fourier transform

1. Introduction

The non-classical theories of heat conduction, in which the standard heat con-

duction equation has been replaced by more general equations in terms of frac-

tional order time/space derivatives, have an increasing interest among the re-

searchers [1, 2, 3]. Because the generalized heat models with fractional deriva-

tives make it possible to identify the sub/super behaviours (anomalous struc-

tures) of the heat conduction process. In the literature, many studies related to

the heat conduction equation in terms of conventional fractional derivatives such

as Riemann-Liouville (RL) and Caputo have been studied successfully from

different point of views. Povstenko has detailed the fundamental solutions and

physical motivation of initial-boundary value problems based on fractional heat

conduction equation in different coordinate systems [4].

In 2015, Caputo and Fabrizio have given a new perspective to fractional

calculus by introducing a new operator without singular kernel [5]. By anal-

ogy, Atangana and Baleanu have proposed two types of fractional derivative in

sense of RL and Caputo, based uponwith the generalized Mittag-Leffler func-

tion that can be more suitable for modelling of some diffusive transports in the

nature than the power function [6]. On the other hand, some researchers have

concluded that these new non-singular operators can be considered as a filter

regulator in the engineering applications [7].

Caputo-Fabrizio (CF) and Atangana-Baleanu (AB) operators have been

used to model the electromagnetic waves in dielectric media [8], to analyze the

diffusive processes [9], to price the financial instruments [10], to model chaotic

behaviours of a nonlinear systems [11], to show how a CF space-fractional

derivative can be improved starting from an analogue of the Cattaneo relation

with a space-dependent fading memory [12], to compare CF and AB fractional

derivatives with Allen-Cahn model [13] and generalized Casson fluid model

[14], to apply to groundwater flow within confined aquifer [15], to approach
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with numerical solutions from Riemann-Liouville definition to AB definition

[16], to obtain the solutions of PDEs by using Laplace perturbation method

[17], to compare CF and AB fractional derivatives with lineer/nonlinear PDEs

[18], etc. Mirza and Vieru [19] have proposed the fundamental solutions to

the advection-diffusion equation (ADE) with CF derivative in two dimensional

space. Baleanu et al. [20] have researched the numerical solutions of ADE

with the CF derivative and also have given a detailed comparison with the exist-

ing results for ADE with Caputo fractional derivative. Alkahtani and Atangana

have solved the existence and uniqueness problems for a nonlinear heat prob-

lem in terms of CF derivative and they have also explained the filter role of CF

derivative by using their nonlinear model [21].

The main aim of this study is to demonstrate the fundamental solutions of

the Cauchy and the Dirichlet problems based on the heat conduction equation

modelled with CF derivative. For this purpose, some basic definitions used

throughout the formulation are given in Section 2 The Cauchy problem is solved

by using the integral transforms and the results are illustrated by the graphics

in Section 3 Likewise, the Dirichlet problem is analyzed in Section 4 In the

figures, the temperature profile represented by the fundamental solutions are

shown under the variation of fractional order. Finally, the concluding remarks

are given.

2. Preliminaries

Let us remind some well-known mathematical descriptions used in the present

study.

Definition 1. Let a ∈ [−∞, t) , f ∈ H1 (a, b) and b > a. The Caputo frac-

tional derivative of order α is defined by [22]

CDα
t f (t) =

1

Γ (n − α)

∫ t

0
(t − τ)n−α−1 dnf (τ)

dτn
dτ, n−1 < α ≤ n, n ∈ N.

(1)

Notice that Caputo fractional derivative finds numerous applications in the

areas of science and engineering because of its well-equipped properties such

as Laplace transform rule.

Definition 2. The Laplace transform of Caputo fractional derivative CDα
t f (t)
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has the form [22]:

L
{

CDα
t f (t)

}
= sαL{f (t)} −

n−1∑

k=0

fk
(
0+

)
sα−1−k, n − 1 < α ≤ n. (2)

The main idea of CF derivative is based on the changing of the kernel

(t − τ)−α
with the function exp

(
− α

1−α t
)

and 1
Γ(1−α) with

M (α)
Γ(1−α) where

M (α) is a normalization function such that M(0) = M(1) = 1. Therefore,

the Caputo-Fabrizio fractional derivative is defined as follows

CF Dα
t f (t) =

M (α)

1 − α

∫ t

0
f ′ (τ) exp

[
−

α (t − τ)

1 − α

]
dτ. (3)

The CF definition can also be applied for the functions which do not belong

to H1 (a, b) and the kernel does not have singularity for t = τ unlike the Caputo

fractional derivative. In the present study, we apply the Laplace transform of

CF derivative with respect to time variable t. From the property of Laplace

transform of convolution, The Laplace transform of CF Dα
t f (t) is defined as

follows [5, 23]:

L
n

CF Dα+n
t f (t)

o

(s) =
sn+1L{f (t)} − snf (0) − sn−1f ′ (0) − · · · − f (n) (0)

s + α (1 − s)
. (4)

In addition, we use the finite sin-Fourier transform with respect to spatial coor-

dinate x. In the finite interval 0 ≤ x ≤ L, the corresponding transform is given

by [24]

F {u (x)} = ũ (ξk) =

∫ L

0
u (x) sin (ξkx) dx, (5)

with its inverse transform

F−1 {ũ (ξk)} = u (x) =
2

L

∞∑

k=1

ũ (ξk) sin (ξkx) , (6)

where ξk = kπ
L , k = 1, 2, 3, . . . . The finite sin-Fourier transform of the

second order derivative of a given function is given by the following relation

F

{
d2u (x)

dx2

}
= −ξ2

kũ (ξk) + ξk

[
u (0) − (−1)k u (L)

]
. (7)
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In the classical or fractional theory of partial differential equations, Dirac delta

function is commonly assumed as initial or boundary condition function because

of its convenience with the following integral transform properties:

L{δ (t)} = 1,

L{δ (t − a)} = e−as for a > 0.

Let {ϕn (x) : n = 0, 1, 2, ...} be a class of real orthogonal functions which oc-

cur as solutions of ordinary differential equations of the Sturm-Liouville prob-

lems. They satisfy the orthogonality property on the interval (a, b) may be in-

finite at either end or both ends. In this case, Dirac delta function obeys the

following property [25]

∫ b

a

δ (x − t)ϕn (x) dx = ϕn (t) , t ∈ (a, b) .

Moreover, if a function F (t) can be expanded in a series of orthogonal functions

ϕn (x) , the completeness property is given by

∫ b

a

F (t) δ (t − x) dt = F (x) .

3. Fundamental Solution of The Cauchy Problem

Let us consider the heat conduction equation in terms of CF operator

∂αT

∂tα
= a

∂2T

∂x2
, 0 < x < L, t > 0, (8)

with the initial condition

t = 0 : T (x, 0) = δ (x − x0) , 0 < x0 < L, (9)

and the zero boundary conditions

x = 0 : T (0, t) = 0,

x = L : T (L, t) = 0,
(10)

where a denotes the thermal diffusivity constant. For simplicity, we assume

a = 1 throughout the paper. By applying the Laplace transform with respect to
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Figure 1. Fundamental solutions of the Cauchy problem for the values

(a) α = 0.4 (b) α = 0.7 (c) α = 0.9.

time variable t and finite sin-Fourier transform with respect to spatial coordinate

x leads to
sT̃ ∗ (ξk, s)− sin (ξkx0)

s + α (1 − s)
= −aξ2

kT̃ ∗ (ξk, s) .

After some mathematical arrangements, we get

T̃ ∗ (ξk, s) =
γ sin (ξkx0)

aξ2
k + γ

1

s +
aαξ2

k
γ

aξ2
k
+γ

, (11)

where γ = 1
1−α

, ξk = kπ
L

, k = 1, 2, 3, ....
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Figure 2. A Comparison on the fundamental solutions to the Cauchy problem

for changing values of α.

Next, taking the inverse Laplace transform of Eq. (11), we arrive

T̃ (ξk, t) =
γ sin (ξkx0)

aξ2
k + γ

e
−

aαξ2
k

γ

aξ2
k
+γ

t
. (12)

After inverting the finite sin-Fourier transform in Eq. (12), we obtain the funda-

mental solution as

T (x, t) =
2

L

∞∑

k=1

[
γ sin (ξkx0)

aξ2
k + γ

e
−

aαξ2kγ

aξ2
k
+γ

t

]
sin (ξkx) , (13)

In the limit case for α → 1, i.e. γ → ∞, we derive the classical fundamental

solution of the corresponding Cauchy problem,

T (x, t) =
2

L

∞∑

k=1

sin (ξkx0) e−atξ2
k sin (ξkx) , x0 ∈ (0, L) . (14)

The physical features with respect to the fundamental solution of Cauchy prob-

lem is illustrated by the Figure 1 and Figure 2. According to the figures, the re-

sults correspond to a slow heat conduction for decreasing values of α. x0 = 0.5
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is carried out in the Figure 1 and Figure 2. Notice that slow heat conduction

process can also be modelled with Caputo fractional derivative. However, there

are some generalized functions such as Mittag-Leffler, Mainardi, Fox-H and

hypergeometric functions arising in the solutions of such problems which can

be solved by introducing some numerical algorithms to remove the computa-

tional complexities. In this sense, CF derivative has a considerable advantage

compared with Caputo fractional derivative.

4. Fundamental Solutions to the Dirichlet Problem

In this section, we consider the following Dirichlet problem:

∂αT

∂tα
= a

∂2T

∂x2
, 0 < t < ∞, (15)

with the homogeneous initial condition

t = 0 : T (x, 0) = 0,

and the boundary conditions

x = 0 : T (0, t) = δ (t) ,

x = L : T (L, t) = 0.
(16)

Note that we assume the physical quantities like thermal diffusivity parameter

a as non-dimensional arbitrary constants only for the convenience.

Now, we apply the integral transforms similar to Section 3 and then have

the following result

sT̃ ∗ (ξk, s)

s + α (1 − s)
= −aξ2

kT̃ ∗ (ξk, s) + aξk

or equivalently,

T̃ ∗ (ξk, s) =
aξk

aξ2
k + γ

+
aαξkγ

2

(
aξ2

k + γ
)2

1

s +
aαξ2

kγ

aξ2
k
+γ

. (17)

By inverting the integral transforms, we have the fundamental solution as fol-

lows

T (x, t) =
2

L

∞∑

k=1

[
aδ (t) ξk

aξ2
k + γ

+
aαξkγ

2

(
aξ2

k + γ
)2 e

−
aαξ2kγ

aξ2
k
+γ

t

]
sin (ξkx) , (18)
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Figure 3. Fundamental solutions to the Dirichlet problem for the values

(a) α = 0.3 (b) α = 0.6 (c) α = 0.9.

Notice that δ (t) = 0 when t > 0. This term is a characteristic result of the CF

derivative as seen in [19]. The classical solution of the Dirichlet problem in the

limit case α → 1, i.e., γ → ∞, can be given as

T (x, t) =
2a

L

∞∑

k=1

ξke−aξ2
k
t sin (ξkx) . (19)

Fundamental solution of the Dirichlet problem described by the Eqs. (15)-

(16) is shown with the Figure 3 and Figure 4. These figures address the temper-

ature profiles for different values of α.
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Figure 4. A Comparison on fundamental solutions to the Dirichlet problem for

changing values of α.

Conclusion

In this chapter, we have considered the heat conduction equation with Caputo-

Fabrizio operator in a line segment 0 < x < L. The fundamental solutions for

the Cauchy and the Dirichlet problems have been investigated by applying the

integral transform techniques. The results have been illustrated by the figures

under the variation of fractional order α. We have noticed that CF operator is

a powerful tool to describe the sub/super structures in anomalous temperature

distribution. In addition, the fundamental solutions have been obtained in terms

of elementary functions such as exponential and trigonometric. This is a sig-

nificant mathematical difference between the CF and Caputo models for heat

diffusion. The Laplace transform of CF derivative needs some physically inter-

pretable initial conditions and so it leads to computational convenience. There-

fore, one can easily achieve the analytical solutions as seen in the present work.

In the future studies under consideration, the thermal stresses due to heating

process modelled with CF derivative.
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Martı́nez V., Atangana-Baleanu Fractional Derivative Applied to Electro-

magnetic Waves in Dielectric Media, J. Elect Waves and Appl., 30, 1937-

1952 (2016).

[9] Hristov J., Derivatives with Non-Singular Kernels from the Caputo-

Fabrizio Definition and Beyond: Appraising Analysis with Emphasis on

Diffusion Models, in: Frontiers in Fractional Calculus, (Ed. S. Bhalekar),

pp. 270-342 (2017).
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Chapter 5

ABOUT THE HEAT CONDUCTION IMPACT

ON THE THERMOSOLUTAL STABILITY

WITHIN ANNULUS: SILICON CARBIDE

CERAMIC CASE
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Abstract

This chapter summarizes some recent results of the conduction im-

pact within a double diffusive convection of a viscoplastic fluid. Such a

phenomenon was carried out within a Silicon-Carbide Ceramic annulus,

which surrounded by a cold (and less concentric) outer cylinder and a hot

(and concentric) inner one. The prediction of such a critical limit was a

function of some relevant parameters as the fluid character, the boundary

layers ratio, as well as the thermosolutal buoyancy one, to name but a few.

As the impact of the geometry aspect ratio was taken into consideration, a

noising flow phenomenon which called oscillation was inspected through

this paper.

Keywords: conduction limits , thermosolutal convection, viscoplastic materi-

als, porous annulus, circular shape, cut-cell approach, finite volume approach.
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1. Introduction

1.1. Thermosolutal Convection Over the Years

During decades, the field of heat and mass transfer within a porous medium has

been the subject of a very intense research activity, due to its importance of re-

lated industries and contemporary technological applications. Prominent among

these applications being geothermal energy resources, nuclear energy systems,

petroleum reservoirs, analysis of insulating systems, grain storage, pollutant dis-

persion in aquifers, processes of crystal manufacture, foam metals and fibrous

media, to name but a few [1–3].

With both temperature and concentration gradients present to drive the fluid

flow, an increased number of transfer areas was achievable with parallel or per-

pendicular gradients [4–10]. In the main idea to predict the transfer coefficients

within such areas, powerful expressions have been developed over the years.

Cited the work of Trevisan and Bejan [11] that was carried out in 1987, Lin et

al. [12] in 1990, Bennacer [13] in 1993 and Ragui et al. [14], [15] recently, to

name but a few.

Regarding its complexity in the industry, the flow of Newtonian fluids could

present a simple limit of Non-Newtonian ones, such as crude oil and pharma-

ceutical products. The illumination of Bingham’s researches, which carried out

between 1916 and 1922 [16, 17], brought to light a new research axis for such

complex fluids, called after as Bingham plastics. Such viscoplastic materials

could act as a Newtonian fluid under a specific shear stress value and a gel-like

material up to that value. Because of that, the prediction of the transfer rates

of such fluids was found to be very complicated, experimentally speaking or

numerically [18].

Within a porous matrix, viscoplastic materials have reached another level

of complexity [19,20]. Over the years, the permeability as well as the porosity

of the porous matrix were the key factor in defining the behavior the yielded

and the unyielded regions. Such a key factor produced some novel approaches

which made the porous-diameter distribution within an unknown material very

easy to be predicted [21].Nevertheless, only the thermal buoyancy impact was

identified at that moment.

Side by side with the space shape, the thermal gradient impact has received a

significant attention, especially when we talk about a square enclosure [22–24].

In fact, the restart and the control of the Bingham flow still a major issue for oil
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companies, due to the complex relationship between the shape of its industrial

devices and the relevant parameters of the transfer phenomenon [25,26].

1.2. About the Heat Conduction Limit

Through many years, thermal buoyancy has been treated as a key factor to de-

scribe the limit of the thermal behavior within various areas and fluids. Such a

limit, which is a pure function of Rayleigh and Prandtl values, was defined in

works of Kamotani [27], Travison and Bejan [28] and Bennacer [29] in which,

a dominant conduction mode against a solutal one is described in complex aba-

cuses.

The main question was about the behavior of the boundary layers and the re-

lationship between them to make clear the pure conduction range and the mass

diffusion as well. Looking for an answer, Bennacer [29] proved that the dis-

tinction between a heat transfer driven flow and a mass driven one depends on

several criteria. These latter could be summarized by the ratio (N/Leα)β. Sub-

sequently, the scale on which the buoyancy forces could act on the fluid flow is

of the same importance as the relative intensity of the thermal and solutal forces.

Such a complex conclusion has been numerically verified using Newtonian flu-

ids.

1.3. Aim

Due to the fact that the conduction-limit impact within a double diffusive con-

vection of viscoplastic materials is less frequent in the available literature, our

chapter will discuss predictions of this phenomenon within a porous annulus

layer. The solid matrix will be bounded by two isothermal and iso-concentric

coaxial cylinders.

Complement to what was already presented with Newtonian fluids, the main

purpose is to highlight the impact of some relevant parameters on the boundary

layers of such a complex fluid, and to draw exhaustive conclusions on the trans-

fer regimes of this kind of fluids. Such a studied geometry could plot an inter-

esting work for many industrial applications, especially in refining and petro-

chemical fields.
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2. Conductive Fluids between Modelling and

Constitutive Equations

As known over the years, conductive fluids in industrial processes (such as re-

fining and petrochemical processes, as well as polymer melts industry), can be

divided between Newtonians and Non-Newtonian ones [30]. As a simple de-

scription of the first family, i.e., the Newtonian fluids, we bring to light air,

water, ethylene glycol, and some chemical solutions [30–33] to name but a few.

Since the 1990s, such a class of fluids is denoted as a limit case of some Non-

Newtonian ones [16,17,34,35].

As simple as we can abridge, and interested by the most adopted part of such

complex fluids within the modern industry, viscoplastic materials have appeared

over the years as various categories. Noted the Bingham in 1922 [16, 17], the

Herschel-Bulkley in 1926 [34] and Casson 1959 [35]. Since then, several exper-

imental and numerical predictions of such fluids have been developed in order

to clarify its rheological-flow complexity and why its conduction regime can be

easily achieved [36–40]. Typical examples of such fundamental works could

be found in the recent paper of Mitsoulis Tsamopoulo [18] and the references

therein.

Back in time, and between 1922 and 1987, modelling the stress-deformation

behavior of viscoplastic materials was a very interesting question. Conse-

quently, various constitutive equations have been proposed [30]. As a simple

shear flow, the latter can take the following form:

{

τk∗ = τ0
k∗ + Aγ̇n |τ | > τ0

γ̇ = 0 |τ | ≤ τ0
(1)

where τ is the shear stress, γ̇ is the shear rate. τ0 is denoted as the yield stress.

In the above, the constant value A could be to the constant plastic viscosity

µp or µ
1/2
p when we talk about Bingham or Casson models, respectively, or the

consistency index K∗ with the Herschel-Bulkley one. Similarly, n is the power

law index which can be equal to unity (n = 1) for the Bingham model or a half

(n = 0.5) for the Casson one. Unlike Bingham and Herschel-Bulkley fluids,

where the constant k∗ is equal to unity (k∗ = 1), the Casson model is defined

with (k∗ = 0.5). Note that when the shear stress τ falls below τ0, a solid

structure is formed. Subsequently, an unyielded phenomenon comes to light.

In order to express this definition as a fully invariant constitutive relation

(relevant in 3D), the tensors are introduced [41], [42]. Subsequently, the above
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model is written as follows:

{

τ =
(

A|γ̇|n−1 + τ0
k∗

|γ̇|k∗

)

γ̇ |τ | > τ0

γ̇ = 0 |τ | ≤ τ0

(2)

where |γ̇| is the magnitude of the symmetric rate-of strain tensor

∣

∣

∣
γ̇
∣

∣

∣
, which can

be defined as:







|γ̇| =
(

1
2

∏

γ̇

)1/2
=
[

1
2

{

γ̇ : γ̇
}]1/2

γ̇ = ∇v + ∇vT
(3)

∏

γ̇ is the second invariant of γ̇, ∇v is the velocity gradient tensor; when

∇vT is its transpose.

In same way, |τ | is the magnitude of the extra stress tensor τ :

|τ | =

(

1

2

∏

τ

)1/2

=

[

1

2

{

τ : τ
}

]1/2

(4)

where
∏

τ is the second invariant of the extra stress tensor τ .

Following the last presentation, the criterion to track down the yielded and

the unyielded regions of such complex fluids is for the material to flow (yield)

only when the magnitude of the extra stress tensor |τ | exceeds the yield stress

τ0. In other words:

{

yielded region : |τ | > τ0

unyielded region : |τ | ≤ τ0
(5)

Such a conclusion could clarify why conductive regime primes against the

convective one when using such complex fluids. The question after that is how

to highlight a continuous model for better understanding of such a complex

behavior!

Against the discontinuity of this model, various solutions were proposed.

Cited the Bercovier and Engelman one in 1980 [43], which based on a regular-

ization introducing within the Bingham viscosity function, such as:

τ =

(

µp +
τ0

|γ̇| + λ

)

γ̇ |τ | > τ0 (6)
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where λ is a regularization parameter which must be very small compared to |γ̇|
through the domain. Typically, its value is about 10−3s−1.

A few years latter, Tanner and Milthorpe [44] regularized the ideal Bingham

model with the bi-viscosity one, based on two finite viscosity slopes ( i.e. two

Newtonian models) such as:
{

µNewtonian |γ̇| < γ̇c

µp � µNewtonian |γ̇| > γ̇c
(7)

where γ̇c is the shear rate value of the yield stress τ0.

Reaching 1984, mathematics was more involved to solve such a complex

discontinuity problem. Then, the Augmented Lagrangian method ALM was

proposed by Glowinski [45] based on the variational inequalities theory. As

this complex solution didnt supply convincing results for practical viscoplas-

tic flow applications that time, numerical computations for Bingham problems

were dominated once again using a regularization approach. Subsequently, a

new solution was proposed by Papanastasiou [46].

In 1987, Papanastasiou proposed an exponential regularization for the Bing-

ham equation (i.e., equation (2)) by introducing the time-dimension parameter

m which controls the exponential growth of the stress. Called as Bingham-

Papanastasiou model, the latter (which judged available for both regions) is

presented as follows:

τ =

(

µp +
τ0

|γ̇|
[1 − exp (−m |γ̇|)]

)

γ̇ (8)

With a simple shear flow (i.e., 1-D flow), the Bingham-Papanastasiou model is

written as follows:

τ = τ0 [1 − exp (−mγ̇)] + µpγ̇ (9)

Quoted from Mitsoulis and Tsamopoulos [18], and as shown in (Figure 1),

the exponent m controls the stress growth, such that below the yield stress τ0 a

finite stress is allowed for vanishingly small shear rates while the stress grows

almost linearly with the shear rate and the viscosity µp beyond the yield stress.

In the limit of m = 0, the Newtonian liquid is found to be recovered, when the

limit of m → ∞ is fully equivalent to the ideal Bingham model.

On the full tensorial form, the one-dimensional constitutive equation noted

above (i.e., equation (9)) can be written as a purely viscous generalized Newto-

nian fluid, such as:

τ = ηγ̇ (10)
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Figure 1. Shear stress vs shear rate for modified Bingham fluids according to

the exponential model proposed by Papanastasiou [46] for different values of

the regularization parameter m. (a) linear plot, (b) log-log plot.

where η is the apparent viscosity which given, for the Bingham case, as follows:

η = µp +
τ0

|γ̇|
[1 − exp (−m |γ̇|)] (11)

As the viscoplastic character of the flow can be assessed by a dimensionless

yield stress [46], which called the Bingham number [16] or Oldroyd number

[47] (see equation (12)), it was possible to derive a dimensionless form of the

apparent viscosity as well as the Papanastasiou model.
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8

>

>

<

>

>

:

τ0
∗ = τ0H

µpVN

H : Characteristic length (half the channel width or radiusR)
VN : Characteristic speed taken as the average velocity of a corresponding

Newtonian liquid with viscosity at the same pressure gradient

(12a)
8

<

:

Bn = Od = τ0D

µpVm

D : The diameter or channel width (2H)
Vm : The average velocity of the viscoplastic f luid

(12b)

Scaling the lengths by H , the velocities by V , and the rates-of-strain by

V/H ; the dimensionless stress growth exponent could be defined as follows:

M =
mV

H
(13)

Subsequently, the dimensionless apparent viscosity η∗ is written as [48] :

η∗ = 1 +
Bn

|γ̇|
[1 − exp (−M |γ̇|)] (14)

what lead us to conclude that the dimensionless criterion to find the yielded and

the unyielded regions is the Bingham value (i.e., |τ | = Bn)).

3. Nature of the Porous Matrix

Through this part, both the nature and the physical characteristics of the porous

matrix are briefly displayed. The latter, which will be adopted next, consists of

the Silicon Carbide Ceramic (noted as SiC). Initially observed in 1824 by Jns

Jacob Berzelius [49] in a synthetic diamond experience with a parasite reaction

between carbon and silice at high temperatures, this porous metal was very used

since the industry of 1890, due to its precious properties such as its great thermal

conductivity and its powerful resistivity to thermal shocks and chemical oxida-

tion, not to mention its low thermal expansion, to name but a few. As the latter

is barely found in its natural form, due to its extreme temperature condition to

be created (v 1400 − 1800 ◦C), a laboratory approach has been adopted to

produce such a metal. Subsequently, synthetic methods are mainly developed

over the years [51,52] (See for instance Figure 2).
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Figure 2. Silicon carbide foam (a) with various cell sizes (b) [50].

Depending on the synthetic temperature and the reaction time as well, the

Silicon Carbide Ceramic (set by a pilote scale) could be obtained with various

specific surfaces, as between 10 and 40m2/g. The table below, Table 1, displays

some typical average specific surfaces which computed on spherical, extruded

and foam shapes of SiC [50].

Similarly, the conposititonand the granulometry of the used mixture powder

can control the porosity and the mean pores diameter of the synthetic SiC. In

industrial applications, like filters and catalysts, the porosity could be ranged

between 37% and 45% with a mean pore diameter of about 9 to 15µm [52].

Table 1. Average specific surface of various formes of SiC [50]

SiC shape Average specific surface
[

m2/g
]

Spheric 10-22

Extrudes 15-35

Foam 10-20

Regarding the permeability, which presents the key factor for most industrial

applications, a large range of the latter could be denoted. Summarizing what we

found, the industrial permeability of the SiC is denoted between 0.4810−9 and

0.9510−13 m2 what gives a Darcy value of about 10−3 to 10−7, respectively

[52–54].
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4. Problem Statement and Mathematical Formulation

4.1. Problem Statement

Using the above information, the developed problem through this chapter con-

sists of a SiC porous medium, which bounded by a cold (and less concentric)

outer circular cylinder and a hot (and concentric) inner one. To make a general

illustration of such a problem, cylinders are coaxially mounted (see for instance

Figure 3). Regarding the working fluid that we exploit within the porous ma-

trix, the latter is assumed to be a viscoplastic and obeying the Bingham rheo-

logical model [18, 55, 56]. Its thermo-physical properties are presumed to be

constant [57, 58] except the density variation within the buoyancy term ρ(T,C)

which depends linearly to the local temperature and concentration, as displayed

through equation (15) [59]; not to mention the viscosity η which is a function

of the yield stress, see for instance equation (11) [57].

ρ(T,C)=ρ0 [1 − βT (T − T0)−βC (C − C0)] (15)

βT and βC are the thermal and the concentration expansion coefficients,

which can be defined as:

βT= −
1

ρ0

[

∂ρ

∂T

]

p,C

; βC= −
1

ρ0

[

∂ρ

∂C

]

p,T

(16)

At a general view, the treated solid matrix is assumed to be rigid, isotropic,

homogeneous and in thermal equilibrium with the complex fluid [60]. Both,

Soret and Dufour impacts on the double diffusion phenomenon are assumed to

be insignified [60]. As well, the mass diffusion within the solid matrix is ne-

glected. Regarding the present problem, the permeability of the porous medium

is kept uniform. The equivalent Darcy value is about 10−3 when the porosity is

about 40%.

4.2. Mathematical Formulation

As a numerical investigation, such a physical problem requests a simplified

mathematical formulation. Subsequently, adopting the 2D Brinkman extension

of the classical Darcy equation brings to light general conservation equations,

which can describe the transport phenomenon of the Bingham fluid within the

porous annulus as follows:
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Figure 3. Simulation domain with its boundary conditions.

~∇
−→
V = 0 (17a)

ρ0
∂
−→
V

∂t
+

ρ0

ε2

(−→
V .~∇

)−→
V = ρ−→g − ~∇p −

η

K

−→
V +~∇.τ (17b)

∂T

∂t
+

−→
V .~∇T =

(

k

ρ0Cp

)eq

∇2T (17c)

∂C

∂t
+
−→
V .~∇C = Deq∇2C (17d)

where ε, Ceq
p , keq and Deq displays the porosity, the equivalent specific heat,

thermal conductivity and the mass diffusivity, respectively.

One important to note, that the plastic viscosity µp as well as the yield stress

τ0 are assumed to be independent to face the temperature, due to the experimen-

tal evidence that the yield stress is approximately independent to the temperature

variation and the plastic viscosity is a barely decreasing function of the latter

(i.e., the temperature) for a well-known yield stress system in the temperature

range of 0 to 90◦C [61].
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5. Numerical Modelisation and Code Validity

5.1. Numerical Procedure

The Cartesian Cut-Cell approach, also called Cartesian Grid method [62, 63],

is adopted to handle the limits of our circular cylinders (see Figure 4). As such,

the control volumes which found within the inner cylinder are assumed to be

inactive following the inequality equation (18). Simply said, neither the move-

ment of our convective fluid nor its thermosolutal transfer are denoted within

the inner source (i.e., U = V = 0, T = Th, C = C+). As well, the same con-

dition is imposed to the outside part of the outer cylinder as shown Equations

(18) (i.e., U = V = 0, T = Tc, C = C−)

Figure 4. Grid arrangement and Cartesian Cut-Cell method.

(x − 0.5)2 + (y − 0.5)2 ≤

(

Di

2

)2

, U = V = 0 , T = Th , C = C+

(18a)

(x − 0.5)2 + (y − 0.5)2 ≥

(

Do

2

)2

, U = V = 0 , T = Tc , C = C−

(18b)
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Once the physical domain is defined, the governing conservation equations

are discretized in space using the finite volume approach, when the convective

and the diffusive terms were treated using a Power-Law scheme. The resulting

algebraic equations side by side with the associated boundary conditions are

solved, consequently, using the line by line method [64].

As the momentum equation is expressed in terms of the various primitive

variables (U , V and P ), the iterative procedure includes a pressure correction

calculation method, namely SIMPLER [64], to solve the pressure-velocity cou-

pling. Compared to other pressure-velocity coupling approaches, such as SIM-

PLE or SIMPLEC, the adopted approach has proven to be fastest (about 30 to

50% fewer iterations) [64].

As a fundamental numerical condition, the convergence criterion for the

computed variables such as the temperature, the concentration, the pressure and

the velocity as well, is defined as follows:

m
∑

j=1

n
∑

i=1

∣

∣

∣
ξA+1
i,j − ξA

i,j

∣

∣

∣

m
∑

j=1

n
∑

i=1

∣

∣

∣
ξA+1
i,j

∣

∣

∣

≤ 10−5 (19)

where both m and n are the values of the grid points in X and Y directions,

respectively, ξ is any of the computed field variables, and A is the iterations

number.

Regarding the small cells that could be found arbitrarily cut; reason to the

Cartesian Cut-Cell method Colella et al. [63] proposed to compute the fluid

flow in the first step without taking these interfaces into account. Then, the loss

interfaces can be calculated and distributed to the neighboring cells, based on

the fluid mass which presents in each.

5.2. Brief Code Validation

For years, the performance of the home-developed code against the heat conduc-

tion phenomenon and the mass diffusion one was accomplished within various

areas and boundary conditions, by comparing our predictions with other nu-

merical results and experimental data, already available in the literature, and by

verifying the grid independence of the present results [65–75]. Subsequently,

only a brief validation discussion is displayed through this chapter.
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Figure 5. Viscoplastic fluid validation in terms of the mean heat transfer: (a)

mean Nusselt number as a function of Prandtl number, Ra = 105. (b) mean

Nusselt number as a function of Rayleigh number, Pr = 7.

Starting with the first one which consists the previous computations of Turan

al. [57,58], who deals with natural convection of a Bingham fluid within square
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enclosures. By taking into account the same hypotheses, Figure 5(a,b) presents

the computed transfer rate of various Bingham values relative to Prandtl and

Rayleigh numbers, respectively. As we can see, the present results and those of

Turan et al. [57,58] are in excellent agreement with a maximum discrepancy of

about 1%.

Figure 6. Experimental streamlines validation, Bishop et al. [76].

To ascertain its validity with a cylindrical annulus shape, experimental pre-

dictions of Bishop et al. [76] and Grigull et al. [77] have been taken into consid-

eration. Figures 6 and 7 displayed the comparison between these data and our

predictions in terms of streamlines and temperature contours, respectively. Once

again, the results exhibit a great qualitative concordance with the experimental

ones what supports the exploitation of the code to investigate our phenomenon

in such a configuration.

Considering the appropriate grid for the next simulation part, a grid indepen-

dence investigation was conducted for double diffusive convection of a Bignham
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Figure 7. Experimental isotherms validation, Grigull et al. [77].

fluid within the porous annulus. As such, several mesh distributions were tested

for a Bingham value of about 4 as long as the central V-velocity profile is evalu-

ated (see for instance Figure 8). Subsequently, reaching a uniform mesh grid of

about 2012 highlights an independent grid solution. Nevertheless, a fine struc-

tured mesh of 4012 is judged to be well used, both for the sake of the physical

phenomenon safety and to avoid round-off error for all other calculations in our

investigation.

6. Results and Discussion

6.1. About the Order of Magnitude Analysis

Over the years, thermosolutal convection within a porous annulus has been

treated in our papers for a large range of relevant parameters [14, 15, 65, 66].

Cited the fluid character,which can be presented by the Bingham number

(0 ≤ Bn ≤ 50), the boundary layers ratio, known generally as Lewis num-

ber (1 ≤ Le ≤ 300), the porous buoyancy, which known as the Rayleigh-Darcy

combination ((100 ≤ RaTDa ≤ 2000), as well as the geometry aspect ra-

tio (20% ≤ Di/Do ≤ 96%) and the thermosolutal buoyancy one, which is a

pure relation between the thermosolutal gradients and its expansion coefficients

(−50 ≤ (βC∆C)/(βT∆T ) ≤ 50), to name but a few.

Against such a great number of the pertinent parameters, an order of mag-

nitude analysis proved to be very complicated when it comes to define the best
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Figure 8. V-velocity profile along the mid-section of the porous annulus for

various uniform grids. Bn = 4, Di/Do = 0.20, Le = 10, N = 10, Pr = 10,

Ra∗ = 100 .

conditions for a straight prediction of such a double diffusive phenomena. Rea-

son to this, it was very useful to structure such a scale analysis as denoted

by Trevisan and Bejan [78], Bghein et al. [79], Bennacer et al. [29], Gobin

et al. [80], to namebut a few.

One way to do is to recognize the two boundaries between which, our sys-

tem could evolve [78,79]. Then, we denote a fluid flow which is mainly caused

by a heat transfer, as the buoyancy impact is primarily due to the temperature

changes (see for instance equation (20)).

Conversely, the fluid flow could be caused by a solutal transfer. As a result,

the buoyancy impact is dominated by density changes which is related to the

concentration variations equation (20):
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|βT∆T | � |βC∆C| (20a)

|βC∆C| � |βT ∆T | (20b)

Consequently, the transition from the flow of case (01) to that of case (02)

is dominated by the buoyancy ratio (βC∆C)/(βT∆T ).

The main question was about the nature of that double diffusive buoyancy

within such a transition phase. In their work, Bennacer and Gobin [29, 80]

proved that, for a Lewis value greater than unity (Le > 1), this new area could

be divided into two sections: as a solutal transfer which governed by a ther-

mal buoyancy (1st case);and a thermal transfer which controlled by a solutal

buoyancy (2nd case).

Their numerical predictions, for a Newtonian fluid case, implies that when

we leave the dominant thermal regime to a compositional thermal-solutal domi-

nated one, following the increase of the buoyancy ratio, the solutal transfer rate

goes to a new regime in which, its value will not only a function of |N | but to

the ratio N/Le1/3 :

(Sh)C

(Sh)T
=

(δC)T
(δ)C

∼

(

N

Le1/3

)1/4

> 1 (21)

As for the latter, the solutal-thermal composition regime is proved to be

defined by the ratio N/Le. Such crucial results were the key to go far and

wondering about the domination buoyancies in such a transition section within

a pure fluid or a porous medium.

As for the space nature, using a viscoplastic fluid has no significant effect of

the limits of the transition section, i.e., the ratio N/Le, which can be defined as

N/Le1/2. To make clear such a conclusion, Figure 9 displays the mean solutal

transfer as a function of the ratio N/Le1/2 and that, for a Bingham fluid case

that filled a differentially heated and concentred porous square.

6.2. About the Conduction and the Thermosolutal Stability-Limit

As far as the order of magnitude analysis can presume the impact of each bound-

ary layer on the domination of the thermal or the solutal transfer, it is still very

hard to make clear the combined diffusions impact on the fluid flow. The ques-

tion, then, is how to expound such a point, especially when we talk about a pure

conduction transfer or a mass diffusive one!
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Figure 9. Impact of the ratio N/Le0.5 on the mass transfer rate. Bn = 5,

Pr = 10, Ra = 105.

6.2.1. Impact of the Boundary Layers Ratio

As displayed in the above sections, the SiC was chosen to be our porous ma-

trix for which, we denote the Darcy and the porosity values as 10−3 and 40%,

respectively. During our predictions, the computed ratio between the thermal

diffusivity forces and the viscous diffusivity ones is kept constant and equal to

10 (simply said, ν/α = Pr = 10). Then, an aspect ration of about 20% is used,

which is good enough to avoid the oscillatory phenomena within the porous

annulus for the adopted range of the modified Rayleigh number [81,82].

As a first description, the Algerian crude oil is chosen to be the convective

fluid inside the porous annulus. The corresponding Bingham value at an am-

bient temperature (T ≈ 20 to 28◦C) is found to be in between 0.85 and 92,

depending to the water quantity which can be presented within [83–85]. Sub-

sequently, a Bingham value of about 4.96 is fixed to ensure the mono-phase

case [83–85]. At this value, Figure 10 displays a series of hydrodynamic fields

side by side with thermal and solutal ones according to various Lewis val-
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ues (Le ∼ δT/δC) and that, for a buoyancy ratio N and a porous buoyancy

RaT × Da of about 10 and 100, respectively. Consequent to the symmetrical

vertical plane (−0.5 ≤ YX=0 ≤ +0.5), only the half part of these profiles is

presented.

Figure 10. V/Vmax, θ and φ profiles along the horizontal mid-plane of the

porous annulus for various Lewis values. (a) Bn = 4.96, (b) Bn = 0, Di/Do =
0.20, N = 10, Ra∗ = 100.
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The primary examination of the velocity profile V/Vmax at various Lewis

values proved the existence of a clockwise and an anti-clockwise circulating

cells within the annulus, as displayed the corresponding streamlines. Except

the case of Le = 1, the velocity of the Bingham fluid near the active cylin-

ders is mainly developed by a pure thermosolutal buoyancy, which caused by

a combined impact of both the temperature and the concentration variations.

Such a conclusion was very difficult to make on the basis of the correspond-

ing isotherms and iso-concentrations, especially when the plug-flow character

of the complex fluid (i.e., the gray area) takes a full control within the annulus

for an increasing Lewis value.

The knowledge obtained by investigating the limit case of the Bingham-

plastic fluid, i.e., the Newtonian fluid, brings to light a new stability-limit of

such a double diffusive convection. In fact, and even with the absence of the

plug flow character, the dominant conduction mode is always present within the

annulus as long as the Lewis value gets important. Nevertheless, only the pure

solutal buoyancy can control the flow near the outer cylinder, as the temperature

variation is found to be insignificant through that area. Hence, we could talk

about a transition phase from a solutal-thermosolutal domination behavior to a

pure thermosolutal one by increasing Bingham number. At this part, we start

wondering about the impact of the buoyancy ratio on such results, as will be

discussed in the section below.

6.2.2. Impact of the Buoyancy Ratio

Going far with our predictions, and when the Lewis value is set at 10, Figure 11

displays the impact of the buoyancy ratio on the Bingham flow field, side by side

with its thermal and solutal behaviors. Once again, two symmetrical counter-

rotating cells are developed within the porous annulus. Its absolute value of

stream-function proves to be an increasing function of the buoyancy ratio, due

to the fluid motion within the porous matrix which gets powerful. Unlike the

case before, the isotherm plots are more pronounced with increasing buoyancy

ratios, indicating the transition from a conductive mode (as for N = 5) to a

primary-convective one (as for N = 30).

As to the concentration field, the thickness of the mass boundary layer near

the active cylinders turns to be a decreasing function of the enhanced buoy-

ancy ratio. Such a behavior reflects a dominant diffusion mechanism within the

porous annulus. Consequently, the rigid structure of the Bingham fluid that ap-
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Figure 11. V/Vmax, θ and φ profiles along the horizontal mid-plane of the

porous annulus for various buoyancy ratio values. (a) Bn = 4.96, (b) Bn = 0,

Di/Do = 0.20, Le = 10, Ra∗ = 100.

pears for a low buoyancy value could be easily broken by improving the values

of the buoyancy ratio.

Complement to these conclusions, the hydrodynamic boundary layers near

the active cylinders turn to be developed by the pure thermosolutal buoyancy

for moderate buoyancy ratios. Unlike, and as far as the buoyancy ratio gets

important (as for |N | = 30), only the solutal gradient governs the flow near the
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outer cylinder since the temperature variation is insignificant within that area.

Regarding the Newtonian case, the same stability limit is denoted with in-

creasing values of the buoyancy ratio. Once again, and even with the pri-

mary heat transition which denoted from moderate buoyancies to the impor-

tant ones, only the pure solutal buoyancy can control the flow near the outer

cylinder. Accordingly, we can keep talking about a transition phase from a

solutal-thermosolutal dominant behavior to a pure thermosolutal one by increas-

ing Bingham number, but only with a specific range of the buoyancy ratio this

time.

6.2.3. The Transition Phase Against the Annulus Aspect Ratio

Complement to what was previously presented, and as long as the annulus as-

pect ratio is ranged between 20% and 96% our predictions are regrouped in

Figure 12 depending on the fluid character, i.e., Bingham values. Then, the ra-

tio of the boundary layers is set fixed at 10, when the buoyancy one is equal to

5, what keeps the critical ratio N/Le0.5 barely greater than unity which is good

enough to avoid the pure dominant conduction (see for instance Figure 9).

Subsequently, a further increase in the Bingham value for a given aspect

ratio reveals a critical Bingham value for which, the transition from a solutal-

thermosolutal dominant phenomenon to a pure thermosolutal one is easily de-

tected.

Going far with its value, the increase in the annulus aspect ratio to 80%
causes a significant modification on such a transition phase, as the pure ther-

mosolutal domination phenomena takes the main control by increasing values

of the ratio Di/Do. Such a complex link between the fluid nature, the aspect ra-

tio of the annulus, and the transition phase limits might prove particularly useful

in verifying any instability analysis which might be put forth in the future.

6.3. About the Heat Conduction and the Oscillatory Flow-Limit

By taking our investigation to another level, the oscillatory flow within annulus

is concerned though this part of the chapter. As reported in several experiments

and numerical works [76,86–88] and based on the thermal gradient effect, it has

been established that the basic fluid flow at low Rayleigh values consists of two

symmetrical cells within the confined space, relative to the vertical plane that

containing the cylinder axis [89]. As long as the Rayleigh value gets important
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Figure 12. The transition limit against the annulus aspect raio for various Bing-

ham numbers.

(i.e., the thermal buoyancy), such a flow becomes unstable, what leads to a very

complicated phenomenon called Oscillation.

Against such a flow behavior, various experimental and numerical studies

have been developed over the years. The main complexity was to find the per-

fect expression that can relate the impact of both the thermal buoyancy and the

annulus aspect ratio to the oscillation limit. Contradictions in the description of

these flows prompted a study directed at obtaining more detailed information re-

garding the onset and the main characteristics of this oscillatory flow. Our brief

investigation is undertaken to extend the Rayleigh number range with the criti-

cal aspect ratio of the annulus, in conjunction with the extension of this range,

to obtain precise information about the oscillation characteristics.

To better understand this complex phenomenon, a three-dimensional pre-

diction of a Newtonian fluid will be reported through this part. Both the Lewis

value and the buoyancy ratio one are set at 1 and 0, respectively (i.e., an identi-

cal thermal-solutal diffusion with an absent solutal buoyancy).
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6.3.1. Heat Conduction Limit at Fluid Annulus

As far as the Darcy value is greater than unity (Da ≥ 1), Figure 13 displays a

series of streamlines and isotherm plot according to various thermal buoyancies,

such as Ra = 103 to 106 and that, for an aspect ratio of about 24% which is

good enough to generate an oscillatory phenomenon [76,82].

Subsequently, two symmetrical counter-rotating celle are formed within the

annulus. The fluid flows up along the inner-cylinder surface and down along

the outer-cylinder one at a relatively high speed with increasing Rayleigh value

(i.e., the thermal buoyancy).

The represented isotherms for moderate thermal buoyancies, (i.e., Ra =

103 and Ra = 104), turn to be barely changed, demonstrating a dominated

conduction regime, unlike the iso-plots of a high Rayleigh value, such as Ra =

105 and Ra = 106, where the latter are more distorted. Simply said, a thermal

boundary layer is shaped all along the active surfaces and becomes thinner with

high Rayleigh values. In addition to this behavior, a thermal plume appears in

the upper portion of the inner cylinder (see for instance the case of Ra = 106)

what proved the domination of the convection mechanism within the confined

space.

Figure 13. 3D Visualization of streamlines and isotherm plots for various

Rayleigh values. Pr = 6.2, Di/Do = 0.24.
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In fact, what we presented through the previous figure (Figure 13) is only a

fixed solution of the conduction history within the simulation time in which, the

oscillatory phenomenon hasnt started yet. Going far with the unsteady solution,

Figure 14 comes out to make clear the velocity evolution with thermal buoyancy.

The latter, which computed at a specific positions (X = 0.5, Y = 0.3 and

Z = 0.) and presented with various Rayleigh values, proved that the flow could

be developed at a stable regime (i.e., steady solution) under a critical value of

thermal buoyancy. Such a limit was defined with a Rayleigh value of about

9.9 105.

Figure 14. Thermal buoyancy and the oscillation flow behavior. Di/Do = 0.24,

Pr = 6.2.

6.3.2. Oscillation Stability Limit

Yes of course, the critical Rayleigh value is related to a fixed aspect ratio, what

makes us wonder about the impact of the latter (i.e., the aspect ratio) as long

as we operate various buoyancy values. To make this point clear enough, the

evolution of the velocity profile with various aspect ratios are displayed through

Figure 15 for a Rayleigh value of about 106. As such, using an aspect ratio

greater than 24% makes the oscillation phenomenon very intermittent. At a
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Figure 15. Velocity profiles as a function of the oscillation history time for

various aspect ratios, Ra = 106, Pr = 6.2.

critical value of about 64%, such a complex phenomenon disappears to let the

stable regime rise again within the confined space. Hence, we could talk about

a critical steady state sotution of our transfer phenomenon.
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Conclusion

Through this chapter, the conduction limit of a double diffusive convection of

a Bingham fluid was numerically treated within a cylindrical SiC annulus. Fol-

lowing the impact of some relevant parameters, as the character of the viscoplas-

tic material, the boundary layers ratio, as well as the thermosolutal buoyancy

one, such a critical limit was widely inspected.

Subsequently, such a thermosolutal contribution on the flow field of the vis-

coplactic fluid turned out to be very complicated, compared to the pure convec-

tion or solutal diffusion within the porous space. This complexity grows as long

as the impact of the Lewis and buoyancy ratio one are combined at low porous

buoyancies. Consequently, follow-up the development of the boundary layers

near the active walls was highly required in order to enlighten such a complex

contribution.

At the light of our predictions, a transition period from a solutal-

thermosolutal phenomenon to a pure thermosolutal one has been defined at a

specific buoyancy range. Such a complex zone, which is a function of both the

fluid nature and the geometry aspect ratio, could be considered as a complement

to some previous predictions of Newtonian fluids. The latter might prove par-

ticularly useful in verifying any instability analysis which might be put forth in

the future.

Going far in the predictions, the oscillatory character within such an indus-

trial configuration was inspected as well. By taking into account a large range

of the thermal buoyancy and the geometry aspect ratio, such a noising flow phe-

nomenon could be only controlled by using a conjugate effect of these relevant

parameters. Consequently, critical conditions have been set to allow the steady

state to rise easily within the annulus.
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Abstract

This first chapter is a synthesis of the current state of knowledge of

the physical phenomena involved in the transfer of heat, air and mois-

ture in porous media, mainly porous construction materials. The princi-

pal quantities characterizing the porous media are thus explained initially.

Mechanisms involved in hygrothermal transfers are discussed. In a sec-

ond step, a brief overview on transfer driving potential in porous media is

mentioned.

Keywords: porous construction media, hygrothermal transfer

1. Preliminary Considerations on Porous

Media-Projection on Materials

1.1. Porous Media, Status of Transfer

A porous media is a rigid solid of complex shape, inside which there are cavities

or pores interconnected by channels. These pores may contain one or more fluid

∗Corresponding Author Email: kamilia.abahri@lmt.ens-cachan.fr.
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phases (liquid, vapor, gas) capable of flowing and exchanging with the solid

matrix for matter and energy.

Figure 1. Classification of porous building materials.

There are several families of materials. Depending on the origin or the char-

acteristic to water, four types can be cited in Fig. 1. Among them, we distinguish

the family of hygroscopic materials that is attributed to materials with the ability

to fix a measurable amount of moisture from the surrounding air. Experimen-

tally, the hygroscopicity of the materials is revealed by the variation of their

mass when they are subjected to humid ambient. Wood-based materials like

wood fiber, cellulose wadding are examples of this type of material. They are

reactive to water, but degrade for high water content. Other materials such as

cellular concrete and calcium silicate can withstand high levels of water but are

less reactive to water.

In addition, there are other types of classification of materials based on

their mode of application such as thermal insulation, which are one of the

most cost-effective ways of saving energy in construction. Indeed, a powerful

thermal insulation must meet withe the four main characteristics:

• the lightness and the non-hygroscopicity in order to preserve in time its

insulating qualities,

• to be an obstacle to heat transfer, having a low thermal conductivity,

• with a good mechanical resistance,

• the possibility of being laid with a sufficient thickness, so as to obtain a

significant thermal resistance.
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1.2. Parameters Characterizing the Porous Media

1.2.1. Representative Elementary Volume (R.E.V.)

In the study of transfer phenomena in porous media, two scales are necessary

for the description of phenomena [1]: One is the pore scale, or microscopic,

within which the local quantities can vary widely. In general, this scale is

associated with the average pore diameter, i.e., d in [m]. The other is the scale

of the porous media, or macroscopic, characteristic of significant variations

of these same quantities, defined by an average value on a certain volume of

porous media, commonly called Elementary Volume Representative and noted

R.E.V. This macroscopic scale is associated with the geometric dimension of

the medium, i.e., L in [m].

Figure 2. Definition of the representative elementary volume, on which the

property P is averaged.

The macroscopic quantities characterizing the porous media are thus aver-

ages of the corresponding microscopic magnitudes, taken on a domain whose

size is large in comparison to the scale of their microscopic fluctuations, but

small compared to that of the variations at the macroscopic scale (Fig. 2). Thus,

l designating the characteristic dimension of R.E.V., must satisfy the following

inequality: d < l < L. To carry out the change of scale (i.e., passage from

the pore scale to the macroscopic scale), several methods have been proposed,

among which are the averaging method [2], and the method of periodic homog-

enization [3], [4], [5], [6], [7].
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1.2.2. Porosity

The porosity of a porous media, denoted ε[−] is defined as the ratio of the

volume of the cavities to the volume occupied by the porous media:

ε =
Vl + Vg

Vt

(1)

In which Vl [m3], Vg [m3], Vt [m3] are the volume of the liquid phase, the

volume of the gas phase, and total volume, respectively.

1.2.3. Intrinsic and Apparent Permeability

The permeability of a material characterizes its ability to be passed through by

a fluid (vapor, liquid, gas) under a total pressure gradient (according to Darcy’s

law). The flows are at a fairly slow rate; the flow regime is laminar; the viscous

forces are predominant and the Darcy’s law is applicable: the pressure gradients

are proportional to the flow velocity in the pores. This relationship of propor-

tionality is maintained by averaging the flow rate and total pressure gradients

on a large volume in front of the pore size. For a specimen with a section of

S[m2], length of L[m], the volume flow of Qv [m
3/s], the following relation is

satisfied:

Qv

S
=
k

µ

∆p

L
(2)

The ratio of the total volume flow per unit area of the materia, Qv/S, rep-

resents the filtration rate of the fluid V [m/s], which corresponds to the average

speed of the fluid taken by a R.E.V. µ[kg/m · s] is the dynamic viscosity of the

fluid (water in this case) and the proportionality constant k[m2] is the perme-

ability coefficient of the porous media.

The apparent permeability (k/µ) is homogeneous to a surface and it de-

pends on the porosity and geometry of the solid matrix. It is obtained for a

given pressure gradient in the case of a compressible or incompressible fluid

and depends on this gradient. The intrinsic permeability k[m2] is the property

of a material to transmit a fluid under pressure. It is independent of the charac-

teristics of the fluid. Several evolutions of the permeability as a function of the

porosity and a characteristic dimension of the porous matrix at the pore scale

have been proposed. The different expressions giving the permeability depend

on the geometry of the porous media.
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Kozeny Carman’s law (1937) provides an estimate of the permeability k[m2]
for an unconsolidated porous media consisting of identical elements of simple

geometry:

k =
d2ε2

36 · C0(1− ε)2
(3)

In which, d[m] denotes a characteristic dimension of the elements constituting

the porous matrix. C0[−] is a constant depending on the grain shape (3.6 <

C0 < 5) and in particular C0 = 4.84 for spherical grains. ε[−] is the porosity

of the material. The modeling of pores by parallel capillary veins of width G

and distant from T , leads to a permeability:

k =
G3

12(G+ T )
=
G2

12
ε ε =

G

G+ T
(4)

The modeling of the porous matrix as a bundle of parallel capillary tubes leads

to the following expression of the permeability:

k = ε
d2

32
(ε = n(πd2/4)) (5)

Where n is the number of capillaries per unit area perpendicular to the di-

rection of flow and d the diameter of the capillaries.

1.3. Interaction of Moisture between the Material and Air

1.3.1. Humid Air

A porous material is considered dry if it contains no water or chemically bound

water. When in contact with moist air, mixed in varying proportions of dry

air and water vapor, hygroscopic materials tend to change their initial water

state. Humid air is perfectly defined by its temperature and the body of water it

contains. Its moisture content, called absolute humidity, remains constant even

if the air temperature varies with the condition that it remains higher than the

dew point temperature. Moisture in the air is mainly present in vapor form and

the maximum amount of vapor in the air depends strongly on the temperature.
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1.3.2. Dew Temperature

The dew temperature or dew point temperature is the temperature at which the

partial pressure of the vapor in the humid air is equal to the saturation vapor

pressure, causing the condensation of the water vapor.

1.3.3. Relative Humidity

If the air is not saturated with moisture, the absolute humidity of the air is lower

than that obtained at saturation. As a result, the relative humidity quantity ϕ[%]

can be defined. It is the ratio between the partial pressure of water vapor pv[Pa]
and the saturation vapor pressure psat[Pa] expressed at the same temperature:

ϕ = 100
pv

psat

(6)

This parameter is also frequently named as RH (Relative Humidity), in

which psat[Pa] is the saturation vapor pressure. It is defined as the equilib-

rium pressure between liquid water and water vapor. It is an increasing function

of the thermodynamic variable - the temperature T [K]. Numerous parameteri-

zations exist, a valid empirical expression for 0 < T < 800C with a precision

of ±0.15%.

psat(T ) = exp(23.5771−
4042.9

T − 37.58
) (7)

Where T [K] is the absolute temperature, and psat[Pa] is the saturated vapor

pressure.

1.4. Moisture Content

Depending on environmental conditions, moisture in building materials can oc-

cur in micropores in the form of solid, liquid or vapor. The water content (or

moisture content) of a material is the ratio of the weight of water contained in

this material to the weight of the same dry material. It can also be defined as the

weight of water contained per unit weight of dry material. This property can be

evaluated by the weight or volume ratio.

To characterize a porous material in terms of transfers, it is important to

define a number of physical parameters. At the macroscopic level, the complete

description of such a media therefore presupposes the description of each of its

phases and their relative proportions:

Complimentary Contributor Copy



Hygrothermal Transfers in Porous Media 151

• A solid phase which constitutes the unconsolidated granular skeleton,

characterized by its mass m0[kg] and its volume V0[m
3].

• A liquid phase which is in this case of water, mass ml[kg] and

volumeVl[m
3].

• A gaseous phase, mixing air and water vapor. This last mass mg[kg]
occupies a volume Vg[m

3].

For a medium of total mass m =
∑

imi(i = 0 for the solid phase,i = v for

the vapor phase, i = l for the liquid phase, i = g for the gaseous phase and

i = a for dry air) occupying a total volume Vt =
∑

imi, a certain number of

quantities can be defined: The content of each substance i can be:

• Mass ωi in [wt%]:

ωi =
mi

m0

(8)

• Mass per unit volume u in [kg/m3]:

ui =
mi

Vt

= ρ0ωi (9)

• Volumic Θ in [vol%]:

Θi =
Vi

Vt

(10)

• The degree of water saturation:

Sl =
Ve

(Vt − V0)
(11)

Where mi[kg] is the mass of water in the sample, m0[kg] is the dry mass

of the sample, Vt[m
3] is the total volume of the sample, ρ0[kg/m

3] is the dry

density of the sample, Ve[m
3] is the volume of water present in the porous sam-

ple backbone. These different quantities are connected to each other by the

following relations:

εSl = Θl =
ρs

ρl

ul (12)

Where ρl[kg/m
3] is the density of liquid water, and ε[−] is the porosity of the

porous media.
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1.4.1. Total Pressure

From the thermodynamic point of view, in a perfect gas mixture, the total pres-

sure p[Pa] is the sum of the partial pressure of eeach constituent of the mixture

(Dalton relation). Considering moist air as the mixture of dry air and water va-

por and assuming that these two gases follow the behavior of a perfect gas, the

total pressure of moist air is the sum of the partial pressure water vapor pv[Pa]

and the partial pressure of dry air pa[Pa]:

p = pv + pa (13)

On the other hand, certain standards related the hygrothermal performance

to components and building walls [8], affecting the humidities and the pressures

of the indoor air and the outside air of the walls of the building, which define

indoor hygrothermal load classes. This classification is related to the type of

a local activity (residential building, tertiary or secondary activity, swimming

pool, etc.). In this same standard, it is proposed to obtain the humidity of the

indoor air by one of the two following formulas:

pint = pext + ∆p (14)

ϕint = ϕext + ∆ϕ (15)

where ∆p[Pa] is the excess of internal vapor pressure, ∆ϕ[−] is the excess of

indoor humidity, pint[Pa] is the pressure in the indoor environment, ϕint[%]

is the relative humidity in the indoor environment. The values of ∆p and ∆ϕ
are fixed in relation to the intended use of the building which are classified

hygro-thermally; so they can be either storage areas, offices, businesses, low-

occupancy housing, high-occupancy housing, kitchens, special buildings (laun-

dry, pool, brewery). Indeed, the walls of buildings are generally exposed to low

gradients of total pressure. These pressure differences come from ventilation,

wind, draft or air density variation, etc. These mechanisms can be combined

to determine the direction and amplitude of air pressure. The forces produced

by each of them are generally known. In addition, air infiltration is responsible

for many problems such as condensation, ice formation on exterior surfaces and

lack of control of temperature and humidity.
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2. Method of Confining Moisture in Porous Media

Two fundamental mechanisms help to confine a fluid in the porous media. These

are respectively adsorption and capillarity. However, it is necessary to add,

when the medium is likely to react chemically with moisture, other chemical or

osmotic binding mechanisms. These last modes of connection are not involved

in this study. They will not be mentioned later in the manuscript.

2.1. Adsorbed Water

According to the BET theory [9], which is a generalization of an older mono-

molecular theory [10], the water molecules are deposited on the solid in several

superimposed layers, and each time covering a surface smaller than that of the

previous layer. The binding energy from the second layer is equal to the latent

heat of vaporization. The volumetric water content θ[vol%] is determined by the

available solid surface area per unit volume, the number of deposited layers and

the thickness of a single-molecule layer. The equilibrium of the exchanges of

water molecules between the vapor above the surface and the condensed phase

gives the following relation:

θ =
C · em · S0 · ϕ

(1− ϕ)(1 + (C − 1)ϕ)
(16)

in which, em[m] is the thickness of a molecule layer, S0[m2] is the specific

surface area of the solid (area per unit volume), ϕ[%] is the relative humidity

defined previously, and C[−] a coefficient dependent on the temperature and

binding energy of the molecules to the solid in the form of:

C = exp(
El − Lm

RT
) (17)

where, El[J/mol] is the binding energy of the first layer of molecules,

Lm[J/mol] is the latent heat of vaporization,R[J/mol] is perfect gas constant,

and T [K] the absolute temperature. A building material can theoretically ab-

sorb moisture until all these pores are filled with water. On the other hand, this

fact does not provide any information as to its actual moisture storage capacity.

It is therefore important to establish a connection between the water content of

the building materials and the ambient conditions.
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The graphical representation of Figure 3 shows the measurements of the

variation of the water content of the sample as a function of the relative humid-

ity. These curves are characteristic of a given material and a given temperature.

They are called isothermal sorption. Experimentally, they are obtained starting

from a dry sample while following the amount of water vapor stored by the

porous material for the set of state of equilibrium corresponding to relative hu-

midity between 0 and 100 % . The general shape of the adsorption isotherm

curves for different hygroscopic materials is not the same (Figure 3). Accord-

ing to this figure, wood is the most hygroscopic material compared to brick

and other types of concrete because it has much higher moisture content in the

hygroscopic area.

Figure 3. Sorption of moisture for different materials[11].

2.2. Capillary Water

When wetting a porous material with a water content u[kg/m3] higher than the

maximum water content uc[kg/m
3], liquid menisci will be formed between the
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pores. This phenomenon results from the particular properties of wettability of

water relative to the solids constituting the porous matrix. This leads to the the

formation of curved interface between the wetting fluid (water) and the gaseous

non-wetting fluid (moist air). The analysis of the equilibrium conditions of such

an interface shows the existence on both sides of a positive pressure difference

between moist air and water, called capillary pressure pc presented as:

pc = pa − pl (18)

where pa[Pa] and pl[Pa] are the air pressure and the liquid water, respectively.

This measurable pressure difference pc[Pa] is theoretically expressed ac-

cording to the Laplace law as a function of the surface tension σ(T ) of the

air-water pair, the main radius of curvature R1[m] and R2[m] of the interface

and the wetting angle defined by the tangents between the solid phase and the

interface from the fluid-solid contact point:

pc = σ · cosθ(
1

R1

+
1

R2

) (19)

For a capillary of circular cross-section of radius r, the preceding expression

becomes:

pc = σ · cosθ/r (20)

Where σ[kg/m] is the water-vapor surface tension.

The capillary pressure can be expressed in the height of water which is

called suction ψ[m]:

ψ = −
pc

ρlg
= ψ(T, u) (21)

Where ρl[kg/m
3] is the density of water, and g[m/s2] acceleration of grav-

ity.

The suction varies according to the water content u[kg/m3]. It vanishes for

a water content equal to the saturation water content umax, for which all the

pores are filled, and increases significantly in the vicinity of the hygroscopic

domain. It should however be noted that there are hysteresis phenomena, the

equilibrium profile in drainage being different from the equilibrium profile in

humidification. The total hygroscopic suction is often expressed by the suction

pressure obtained by Kelvin’s law, the expression of which is as follows:

pc =
RTρl

M
ln(ϕ) (22)
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where, R[J/mol · K] is the molar constant of perfect gases (R =
8.31443J/mol ·K), ρl[kg/m

3] is the density of the water, M [kg/mol] is the

molar mass of water, ϕ[%] is the relative humidity, and T [K] is the thermody-

namic temperature. This expression shows a match between ψ and ϕ. This will

determine the hygroscopic suction (for humidities below 95 %).

However, there is a part of the interstitial water called free water because

it can flow between the solid particles due to pressure differences generated by

various actions such as gravity, the application of a charge to the surface or in

soil, desiccation or transformation of water into ice.

2.3. The Hysteresis

The relationship between water content and relative humidity, in experimental

practice, is not unique but depends on the direction of the evolution of relative

humidity RH, presenting a hysteresis. Different forms of loops can be schema-

tized. They are grouped in four classifications (Figure 4) [12]: the two loops of

hysteresis noted H1 and H2 appear respectively when the material has a very

narrow distribution of mesopores and in the case of materials having mesopores

in intercommunication. The hysteresis branchH3 is described in the case where

the material forms aggregates. It can be attributed to capillary condensation tak-

ing place in a non-rigid texture and is not characteristic of a defined mesoporos-

ity. The last branch of hysteresis is often observed with microporous adsorbents

having sheets bound together in a more or less rigid manner and between which

capillary condensation may occur.

Two main causes of hysteresis have been expressed as: the first interpre-

tation refers to the difference between the radius of curvature of a cylindrical

surface and a spherical surface [13]. During the sorption, the evolution of the

fluid-vapor interface is done first from a cylindrical surface (the walls of the

pore). In desorption, the evolution is made from a spherical meniscus. The ra-

dius of curvature of a spherical surface being half that of a cylindrical surface

of the same radius. This is sometimes called the boot problem.

The second cause of hysteresis is the accessibility of certain pores by pores

of smaller diameter, in configuration ink bottle. In sorption the filling of the ac-

cess pores prevents the filling of the pores of greater diameter. The air remains

trapped as soon as the access grooves are filled. In desorption, emptying the

larger diameter pore starts only when the relative humidity drops low enough

to empty the pore of smaller diameter. In the intermediate states, equilibrium
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Figure 4. Type of hysteresis (classification given by IUPAC).

situations can be established at the same relative humidity for different volumes

of liquid and therefore different water contents. One study explains the hys-

teresis differently: in the case of adsorption, all the pores are initially opened

and the water condenses firstly in the small pores by the effect of the capillarity

forces [14]. On the other hand, the condensation in the macro-pores sites will

take place only at high relative humidities, which depend on the pore diame-

ter too. These different behaviors during adsorption and desorption cause the

effect of hysteresis. There are several models in the literature that explain this

phenomenon, based on the nature of the adsorption and desorption curves that

are usually off balance. In addition, the hysteresis can be directly related to the

shape of the pores or their structure.

3. Quantitative Analysis of Moisture Transfer

Phenomena

In the field of civil engineering, moisture in the material is the most often consid-

ered as water vapor. The vapor transfer in porous building materials is broadly

classified into three modes, which is presented representively in the following.

3.1. Molecular Diffusion

Molecular diffusion or Fick diffusion is dominated in pores at a larger radius

10−6m [15], where the transport of water vapor is governed by the collision

between particles or molecules (Fig.4a). In this type of diffusion, there is no in-
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teraction with the matrix of the material. In the open air, the diffusion coefficient

proposed the following equation [16] :

Da = c(
p0

p
)(
T

T0

)n (23)

Where the reference pressure is p0 = 1.101325× 105Pa, the reference temper-

ature T0 = 273.15K , the factor n = 1.88 and c = 2.17× 105m2/s.

3.2. KNUDSEN Transport and Surface Scattering

In this type of diffusion (also called effusion), the gap between the pores is con-

sidered as a rough surface that imposes different tortuosity of the adsorbed dif-

fusion pathway. The movement of molecules is governed by molecular velocity

as well as collisions with other molecules (Figure 4b). The collision between

the diffusion molecules creates resistance for diffusion. If the diffusion of gas

takes place in a very fine pore, at a low pressure, the average free path of the

molecules must be greater than the diameter of passage. The rate of matter

transfer by diffusion of a species is governed by its molecular velocity, the di-

ameter of passage and the pressure gradient. This is what is called Knudsen’s

broadcast. This phenomenon becomes important if the pore size is less than

10−8m. Some models have been proposed to describe and quantify the diffu-

sion of Knudsen: A simple approach based on the kinetic theory of gases gives

the following expression for the diffusivity of Knudsen given by [18]:

Dk =
2

3

√

8RT

πM
· rp (24)

In which, rp[m] is the radius of passage of capillaries, T [K] is the temperature,

M [kg/mol] molecular weight, andR[J/mol·K] is the molar constant of perfect

gases (R = 8.31443J/mol · k).

Other important diffusion phenomena called surface diffusion are worth

mentioned. It involves the transport of molecules absorbed on the surface under

the presence of the water vapor gradient (Figure 4c). If the ratio of the amount

adsorbed to that required to form a monolayer is less than unity, some active

sites remain empty. An adsorbed molecule tends to migrate to an empty adja-

cent site if it has enough energy to cross the energy barrier. Since the active sites

are discrete, the migration of the surface diffusion is visualized to be reproduced

by a jump. The flux due to surface scattering is given by Fick’s law [17], [18].
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Figure 5. Illustrative of (a) diffusion in a continuum, (b) diffusion of Knudsen

and (c) surface diffusion.

jvs = Dvs 5 uv (25)

In which, Dvs[m
2/s] area diffusion coefficient, jvs[mol/m · s] is the diffusion

flux at the surface, and uv[kg/m
3] the vapor content.

However, surface diffusion as well as capillary conduction can occur only

in a liquid phase. It is indicated that this kind of diffusion is usually a part of

liquid transport and not a part of vapor diffusion [17].

3.3. Thermal Diffusion

Due to the difference in density between dry air and vapor molecules, it makes

the passage of water vapor from cold to hot. Therefore, it results in a transport

as a function of the temperature gradient. Under isothermal conditions, the

theory of vapor transport in porous materials is initially based on Fick’s law

(ion diffusion in water). Fick’s law is generally given for the vapor content as

follows:

jv = Dv 5 Cs (26)

In which, Cs[kmol/m
2] is the concentration at the surface of the adsorbed

molecules. This law is adopted in the physical construction to describe the
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diffusion of water vapor in porous materials. Otherwise, the diffusion coefficient

of water vapor in the air can be defined by the following relationship [17].

δa = 2 × 10−7T 0.18/p (27)

In which, p[Pa] is the ambient air pressure, T [K] is the temperature, and

δa[m
2/s] is the diffusion coefficient of water vapor in the air.

4. Main Models of Water Transfer

4.1. Darcy’s Law (1856)

This law is widely used when it comes to transfers in porous media. The filtra-

tion rate V [m2/s], macroscopic velocity, is distinguished from the interstitial

velocity, denoted Vp[m
2/s], which corresponds to an average velocity of the

fluid in the pores. This actual velocity Vp[m
2/s] inside the pores can be much

greater than V , since only a portion of the total volume of the porous material

is available for the transport of the fluid. The validity limit of Darcy’s law is

defined by the Reynolds number Re which depends on the interstitial velocity

Vp, a characteristic length of the pore size d[m]:

Re = ρVp
d

µ
(28)

One study distinguishes three flow regimes according to the value of the pore

Reynolds number [19]. Another using velocity measurements, distinguish

several flow regimes that can be classified as follows [20]:

• For pore Reynolds numbers less than 1, the flow regime is laminar, vis-

cous forces are predominant and Darcy’s law is applicable.

• When Re is between 1 and 10, the boundary layers at the solid walls

of the pores develop. Outside these boundary layers appears an inertial

flow regime. The forces of inertia then become important and there is

no more proportionality between the pressure gradient and the filtration

speed: Darcy’s law is no longer applicable. This stationary laminar flow

regime persists to a Reynolds number of about 150.
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• For pore Reynolds numbers between 150 and 300, an unsteady laminar

flow regime develops. This regime is initially oscillatory resulting from

the superposition of several distinct modes of period and amplitude.

• Beyond Re value of 300, the flow regime becomes chaotic, and has the

characteristics of a turbulent flow.

4.2. The Empirical Model of Brinkman

When the porosity of the medium becomes important, Darcy’s law becomes

insufficient to describe the fluid flow within the porous media. Thus, it is im-

portant to take into account the viscous diffusion effects created by the friction

at the walls, the induced viscous forces then becoming the same order of mag-

nitude as the resistance forces created by the porous matrix. Brinkman was the

first author to add a term representing viscous constraints to Darcy’s law [21].

This model was taken over and improved later by other authors. Taking inspi-

ration from the Stokes formula, Brinkman proposed a modification of Darcy’s

law by adding the term µ
′

52 V or µ
′

is the effective viscosity of the porous

media, which leads to the equation:

5p = ρ
µ

′

K
V + µ

′

52 V (29)

where K[m2] is the permeability of the porous media, V [m2/s] is correspond-

ing to the average fluid velocity taken by a representative elementary volume,

µ[kg/m · s] is the dynamic viscosity of the fluid, µ
′

[kg/m · s] is the effective

viscosity given by the Brinkman model [22].

4.3. Model with Driving Potential of Steam Pressure/Capillary

Pressure

4.3.1. Pedersen Model

In order to evoke the discontinuity of water content as a driving potential in

moisture transfer in multilayer materials, Pedersen chose the suction pressure

as a capillary transfer potential[23]. The direct relationship between water con-

tent and equilibrium capillary suction pressure can be determined in the upper

relative humidity range by pressure bearing measurements [17]. In the mois-

ture adsorption region (< 98% relative humidity), the capillary suction pressure
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can be calculated as a function of the relative humidity according to the Kelvin

law (Eq. 20). On the other hand, for non-capillary active materials, such as

most thermal insulators, the capillary suction pressure can not be defined and

no liquid transfer takes place. The mass balance equation thus obtained is as

following:

∂u

∂t
= 5(δp 5 pv − k · pc 5 (ln(pc)) (30)

where u[kg/m3] is the volume water content, pc[Pa] is the capillary pressure,

pv[Pa] is the vapor pressure, k[kg/m · s · Pa] is the hydraulic conductivity,

δp[kg/m · s · Pa] is the vapor permeability.

This equation decomposes the model into two separate transport equations

for the liquid phase and the vapor phase [23]. In his model, δp is a function of

relative humidity. The capillary pressure gradient represents the liquid transfer

and the use of ln(pc), which is only introduced for numerical reasons here.

4.4. Liquid Diffusion Model

4.4.1. Richards Model

Some research focuses on the mechanisms of water transport in partially satu-

rated porous media [24]. Although Darcy’s equation was originally designed

for saturated media flows, it was extended to unsaturated flow, stating that the

proportionality constant k, called hydraulic conductivity, is a function of soil

moisture content [24].

∂θ

∂t
=

∂

∂z
[k(h)(

∂h

∂z
− 1)] (31)

Where θ[vol%] is the water content, k[m/s] is the hydraulic conductivity,

and h[m] is a relative pressure with respect to the atmospheric pressure of water

expressed as a function of height. The pressure of the gas phase in the porous

media is considered constant and equal to the atmospheric pressure. This is a

limitation of this model especially in case of infiltration since the pressure of

the air trapped in the ground can increase. This equation is fully defined if we

know the hydraulic conductivity k and the capillary capacity C as a function of

the water content θ and the pressure h. Richards also introduced a relative per-

meability dependent on θ and h. While the intrinsic permeability only depends

on the geometric properties of the dry porous media. The relative permeability
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depends on the fluids present in the system on the one hand and the pressure of

the latter on the other hand.

4.5. Water/Temperature Transfer Models

4.5.1. Model of Philip and De Vries (P.D.V)

Philip et.al have considered the transport of water vapor as a diffusive process

governed by Fick’s law, such as [16] :

jv = −Da · ν · τ · av 5 ρv (32)

In which, jv is the vapor density vector, Da is the binary diffusion coefficient

of the water vapor in the air, τ is the tortuosity related to the connectivity of

the continuous paths through the pore space, av is the volumetric content in the

gaseous phase, pv is the density, and ν is a coefficient related to the diffusion

of steam. During diffusion by condensation evaporation this coefficient is given

by: ν = p
′

/(p
′

−pν), pv is the total pressure and the partial pressure of the water

vapor. It should be noted that Da = 4.42×104×T 2.3/p
′

used for temperatures

that do not exceed 70 ◦C. The gradient of the vapor density is a function of the

temperature gradient and the water content:

5ρv = ϕ
dρs

dt
5 T +

gρv

RT

dpl

dΘ
5 Θ (33)

where ρs[kg/m
3] is the dry density of the material, and pl[Pa] is the liquid

pressure.

The injection of Eq.33 into Eq.32 leads to the following vapor flow expres-

sion:

jv/ρl = −DTv 5 T −DΘv 5 Θ (34)

In which,DTv[m
2/s] is the non-isothermal diffusion coefficient of water vapor,

DΘv [m
2/s] is the isothermal diffusion coefficient of water vapor.

These diffusion coefficients are deduced from the sorption isotherms or the

capillary characteristic of the material [25]. The liquid transfer derives from

Darcy’s law. It appears as the macroscopic result of the laminar viscous flow of

the fluid in the complex network of microscopic conduct, this allows to write:

jl/ρl = −DT l 5 T −DΘl 5 Θ − ki (35)
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in which, DT l[m
2/s] is the non-isothermal diffusion coefficient of liquid water,

DΘl[m
2/s] is the isothermal diffusion coefficient of water vapor, ki[m/s] is

the hydraulic conductivity. The general differential equations describing the

transport of moisture in porous materials under thermohydric gradients are:

∂Θ

∂T
= 5(DT 5 T ) + 5(DΘ 5 Θ) + 5ki (36)

ρc
∂T

∂t
= 5(λ5 T ) + Lvl 5 (DΘv5 Θ) (37)

where, DT [m2/s] is the non-isothermal diffusion coefficient of liquid water,

DΘ[m2/s] is the isothermal diffusion coefficient of water vapor, Lvl[J/kg] is

the latent heat of vaporization, c[J/kg ·K] is the heat capacity of the material,

λ[w/m ·K] and thermal conductivity.

The energy equation is only described by conduction heat transfer and phase

change. The P.D.V model does not take into account the evolutions of the pres-

sure in the material, it is generally used in the field of drying.

4.6. Total Pressure Driving Potential Models/Steam Content

Most transfer models available in the literature, including those cited above,

have often been developed without integrating the total pressure gradient on

the thermohydric behavior of materials. From the theoretical and experimental

point of view, numerous indexes justify the need for such integration of this new

transfer driving potential.

Among the few exsiting works have confirmed the possibility of incorpo-

rating the total pressure introduced by [26], [27]. They assumed that during

an excessive period of drying, a total pressure gradient appears in the material.

This total pressure gradient generates additional heat and moisture transport re-

sulting from the movement of vapor and liquid infiltration into the material [28].

They showed that the total pressure gradient in the material appears as a result

of evaporation and resistance of the vapor movement in the porous skeleton. In

addition, the effect of atmospheric pressure on simultaneous heat and moisture

transfer in hygroscopic textiles has been studied [29]. It has been confirmed that

the total pressure gradient has a very significant effect on transfers by comparing

two analytic cases of an analytical model developed.

A mathematical model was developed to predict transfers in a block of hol-

low brick material [30]. The phenomena taken into account in this model are:
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water vapor transfer, liquid water transfer, evaporation (respectively condensa-

tion) and heat transfer. The vapor transfer is by diffusion/convection and the

liquid flow is governed by Darcy’s law. As for heat transfer, it is done by con-

vection and conduction. Dry air is transferred by diffusion / convection. The

main flows describing these transfers are given below [30]:

jl = K(5psuc − ρlg) (38)

jv = −δv 5 pv − ρv

kgkrg

µg

5 pg (39)

ja = −δv 5 pv − ρa

kgkrg

µg

5 pg (40)

jq = λ5 T + jlCpaT + jvL+ jvCpvT (41)

where, jl[kg/m
2s] is the density of the liquid flow, jv[kg/m

2s] is the density

of the vapor flow, ja[kg/m
2s] is the density of the dry air flow, jq[kg/m

2s] is

the density of flow of heat, δv [s] is the vapor permeability, pv[Pa] is the vapor

partial pressure, psuc[Pa] is the suction pressure, ρv[kg/m
3] is the density of

the vapor, ρv[kg/m
3] is the density of the liquid water,K[s] is the liquid perme-

ability, kg[m
2] is the absolute permeability, krg[m

2] is the relative permeability,

µg[Pa · s] is the dynamic viscosity, pg[Pa] is the gas pressure, λ[w/m ·K] is

thermal conductivity, Cpa[J/kg · K] is the constant pressure heat capacity of

dry air, Cpl[J/kg ·K] is the heat capacity of liquid water, Cpv [J/kg ·K] is the

heat at constant vapor pressure, and L[J/kg] is the latent heat of vaporization.

Finally, the establishment of the equations of mass balances and heat makes it

possible to obtain a system of differential equations:

∂u

∂t
= −5 (jv + jl) (42)

∂ρa

∂t
= −5 (ja) (43)

Cpρs

∂T

∂t
= −5 q (44)

where ρs[kg/m3] is the dry density, Cp[J/kg · K] is the heat capacity of the

material, u[kg/m3] is the moisture content by volume.

A mathematical model was also developed to predict coupled heat, moisture

and air transfers [31]. The phenomena taken into account in this model are: wa-

ter vapor transfer, liquid water transfer, evaporation (respectively condensation)
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and heat transfer. The vapor transfer is by diffusion/convection and the liquid

flow is governed by Darcy’s law. As for heat transfer, it is done by convec-

tion and conduction. Dry air is transferred by diffusion/convection. In addition,

they took into consideration the phenomenon of thermodiffusion through the

incorporation of a temperature gradient thus constituting an additional transfer

engine. The phenomina can be discribed by the following equations.

∂ω

∂t
= div[Dm(5ω + δ5 T + α5 p)] (45)

cρs

∂T

∂t
= div(at 5 T + δt 5 u+ αt 5 p) + hlvρsχ

∂ω

∂t
(46)

ha

∂p

∂t
= div(λf 5 p) + ρsχ

∂ω

∂t
(47)

5. Overview of Driving Potential of Coupled Heat and

Moisture Transfer

The literature provided different models of coupled heat and moisture transfers

in porous materials. The question of choice of appropriate transfer potentials re-

mains a point of discussion for several researchers in the scientific community.

Indeed, whatever the adopted transfer driving force (water content, vapor pres-

sure, chemical potential, temperature, liquid pressure, capillary pressure), the

formulation of moisture transfer equations are equivalent [32]. Nevertheless,

experimentally this multiple choices of moisture driving potential is not always

so obvious. Knowing that the water content is not a state variable in the ther-

modynamic sense. In particular, it is not continuous at the boundary between

two different materials, and has a random spatial distribution in a heterogeneous

medium. But the driving potential that is most agreed by the experts in the field

of construction is the vapor pressure gradient generally caused by wind, pres-

surization by ventilation, draft effect, etc.

In fact, the vapor pressure potential partially dominates the water transfer

assembly in the porous components. Hence the contribution of other trans-

fer driving forces such as the suction pressure associated with the transport of

the liquid phase [33]. Moreover, it has been shown that physically the rela-

tive humidity gradient causes diffusion through the materia [31]. It has also

been shown that vapor pressure, suction pressure and temperature gradient con-

tribute to water transfer in materials [35]. In addition, the orientation of the
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flows represented by these motors plays an important role on the behavior of

the moisture inside the material: the potential of relative humidity contributes

less when the gradients of temperature and pressure of vapor are in competi-

tive position. This remark is not valid for all materials, especially hygroscopic

insulators [35]. Also, it was quantified the phenomenon of thermodiffusion in

building materials, by the identification of a new experimental parameter called

thermogradient coefficient [36]. It has been shown that the latter is sensitive in

the case of low gradients of vapor content. Recently, Trabelsi has shown the

sensitivity of the thermodiffusion phenomenon through an experimental study

on building materials [37].

Figure 6. Non-isothermal mass diffusion coefficient versus moisture content of

porous materials at four different temperatures [38].

To verify this, the use of other domains, outside the civil engineering,

where porous media are exposed to temperature gradients, seems paramount.

The studies available on porous media in general shows that the effect of

temperature on water transfer is present in porous media [38], [39]. In this
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context, several points relating to the reality of moisture transfer (vapor or

liquid phase) in porous media are in question and need to be examined in more

detail. Mass and heat transfers must be considered simultaneously and not

separately. These findings led to the following question:

What exactly happens during the transfer of moisture inside porous media?

The behavior of unsaturated porous media has been examined in the frame-

work of classical theories, within the meaning of Fick and Darcy’s law [16],

[29], [40]. The transfer equations is defined considering the multiphase hetero-

geneous medium (vapor, liquid, solid and/or gaseous phase) [29]. There is then

a whole set of menisci where the capillary effects must be taken into account to

characterize the transfer modes relative to each phase. Indeed, coupled moisture

and heat transfer phenomena in partially saturated porous materials are diverse

and complex. Kelvin’s law constitutes a platform for most of these transfer pro-

cesses (liquid water flow, evaporation drying, capillary condensation, etc.). On

the one hand, the capillary transfer occurs in the liquid phase via the capillary

forces of interaction between the fluid phases and the solid matrix. On the other

hand, the drying phenomenon is dominated by this capillarity, under a slow

evaporation, where the displacement of the vapor liquid interface strongly de-

pends on the complex geometry of the microstructure of the considered porous

media. In addition, for low relative humidities, a series of evaporative condensa-

tion mechanisms occur, resulting in discontinuity of liquid bridges during mass

transfer [16]. So far, the literature does not give any more answers about this

separation of liquid-vapor phases inside porous building materials. In this sense,

a tough question arises as to the precise physical description of the displacement

of the liquid-gas interface at the local scale. Nevertheless, a theory attempting

to explain these phenomena has been developed [41]. For materials with high

porosity, the authors found a significant decrease in vapor pressure. This drop

becomes less noticeable in pores of less than 0.1 mm. Also, during the evapora-

tion phase, an excess of enthalpy due to the molar polarization of the liquid and

the porous solid is observed. This favors the creation of liquid bridges for fairly

high relative humidities [41].
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6. Modeling Results

Moisture content and temperature profile evolution within the wall, for both

models, are indicated in Figure 7. Globally, a similar reproducibility of the pre-

vious model [42] can be seen. The attended variation is explained by the high

air permeability of the material [43] and the strong convective coupling of the

present model. This means that convection favors drying inside the wood spec-

imen: the drying kinetic is slightly increased according to the present model.

To have a better understanding of these results, the moisture content and

temperature profiles inside the overall wood slab were simulated. The convec-

tive terms advects moisture content to the surface of the specimen. Simultane-

ously, this movement decreases the moisture content distribution (vertical drop)

which combines the explanation before the increase of drying kinetic.

Figure 7. Wood moisture content at different times (a); and different positions

(b). (present work is presented in solid line and Remki et al. in dashed line).

Similarly, Figure 8 show the temperature distributions inside the specimen

compared for both models. As a first remark, the temperature is slightly affected

by the strong coupling of the present model because the mass transfer process is

commonly slow than heat transfer. Also, air convection plays a refreshing role

because of the trapped air within pores, which explains the temperature decrease

in comparison to the model [43].
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Figure 8. Wood temperature profiles at different times (a); and different posi-

tions (b). (present work is presented in solid line and Remki et al. in dashed

line).

Conclusion

The present study makes it possible to establish a general state of art regarding

the hygrothermal transfers in the porous materials of construction. In addition, a

brief overview on the reality of the choice of transfer driving potentials has been

presented in order to clarify the ideas on the implementation of transfer poten-

tials in mass balance equations. At the end of this chapter, an attempt has been

made to explain the combined vapor-liquid transfer in the porous media in order

to show the complexity of these phenomena. The most important information

from this chapter is the need to optimize transfers in porous building materials

with integration of the effect of total pressure. Therefore, the employed dif-

fusive model incorporates the molar transfer of liquid and water vapor phases

caused by the total pressure gradient.
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Abstract

In this chapter the energy storage properties of Phase Change Ma-

terials (PCMs) will be presented. Energy consumption in buildings has

attracted extensive attention due to its huge potential for environmental

sustainable development. The key focus is on the efficiency promotion

and optimization of energy systems. Among the available methods the

application of the PCMs is the most suggested. In this chapter, firstly the

basic properties and applications of PCMs will be introduced, which will

allow readers be more familiar with the functional role of PCMs. Sec-

ondly for the sake of effective analysis during the phase change process,

some analytical solutions are described to solve the problems in different

cases. Finally in order to obtain and complete the knowledge of phase

change mechanism in a bounded domain, a semi-analytical solution is

∗Corresponding Author Email: ma@lmt.ens-cachan.fr.
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proposed based on the connection method between the short time solu-

tion in infinite domain and the the steady-state solution.

Keywords: phase change materials (PCMs), energy storage, bounded domain,

semi-analytical solution

1. Phase Change Materials for Energy Storage

The PCMs feature on the phase change process, in this section, the liquid-solid

phase change process (either melting or solidification) will be presented. Af-

terward, the existing analytical solutions for different phase change problems

will be illustrated for a better understanding and deeper exploration. In ad-

dition, some strategies in simulating the source term of phase change will be

introduced.

1.1. General Introduction

In order to improve the energy efficiency and thermal comfort in the buildings,

the application of the phase change materials (PCMs) is proposed as one of

the suggested solutions [1]. PCMs are able to vary the material’s phase state

under the different temperatures by absorbing or releasing a large amount of

latent heat during the phase change process [2]. Thus the process of changing

the material’s phase state and varying the physical properties is called the phase

change process. Owing to the huge amount of potential heat, once this type

of materials are widely used in human life, it will contribute significantly to

energy conservation and environmental protection [3], [4], [5]. Nowadays more

and more researchers focus on the exploration of the detailed property of PCMs

for the purpose of taking full advantage of them.

The liquid-solid phase change process exists widely in many applications

and plays important roles in broad fields[6]. Studies dealing with phase change

can be found in different situations. However, among these existing solutions

there are only a few so-called reference results that are available for the ther-

mal problems [7]. This has attracted increasing interest of numerous inves-

tigators. In order to overcome this shortage, researchers commonly validate

their results by comparing them with the so-called Stefan analytical solution. It

should be noted that this solution is established in the case of one-dimensional

phase change in an assumed semi-infinite domain. With the purpose of achiev-

ing the completeness of the study and carrying out the analysis of phase change
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problems in finite domains (a bounded domain or cavity), a semi-analytical so-

lution could be found under the certain additional hypotheses. This solution

will be verified by comparing with the numerical results, which will indicate

the advantages and limitations.

1.2. Strategies in Simulating the Phase Change Source Term

During the process of solidification, PCMs release heat to the environment,

while during the process of fusion (or melting) it will absorb (or store) heat

from the environment [8]. The temperature profile versus enthalpy for most

PCMs is showed in Figure 1. The energy that can be stored or released when

the physical state changes is called phase change heat. During the phase change

process, the temperature of the material itself remains almost constant until the

phase change process finished [9]. In addition, the latent heat is much higher

than the sensible heat, which could be identified in Figure 2. The process of

phase change also reflects the relationship between the apparent heat capacity

(capp
p ) and temperature gradient expressed by the partial differential equation:

ρcapp
p

∂T

∂t
= α 52 T [10]. The advantage of adopting the apparent heat capac-

ity is to avoid the the complexity in interface discontinuity so that it simplifies

the source term. The principle is that the phase change materials store energy

during the heat transfer process, so it will prolong the energy transmission time

and reduce the temperature gradient.

There are also other approaches to deal with the source term. One of them is

to apply the Heaviside function Hv(T ) on the interface to illustrate the disconti-

nuity in the enthalpy versus temperature (ρcp
∂T

∂t
= α52 T +Hv(T )). Another

approach is to use a re-meshing on the two sub-domain (domain of liquid or

solid) and connect the solid and liquid phase by the interface condition. This

method is adopted and illustrated in Section 3.1 by using the equations depict-

ing the solid phase/ liquid phase and the connecting boundary condition on the

interface.

2. Properties and Applications of PCMs

In this section, more detailed properties of some typical PCMs will be pre-

sented, including the classification, the thermal properties, the advantages and
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Figure 1. The process of phase change.

Figure 2. The comparison between latent heat and sensible heat.

shortcomings of each type and some typical applications in buildings and energy

storage systems.
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2.1. Relative Properties of PCMs

PCMs can be divided into organic PCMs and inorganic PCMs[11], [12], [13].

Organic PCMs include mainly fatty acid and polyol PCMs (Table 1), and also

the paraffin PCMs (Table 2). Table 1 shows the properties of different organic

fatty acid and polyol PCMs, which indicates that the thermophysical proper-

ties of organic PCMs are closely related to the functional groups and the chain

length of organic compounds. For the same functional group, the longer the

chain length is, the higher the phase transition temperature and the more the

latent heat of phase change. Paraffin wax, as another important composition of

organic PCMs, is a kind of by-product of refined petroleum. It is usually de-

rived from the wax fraction of crude oil and it needs to be extracted from oil by

several processes such as atmospheric and vacuum distillation, solvent refining,

solvent dewaxing and deoiling, hydrorefining, etc. [14]. Table 2 lists the rela-

tionship among the number of carbon atoms, melting point and the latent heat

of melting for paraffin. With the increase of the carbon atoms chain, the melting

temperature increases, and also the latent heat globally increases. It’s important

to have a better knowledge about the property of PCMs before they can be used

more effectively. For organic phase change materials, more desirable PCMs can

be obtained by synthesizing multiple systems.

Table 1. The properties of fatty acid and polyol PCMs

Materials Formula

Melting

point (
oC)

Latent heat

(kJ/kg)

Acetic CH3COOH 16.7 184

Polyethylene

glycol 600
H [OC2H2]n − OH 20-25 146

Capric acid CH3(CH2)8 − COOH 36 152

Elaidic acid C8H7C9H16 − COOH 47 218

Lauric acid CH3(CH2)10 − COOH 49 178

Pentadecanoic

acid
CH3(CH2)13 − COOH 52.5 178

Tristearin (C17H35COO)C3H5 56 191

Myristic acid CH3(CH2)12 − COOH 58 199

Plamitic acid CH3(CH2)14 − COOH 55 163

Methyl

fumarate
(CHCO2CNH3) 102 242
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Table 2. The properties of paraffin PCMs

Number of

carbon atoms

Melting point

(oC)

Latent heat of

melting (kJ/kg)

14 5.5 228

16 16.7 237.1

18 28 244

20 36.7 246

22 44 249

24 50.6 255

26 56.3 256

28 61.6 253

30 65.4 251

32 69.5 170

34 75.9 169

Inorganic PCMs, as another main constitute of PCMs, are characterized by

higher energy storage density, smaller volume change during the phase change

process, and lower cost. The contents include mainly alkali, alkaline earth metal

halides and hydrates of salts such as sulfates, phosphates, nitrates, acetates, and

carbonates, as showed in Table 3. However, this type of material is prone to be

over-cooled and phase separation appears in the phase transition process. So it

is necessary to add anti-supercooling agent and anti-phase-separator to enhance

its stability and prolong its service life. For example, the addition of NaCl and

excessive water into CaCl2 · 6H2O can keep CaCl2 · 6H2O in good stability.

The properties of some commonly used inorganic PCMs are listed in Table 4.

The specific heat represents for the required heat energy to increase 1 oC for

the substance quantity of 1 kg. Different substance is characterized by different

specific heat capacity which is the physical property of a matter. This value

can be obtained by dividing volumetric heat capacity with the density. Table 4

suggests also that water has the highest value of the specific heat among these

PCMs, which means under the same cooling or heating condition, the tempera-

ture variation for water is the smallest. Owing to this advantage, water is widely

used in the daily life of human being, such as the cooling of the car’s engine and

hot water heating commonly used in winter.

Compared with the inorganic PCMs, the organic PCMs is absent of over-

cooling or precipitating phenomena, and with relatively stable performance.

However, there are usually some shortcomings like low thermal conductivity,

low density, and poor thermal storage capacity per unit volume [15].

Complimentary Contributor Copy



Energy Storage Using Phase Change Materials 181

Table 3. The properties of hydrated salts PCMs

Saline hydrates

Melting

point

(oC)

Latent heat of

melting (kJ/kg)

Glauber salt (Na2SO4 · 10H2O) 32.4 252

Calcium chloride, hexahydrate

CaCl2 · 6H2O
27-30 190

Sodium acetate trihydrate

NaCH3COOH · 3H2O
58 170-264

Barium hydroxide octahydrate

Ba(OH)2 · 8H2O
78 301

NH4 · Al(SO4)2 · 12H2O 95 238.5

Sodium phosphate dodecahydrate

Na3 · PO4 · 12H2O
77 213

Sodium pyrophosphate decahydrate in

capsule form (Calotherm 70)
70 184

Sodium carbonate decahydrate

Ca(NO3)2 · 4H2O
40-43 140

Table 4. The properties of commonly used inorganic PCMs

Materials
Density

(kg/m3)
Specific heat

(J/(kg · K))
Volumetric heat capacity

(J/(m3 · K)) × 106

Clay 1458 879 1.28

Bricks 1800 837 1.51

Sandstone 2200 712 1.57

Wood 700 2390 1.67

Concrete 2000 880 1.76

Glass 2710 837 2.27

Aluminum 2710 896 2.43

Iron 7900 452 3.57

Steel 7840 465 3.68

Water 988 4182 4.17

Several assumptions of the flow are made to simplify and analyze the phase

change process, including laminar and two-dimensional flow pattern, Newto-

nian and incompressible liqid and constant physical properties of the flow ex-

cept density in the buoyancy term. A typical mode of the phase change interface

is showed in Figure 3. It indicates that the flow in liquid phase could induce ir-

regular shape on the interface, and such coupling among conduction, convection
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and phase change adds complexity in predicting the energy stored or released

over time. In order to avoid such flow, a popular way is to mix with additive

to generate PCMs gel. The practical mixture has the same characteristic as that

used in the previous research work of Royon et al. [16]

Figure 3. A typical mode of phase change interface.

2.2. Applications of PCMs

The incorporation technique of PCMs into the wall of buildings is subject of

numerous works and widely studied[17]. However, the anti-symmetric charac-

ter of storing/releasing energy management in walls is less controlled and most

of the time does not fit with the designed optimal conditions. A solution is

proposed in this study to overcome the anti-symmetry problem and to fit with

different ambient conditions. It is based on the direct integration of the stabi-

lized PCMs (gel) in a building material including ventilation tubes. Such gel

could prevent the unexpected flow in liquid domain and eventually avoid any

possible leakage of the materials. The objective is the optimization of a wall
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combining the heavy inertia induced by the PCMs, intra-ventilation control and

the contribution to air renewal.

The developments are very fast for energy and thermal system, and also

for the innovation of construction materials . Among all the challenges of en-

ergy consumption, the thermal buildings are one of the biggest consumers of

energy [18]. Efficiency and optimization of the system remain the main focus

in decreasing energy consumption and improving system function of the related

research work. Balancing accessible energy with inhabitant comfort requires

more innovative and effective technological solutions [19]. In the housing sec-

tor, cost reduce and space optimization are the two key reasons for reducing

the thickness of the wall in new buildings. However, the reduction of the wall

thickness significantly affects the thermal inertia of the frame and makes it in-

adequate to suppress the oscillation, which is caused by variation of outdoor

temperature. In addition, the thermal comfort management through the con-

trol system acting on ventilation could induce higher power consumption and

the disadvantages associated with the operation of these devices (noise, main-

tenance, etc.). A typical phase change material application in ventilated wall

energy storage is showed in Figure 4. By increasing the thermal inertia, PCMs

regulate the ambient temperature and store/release energy in cyclic way.

Figure 4. A schematic of PCMs applied in ventilated wall energy storage.

The incorporation of PCMs in building envelopes is acting as a motivating

way to improve energy feedings [20]. When joined into construction elements,
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latent heat becomes an important index to reflect the energy storage capacity.

The thermal phase shift happens during the process of energy storage into the

damped recovery phase, which diminishes the request based on the outdoor

climatic situations of the building under consideration. Numerous studies on

this subject have been done aiming at answering all kinds of difficulties that

are against the optimal use of this solution [21], [22]. About these limitations,

one can choose the appropriate way to merge these products. Direct integration,

impregnation of building materials, and incorporation of capsules containing

PCMs are among the popular methods. Hence, in order to reduce the threat of

exposure during the melting process of these products, we use mixtures which

are designed to strengthen the PCMs matrix, such as the use of polymers, a

possible way to have a mechanically stable gel during the process of liquid

phase [15]. Likewise, The high efficiency of the developed system demands an

optimized study of the type of PCMs and the size of the system and probable

mixtures, so that we can appropriately achieve the energy charge/discharge in

these products [23].

Two types of integration are distinguished when it is combined into build-

ing envelopes or in applications which are associated to thermal comfort adjust-

ments during the occupancy of a building. In the first type of integration, the

following cases are pointed out: integration in floors [24], walls [25], masonry

elements [26] and roofs [27], as well as in windows and glazing [28]. With

regard to the use of PCMs in comfort adjustment systems within the building,

the free-cooling method need to be paied more attention, which is based on heat

exchangers developed according to a couple of methods [29], [30]. Based on

these studies, we can conclude that the involvement of PCMs increases thermal

inertia and improves the air quality of buildings.

The studies of the vertical members of the building with PCMs occupy the

majority, and it is notable that the wall panels can be linked to the base walls.

In this situation, many products have been examined and sold on the market be-

cause of the advantage of diminishing the level of the peak temperature during

hot periods and saving energy. The damping of the peak temperature achieved

could rise to 4oC [31]. PCM-based concrete and coatings are part of the solu-

tions applied to the wall. They are established under several compositions with

different percentages of PCMs. The tests conducted in a real scale on cells show

the functional relationship between the storage capacity and the volume ratio of

the PCMs, and also the temperature difference in indoor surface with respect to

a reference cell [32].
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3. Some Solutions in Phase Change Problems

The analytical solutions exist in different situations and much of them are val-

idated by the numerical method. In this section, firstly the analytical solution

in the semi-infinite domain will be recalled, which is well known as 1D Stefan

problem. The short time resolution of two-dimensional corner problem during

phase change will be presented afterwards. The corner problem corresponds

in several situations to the interface front position evolution over the square

domain, which is also investigated by numerical method. Another approach

in such square domain consist of an analysis of the system and estimation of

the energy extracted (injected) during the phase change process. After that, a

more global analytical solution of energy extracted during freezing process is

mentioned based on the discussion of different Biot numbers. In addition, the

other case occurred in bounded domain with different temperatures on both side,

will be illustrated afterwards. A semi-analytical solution is proposed, which is

mainly a combination of two basic 1D problem with a connecting expression

along the diagonal distance from the corner. At last, the solution in multi-phase

of Cartesian domain and analysis in cylindrical case will be presented.

3.1. Analytical Solutions in Semi-Infinite Domain

The classical Stefan problem is a solidification-melting problem, such as trans-

formation between ice and water. Due to the evolving interface is a priori un-

known, the determination the interface frontier will be a part of the solutions.

A one-dimensional Stefan problem in semi-infinite domain is illustrated in

Figure 5. The imposed boundary conditions are constant temperature T1 on one

side, and initial temperature Tinitial is uniform in all the domain. Function X(t)
denotes the position of the solid-liquid interface frontier. Thus the advancing di-

rection of the interface with a constant temperature T1 will rely on the condition

either it is solidification or melting process.

In the following discussion, the thermal properties of heat capacity, thermal

conductivity, and thermal diffusivity are denoted by c1, k1, α1 in solid phase

and c2, k2, α2 in liquid phase respectively. In addition, LH , Tf and ρ represent

for the latent heat, the melting temperature(fusion temperature) and the density

of the substance (assumed to be the same in both phases), respectively.

Therefore the classic one-dimensional Stefan problem of stationary case can

be described by the following equations.
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Figure 5. 1D Stefan problem in semi-infinite domain.

∂2Ts

∂x2
− 1

α1

∂Ts

∂t
= 0, x < X(t) (1)

∂2Tl

∂x2
− 1

α2

∂Tl

∂t
= 0, x > X(t) (2)

With the boundary conditions: Ts = T1, when x = 0 , Tl = Tinitial = T2,

when x → ∞.

At the interface, there is: Ts(t, x) = Tl(t, x) = Tf it also follows:

LH · ρdx

dt
= k1

∂Ts

∂x
− k2

∂Tl

∂x
(3)

And the initial conditions are:

Tl(t = 0, x) = T2, X(t = 0) = 0 (4)

The analytical solution of these formulas has been proved very complicated

due to the coupling and the non-linear character, and it still remains unknown

except in the case of semi-infinite domain. Now the problem is simplified to

one-dimensional problem associated with the two temperatures T1 and T2. Thus
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the frontier of the asymptotic value is governed by the equation of the one-

dimensional Stefan problem [33].

X(t) = 2λ
√

α1t (5)

In which, λ is the root of the following equation:

e−λ2

erf(λ)
− (

α2

α1

)1/2 ·
k2

k1

·
T2 − Tf

T1 − Tf
·

e−λ2
·(

α2

α1

)1/2

erfc(λ · (
α2

α1

)1/2)
=

√
π

LH · λ

c1(Tf − T1)
=

√
π

λ

Ste
(6)

Where Ste =
c1(Tf − T1)

LH
represents for the Stefan number.

Taking a solidification case as an example, an analytical solution of the interface

evolution under different Stefan numbers and different parameter ratios in semi-

infinite domain is presented in Figure 6.

Figure 6. Interface evolution of solidification case in semi-infinite domain.

The interface evolution indicates that in comparison with the reference case,

if the ∆Trel is increased, which is the ratio between the cooling temperature
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difference ∆Tcool (∆Tcool = Tf − T1) and total temperature difference ∆Ttotal

(∆Ttotal = T2 − T1), the advancing of the interface will be faster, which is

reasonable due to the higher temperature gradient of the freezing process. The

blue line shows the results when the thermal conductivity ratio between the

liquid and solid phase is doubled, the movement of the interface frontier will

be slowed down. In order to analyze the latent heat effect, a red dashed line is

drawn by reducing Stefan number 10 times smaller, which means the latent heat

value takes dominant role. It is obvious that the process of solidification is much

slower than the reference one. This kind of PCMs would have more advantages

in applications which requires more stable temperature fluctuation.

3.2. Short Time Solution in Rectangular Corner

Likewise in the one-dimensional case, the analytical solution also exists on

some conditions of two-dimensional problem. This conventional problem is

related to the solidification of a semi-infinite rectangular corner (x > 0, y > 0),

which is initially liquid at uniform temperature Ti(Ti > Tf ) since the beginning

(t = 0) of the solidification process, a constant temperature T0 (T0 < Tf) is

imposed on both sides of the corner. The imposed temperature on each side

could also be different as T1 and T2, as showed in Figure 7 and Figure 8. It’s

the solidification process of a rectangular corner.

The analytical solution of this problem is characterized by the following

dimensionless parameters:

X =
x(t)

2
√

α1t
, Y =

y(t)

2
√

α1t
(7)

The solution properties have been studies by Budhia, Kreith [34] and Rath-

jen, Jiji [35]. They pointed out that the position of the front following the diag-

onal is in the form of the Neumann solution.

x(t) = y(t) = 2λ
√

α1t (8)

When the position of the front is in parallel with one of the two walls, the

solution is very close to the Neumann solution in the unidirectional case in a

short time, i.e., for a fixed x, we have X =
x(t)

2
√

α1t
, Y =

y(t)

2
√

α1t
. For the

t in a weak form where λ can be given by the Neumann solution. The com-

plete resolution of the wedge problem leads to analytical formulas that are not
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Figure 7. Schematic of body solidification problem.

Figure 8. Interface profile on the corner.

directly calculable. Indeed, the distribution of the temperature can be written in

the form of a Green integral that must be evaluated numerically in the particular

case, in which the thermal diffusivities are supposed to be equal [36]. Never-

theless, the shape of the front can be assumed to be hyperbolic. This hyperbola
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is asymptotic to both straight lines AC and AB. It is necessary to determine

these two straight lines. It worth noticing that on the position that far from the

straight line AC, the influence of T2 is negligible. The problem is reduced to

the problem of one-dimensional Stefan associated with the two temperatures T1

and T2. Thus the advance of the asymptote AC is governed by the equation

of the one-dimensional Stefan problem, which is the same as the semi-infinite

domain solution.

It is also notable that the evolutions X(t) and Y (t) are identical because

of our choice of boundary conditions. We notice that R(φ, t) is a point of the

front. By using the method of similar solutions [36], we can get the R(φ, t) in

the following form:

R(φ, t) = 2
√

λ1tR0(φ) (9)

Where R0(φ) is the position angle that is a function depending only on φ. The

hyperbole describing the front is of the type:

(x − X1)(y − Y1) = a(∗) (10)

With x = Rcosφ = 2
√

λ1tR0(φ)cosφ and y = Rsinφ =

2
√

λ1tR0(φ)sinφ.

So the equation of this hyperbola becomes:

(R0(φ)cosφ− λ1) · (R0(φ)sinφ− λ2) =
a(∗)

2
√

α1t
(11)

What worth mentioned is that the obtained solution is somehow limited

when the front line is getting close to the core of the domain. Because limited to

the 1D approach, the change of the inner domain is subjected to volume change

and so inducing an accelerating phase change due to the curvature increase.

3.3. Energy Analysis in Global Freezing Process

Some explicit solution are proved exist and energy analysis has been studied for

some specific cases in a more global boundary condition. For instance, when

the substance can be considered as lumped body or isotherm, the solution can be

obtained during the freezing process. In Bart’s work [33], [37], it is suggested

that the dimensionless numbers Ste, Bi and Fo fit with the following equation:

Q2
r

2Ste
+

Qr

BiSte
− Fo = 0 (12)
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An interpolation method is applied in Bart’s study. Assigning Qr = 1 will

yields the well-known Plank equation for a slab.

For Bi → 0 equation 12 transfers into:

(BiFo)Bi→0 =
Qr

Ste
(13)

and for Bi → ∞:

(Fo)Bi→∞ =
Q2

r

2Ste
(14)

The equation can be written as:

Fo =
(BiFo)Bi→0

Bi
+ (Fo)Bi→∞ (15)

For the interpolation equation, a general property is that the exact results

are obtained at the limits Bi → 0 and Bi → ∞, and between the two limits it

behaves smoothly.

Here Qr is the ratio of the evacuated heat power during the freezing to the

total heat power needed to be extracted (W/m3), named as relative extracted

heat, Bi is the Biot number, Ste is the Stefan number and Fo is the Fourier

number. The expressions are given respectively below:

Bi =
α(V/S)

k
(16)

Ste =
Cp(Ts − Tx)

LH
(17)

Fo =
kt

ρcp(V/S)2
(18)

Where ρ is the density (kg/m3), Cp is the specific heat capacity (J/(kg ·
K)), and k is the thermal conductivity (W/(m ·K)), V is the volume (m3), S is

the surface area (m2), LH is the latent heat (J/kg), Ts denotes the solidification

temperature and Tx is the final temperature. Therefore the solution of Qr can

be presented below:

Qr =

− 1

BiSte
+

√

(
1

BiSte
)2 + 2 × 1

Ste
× Fo

1

Ste

(19)

Complimentary Contributor Copy



192 Xiaoyan Ma, Jianfei Song and Bin Liu

Because the removed sensible heat is neglected in comparison to the evacu-

ated latent heat during the phase change, so Qr can be calculated as follows:

Qr = 1 − (1 − 2b

L
)2 (20)

Where L is the length of the side (m), b is the distance between the solid-

liquid interface and the boundary (m). From the equation above, b can be cal-

culated as the following expression:

b/L =
1 −

√
1 − Qr

2
(21)

The relative extracted heat Qr versus dimensionless time Fo between initial

state(Qr = 0) and the end state(Qr = 1) is presented in Figure 9.

Figure 9. Relative extracted heat Qr evolution for different Bi numbers.

3.4. A Semi-Analytical Solution in Bounded Domain

In this part a semi-analytical approach for the phase change problem in a

bounded domain will be illustrated. The objective is to predict the evolution of

Complimentary Contributor Copy



Energy Storage Using Phase Change Materials 193

the interface throughout its solidification or melting process for the time range

of t ∈ (0, +∞) [38]. The methodology will be presented in detail in a Cartesian

domain. This approach is based on a connection method between solutions at

the first moment(short time solution), intermediate solution and the asymptotic

value. The short time solution is comparable to the solution in a semi-infinite

domain, where the thermal turbulence from the other boundary is negligible,

and asymptotic values can be obtained by analysis of the steady state (stationary

case) in a long time solution. Furthermore, the semi-analytical result obtained

will be compared with the numerical results in order to see the validity lim-

its of the hypotheses which will make it possible to obtain the semi-analytical

solution.

3.4.1. Calculation of Short Time Solution

For the validation of the numerical results (obtained in the bounded case), we

are more interested in the evolution in the short time period where the interface

evolves as if the domain is semi-infinite. We recall that when solving Stefan’s

problem, it is considered as a fact that when x → ∞, the term erf(
x

2
√

α2t
)

tends to be 1. The domain can therefore be considered as semi-infinite if
L

2
√

α2t
is very large, which also needs to follow the validity condition for the hypoth-

esis of a semi-infinite domain in terms of time. Thus the relationship can be

expressed as t � L2

4α2
.

3.4.2. Calculation of the Interface Position in the Stationary Case

In the bounded case we assume that there’s symmetrical boundary conditions on

both sides, then this problem could adapt to a permanent solution, which will be

presented below [39]. The temperatures T1 and T2 are invariant with respect to

y, so in the case of a diffusive transfer we can obtain the temperature field only

as a function of x, and the partial derivatives with respect to y and t are zero

(
∂

∂y
= 0,

∂

∂t
= 0).

This situation of permanent solution in a unidirectional Cartesian config-

uration corresponds to the case of the linear temperature profile. A classical

situation of pure diffusion is represented by Figure 10.

On the solid side we have: Ts(x) = a1x + b1.
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Figure 10. Domain representation and the steady-state temperature profile.

On the liquid side we have: Tl(x) = a2x + b2.

The imposed boundary conditions are: Ts(x = 0) = T1, Tl(x = L) = T2.
The condition at the interface follows: Ts(x) = Tl(x) = Tf .

On the other hand, the balance at the interface is written in the stationary

mode:

k1
∂Ts

∂x
− k2

∂Tl

∂x
= LH · ρ1

dX

dt
= 0 (22)

k1
Tf − T1

X
− k2

Tf − T2

X − L
= 0 (23)

From these boundary conditions and the interface balance equations we ob-

tain the spatial positions of the interface in steady state. This position will be

called asymptotic position, because achieving this value rigorously requires the-

oretically infinite time. Of course, in practice, it is generally considered that this

position is reached when the relative difference is less than a set-point of the or-

der of 10−2. The asymptotic value is therefore given by:

X =
L

1 − Tf − T2

Tf − T1
· k2

k1

(24)

The condition X < L remains satisfied, since: T2 > Tf , and Tf > T1.

The temperature profiles of the solid and liquid sides are given respectively

by:
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Ts = [(Tf − T1) − (Tf − T2)
k2

k1
] · X

L
+ T1 (25)

Tl = [(Tf − T1)
k1

k2
− (Tf − T2)](

X

L
− 1) + T2 (26)

Thus, the position of the interface and the temperature distributions in the

two phases are established in the case of the stationary regime. These two ex-

treme situations presented above in the bounded domain allow to carry out an

analysis both at the beginning and at the end of the evolution process in time.

3.4.3. Stefan’s Problem in a Rectangular Enclosure

In this part, we consider a rectangular enclosure [0, L]× [0, Y0] that contains a

fluid with initial temperature of T2 (T2 > Tf ), as illustrated in Figure 11 [40].

The two horizontal walls are adiabatic. One imposes brutally a temperature T1

on the left wall (x = 0) at the initial time t = 0, and the temperature T2 remains

constant on the right wall (x = L). For t ≥ 0, these conditions will induce the

appearance of a process of solidification which results in the advance of a solid

front in one direction of the absence of flow.

Figure 11. Stefan’s problem in a rectangular enclosure.
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This is the classic one-dimensional Stefan problem already discussed in the

above stationary case which will follow the relationship below.

∂2Ts

∂x2
− 1

α1

∂Ts

∂t
= 0, x < X(t) (27)

∂2Tl

∂x2
− 1

α2

∂Tl

∂t
= 0, x > X(t) (28)

With the boundary conditions: Ts = T1, when x = 0; Tl = T2, when

x = L.
And at the interface, where Ts(t, x) = Tl(t, x) = Tf , it also follows:

LH · ρdx

dt
= k1

∂Ts

∂x
− k2

∂Tl

∂x
(29)

While the initial conditions are:

Tl(t = 0, x) = T2, X(t = 0) = 0 (30)

The analytical solutions of these equations have been proved to be very com-

plicated due to the coupling and the non-linear character, and it still remains

unknown except in the semi-infinite case [41]. However, if we distinguish be-

tween the initial time and the later time, we can provide a simplified solution for

t ranging from 0 to +∞ by using an adequate approximation in the intermediate

time.

First, for the initial time t (t ∈ [0, t0]), (t0 will be calculated later), the ef-

fect of the right surface (x = L) on the advance speed of the front is considered

negligible. therefore the position of the front can be obtained approximatly by

the solutions corresponding to the solidification problem in a semi-infinite re-

gion, which has been explained in the previous section. Obviously this solution,

often used in literature to validate numerical models [38], is valid sufficiently

only for a short period of time. That is to say, when the front remains far enough

from the right wall and does not being affected by the thermal effect caused by

the right wall, the evolution of the front is similar to that of the semi-infinite

domain.

Secondly, we recall that when t tends to infinity, X(t) tends to +∞, and in

the bounded domain the solidification front will tend to an asymptotic position

since the right wall is maintained at a fixed temperature. Thus when t tends to
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+∞, the asymptotic value of X(t) can be given in the stationary case by:

lim
x→+∞

X(t) = X∞ =
L

1 +
k2

k1

T2 − Tf

Tf − T1

(31)

Eventually, we consider the intermediate time t, which is between the

short time and the time that the front reaches the asymptotic value. The

desired solution will be connected to the solution obtained at the first moment.

To determine this new solution, we mainly base ourselves on the following

hypothesis: with time increasing, the solidification front moves with a lower

and lower speed. In other words, if one places oneself within the framework

of a quasi-stationary approximation, the temperature distribution in the solid

and the liquid corresponds to that of a pseudo stationary state. This hypothesis

can be expressed physically by the condition that the speed of the energy

diffusion is superior to the speed of the front advance. Under this assumption

the temperatures in pseudo steady state are given by:

For x ≥ X(t):

Ts(x, t) = T1 +
Tf − T1

X(t)
x, x > X(t) (32)

For x ≤ X(t):

Tl(x, t) = T2 +
Tf − T2

X(t)− L
(x − L), x 6 X(t) (33)

Which could also be rewrited as the following equality:

k1
Tf − T1

X(t)
− k2

Tf − T2

X(t) − L
= LH · ρ · dX(t)

dt
(34)

Therefore, the position of the interface X(t) is obtained by solving the fol-

lowing differential equation:

dX(t)

dt
= β0

X(t)− X∞

X(t)(X(t)− L)
, t ≥ t0 (35)

X(t0) = 2λ
√

α1t0, t = t0 (36)
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β0 =
K1L(Tf − T1)

ρ · LH ·X∞

(37)

This differential equation of the first order is easy to solve numerically. The

Euler scheme can be used for its resolution:

X(tn+1)− X(tn)

M t
= β0

X(tn) − X∞

X(tn)(X(tn) − L)
(38)

Now it remains to determine t0: the connection time between the model of

the beginning and the quasi stationary model. This time is determined to ensure

the continuity of the front position and its speed.

(
dx

dt
)t−

0

= (
dx

dt
)t+

0

(39)

so
λ
√

α1√
t0

= β0
X(t0)− X∞

X(t0)(X(t0) − L)
, X(t0) = 2λ

√
α1t0 (40)

and it results in

t0 =
1

4λ2α1
(L− β0

β0 − 2λ2α1
(L− X∞))2 (41)

To identify the connection time t0, we assumed the equality of the velocities

between the case obtained under the quasi-stationary hypothesis and the semi-

infinite case. These two situations presenting the same speed have differences in

the temperature fields, which will induce an incorrect evolution during the tran-

sition between the two temperature fields. The effect of this difference should

be totally negligible as the hypothesis we have pointed out is true. This passage

is intended to reach the accuracy of the solution. In conclusion, the position of

the front can is given by:

X(t) = 2λ
√

α1t, t ∈ [0, t0] (42)

dX(t)

dt
= β0

X(t)− X∞

X(t)(X(t)− L)
, t ∈ [t0, +∞] (43)

The corresponding solutions in the two particular situation will be the break-

through point and promote us to manage an analysis in the finite domain case.

The results of interface position Xinterface profile for the three stages are pre-

sented in Figure 12, and a comparison between the analytic solution and the
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numerical solution about the front position versus time is showed in Figure 13.

It indicates the favorable fitting between the semi-analytical validation and the

numerical results.

Figure 12. A combination solution for bounded domain.

3.5. Multi-Phase Problem in a Cartesian Domain

Under some circumstances, it is assumed that the material has two transition

temperatures Tf1
and Tf2

, at which the latent heats LH1
and LH2

will be released

at each of their interfaces [22]. It is under the consideration that exactly the

same method is applied as the previously described: T1 < Tf1
< Tf2

< T2.

The phases are denoted by solid, mixture and liquid respectively: (T1, Tf1
),

(Tf1
, Tf2

) and (Tf2
, T2).

Using the same analysis as in the single-phase change problem, the follow-

ing expressions of the two front positions can be found, they can be denoted by

X1(t) and X2(t), respectively:

X1(t) = 2λ1

√
α1t, for t ∈ [0, t1]

dX1(t)

dt
=

β1

X1(t)
+

β2

X1(t) − X2(t)
, for t ∈ [t1, +∞]

(44)
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Figure 13. Validation of the numerical solution with the analytical solution.

Figure 14. Three-phase problem in a rectangular cavity.

X2(t) = 2λ2

√
α2t, for t ∈ [0, t2]

dX2(t)

dt
=

β3

X2(t) − X1(t)
+

β4

X2(t) − L
, for t ∈ [t2, +∞]

(45)
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In which, β1, β2, β3 and β4 are given by the expressions:

β1 =
k1(Tf1

− T1)

LH1
· ρ , β2 =

k2(Tf2
− Tf1

)

LH1
· ρ

β3 =
k2(Tf2

− Tf1
)

LH2
· ρ , β4 =

k3(T2 − Tf2
)

LH2
· ρ

And λ1 and λ2 are solutions of the equations below:

e−λ2
1

erfλ1

− k2

k1

√

α1

α2

Tf2 − Tf1

Tf1 − T1

e
−

α1

α2

λ2
1

erfλ2 − erf(λ1

√

α1

α2

)

=
λ1LH1

√
π

c1(Tf1 − T1)

e−λ2
2

erfλ2 − erf(λ1

√

α1

α2

)

− k3

k2

√

α2

α3

T2 − Tf

Tf2 − Tf1

e

α2

α3

λ2
2

erf(λ2

√

α2

α3

)

=
λ2LH2

√
π

c2(Tf2 − Tf1 )

(46)

The connection times t1 and t2 are the solutions of the equations at the

interfaces:

t2 =
L2

(2λ2
√

α2 −
β4

µ
)2

λ1
√

α1√
t1

=
β1

2λ1
√

α1t1
+

β2

2λ1
√

α1t1 − X2(t1)

(47)

Where µ is given by:

µ = λ2
√

α2 +
α3

2(λ1
√

α1 − λ2
√

α2)
(48)

With time going on, the interfaces will reach the asymptotic value:

X2∞ =
L

1 +
β4

β3
· β2

β2 + β1

(49)
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Thus, this method of calculation is well adapted to the phase change prob-

lems of both the fluid and the porous case. It leads to the success in validating

numerical simulations concerning the position of the phase change front with

the analytical model inspired by Stefan’s problem. The advantage it that it is

able to provide results for a finite domain.

The three-phase case is only indicative because as indicated in the two-phase

case, the validity of the semi-analytical solution must meet several criteria. The

criterion is more important in the three-phase case. This is the major limitation

in applying the latter solution.

3.6. Phase Change Problem in a Cylindrical Domain

A cylinder (0 < r < R0) that contains liquid initially at a constant temperature

T1 (T1 > Tf ) is considered, and Tf is the melting temperature of the material

[42]. From the moment t = 0, along the axis r = 0, Q as heat is extracted per

unit time. This triggers a solidification process. The edge r = R0 will remain

at a temperature T = T1.

Figure 15. Gel problem with cylindrical symmetry: the source is placed on the

line r = 0. The temperature at r = R0 remains constant T1.

R(t) denotes the radius of the surface which separates the solid and liquid

phases. Therefore, by using the analytical solution in the infinite domain given

in Carslaw’s research [7], one can easily apply the method described in the
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previous section to determine the position of this separation surface:

R(t) = 2λ
√

α1t, for t ∈ [0, t0]

dR(t)

dt
=

γ1

R(t)
+

γ2

R(t)ln(R(t)/R0)
, for t ∈ [t0, +∞]

(50)

Where γ1, γ2 are given by:

γ1 =
Q

2π
LHρ, γ2 =

k2(T1 − Tf)

LHρ
(51)

The connection time t0 is given by:

t0 =
R2

0

2η0
exp(−2

γ2

γ1
− η0) (52)

The asymptotic value of R(t) is: R∞ = R0exp(−γ2

γ1
).

Conclusion

In this chapter, the energy storage properties of the phase change materials are

introduced. PCMs provide an approach to improve the energy efficiency and

thermal comfort in buildings. The fundamental properties and applications of

PCMs are presented, as well as the existing solutions for phase change prob-

lems. Some analytical solutions are recalled afterwards, including Stefan prob-

lem in 1D semi-infinite domain, the case of 2D rectangular corner, a global

energy estimation in a finite domain for freezing process and a semi-analytical

solution in bounded domain. The semi-analytical solution is carried out based

on the connection method between solutions at the short time and the stationary

case in order to achieve the phase change mechanism in a finite domain. Finally,

the the multi-phase problem and phase change process in a cylindrical domain

are presented as well.
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