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This work examines a two-phase Stefan problem in a semi-infinite domain with a
convective (Robin-type) boundary condition at the fixed face and with exponential
internal heat sources in terms of a similarity-type variable. Existence and uniqueness
of the similarity-type solution are established with exactness, and asymptotic
analysis of the system is carried out, showing convergence towards the associated
two-phase Stefan problem with the imposed temperature condition at the fixed
face in the limit when the heat transfer coefficient tends to infinity. A numerical
example pertaining to melting paraffin is given to support the theoretical results.
Moreover, the Tau-method based on shifted Chebyshev and Legendre polynomials
are employed to construct approximate solutions that are then compared to the

exact similarity-type solution that serves as benchmark for quantifying the accuracy

of spectral approximations.
© 2026 Elsevier Inc. All rights are reserved, including those for text and data
mining, Al training, and similar technologies.

1. Introduction

Stefan problems belong to an interesting area because they originate from many important applications
in physics, engineering, and industrial processes. They are basic to the comprehension of phase transition
phenomena particularly in situations involving heat transfer and solidification or melting processes. The
objective of Stefan problems is to represent the solid and liquid phases of a material that is undergoing
a phase change and to locate the interface between these phases, or in other words, to find the position
of the free boundary. In many practical situations, transient heat conduction problems with one or more
phase changes are encountered. Applications of Stefan-type problems include solidification of binary alloys,
[15,27,31,36], continuous casting of steel [5], and cell cryopreservation [18]. Moreover, numerous applications
of phase-change processes can be found in books such as [4,17,19,22,23,25,37].
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In Stefan problems, which model phase-change processes such as melting, the boundary conditions play
a fundamental role in determining the evolution of the temperature and the free boundary [30], [16], [20],
[14], [38], [34], [32]. A particularly important condition from the physical point of view is the convective
boundary condition, also known as a Robin-type condition [33]. This condition describes situations in which
the heat flux at the boundary is proportional to the difference between the material temperature and the
ambient temperature, thus representing a thermal exchange mechanism with the surrounding medium, i.e.,

ka—q)(O,t) = H(t) (®(0,t) — Bxo) s
ox
where ® is the temperature of the material, k is the thermal conductivity, H(¢) characterizes the heat
transfer at the fixed face, and B, > 0 represents the ambient temperature at = 0. The melting of a semi-
infinite material under a convective boundary condition at the fixed face x = 0 is considered. It takes the
form H(t) = %, with ho > 0, as in [35]. Unlike conditions of the Dirichlet type (prescribed temperature) or
Neumann type (prescribed flux), in many physical and engineering situations -e.g. concerning solidification
of metals or cooling of some materials that are subject to a convective environment- the convective condition
represents more realistic modeling.

Heat conduction problems are considered non-classical when the source term is linear or nonlinear,
depending on the heat flux or temperature at the boundary of the domain, in accordance with the corre-
sponding imposed boundary condition. Non-classical problems are motivated by the modeling of temperature
regulation systems in isotropic media, where the source term describes a cooling or heating effect depending
on different types of sources, which are related to the evolution of the unknown boundary condition at the
domain boundary. The first article connecting the non-classical heat equation with a phase-change process
(i.e., the Stefan problem) was [12], followed by several other works on the topic, such as [11,9,10,6].

Explicit or exact solutions yield the whole explicit knowledge of a phase-change process under considera-
tion; however, it is by no means easy to obtain such solutions. Since Stefan problems are nonlinear, analytical
solutions are possible for just a few instances. Thus, it becomes important to study different methods that
can give approximate solutions. Another major thrust area in Stefan problems is developing numerical
methods for getting approximate solutions. Herein, these may be reduced to ordinary differential equation
problems using some similarity-type variable through which originally moving-boundary problem becomes
defined on a single independent variable. This is reduction facilitates the application of approximate meth-
ods in solving ordinary differential equations obtained thereof. For getting precise approximations, spectral
approaches in particular provide several benefits, including great precision and high efficiency. The basic
notion of spectral methods is to express the approximate solution as a finite sum of orthogonal polynomials
multiplied by undetermined coefficients. This simplifies the typical differential equation to a set of algebraic
linear or nonlinear equations for the coefficients, which may then be resolved by means of standard nu-
merical methods. In spectral approaches, the orthogonal polynomials -the basis functions- are smooth and
mutually orthogonal. Different shapes have been used, including shifted Chebyshev and Legendre polynomi-
als. Spectral techniques have been often used to get exact approximate solutions for ordinary, partial, and
fractional differential equations. Among these methods, the Tau-method has been mostly used for getting
approximate solutions of ordinary differential equations.

The main goal of this work is to find a similarity-type solution for a two-phase Stefan problem, which
includes a convective boundary condition at the fixed face and an internal heat source that follows an
exponential pattern based on the similarity-type variable (see [13,24,29]). The behavior of the problem is also
explored as the heat transfer coefficient of the Robin condition approaches infinity. Moreover, approximate
solutions are obtained using the Tau-method with shifted Chebyshev and shifted Legendre polynomials
[2,1,8,3,21,28], and then compared with the exact similarity-type solution, which acts as the benchmark.
This study also involves the development of a computer code in SciLab that computes an approximate
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solution to the two-phase Stefan problem by applying the Tau-method with shifted Chebyshev and Legendre
polynomials for both phases.

The article is structured in a clear way. Section 2 introduces a one-dimensional two-phase Stefan problem
that models the melting of a semi-infinite material in the region = > 0. This section also discusses a
convective boundary condition at the fixed face z = 0 and incorporates an internal heat source. Section 3
addresses the existence and uniqueness of a solution under suitable assumptions on the problem’s data. To
provide a concrete illustration, a computational example is included to show the application of the model
to paraffin melting. Section 4 examines the asymptotic behavior of the system and shows that the solution
converges to the unique solution of the corresponding Stefan problem with a prescribed temperature at
x = 0. Section 5 presents approximate solutions obtained through the Tau method with shifted Chebyshev
and Legendre polynomials, comparing them with the exact solution to evaluate the associated errors of each
method. Finally, Section 6 concludes the article.

2. Mathematical formulation

A one-dimensional two-phase Stefan problem is considered, describing the melting of a homogeneous
semi-infinite material (z > 0), where a convective (Robin-type) boundary condition is prescribed at the
fixed face z = 0. The objective is to determine the temperature distribution

Dy (z,t) if 0<z<s(t), t>0,
O(z,t) = 1
(%) { Oy (z,t) it s(t) <z, t>0, S

and the free boundary x = s(t), t > 0, which separates the solid and liquid phases.

Initially, at time ¢t = 0, the material is in a solid state, as shown in Fig. 1. From a time ¢ > 0 onward, the
temperature distribution in each region is as shown in Fig. 2, where x = s(t) is the free boundary separating
both regions.
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Fig. 1. Temperature profile in the solid region at time ¢t = 0.
o
o
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Fig. 2. Spatial distribution by regions: solid and liquid at time ¢t > 0.

A mathematical description of the model is given by

0Dy 07,

+ ! (z,t) O<z<s(t),t>0 (2)
=, — G — x,1l), X S ) 9
ot 2 9x2 p0292
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8, ,0°0, 1
— =0 + — t t), t>0 3
ot ap o2 + pclgl($7 )? x> 8( )7 >0, ( )

for two internal heat sources given by:

. 2
e = (D e {~ (52 +) . i=12 W

where the positive constants a? = pkc‘ and ¢; represent the thermal diffusivity and specific heat, respectively,

for the phases i = 1 (solid region) and ¢ = 2 (liquid region), with d; > 0, ¢ = 1,2, £ > 0 the latent heat per
unit mass, and p > 0 the mass density common to both phases.

This type of heat source term is relevant due to the use of microwave energy, as indicated in [29], which
was applied in [13,24].
The initial temperature and the temperature at x — 400 are assumed to be constant

®,(z,0) = —-C <0, x>0, (5)
Oy (4o00,t) =—-C <0, t>0. (6)
At the fixed boundary =z = 0, a convective boundary condition is imposed

09, ho
kgW(O,t) = % (®2(0,t) — Bo) t>0, (7

where hg > 0 is the coefficient characterizing the heat transfer at the fixed boundary z = 0, and By, > 0 is
the ambient temperature.

The interface condition for the phase change is derived from an energy balance at the free boundary
x = s(t) (Stefan condition)

I S (5(0),1) = .2 s(6),8) = ), 1> 0, ®

where the temperature at the interface is assumed to be constant:
Dy (s(t),t) = Pa(s(t),t) =0, t>0. (9)
In addition, the position of the free boundary at the initial time is
s(0) = 0. (10)
3. Existence and uniqueness of solution
In this section, the existence of a similarity-type solution to the Stefan problem (2)-(10) is proven. Under
suitable assumptions on the initial data, uniqueness of the solution is also ensured.
By employing the domain immobilization method, solutions of the form
D, (x,t) =(i(w), 1=1,2, (11)
are considered, where the transformed spatial variable w is defined by

W= —. (12)
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Under this transformation, the condition (8) becomes
kiCH(1) — kaCh(1) = pl s(t) 5(2), (13)
which implies that s(¢) $(¢) remains constant. As a consequence, the free boundary evolves according to
5(t) = 2a9A\Vt, t>0, (14)

with A > 0 denoting an unknown dimensionless parameter that characterizes the interface.
To proceed, we define

n .
where w = 7 represents the similarity variable.
This leads directly to the following theorem, which establishes the equivalence between the Stefan problem

(2)—(10) and a system of two coupled ordinary differential equations:

Theorem 3.1. The Stefan problem defined by (2)-(10) has a similarity-type solution (®,s) given by

Da(w,t) =12 (5.277) 0<a<s(t), t>0, (16)
Oy (z,t) =y (#) , x> s(t), t >0, (17)
5(t) = 2a9 V1, t>0, (18)

if and only if the functions y1 = y1(n) is twice differentiable in (A, +00), yo = y2(n) is twice differentiable
in (0, \) and the parameter A\ > 0, satisfy the following ordinary differential problems:

Yy + 21 Yy = 5o exp (—(n+ da)?) 0<n<A, (19)
y2(A) =0, (20)
y5(0) = 2Bi (2(0) — Boo) (21)
and
2 a2 2
Yl + 230 Yy = — 5 exp (— (Z—fn + d1> > : n> A, (22)
y1(A) =0, (23)
y1(+00) = =C, (24)

ko
yi(A\) - k—lyé(/\) =2k (25)
By h
where Ste; = % and Stes = C2£ are the Stefan numbers, while Bi = a; O denotes the Biot number.
2

The existence and uniqueness of the solution to ordinary differential problem (19)-(25) will be established
below.
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Theorem 3.2. If

Jr

> —r (1
Stey dy exp(d?) (

— exp(d;) erfe(dy))

and

Bi > hy = ﬁ (Ste1 - le\/j(d’{) (1 —exp(d}) erfc(dl))) )

then the problem (19)—(25) admits a unique solution of the form

y2(n) = ¢2(n) + Ya,8i(n), 0<n<A,

y1(n) = e1(n) + ¥a(n),
where X\ is the unique solution to the equation

GBi(Z)_St—\/e_Q, z >0,
™

with

©a(2) = — gjs?; (erf(z +dy) —erf(d2) — eiﬁé;%) )

Boo/A(ert(A)—erf(2))— 2 (A) (% +V/Terf(2))
B HV/merf(A)

Uy pi(z) =

)

301(2) _ Cy7m r (%) —orf (%) + erf (%12 +d1) —erf (% +d1) s

" diSte;
exp (—%Z?dl + d?)

Uy (z) = — Ghere) (erf <%) —erf (%)) )

erfc(m>
ai

erfc azA
p1(+00) = i;ﬁ erfc (@ +d1) - ﬂ

ai

FO Bi(z)hl(z)
Gpi(z) = ~2P020
e

Fogi(z) = (\/71& + erf(z)) zZ exp (22) ’

+ E),Bi(z)v

a_Z
hi(z) = Ste; + ‘t{—f erfc (Z—fz + dl) — M

)
exp (d%Jr % z)

Q(z) = /1 zexp (2°) erfe(z),

n> A,

~ —d2— z ri(z
FO,Bi(Z) _ FO,Bi(Z) + erf(z-l—dg:i)z—erf(dz) + 1—exp(—=2dsz) _ exp(—d5—2daz) erf( )

da+/7Biexp(d2)

Proof. Let the function Fy be defined by
Fy(z) = z erf(2) exp (2%), 2>0.

This function satisfies Fy(0) = 0, Fy(+00) = +00, and increases strictly.

do

(26)

(27)
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The function Fy p; defined in (37), can be written as
Fopi(z) = ﬁ z exp(2?) + Fy(2), 2> 0,

and satisfies Fp i(0) = 0, Fp pi(+00) = 400, being strictly increasing.
On the other hand, taking into account hypothesis (26), it follows that the function hj, defined in (38),
satisfies

71 (0) = Stey + ¥ [erfc(dl) - Tl(df)} >0, hi(+00) = Ste,

and

2a9+/T erfc (Z—fz)
hi(z) = >0, z>0,
aj exp (d% + Mz)

ay

so that the function h; is positive and strictly increasing for all z > 0.

Moreover, the function @, defined in (39), is strictly increasing for all z > 0, and satisfies Q(0) = 0,
Q(+) =1, and Q'(0) = /7.

The function Gg;, defined by (36), can be rewritten as

Gri(2) = W(2) (g + erf(2)) u(2) + Fopi(2), (42)
where
z exp(z?)
W(z) = HESK z>0 (43)
Then,
Ghu(2) = W'(2) (g +erf(2)) n(2) + W) [(g + exf() ()] + Fi(e). (44)
Since

(45)

it follows that W’'(z) > 0 for all z > 0.
Moreover, the function Fj p;, defined by (40), satisfies the following properties:

ﬁO,Bi(O) = Fy5i(0) =0,
ﬁO,Bi("FOO) = +o00,

and its derivative satisfies

ﬁé,Bi(z) = Fé’Bi(z) + 2exp(—d3 — 2dy2) (ﬁ + erf(z)) > 0,

which implies that }?07131 is strictly increasing for all z > 0.
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From the above, the function Gp; is strictly increasing for all z > 0. Moreover,

Fopi(2)h(2)] =~
Ggi(0) = lim M + Foi(0) = a1 _h1(0) >0,
z—0 Q/ QZ) az CL27TB1

and

Gpi(+00) = 0.

Finally, by hypothesis (27), it holds that Gg;(0) < St\/e;?, which guarantees the existence of a unique
solution A > 0 to equation (30). O

From Theorems 3.1 and 3.2, the following immediately follows:

Theorem 3.3. If hypotheses (26) and (27) hold, then the Stefan problem defined by (2)-(10) has a unique
similarity-type solution given by (16)-(18), where ya and y1 are determined by (28) and (29), respectively,
and A > 0 is the unique solution to equation (30).

Remark 3.4. If hypothesis (26) is not satisfied, the existence of at least one solution to the Stefan problem
(2)—(10) remains guaranteed.

Example 3.5. A computational example is provided to illustrate the applicability of the two-phase Stefan
problem under a convective boundary condition imposed at the fixed boundary x = 0, as established in
Theorem 3.3. The example focuses on the melting process of paraffin, assuming constant thermal properties,
which are specified in Table 1.

Table 1
Thermal coefficients for the paraffin in the phases solid ¢ = 1 and liquid 7 = 2.

Phase  Themal conductivity = Specific heat = Latent heat  Density

ki (W/m-K) c; (J/kg'K) £ (J/kg) p (kg/m®)
=1 0,2 2200 200000 800
7 2 0,4 2200 200000 800

If the initial temperature is —C = —250K and the ambient temperature is B,, = 300K, considering
the data provided in Table 1 and the definitions of thermal diffusivity a? = pkc (i = 1,2) and the Stefan
numbers Ste; and Stes as defined in Theorem 3.2, the parameters listed in Table 2 are derived.

Table 2
Parameters deduced from Table 1.

Thermal diffusivity phase 1 =~ Thermal diffusivity phase 2 Ste;  Steg
2 2 2 2
aj (m”/s) a3 (m*/s) - -

1.13 x 1077 2.27 x 1077 2.75 3.3

Taking into account the thermal coefficients listed in Table 1 and the parameters derived in Table 2, for the
case of the positive constants d; = 0.1 and dy = 0.05, it follows that he = 0.2827. By selecting Bi = 0.2863,
the unique solution of equation (30), which characterizes the free boundary of problem (2)—(10), is given by
A = 0.0921568.

Fig. 3 presents a color map of the temperature distribution given by (16) and (17), along with the free
boundary x = s(t) for this case.
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Fig. 3. Temperature color map and free boundary.

4. Asymptotic behavior

If the coefficient hy, which characterizes the heat flux at the fixed boundary x = 0, tends to infinity,
then the corresponding Biot number Bi = % also tends to infinity. In this limit, the Stefan problem
with Robin-type boundary condition defined by (2)—(10) reduces to a Stefan problem with Dirichlet-type
boundary condition at the fixed face. Consequently, the solution of the two-phase Stefan problem with a
Robin condition converges to the solution of the Stefan problem with a Dirichlet condition at the fixed face
z=0.

In [13], the one-dimensional two-phase Stefan problem modeling the melting of a semi-infinite homoge-
neous material occupying the domain 2 > 0 is analyzed, where a temperature (Dirichlet-type) boundary
condition is imposed at the fixed boundary = = 0. The problem consists of determining the temperature
distribution

00, 5 0205 1
c g2 L4 4
o - 22 +p0292($,t)7 0<z<w(t), t>0, (46)

2, 9%, 1

5 = U gr + Egl(x,t), x>w(t), t>0, (47)
01(x,0) = -C <0, x>0, (48)
01(+00,t) = —C <0, t>0, (49)
02(0,t) = Boo, t>0, (50)
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kl%(w@),t) - k:g%(w(t),t) = pls(t), >0, (51)
01 (w(t),t) = Oa(w(t), ) = 0, t>0, (52)
w(0) = 0, (53)

where the internal heat sources g; = g¢;(z,t), i = 1,2, are given by (4). Existence and uniqueness of the
solution to this problem are established in the following theorem:

Theorem 4.1. If
Stel 2 2, (54)

then the Stefan problem defined by (46)—(53) admits a unique similarity-type solution given by

02 (2, 1) = s (ﬁ) T, <ﬁ) 0<a<wt), (55)
01 (z,1) = o1 (ﬁ) T, (ﬁ) , x> w(t), (56)
w(t) = 2a26V/t, t>0, (57)

where & is the unique solution of the equation

G(z) = z >0, (58)

StGQ
VT
and the functions 2, @1, and Uy are defined in (31), (33), and (34), respectively, while

Boo /7 (exf(€) — erf(2)) — a(€)v/T erf(2)
Vreri(€) ’

RO | Fi s (60
Q (2)

where the functions hy, Q, and Fy are defined in (38), (39), and (41), respectively, and

Uy (z) = z >0, (59)

G(z) =

erf(z + dy) —erf(d2) exp(—d3 — 2d2) erf(z)

F()(Z) = FO(Z) + d2 d2 )

2> 0. (61)

To establish the convergence of the unique solution of the Stefan problem with a convective boundary
condition defined by (2)—(10) to the unique solution of the Stefan problem with a temperature boundary
condition given by (46)—(53) as Bi — +o00, the following preliminary result must be proved:

Lemma 4.2. If hypothesis (54) holds, then hypothesis (26) is also satisfied.

Proof. Consider the function defined by

flz) = g (exp(—27%) —erfc(z)), 2z >0. (62)
Clearly, f(0) =2, f(4+o00) =0, and

! —L —222 iz— exp(z?) erfe(z
P = i (24 e el at)). (63)

z2 exp(
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Defining
F(z) = 222 + iz — 1+ exp(2?)erfe(z), 2z >0, (64)
NS
the function F satisfies:
F(0)=0,

F(+00) = ZEI_POO F(z) = —oo0.
Moreover,

F/(z) = = (27 - Q).

N3
where @, defined by (39), satisfies Q(0) = 0, Q(+00) = 1, is strictly increasing for all z > 0, and Q’(0) = /7.

Therefore, F'(z) < 0 for all z > 0, then F(z) < 0 for all z > 0.
It follows that f’(z) < 0 for all z > 0, which implies

and in particular, f(d;) < 2.
Consequently, if (54) holds, then

Ste; > 2 > f(dy)
for all dy > 0, thereby verifying (26). O
Theorem 4.3. If hypothesis (54) holds, then the similarity-type solution (P, s) of the Stefan problem defined
by (2)-(10) converges to the similarity-type solution (6,w) of the Stefan problem defined by (46)-(53) when

Bi — 4+00. Convergence is understood in the following sense

lim s(t) =w(t), Vt>0,

Bi—+oo
lim ®y(x,t) = 6a(z,t), VE>0,0<z<wt),
Bi—+oco
lim @4(x,t) =01(x,t), Vt>0, z>w(t).
Bi—+oco

Proof. Let Gp; be the function defined by (36). If Bi; < Big, then the following inequalities hold:
Fogi, (2) > Fo i,y (2), Fo i, (2) > Fopi, (2),

for all z > 0, where Fy i and FO,Bi are defined in (37) and (40), respectively. From this relation, it follows
that Gp; is a strictly decreasing function with respect to Bi.

Denote by Ap; the solution to equation (30) for each Bi. It can be observed that Ap; is strictly increasing
with respect to Bi.

Since

Fopi(z) > Fo(z) and  Fypi(z) > Fo(2),

for all z > 0, where Fy and Fp are defined in (41) and (61), respectively, it follows that
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Ggi(z) > G(z) forall z>0.

Consequently, for every Bi, it holds that Ag; < £, where ¢ is the unique solution of (58).
The function Ag;j, being strictly increasing and bounded above, possesses a limit. Denote this limit by

lim )\Bi = A*
Bi—+oo

It will be shown that A\* = £. For each Bi, from (30) it holds that

Fo Bi(ABi) h1(ABi = Ste
0.8 i) 1(Aei) + Fosi(Asi) = 7\/;
2 .
Q (2m)
Taking the limit as Bi — 400, one obtains
Fo(A*) hy(A* ~ St
Fo(A") (A7) + Fy(\*) = C2

o) T

This implies that A* satisfies equation (58). Since ¢ is the unique solution to this equation, it follows that
Af=¢ 0O

Example 4.1. With reference to Example 3.5, the unique solution of equation (58) that characterizes the free
boundary of the Stefan problem with a Dirichlet-type boundary condition at the fixed boundary defined by
(46)-(53), is given by & = 0,5046270.

Fig. 4 shows the convergence of the parameter Ap;, which characterizes the free boundary of the Stefan
problem with a Robin-type condition at the fixed boundary (2)-(10), to the parameter £, which characterizes
the free boundary of the Stefan problem with a Dirichlet-type condition at the fixed boundary (46)-(53), as
Bi — +oo0.

T

0.45

0.4 +

0.35

0.3 +

0.25

0.2 H

0.15

Coefficient that characterizes the free boundary

0.1 +

0.05 —
0 1000 2 000 3000 4000 5000 6 000 7 000 8 000
Bi

Fig. 4. Asymptotic behavior of Ag;.
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5. 7-Method approximate solutions

In this section, numerical spectral methods based on the 7-method are applied to obtain an approximate
solution to the two-phase Stefan problem defined by (2)-(10), using operational matrices of differentiation
of shifted Chebyshev and Legendre polynomials.

5.1. Some preliminaries

Spectral methods are founded on finite-order expansions of smooth functions, in which a function v = u(z)
is approximated by truncating its infinite series representation. The approximation is expressed as a weighted
sum of trial functions that constitute an orthogonal basis in an appropriate Hilbert space of continuous
functions.

Any function u = u(z) € L?[a,b], can be expanded according to the set of basis functions as follows

u(z) = 3, 04(2) (65)

where {¢; (z)}j>0 are known global functions (e.g., Chebyshev or Legendre polynomials, or trigonometric
functions) and ay are coefficients to be determined.
In practice, spectral methods truncate this series at a finite order N, yielding the approximate solution

N
u(z) ~ Z aj ¢;(2), (66)
=0

where N denotes the truncation order in the spectral method.

If the basis functions are shifted Chebyshev orthogonal polynomials [3,21], the Chebyshev spectral method
is formed. In this case, the trial functions ¢;(z) = Pj[a’b} (2), z € [a,b] for j =0, 1,2,.... satisfying the following
recurrence formula:

Pz =1, (67)
b 2 b+(l

PI(s) = ==z - 2, (68)
a,b 2 b+a .

P =1 (5 e ) =284 (69

where P;(z) with j =0,1,2, ... are defined on the interval [—1, 1] by:

Py(z) =1, (70)
Pi(z2) =z, (71)
PJ(Z) = 2ZPj_1(Z) — Pj_g(z), ] = 2,3,4, (72)

The set {P][a’b] (z)} is orthogonal with respect to the inner product with a weight function w(z) =
320

1

/17(222(:1:»17))2 ’

z € [a,b)], i.e.,

b =) i m=n=0
2
<Pr[é”b}7 pla b}> - /pr[;;’b] (2) Pl () w(z)dz = { T if m=n#0 , (73)
a 0 if m#n
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where (-, -) denotes the usual inner product in L?[a, b].

Similarly, choosing shifted Legendre polynomials [1] as basis functions yields the Legendre spectral
method. In this case, the trial functions ¢;(z) = Lg-a’b](z)7 z € [a,b], j = 0,1,2,..., are defined by the
recurrence relations:

Ltz =1, (74)
a,b 2 b—|—a

L) = g = (75)
b 2 b+(L .

Lga ](Z>Lj(b—azb—a>’ j=2,3,4,..., (76)

where L;(z) with j =0,1,2,... are defined on the interval [—1, 1] by:

Lo(2) =1, (77)
Li(z) =z, (78)
Lj(z) = 22 2Ly 1 (2) — 555 L o(2), j=2,3,4,.. (79)

The set {Lg.a’b] (z)} N is orthogonal with respect to the inner product with a weight function w(z) = 1,
520

z € [a,b], i.e.,

b
b—a

[a,b] plab]\ _ [a,b] [a,b] _ ) 2t if m=n
<Lm > Ln > /Lm (2) L% (z) w(z) dz { 0 i matn (80)

Spectral methods are one of the main techniques for the numerical solution of differential equations,
based on series expansions of global functions. To solve the differential equation

Llu](z) =v(z), zE€[a,b], (81)

where L is a given linear differential operator and v(z) is a known function, the solution u(z) € L?[a,b] is
expanded in a basis of global functions as in (65).

The 7-method based on shifted Chebyshev or Legendre polynomials consists of substituting the truncated
expansion (66) into the differential equation (81) and requiring that the residual

Ry (2) = Llun](z) — v(2), (82)

be orthogonal to all but the last M basis functions. The 7-method requires that the first N — M coefficients
of the residuals expansion in the Chebyshev orthogonal basis {Pj[a’b](z)}jzo or the Legendre orthogonal

basis {Lg-a’b](z)}jzo vanish. Formally, this condition is expressed as

b
/RNMN(Z)QSJ-(z)w(z)dz:O, j=0,1,....,.N - M, (83)

a

and the M additional equations come from the boundary conditions, leading to a closed algebraic system
for the coefficients a;.

In the 7-method based on shifted Chebyshev polynomials, the series in (65) is typically truncated after
the first NV + 1 terms, yielding the approximation
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N
u(z) @ un(z) = Y a; P (z) = AP (2) 2 € [a,0], (84)
7=0
where A = [ag a; -+ an] denotes a row vector of length (N + 1), and

t
Pitl(z) = [P (z) P2y - PR 2 et

is a column vector of dimension (N + 1).
Following [28], it can be deduced that

PlP(2) = T W, Z(2), z¢€[a,b], (85)
where the (N + 1)-vector Z = Z(z) is defined by
Zz)=1[1 =z 2* .- zN]t, z € [a,b], (86)

and T = [ty;] is the (N 4+ 1) x (N + 1) matrix given by

[ 1 0 0 0 0 0 0 7
0 1 0 0 0 0 0
-1 to1 2 0 0 0 0
0 ta1 ¢ 220 0 0
T— 31 U2
1 tar taz tag 2° 0 0 |’ (&7)
Lcos (BE) tn1 tne tns tna tws 2N |
with
cos (&) if k=0,1,..,N, j=0,
k=1 if k=j=1,2,...,N,
tk; = § sgn (ﬁkfl’ jfl) (2|tk,1, j,1| + ‘tk,Q’ ]|) if k=2,3,...,N,
j=1,.k—1.
0 otherwise,
and
Wap = [wy;], (88)
is the matrix (N + 1) x (N + 1) where
by (coea) (2 ) e 01N, = 0,1,k
W = (j) (7m> (m) 1 =U L. N, =0l .,k
0 if k<j.
Based on [26], the n-th order derivative of the vector P1*%(2) defined in (85) can be expressed as
[a,b] (n) n
(P) " (2) = TWa B"Z(2), =€ [0,0] (89)

where

B = [bk‘j]v (90)
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is the (N + 1) x (IV + 1) matrix with entries

j+1, ifk=j+1, j=0,1,...,N,
bj =

0, otherwise,

and n € N denotes the n-th power of the matrix B. Consequently, from (84), the n-th order derivative of
the function uy is given by

WP (2) = ATW,, B"Z(2), =z € [a,b)]. (91)

In the 7-method based on shifted Legendre polynomials, the series in (65) is truncated after the first
N + 1 terms, giving the approximation

N
u(z) mun(z) = > a; L(2) = ALY (z), 2 € [a,0), (92)
j=0
where A = [ag a1 -+ an] is a row vector of length N + 1, and

t
Lied(z) = (L5 1) - 107 e)] e,

is a column vector of dimension N + 1.
Based on [1], the n-th order derivative of the vector L () can be expressed as

(n)
(L[a,b]) (2) =D L0 (z), 2 € [a,b], (93)
where
Do = [dij]", 59

is the (N + 1) x (N + 1) matrix with entries

2(2j + 1
227D s i and k— s odd,
Ay =4 b—a k,j=0,1,.. . N.

0, otherwise,

and n € N denotes the n-th power of the matrix D, ;. Consequently, from (84), the n-th order derivative of
the function uy is given by

uy(z) = AD, L (2), 2 € [a,b). (95)
5.2. T-Method implementation

To obtain approximate solutions to the Stefan problem (2)-(10), and following [7], it is assumed that in
the solid phase there exists a heat penetration depth 7(¢) > s(¢), known as the thermal layer, beyond which
no heat transfer occurs. This assumption implies that for every « > 7(t), the slab remains at an equilibrium
temperature, so that

%(F(t),t) =0, ®,(7(t),t) = -C, t>0. (96)
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Based on these assumptions, the goal is to find the approximate temperature distribution given by

~ ){&>2(x,t) if  0<z<3(), t>0, o7)

By (z,t)  if  3(t) <z <F(t), t>0,

the approximate free boundary « = $(t), t > 0, which separates the solid phase from the liquid phase and
the thermal layer = 7(t), t > 0, satisfying the conditions of the modified two-phase Stefan problem stated
as follows:

0By L8020, 1

W_% 52 +£gg(x7t), 0<z<s(t),t>0, (98)
% 18;:;1 + p%gl(x,t), s(t) <z <F(t), t >0, (99)
®y(z,0) = —C <0, x>0, (100)
&, (F(t),t) = —C < 0, t>0, (101)
%(m),w =0, t>0, (102)
ko 8;)2 0,1) = f} (%(0 t)— B ) , t>0, (103)
ki 65;1( (t),t) — @%(g(t),t) = pls(t), t>0, (104)
@y (3(t ) t) = &5(3(t),t) =0, >0, (105)
5(0) = (106)
7(0) = (107)

Through the change of variables given by (12) and (15), the following direct result can be established:

Theorem 5.1. The Stefan problem defined by (98)-(107) has a similarity-type solution (&), s, T) given by:

By(z,t) = o (2a f}ﬁ) 0<z<3(t), t>0, (108)
5”““:%<£fiﬁ’ 5(0) <2 < (D), 1> 0, (109)
3(t) = 2a\V/%, t>0, (110)
(t) = 2020Vt t>0, (111)

if and only if the functions 11 = y1(n) is twice differentiable in (X, 1), Y2 = ya(n) is twice differentiable in
(0, A), and the parameters 0 < \ < [ satisfy the ordinary differential problem defined by:

N N 4 N
Uy + 20 gy = Ste; P (—(n+d2)?), 0<n<A, (112)
2
a; 1 as 9 N ~
2d 42— —(Zp+d \ 113
1+ 2ny1 afsme’m( (a177+ 1)>, <n <[ (113)

() = —C. 1y
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v1(p) =0, (115)
95(0) = 2Bi (72(0) — Beo) (116)
AOE %%(X) = 22—38%2 (117)
72(X) =0, (118)
n() =0 (119)

5.2.1. T-Method based on shifted Chebyshev polynomials

To obtain approximate solutions to the ordinary differential problem (112)-(119) on the bounded domain
[0, fi], the T-method based on shifted Chebyshev polynomials (7-MCP) is applied. Assuming that the un-
known functions 7 = 71(n) and ya = Pa(n) are represented in terms of shifted Chebyshev polynomials as
n (84):

() Za PN () = AP0, n e [0, Ax], (120)
N =~ ~ ~

Tn) % G (n) = D ar, PR ) = A PO ), n € D, fin, (121)
7=0

where Ag = [agg a2 ... agn] and Ay = [a10 @11 ... a1n] are row (N +1)-vectors to be determinated, according
o (85), we have that

gQN (77) = AT Wo’,N\NZ(n) ne [O’XN]’ (122)
Yin(n) = AT W5 - Z(n), 1 € v, find, (123)

where T is given by (87), W, is defined by (88) and Z is given by (86).
Based on expressions (122) and (123), and the derivative approximation given in (95), the residual
Ry, g, (n), for i = 1,2, is defined as in (82):

RN, g, (1) = AsT W 5 B (B + 291) Z(n) — dgi; exp (- (n+ds)?), (124)

2
Ry.g, (1) = AT W5 B (B 124 nI) Z(n) + 48 gl exp (— (—n + dl) > , (125)

where I is the (N + 1) x (N + 1) identity matrix.
In accordance with the 7-method, minimizing the residuals so that the first (N +1) terms of their spectral
expansions vanish, according to the definition given in (83), leads to the following system of 2N —2 nonlinear

equations:
(R sy s PP @) = [ Bov g, () PP 0) dy = 0, (126)
0
R ~ P[ANvﬁN] _ R ~ PP\N,/IN] dn =0 127
N,y1N(n)a 7 (77) - N,y1N(77> 7 (77) n=y ( )
AN

for j =0,1,...,N — 2.
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Furthermore, by substituting equations (122) and (123) into the boundary conditions (114)-(119), we
obtain the following constraints, respectively:

AL TW5, o Z(jiy) +C =0, (128)
A TW; - BZ(jiy) =0, (129)
Ay TW, 5 (2Bil—B)Z(0) — By =0, (130)
(A TWy o~ EATW, 5 )BZOW) - g2 A =0, (131)
A TW 5 Z(\y) =0, (132)
A TW;, o Z(Ay) =0. (133)

Consequently, computing the vectors A; and As of dimension (N + 1), together with the positive param-
eters Ay and fiy, requires solving the nonlinear system of 2N + 4 equations defined by (126)-(133).

5.2.2. T-Method based on shifted Legendre polynomials

To approximate the solution to the differential problem (112)-(119), the 7-method is implemented with
shifted Legendre polynomials (7-MLP). The unknown functions g3 () and y2(n) are expanded in a series of
shifted Legendre polynomials, in accordance with (92).

T2 (1) ~ Jon (0 Z%L[“N] — AL (), n € [0, 3], (134)
N g ~ ~

Gi(n) ~ G () = 3 as; LD ) ) = AP ), n € P, finl, (135)
7=0

where Ay = [ag0 a4 ... agn] and Ay = [agg a3; ... azy] are row (N + 1)-vectors to be determinated.
Based on expressions (134) and (135), and the derivative approximation given in (95), the residual
Ry, g, (n), for i = 1,2, is defined as in (82):

Ry, 52,, (1) = AaDy 5, (Dy 5, +200) LA () — 4k exp (= (4 da)?) . (136)

a2 AN a
Ry, vy, (1) = AiDx, o (D5 s+ 2500) LR () 4% Gl exp(—(20 4+ d)?). (137)

In accordance with the 7-method, minimizing the residuals (136) and (137), according to the definition
given in (83), leads to the following system of 2N — 2 nonlinear equations:

AN

(R 50y (1), L) / N, oy (1) L)) diy = 0, (138)
0

<RN’ Uin (n), LE'AN7MN](17)> = /RN, Uiy (n) LE‘AN’IZN](TI) dn =0, (139)
AN

for j =0,1,...,N — 2.
Furthermore, substituting equations (134) and (135) into the boundary conditions (114)—(119) yields the
following, respectively:
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ALY AN () + O =0, (140)
AD; T (i) = 0, (141)
As (2131 I- DOVXN) LA (0) — 2Bi = 0, (142)
BAL D, TPV (RN — Ao Dy O (Ry) - 23y =0, (143)
A, L (Xy) =0, (144)
A LN (R 0) = 0. (145)

As a result, determining the vectors A; and A of dimension (N 4 1), along with the positive parameters
An and fiy, involves solving the nonlinear system of 2N + 4 equations given by (138)—(145).

5.8. Numerical results

Based on the equivalences established in the previous theorems, this section examines the accuracy of the
approximate solutions to problem (112)—(119) obtained using the 7-MCP and the 7-MLP, by comparison
with the exact solution presented in Section 3. To this end, the nonlinear systems (126)—(133) or (138)—(145)
are solved numerically following the computational procedure outlined in Algorithm 1.

Algorithm 1 Numerical solution of the nonlinear system (126)—(133) or (138)—(145).

Input: Integer N; initial guess vo = (A1, Az, Xo, fip) € RN+
Define the function F: R2N+4 5 R2V+4 45 follows: ~
Let v= (A1, A2, \, i) € R2V+4 where A1, A € RY T and X,z € R
Return the vector F(v) € R2N*4 corresponding to the nonlinear system given by (126)—(133) or (138)—(145)
Use the fsolve routine from Scilab with:
Initial guess vq
Function F
Obtain the numerical solution F(v) =0

© AP WN

Output: Vsor = (A1, A2, An, fin)

The presented code is implemented in Scilab. The fsolve routine typically employs variants of the
Newton-Raphson or quasi-Newton methods. Future improvements to the numerical implementation may
include enhanced control over the nonlinear solver or the development of customized algorithms specifically
tailored to the structure of this system.

Approximate solutions will be obtained by applying the 7-MCP and 7-MLP to the paraffin melting
process, whose exact solution was presented in Example 3.5. The parameter values are taken from Tables 1
and 2, with an initial temperature of —C' = —250 K and an ambient temperature of B,, = 300 K. The
exact value of the coefficient characterizing the free boundary in this case is A = 0.0921568.

The approximate solution (91, Y2y, An, fin) is first computed by applying the 7-MCP, that is, by solving
the nonlinear system given in (126)—(133) for N = 5,6, ...,10. The corresponding results are reported in
Table 3. In addition, the same procedure is carried out by applying the 7-MLP, which requires solving the
nonlinear system (138)—(145) for N = 5,6, ..., 10, and the results are shown in Table 4.

To highlight the differences between the approximate solution to the problem given by (112)—(119) and
the exact solution of the problem defined by (2)—(10), for N = 5 to 10, we report the errors in three separate
tables.

Table 5 presents the relative error of XN, defined as

ey = 2Anl, (146)



Table 3

Approximate values of Ay, As, Ay and N, for N =5,6,..,10 applying —-MCP.

N Vsol = (AI,A27XN7;1N)
5 Ay = [-1.6974751 x 102 — 1.2290697 x 102 5.0937390 x 10 — 4.4075767 — 6.1898788 2.3145465]
Ay = [6.5778942 — 6.7771402 0.1985210 7.772 x 10™* —5.22 x 107° —5.693 x 10™°]
s = 0.0922236
fis = 1.9479942
6 A =[—1.6677442 x 102 — 1.2460675 x 10% 4.7830039 x 101 — 2.2414447 — 6.2628617 1.8481919 2.072384 x 107 1]
Ay = [6.5748054 — 6.7738158 0.1982865 7.761 x 10™% —5.21 x 107° — 5.682 x 1078 9.135 x 107°]
X6 = 0.0921696
fic = 1.8386562
7 Ay =[—1.9409461 x 102 — 9.8906562 x 10' 6.7181997 x 10 — 3.2006681 x 10! 6.8298994 4.3235914 — 4.9172886 1.5896514]
A, = [6.5736544 — 6.7725770 0.1981991 7.757 x 10~* —5.21 x 107° —5.678 x 107% 9.118 x 107° 9.175 x 107 '?]
A7 = 0.0921495
fi7 = 3.6526516
8 Ay =[-1.7633103 x 102 — 1.1825038 x 102 5.7575033 x 10 — 1.0850862 x 10' — 5.5403196 4.4456268 — 0.8936753 — 0.3443846 0.1899938]
A, = [6.5746296 — 6.7736266 0.1982731 7.760 x 10™* —5.21 x 107° —5.682 x 107°9.125 x 1077 —1.194 x 10~'% — 1.198 x 107 7]
s = 0.0921666
fis = 2.2473084
9 A, = [—1.7756586 x 10% — 1.1720438 x 10% 5.8667517 x 10' — 1.2199960 x 10> — 5.2107027 4.7295073 — 1.1089307 — 0.3055436 0.2179720 — 0.0196242]
A, = [6.5747821 — 6.7737908 0.1982847 7.761 x 10™% —5.21 x 107° —5.682 x 1072 9.127 x 1072 —1.197 x 1072 —1.199 x 1072 9.811 x 107 €]
Xo = 0.0921692
fig = 2.3126354
10 Ay =[—1.8027084 x 10?2 — 1.1475117 x 10% 6.0877583 x 10 — 1.5298940 x 10' — 4.2311383 5.2979614 — 1.6824696 — 0.1857260 0.3283799 — 0.0621794 — 0.0215604]

A, = [6.5744799 — 6.7732350 0.1982284 7.645 x 10™* —5.26 x 107° 1.1 X 107° 6.0 x 1077 5.0 X 1077 4.690 X 107 4.0 x 1077 2.0 x 107 7]
A10 = 0.0921590
fi1o = 2.4682868

85r08T (9308) 65¢ "14dy “puy YW /10 19 1v)0g I

1T



Table 4
Approximate values of Ay, Ay, Ay and iy, for N =5,6,...,10 applying 7-MLP.

N Veol = <A13A25;‘N1ﬁ'N)

5 A, = [—1.8623286 x 10> — 1.2066210 x 10% 7.2539594 x 10' — 9.0198962 — 1.1306729 X 10" 4.6819992]
A, = [6.5131217 — 6.7791510 2.648806 x 107! 1.2444 x 107® — 9.56 x 107° — 1 x 1077]
X5 = 0.0922488
fis = 1.9454481

6 A, = [—1.8216169 x 10? — 1.2362835 x 102 6.8338680 x 10' — 5.0951832 — 1.1640659 x 10' 3.7235330 4.636669 x 10~!]
A, = [6.5094205 — 6.7750632 2.644959 X 107! 1.2422 x 107® — 9.53 x 107° — 1 x 1077 2.024 x 10~%]
Xg = 0.0921824
fig = 1.8347483

7 A, = [—1.8911686 x 10%° — 1.1845705 x 102 7.5681336 x 10' — 1.3042370 x 10' — 1.1329597 x 10! 7.3077200 — 2.345630 x 107']
A, = [—8.082173 x 107! 6.5125967 — 6.7784984 2.647688 x 10~ 1.3905 x 1072 — 1.456 x 104 1.844 x 10~* — 8.17 x 1077 1.284 x 1071]
X, = 0.0920181
fi; = 2.0322634

8 A, = [—1.9452142 x 10® — 1.1301806 x 10% 8.0643157 x 10' — 2.0345343 x 10' — 9.5558316 9.1841364 — 2.0206850 — 8.207370 x 10~ ' 4.547758 x 107']
A, = [6.5079826 — 6.7734752 2.643465 X 107! 1.2414 x 107® — 9.52 x 10°° — 1 x 1077 2.021 x 10°® — 2.844 x 107'? — 3.050 x 107 '?]
Xs = 0.0921567
fis = 2.2235562

9 A, = [—1.9571112 x 10® — 1.1171538 x 102 8.1598511 x 10! — 2.2093561 X 10! — 9.0186777 9.5946124 — 2.3740421 — 7.510211 X 10~! 5.053251 x 10~' — 3.46539 x 10~ 2]

10

A, = [6.5079930 — 6.7734859 2.643468 X 107! 1.2414 x 107% — 9.52 x 107° — 1 x 1077 2.021 x 10~% — 2.849 x 107'? — 3.049 x 107'? 2.756 x 107'7]
Xg = 0.0921567
fig = 2.2702686

A, = [—1.9921550 x 10° — 1.0759346 x 102 8.4070108 x 10' — 2.7502892 x 10' — 6.9171098 1.0713500 X 10' — 3.6841925 — 4.827316 x 10~! 8.077871 x 10~ !
A, = [6.5096383 — 6.7740626 2.642411 X 107! 1.1383 x 107% — 1.547 X 107% —6.14 x 107° —1.35 x 107° — 1.47 x 107° 9.0 X 107° 2.28 x 107° 7.5 x 1079]
X0 = 0.0921764

filp = 2.4201374

— 1.343833 x 107!

— 6.10445 x 1072

(44

857081 (9808) 656 "14dy “puy YW [ / 10 19 1v)0g I
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Table 5 ~
Relative error of Ay for =-MCP and 7-
MLP, for N =5 to 10.

N en for T-MCP ey for T-MLP

5 0.0007246 0.000998

6 0.0001386 0.0002775
7 0.0000795 0.0015053
8 0.000106 0.0000014
9 0.0001343 0.0000014
10  0.0000236 0.0002124

Table 6
Absolute error of 31, for T-MCP and 7-MLP, for N = 5 to 10.

N |ly1 — Y1y llee for -MCP  ||y1 — Y1, ]||ec for 7-MLP

5 1.0351337 1.0242008

6 1.0370891 0.7509413

7 1.0378172 0.4560169

8 1.0371978 0.0600211

9 1.0371036 0.0582998

10 1.0374731 0.0507035
Table 7

Absolute error of y2, for 7-MCP and 7-MLP, for N = 5 to 10.
N |ly2 — Y2y ||loo for T-MCP  ||ly2 — Y2, ||c for 7-MLP

5 0.0000157 0.0000003
6 0.0069996 0.0000054
7 0.0096054 0.0265373
8 0.0073885 0.0000038
9 0.0070514 0.0000176
10  0.0083738 0.0010211

50 .
| y=1y(n)
O O Oy=uyyn

ol N
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0 02 04 06 08 1 12 14 16 1.8 2 22 24 26

n

Fig. 5. Exact and approximate solution obtain using 7-MLP for N = 10.

Table 6 shows the absolute errors, measured in the supremum norm, between 37, and y;, computed over
the interval where both functions are defined, namely (AN, i), with A% = max(\, An).
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Finally, Table 7 provides the absolute errors for ys and 9, , evaluated over the interval (0, \W"), where
AR = min(, An)-

The findings presented in Tables 5-7 shed light on how the two numerical methods perform. On one
hand, 7-MCP shows a stable and consistently low relative error for A, but it doesn’t make much progress
in accurately estimating y; and actually worsens for yo as N grows. On the other hand, 7-MLP delivers
significantly better approximations for both y; and y2 as IV increases, even though there are some occasional
bumps in the error for A. All in all, 7-MLP seems to be the better option when looking at the complete
solution profile of the problem. That’s why Fig. 5 illustrates the solution for the approximate problem
(112)—(119) with N = 10, which was obtained using 7-MLP, alongside the exact solution for the problem

(2)-(10).
6. Conclusion

A precise similarity-type solution was obtained for the two-phase Stefan problem that includes a convec-
tive boundary condition at the fixed face and an exponential internal source. It was shown that as the Biot
number approaches infinity, this solution converges to the unique solution of the two-phase Stefan problem
where the fixed boundary has a temperature condition. Numerical experiments indicated that both spectral
methods, based on the 7-method with shifted Chebyshev and Legendre polynomials, provide reliable ap-
proximations. The Chebyshev method displayed strong stability in estimating the free boundary parameter,
whereas the Legendre method proved more accurate in reproducing the complete profiles of the solution to
the ordinary differential problem. Overall, the Legendre formulation was found to be more effective in cap-
turing the general structure of the solution. These approximation methods, which exhibit close agreement
with exact solutions when available, can also be successfully applied to phase-change problems for which
exact solutions are not reported in the literature.
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