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Abstract. We consider a class of elliptic variational inequalities in a reflexive

Banach space X for which we recall a convergence criterion obtained in [10].

Each inequality P in the class is governed by a set of constraints K and has
a unique solution u ∈ K. The criterion provides necessary and sufficient con-

ditions which guarantee that an arbitrary sequence {un} ⊂ X converges to the

solution u. Then, we consider a sequence {Pn} of unconstrained variational-
hemivariational inequalities governed by a sequence of parameters {λn} ⊂ R+.

We use our criterion to deduce that, if for each n ∈ N the term un repre-
sents a solution of Problem Pn, then the sequence {un} converges to u as

λn → 0. We apply our abstract results in the study of an elastic frictional

contact problem with unilateral constraints and provide the corresponding me-
chanical interpretations. We also present numerical simulation in the study of

a two-dimensional example which represents an evidence of our convergence

results.

1. Introduction. A large number of mathematical models in Physics, Mechanics
and Engineering Science lead to nonlinear problems governed by unilateral con-
straints. The famous Signorini contact problem which describes the equilibrium of
an elastic body in contact with a rigid foundation and the heat transfer problem
across a semipermeable membrane are two examples among others. The penalty
method represents one of the most popular methods in the study of constrained
problems. Its main ingredients are the following: one replaces the statement of
the constrained problem with a sequence of unconstrained problems, the so-called
penalty problems, which are governed by a sequence of penalty parameters, say
{λn}; one proves that each unconstrained problem has at least one solution un;
finally, one proves that the sequence {un} converges to the unique solution u of the
constrained problem as {λn} converges.

The interest in penalty methods is two folds. First, solving an unconstrained
problem is more convenient from numerical point of view. Second, from theoretical
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point of view the penalty methods establish the link between problems which could
have a different feature. For instance, the penalty method allows us to approach the
solution of a contact problem with a rigid foundation by the solution of a contact
problem with a deformable foundation, for a small deformability coefficient.

In this framework very general, the following two questions arise.

a) Given Problem P with unilateral constraints which has a unique solution u, how
to choose the sequence of the penalty Problems {Pn} governed by a sequence of
penalty parameters {λn}?
b) How to guarantee that a solution un of Problem Pn converges to the solution u
of Problem P?

The answer to these questions varies from problem to problem, depends on the
assumption made on the data and requires on good knowledge of the convergence
results to the solution of the original problem. Nevertheless, some elementary exam-
ples show that concerning question a) the choice is not unique, i.e., it is possible to
construct several penalty problems for the same constrained problem. Concerning
question b) we stress that it would be interesting to describe a general framework
in which several convergence results for penalty method can be cast.

In this paper we provide an answer to the questions above, in the case when
Problem P is an elliptic variational inequality. The functional framework is the
following: X is a reflexive Banach space endowed with the norm ∥·∥X , X∗ represents
its dual space and ⟨·, ·⟩ denotes the duality pairing mapping; also, K ⊂ X, A : X →
X∗, φ : X → R and f ∈ X∗. Then, the inequality problem we consider in this paper
is as follows.

Problem P. Find u such that

u ∈ K, ⟨Au, v − u⟩+ φ(v)− φ(u) ≥ ⟨f, v − u⟩ ∀ v ∈ K. (1)

Elliptic variational inequalities of the above form have been studied by many
authors, under different assumptions on the data. Existence and uniqueness results
can be found in [1, 3, 11, 18], for instance. The proofs provided there are based on
arguments of monotonicity and convexity, including properties of the subdifferential
of a convex function. References on the approximation of Problem P, including
penalty methods and error estimates for discrete finite element schemes can be
found in [14]. Applications of variational inequalities of the form (1) in Mechanics
can be found in the books [4, 7, 8, 14, 15, 17, 27] and, more recently, [30].

In this paper we describe the convergence of a sequence {un} ⊂ X to the so-
lution u of the variational inequality (1). More precisely, we recall a convergence
criterion provided in [10], which states necessary and sufficient conditions for the
convergence un → u in X. Our aim in this paper is two folds. The first one is
to provide a penalty method in the study of (1) based on the study of a class of
unconstrained variational-hemivariational inequalities. Variational-hemivariational
inequalities represent a special class of inequality problems which have both a convex
and nonconvex structure. They have been intensively studied in the last decades as
shown in [13, 22, 24, 26, 28, 29, 31] and the references therein. The penalty method
we introduce in the current paper is new since, at the best of our knowledge, the
penalty problems of (1) studied in the literature are in a form of variational in-
equality governed by a penalty operator and the main ingredients used there are
based on pseudomonotonicity arguments. In contrast, in our approach we use as a
penalty term the directional derivative of a nonsmooth function. Even if the penalty
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method we introduce here could be inconvenient from numerical point of view, it
has the merit to represent an alternative which, through the example of inequality
(1), illustrates that penalty methods are not unique. Finally, our second aim is
to show how our theoretical results can be applied in the study of mathematical
models of contact which, in a weak formulation, leads to a variational inequality
of the form (1). The mechanical interpretations related to these applications, sup-
ported by numerical simulations, fully justify the interest in the penalty method we
introduce in this work.

The rest of the manuscript is structured as follows. In Section 2 we present the
preliminary material we need in the rest of the paper. In particular, we prove the
existence result for variational-hemivariational inequality with a parameter λ > 0
and recall a criterion of convergence to the solution u of inequality (1), Theorem 2.3.
In Section 3 we introduce a sequence of unconstrained variational-hemivariational
inequalities, governed by a penalty parameter. We prove the solvability of each
inequality and the convergence of any sequence of solutions to the solution of (1),
as the penalty parameter converges to zero. An application in Contact Mechanics is
provided in Section 4, together with the corresponding mechanical interpretations.
Finally, in Section 5 we present numerical simulations which validate our theoretical
convergence results.

2. Preliminaries. Everywhere in this paper, unless it is specified otherwise, we
use the functional framework described in Introduction. Notation 0X represents the
zero element of X. All the limits, upper and lower limits below are considered as
n → ∞, even if we do not mention it explicitly. The symbols “⇀” and “→” denote
the weak and the strong convergence in various spaces which will be specified, except
in the case when these convergences take place in R. For a sequence {εn} ⊂ R+

which converges to zero we use the short hand notation 0 ≤ εn → 0. Finally, we
denote by d(u,K) the distance between an element u ∈ X to the set K, that is

d(u,K) = inf
v∈K

∥u− v∥X .

In the study of (1) we consider the following assumptions.

K is a nonempty closed convex subset of X. (2)

A : X → X∗ is pseudomonotone and strongly monotone, i.e.:

(a) A is bounded and un ⇀ u in X
with lim sup ⟨Aun, un − u⟩ ≤ 0
imply lim inf ⟨Aun, un − v⟩ ≥ ⟨Au, u− v⟩ ∀ v ∈ X.

(b) there exists mA > 0 such that
⟨Au−Av, u− v⟩ ≥ mA∥u− v∥2X ∀u, v ∈ X.

(3)

φ : X → R is convex and lower semicontinuous. (4)

f ∈ X∗. (5)

It is well known that a monotone hemicontinuous bounded operator is pseudomono-
tone. Therefore, condition (3) is satisfied if, for instance, A is a bounded hemicon-
tinuous and strongly monotone operator.

The unique solvability of inequality (1) is given by a general result, proved in
[31], for instance.
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Theorem 2.1. Assume (2)–(5). Then, inequality (1) has a unique solution u ∈ K.

We now move to a different type of inequalities, the so-called variational-hemiva-
riational inequalities. To this end, besides the data already used in the statement of
Problem P, we consider a reflexive Banach space Y , a locally Lipschitz continuous
function j : Y → R and an operator γ : X → Y . Then, denoting by j0(u; v) the
Clarke directional derivative of j at the point u in the direction v, the inequality
problem we consider with a fixed λ > 0, is the following.

Problem Q. Find u such that

u ∈ X, ⟨Au, v− u⟩+φ(v)−φ(u) +
1

λ
j0(γu; γv− γu) ≥ ⟨f, v− u⟩ ∀ v ∈ X. (6)

We recall shortly that for a locally Lipschitz function j : Y → R we define (see
[6]) the generalized (Clarke) directional derivative of j at the point u ∈ Y in the
direction v ∈ Y by

j0(u; v) := lim sup
w→u,λ↘0

j(w + λv)− j(w)

λ
.

The generalized gradient of j at u is a subset of the dual space Y ∗ given by

∂j(u) := {ξ ∈ Y ∗ | ⟨ξ, v⟩Y ∗×Y ≤ j0(u; v) for all v ∈ Y }

and ∂j : Y → 2Y
∗
represents the Clarke subdifferential of the function j. The

function j is said to be regular (in the sense of Clarke) if for all u, v ∈ Y the
one-sided directional derivative

j′(u; v) = lim
λ↓0

j(u+ λv)− j(u)

λ

exists and j0(u; v) = j′(u; v).
Variational-hemivariational inequalities of the form (6) have been intensively

studied in the literature. Reference in the field include [12, 19, 20, 23, 22, 31].
There, various existence, uniqueness and convergence results have been obtained,
under various assumptions on the data. Here, in the study of (6) we assume the
following.

j : Y → R is such that:

(a) j is locally Lipschitz.

(b) ∥∂j(v)∥Y ∗ ≤ c0 + c1 ∥v∥Y for all v ∈ Y with c0, c1 ≥ 0.

(c) j0(v;−v) ≤ d1 (1 + ∥v∥Y ) for all v ∈ Y with d1 ≥ 0.

(7)

γ : X → Y is a linear compact operator. (8)

Here and below, if (W, ∥ · ∥W ) and (Z, ∥ · ∥Z) are normed spaces and M : W → 2Z

is a multifunction, we use the notation ∥Mw∥Z = supz∈Mw ∥z∥Z for any w ∈ W .
Under these assumptions we have the following existence result.

Theorem 2.2. Assume (3)–(5), (7) and (8). Then, inequality (6) has at least one
solution u ∈ X.

Proof. We consider the following inclusion: find u ∈ X such that

Au+
1

λ
γ∗∂j(γu) + ∂φ(u) ∋ f, (9)
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where γ∗ : Y ∗ → X∗ is the adjoint operator to γ and ∂φ represents the convex
subdifferential of φ. We introduce two multivalued operators

T1 : X → 2X
∗
, T1(v) = Av +

1

λ
γ∗∂j(γv) for v ∈ X,

T2 : X → 2X
∗
, T2(v) = ∂φ(v) for v ∈ X,

respectively. It is well known that the operator T2 is maximal monotone on X.
We prove that the operator T1 is bounded, coercive and pseudomonotone ([21,

Definition 3.57]). To this end, we consider the operator B : X → 2X
∗
given by

Bv =
1

λ
γ∗∂j(γv) for all v ∈ X.

We show that B is pseudomonotone and bounded. The boundedness of B follows
easily from (7)(b)

∥Bv∥X∗ ≤ 1

λ
∥γ∗∥ ∥∂j(γv)∥Y ∗ ≤ 1

λ
∥γ∗∥ (c0 + c1∥γ∥ ∥v∥X) for all v ∈ X,

where ∥γ∥ denotes the norm of linear operator γ. Moreover, we observe that the
values of ∂j are nonempty, convex and weakly compact subsets of Y ∗, [21, Propo-
sition 3.23(iv)]. Hence, for all v ∈ X the set Bv is nonempty, closed and convex in
X∗. Next, using [21, Proposition 3.58(ii)], it is enough to prove that B is generalized
pseudomonotone in order to show that B is pseudomonotone.

Let vn, v ∈ X, vn ⇀ v in X, v∗n, v
∗ ∈ X∗, v∗n ⇀ v∗ in X∗, v∗n ∈ Bvn and

lim sup ⟨v∗n, vn − v⟩ ≤ 0. We show that

v∗ ∈ Bv and ⟨v∗n, vn⟩ → ⟨v∗, v⟩.
Since v∗n ∈ Bvn, we have

v∗n =
1

λ
γ∗ζn with ζn ∈ ∂j(γvn). (10)

And, from (7)(b), it follows that {ζn} is bounded in Y ∗. Hence, we may assume
that, at least for a subsequence, denoted in the same way, we have

ζn ⇀ ζ in Y ∗. (11)

Moreover, by the compactness of the operator γ, we obtain

γvn → γv in Y. (12)

Hence, from (10)-(12), it is obvious that

⟨v∗n, vn⟩ =
1

λ
⟨ζn, γvn⟩Y ∗×Y −→ 1

λ
⟨ζ, γv⟩Y ∗×Y = ⟨ 1

λ
γ∗ζ, v⟩ = ⟨v∗, v⟩.

Next, using the strong-weak closedness of the graph of ∂j, ([21, Proposition 3.23]),
we get ζ ∈ ∂j(γv). Finally, by v∗n = 1

λ γ∗ζn, we have v∗ = 1
λ γ∗ζ, and consequently

v∗ ∈ 1

λ
γ∗∂j(γv) = Bv.

This shows that B is generalized pseudomonotone and also B is pseudomonotone.
Moreover, since A : X → X∗ is pseudomonotone (and therefore, it is pseudomono-
tone and bounded as a multivalued operator), using [21, Proposition 3.59(ii)], we
obtain that T1 = A+B is bounded and pseudomonotone.

Next, we claim that the operator T1 is coercive. To this end, we observe that
since A is strongly monotone, we have for all v ∈ X

⟨Av, v⟩ = ⟨Av −A0X , v⟩+ ⟨A0X , v⟩ ≥ mA∥v∥2X − ∥A0X∥X∗∥v∥X . (13)
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Now, let v ∈ X, v∗ ∈ Bv. Thus, v∗ = 1
λ γ∗ζ with ζ ∈ ∂j(γv). By the definition of

the generalized gradient and (7)(c), we get

1

λ
⟨ζ,−γv⟩Y ∗×Y ≤ 1

λ
j0(γv;−γv) ≤ 1

λ
d1(1 + ∥γ∥ ∥v∥X). (14)

Hence, from (13) and (14), we obtain

⟨T1v, v⟩ = ⟨Av, v⟩+ ⟨Bv, v⟩ ≥ mA∥v∥2X − ∥A0X∥X∗∥v∥X − d1
λ

∥γ∥ ∥v∥X − d1
λ
,

which proves that T1 is coercive.
To conclude, since T2 is maximal monotone on X and T1 is bounded, coercive

and pseudomonotone, applying a surjectivity result ([24, Theorem 2.12]), we deduce
that there exists u ∈ X a solution to the inclusion (9). Finally, we observe that any
solution u ∈ X to (9) is a solution to the inequality (6). Indeed, if u ∈ X solves
(9), it means that

Au+
1

λ
γ∗ζ + ξ = f with ζ ∈ ∂j(γu) and ξ ∈ ∂φ(u),

and hence

⟨Au, v − u⟩+ 1

λ
⟨ζ, γv − γu⟩Y ∗×Y + ⟨ξ, v − u⟩ = ⟨f, v − u⟩ for all v ∈ X.

Using the definition of subdifferentials, we have

⟨ζ, γv − γu⟩Y ∗×Y ≤ j0(γu; γv − γu),

⟨ξ, v − u⟩ ≤ φ(v)− φ(u),

and we get

⟨Au, v − u⟩+ 1

λ
j0(γu; γv − γu) + φ(v)− φ(u) ≤ ⟨f, v − u⟩ for all v ∈ X,

which means that u ∈ X is a solution to (6). This completes the proof of the
theorem.

We now turn to a convergence criterion for variational inequality (1). To this
end, we need the following additional condition on the operator A and function φ.{

A is a Lipschitz continuous operator, i.e., there exists MA > 0 such that

∥Au−Av∥X∗ ≤ MA∥u− v∥X ∀u, v ∈ X.
(15)

{
For each D > 0 there exists LD > 0 such that

|φ(u)− φ(v)| ≤ LD∥u− v∥X ∀u, v ∈ X with ∥u∥X ≤ D, ∥v∥X ≤ D.
(16)

Let us notice that if (3)(b) and (15) hold, then (3)(a) holds too.
The following theorem introduces the convergence criterion for (1).

Theorem 2.3. Assume (2)–(5), (15) and (16), denote by u the solution of the
variational inequality (1) provided by Theorem 2.1 and let {un} ⊂ X. Then the
following statements are equivalent:

un → u in X. (17)
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(a) d(un,K) → 0 ;

(b) there exists 0 ≤ εn → 0 such that

⟨Aun, v − un⟩+ φ(v)− φ(un) + εn(1 + ∥v − un∥X)

≥ ⟨f, v − un⟩ ∀ v ∈ K, n ∈ N.

(18)

The proof of Theorem 2.3 can be found in [10, Theorem 3.1] and is based on the
following result, [10, Lemma 3.2].

Lemma 2.4. Assume (2)–(5). Then any sequence {un} ⊂ X which satisfies con-
dition (18) (b) is bounded.

We remark that Theorem 2.3 shows that, under assumptions (2)–(5), (15) and
(16), conditions (18)(a) and (18)(b) represent necessary and sufficient conditions for
the convergence (17). Some elementary examples can be constructed to see that, in
general, we cannot skip one of these conditions.

We end this section with the remark that Theorem 2.3 was obtained under the
additional assumptions (15), (16) which are not necessary in the statement of Theo-
rem 2.1. Removing or relaxing this condition is an interesting problem which clearly
deserves to be investigated into future.

3. A penalty method. In this section we show how Theorems 2.2 and 2.3 can be
used in the study of a penalty method for inequality (1). To this end, everywhere
below we assume that (2)–(5), (7) and (8) hold, even if we do not mention it
explicitly. In addition, we consider a sequence {λn} ⊂ R+ of penalty parameters.
Assuming that λn > 0, for each n ∈ N we consider the following unconstrained
problem.

Problem Qn. Find un ∈ X such that

⟨Aun, v− un⟩+φ(v)−φ(un) +
1

λn
j0(γun; γv− γun) ≥ ⟨f, v− un⟩ ∀ v ∈ X. (19)

Note that, under the previous assumptions, Theorem 2.2 guarantees that Prob-
lem Qn has at least one solution. Moreover, recall that variational-hemivariational
inequalities of the form (19) have been considered in [9], in the study of a heat
transfer problem.

Consider now the following additional assumptions.

j0(γu; γv − γu) ≤ 0 ∀u ∈ X, v ∈ K. (20)

u ∈ X, j0(γu; γv − γu) ≥ 0 ∀ v ∈ K =⇒ u ∈ K. (21)

λn → 0. (22)

Our main result in this section is the following.

Theorem 3.1. Assume (2)–(5), (7), (8), (15), (16) and (20)–(22), denote by u the
solution of Problem P and let {un} be a sequence of elements in X such that, for
each n ∈ N, un is a solution of Problem Qn. Then, un → u in X.

Proof. The proof is structured in several steps, as follows.

Step i) We prove that the sequence {un} satisfies condition (18)(b). Let
n ∈ N and v ∈ K. Then, using assumption (20) and inequality (19) we see that

⟨Aun, v − un⟩+ φ(v)− φ(un) ≥ ⟨f, v − un⟩ (23)
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which shows that (18)(b) holds with εn = 0.

Step ii) We prove that any weakly convergent subsequence of the se-
quence {un} satisfies condition (18)(a). Indeed, consider a weakly convergent
subsequence of the sequence {un}, again denoted by {un}. Then, there exists an
element ũ ∈ X such that

un ⇀ ũ in X. (24)

We shall prove that ũ ∈ K and un → ũ in X. To this end, we fix v ∈ X. We use
(19) to write

− 1

λn
j0(γun; γv − γun)

≤ ⟨Aun, v − un⟩+ φ(v)− φ(un) + ⟨f, un − v⟩

≤ ∥Aun∥X∗∥v − un∥X + φ(v)− φ(un) + ∥f∥X∗∥v − un∥X . (25)

On the other hand, Step i) and Lemma 2.4 imply that the sequence {un} is bounded.
Therefore, using assumption (15) we deduce that there exists H > 0 such that

∥un∥X ≤ H, ∥Aun∥X∗ ≤ H ∀n ∈ N. (26)

It follows now from assumption (16) that

φ(v)− φ(un) ≤ LH∥v − un∥X . (27)

We now combine inequalities (25)–(27) to see that

− 1

λn
j0(γun; γv − γun) ≤ (H + LH + ∥f∥X∗)∥v − un∥X

and, since, ∥v − un∥X ≤ ∥v∥X +H, we obtain that

−j0(γun; γv − γun) ≤ λn(H + LH + ∥f∥X∗)(∥v∥X +H).

This inequality holds for every n ∈ N. Hence, passing to the upper limit in the
above inequality and using assumption λn → 0 we have

lim sup [−j0(γun; γv − γun)] ≤ 0

or, equivalently,

0 ≤ lim inf j0(γun; γv − γun). (28)

On the other hand, convergence (24), assumption (8) and the upper semiconti-
nuity of the Clarke directional derivative yield

lim sup j0(γun; γv − γun) ≤ j0(γũ; γv − γũ). (29)

We now combine (28) and (29) to see that

0 ≤ j0(γũ; γv − γũ).

Recall that this inequality holds for each v ∈ K. Therefore, using assumption (21)
we conclude that

ũ ∈ K. (30)

Let n ∈ N. Then, using (23) with v = ũ we find that

⟨Aun, un − ũ⟩ ≤ φ(ũ)− φ(un) + ⟨f, un − ũ⟩

or, equivalently,

⟨Aun −Aũ, un − ũ⟩ ≤ ⟨Aũ, ũ− un⟩+ φ(ũ)− φ(un) + ⟨f, un − ũ⟩. (31)
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We use the strong monotonicity of the operator A, (15), to see that

mA∥un − ũ∥2X ≤ ⟨Aũ, ũ− un⟩+ φ(ũ)− φ(un) + ⟨f, un − ũ⟩.

Finally, we pass to the upper limit in this inequality, use the weak convergence
un ⇀ ũ in X, and the weakly lower semicontinuity of the function φ (guaranteed
by assumption (4)(a)) to infer that

un → ũ in X. (32)

We now combine (30) and (32) to see that d(un,K) → 0 which concludes the proof
of this step.

Step iii) We prove that any weakly convergent subsequence of the se-
quence {un} converges to the solution u of inequality (1). This step is a
direct consequence of Steps i), ii) and Theorem 2.3.

Step iv) We prove that the whole sequence {un} converges to the solution
u of inequality (1). To this end, we argue by contradiction and assume that the
convergence un → u in X does not hold. Then, there exists δ0 > 0 such that for all
k ∈ N there exists unk

∈ X such that

∥unk
− u∥X ≥ δ0. (33)

Note that the sequence {unk
} is a subsequence of the sequence {un} and, therefore,

Step i) and Lemma 2.4 imply that it is bounded in X. We now use a compactness
argument to deduce that there exists a subsequence of the sequence {unk

}, again
denoted by {unk

}, which is weakly convergent in X. Then, Step iii) guarantees that
unk

→ u as k → ∞. We now pass at the limit when k → ∞ in (33) and find δ0 ≤ 0.
This contradicts inequality δ0 > 0 and concludes the proof.

4. A frictional contact problem. Theorem 3.1 can be used in the study of
various mathematical models which describe the equilibrium of elastic bodies in
frictional contact with an obstacle, the so-called foundation. It provides convergence
results which lead to interesting mechanical interpretations. In this section we
introduce and study an example of such model and, to this end, we need some
notations and preliminaries.

Let d ∈ {2, 3}. We denote by Sd the space of second order symmetric tensors
on Rd and use the notation “ · ”, ∥ · ∥, 0 for the inner product, the norm and the
zero element of the spaces Rd and Sd, respectively. Let Ω ⊂ Rd be a domain with a
smooth boundary Γ divided into three measurable disjoint parts Γ1, Γ2 and Γ3 such
that meas (Γ1) > 0 and meas (Γ3) > 0. A generic point in Ω∪Γ will be denoted by
x = (xi). We use the standard notation for Sobolev and Lebesgue spaces associated
to Ω and Γ. In particular, we use the spaces

L2(Ω)d =
{
v = (vi) : vi ∈ L2(Ω), 1 ≤ i ≤ d

}
,

Q = L2(Ω)d×d
s =

{
τ = (τij) : τij = τji ∈ L2(Ω), 1 ≤ i, j ≤ d

}
.

These spaces are real Hilbert spaces with the canonical inner products

(u,v)L2(Ω)d =

∫
Ω

ui vi dx =

∫
Ω

u · v dx ∀u = (ui), v = (vi) ∈ L2(Ω)d,

(σ, τ )Q =

∫
Ω

σij τij dx =

∫
Ω

σ · τ dx ∀σ = (σij), τ = (τij) ∈ Q
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and the associated norms denoted by ∥ · ∥L2(Ω)d and ∥ · ∥Q, respectively. Here, the
Einstein summation convention over repeated indices is used.

For an element v ∈ H1(Ω)d we still write v for the trace of v to Γ and, in
addition, we consider the space

V = {v = (vi) ∈ H1(Ω)d : v = 0 a.e. on Γ1 },
which is a real Hilbert space endowed with the canonical inner product

(u,v)V = (ε(u), ε(v))Q

and the associated norm ∥·∥V . Here and below we use the symbol ε(v) for the linear
strain field, i.e., ε(v) ∈ Q denotes the symmetric part of the gradient of v ∈ V .
We recall that, for an element v ∈ V , the normal and tangential components on Γ
are given by vν = v · ν and vτ = v − vνν, respectively. We also recall the trace
inequality

∥v∥L2(Γ)d ≤ d0∥v∥V ∀v ∈ V (34)

in which d0 represents a positive constant.
For the inequality problem we consider in this section we use the data F , Fb, f0,

f2 which satisfy the following conditions.

(a) F : Ω× Sd → Sd.

(b) There exists LF > 0 such that
∥F(x, ε1)−F(x, ε2)∥ ≤ LF∥ε1 − ε2∥
∀ ε1, ε2 ∈ Sd, a.e. x ∈ Ω.

(c) There exists mF > 0 such that
(F(x, ε1)−F(x, ε2)) · (ε1 − ε2) ≥ mF ∥ε1 − ε2∥2
∀ ε1, ε2 ∈ Sd, a.e. x ∈ Ω.

(d) The mapping x 7→ F(x, ε) is measurable on Ω,
for any ε ∈ Sd.

(e) The mapping x 7→ F(x,0) belongs to Q.

(35)

Fb ∈ L2(Γ3), f0 ∈ L2(Ω)d, f2 ∈ L2(Γ2)
d. (36)

d20 ∥Fb∥L2(Γ3) < mF . (37)

Recall that in (37) and below d0 and mF represent the constants introduced in (34)
and (35), respectively. Moreover, we use K for the set defined by

K = {v ∈ V : vν ≤ 0 a.e. on Γ3 }. (38)

Then, the inequality problem we consider is the following.

Problem Pc. Find u such that

u ∈ K,

∫
Ω

Fε(u) · (ε(v)− ε(u)) dx+

∫
Γ3

Fb (∥vτ∥ − ∥uτ∥) da (39)

≥
∫
Ω

f0 · (v − u) dx+

∫
Γ2

f2 · γ(v − u) da ∀v ∈ K.

Here, γ : V → L2(Γ3)
d is the trace operator.

Following the arguments in [31], it can be shown that Problem Pc represents the
variational formulation of a mathematical model that describes the equilibrium of
an elastic body Ω which is acted upon by external forces, is fixed on Γ1, and is in
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frictional contact on Γ3 with a rigid foundation. Here u represents the displacement
field, F is the elasticity operator, f0 and f2 denote the density of applied body
forces and traction which act on the body and the surface Γ2, respectively and Fb

is a given function, the friction bound.
Next, consider a sequence {λn} ⊂ R+ and a function jν which satisfy the follow-

ing conditions.

λn > 0 ∀n ∈ N, λn → 0 as n → ∞. (40)

jν : Γ3 × R → R is such that

(a) jν(·, r) is measurable on Γ3 for all r ∈ R and there exists
e1 ∈ L2(Γ3) such that jν(·, e1(·)) ∈ L1(Γ3).

(b) jν(x, ·) is locally Lipschitz on R for a.e. x ∈ Γ3.

(c) |∂jν(x, r)| ≤ c0ν + c1ν |r| for all r ∈ R, a.e. x ∈ Γ3

with c0ν , c1ν ≥ 0.

(d) j0ν(x, r;−r) ≤ dν (1 + |r|) for all r ∈ R, a.e. x ∈ Γ3

with dν ≥ 0.

(e) jν(x, ·) is regular for a.e. x ∈ Γ3.

(41)

Consider now the following additional conditions.

j0ν(x, r; s− r) ≤ 0 ∀ r ∈ R, s ≤ 0, a.e. x ∈ Γ3. (42)

r ∈ R, j0ν(x, r; s− r) ≥ 0 ∀ s ≤ 0, a.e. x ∈ Γ3 =⇒ r ≤ 0. (43)

∀ s ∈ R ∃v ∈ V such that vν(x) = s a.e. x ∈ Γ3. (44)

Let us remark that if condition (42) holds, then (41)(d) is also satisfied. Moreover,
examples of sets Ω, Γ1 and Γ3 for which condition (44) is satisfied can be found in
[32].

With these ingredients we consider the following perturbation of Problem Pc.

Problem Pc
n. Find un such that

un ∈ V,

∫
Ω

Fε(un) · (ε(v)− ε(un)) dx (45)

+

∫
Γ3

Fb (∥vτ∥ − ∥unτ∥) da+
1

λn

∫
Γ3

j0ν(unν ; vν − unν) da

≥
∫
Ω

f0 · (v − un) dx+

∫
Γ2

f2 · γ(v − un) da ∀v ∈ V.

The mechanical interpretation of Problem Pc
n is similar to that of Problem Pc.

The difference arises in the fact that now the constraint uν ≤ 0 is removed and,
therefore, the contact is assumed to be with a deformable foundation. Here jν
is a nonsmooth function which describes the reaction of the foundation, λn is a
deformability coefficient and 1

λn
represents the stiffness of the foundation. For

more comments see Remark 4.2 below.
Our main result in this section, is the following.

Theorem 4.1. Assume (35)–(37), (40)–(44). Then Problem Pc has a unique so-
lution and, for each n ∈ N, Problem Pc

n has at least one solution. Moreover, if u is
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the solution of Problem Pc and {un} is a sequence of elements in V such that, for
each n ∈ N, un is a solution of Problem Pc

n, then

un → u in V as n → ∞. (46)

Proof. We start with some additional notation. First, we consider the operator
A : V → V ∗, the functions φ : V → R, j : L2(Γ3)

d → R, and the element f ∈ V ∗

defined as follows:

⟨Au,v⟩ =
∫
Ω

Fε(u) · ε(v) dx, (47)

φ(v) =

∫
Γ3

Fb ∥vτ∥ da, (48)

j(ξ) =

∫
Γ3

jν(ξν) da, (49)

⟨f ,v⟩ =
∫
Ω

f0 · v dx+

∫
Γ2

f2 · γv da, (50)

for all u,v ∈ V , ξ ∈ Y = L2(Γ3)
d. Note that, since jν is regular, Theorem 3.47 in

[21] guarantees that

j0(γu; γv) =

∫
Γ3

j0ν(uν ; vν) da ∀u,v ∈ V. (51)

Then it is easy to see that{
u is a solution of Problem Pc if and only if

u ∈ K, ⟨Au,v − u⟩+ φ(v)− φ(u) ≥ ⟨f ,v − u⟩ ∀v ∈ K.
(52)

Moreover, for each n ∈ N, the following equivalence holds:
un is a solution of Problem Pc

n if and only if

un ∈ V, ⟨Aun,v − un⟩+ φ(v)− φ(un)

+ 1
λn

j0(γun; γv − γun) ≥ ⟨f ,v − un⟩ ∀v ∈ V.

(53)

Equivalence (52) suggests us to use the abstract results in Sections 2 and 3 with
X = V , K defined by (38), A defined by (47), φ defined by (48) and f given by
(50). It is easy to see that in this case conditions (2)–(5) are satisfied. For instance,
using assumption (35) we see that

⟨Au−Av,u− v⟩ ≥ mF∥u− v∥2V , ∥Au−Av∥V ∗ ≤ LF ∥u− v∥V

for all u, v ∈ V . Therefore, conditions (3) and (15) hold with mA = mF and MA =
LF , respectively. Conditions (4) and (16) are also satisfied with LD = d20∥Fb∥L2(Γ3),
for any D > 0. Therefore, we are in a position to apply Theorem 2.1 in order
to deduce the existence of a unique solution of the variational inequality in (52).
Moreover, it is easy to see that the function j defined by (49) inherits the properties
of jν ([21, Theorem 3.47]). Hence, the solvability of the variational-hemivariational
inequality in (53) follows from Theorem 2.2.

Finally, we use assumption (42), (43) and equality (51) to see that conditions
(20), (21) are satisfied. Indeed, let u ∈ V and v ∈ K. Then, we have vν ≤ 0 a.e.
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on Γ3 and, therefore, assumption (42) implies that j0ν(uν ; vν − uν) ≤ 0 a.e. on Γ3.
We now use equality (51) to see that

j0(γu; γv − γu) =

∫
Γ3

j0ν(uν ; vν − uν) da ≤ 0, (54)

which shows that condition (20) is satisfied. Next, let u ∈ V , v ∈ K and assume
that j0(γu; γv − γu) ≥ 0 for all v ∈ K. We use (54) to see that

j0(γu; γv − γu) =

∫
Γ3

j0ν(uν ; vν − uν) da = 0.

Hence, because the integrand has nonpositive values, we find that j0ν(uν ; vν −
uν) = 0 a.e. on Γ3. Since the previous inequality holds for every v ∈ K, it follows
from assumptions (43) and (44) that uν ≤ 0 a.e. on Γ3 and, therefore, u ∈ K. This
implies that condition (21) is satisfied.

It follows from above that we are in a position to use Theorem 2.3 to deduce the
convergence (46). These results combined with equivalences (52) and (53) allows
us to conclude the proof of the theorem.

Remark 4.2. Note that, among other ingredients, the variational inequality (39)
is obtained by using the Signorini contact condition in the form without gap, that
is

uν ≤ 0, σν ≤ 0, σνuν = 0 a.e. on Γ3.

Here and below σν represents the normal stress on the contact boundary i.e.,
the normal component of σν, where σ = Fε(u). In contrast, the variational-
hemivariational inequality (45) is obtained by using the nonsmooth contact condi-
tion

−σν ∈ 1

λn
∂jν(uν) a.e. on Γ3. (55)

This condition represents a contact condition with normal compliance. It describes
the contact with a deformable foundation. Here 1

λn
can be interpreted as a stiff-

ness coefficient of the foundation. Indeed, in (55) the penetration is allowed but
penalized.

We now provide the following physical interpretation of Theorem 4.1. First, the
existence and uniqueness part in the theorem proves the unique weak solvability
of the frictional contact with a rigid foundation and the weak solvability of the
frictional contact with a deformable foundation. Second, the weak solution of the
frictional contact problem with a rigid foundation material can be approached by
the solution of the contact problem with a deformable foundation, with a large
stiffness coefficient.

We end this section with some examples of contact conditions which lead to
subdifferential conditions of the form (55). Consider the normal compliance contact
condition

−σν =
1

λn
pν(uν) on Γ3 (56)

where pν : R → R is a prescribed nonnegative continuous function which vanishes
when its argument is negative. Let jν : R → R be the function defined by

jν(r) =

∫ r

0

pν(s) ds for all r ∈ R. (57)

Then, we have
∂jν(r) = pν(r) for all r ∈ R
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and, therefore, it is easy to see that the contact condition (56) is of the form (55).
Moreover, the conditions (42) and (43) reduce in this case to the following

p(r) (s− r) ≤ 0 ∀ r ∈ R, s ≤ 0,

r ∈ R, p(r) (s− r) ≥ 0 ∀ s ≤ 0 =⇒ r ≤ 0,

respectively.
Concrete examples lead to functions jν which satisfy conditions (41), (42) and

(43) can be found in [21]. Here we restrict ourselves to recall the following ones.

Example 4.3. Let pν : R → R be the function given by

pν(r) = a r+ =

{
0 if r < 0,

ar if r ≥ 0,

with a > 0. Then, using (57) we have

jν(r) =


0 if r < 0,

ar2

2
if r ≥ 0.

This contact condition corresponds to a linear dependence of the reactive force with
respect to the penetration and, therefore, it models a linearly elastic behavior of
the foundation.

Example 4.4. Let pν : R → R be the function given by

pν(r) =


0 if r < 0,

ar if 0 ≤ r ≤ l,

al if r > l,

with a > 0 and l > 0. Then, using (57) we have

jν(r) =


0 if r < 0,

ar2

2
if 0 ≤ r ≤ l,

alr − al2

2
if r > l.

This contact condition corresponds to an elastic-perfect plastic behavior of the
foundation. The plasticity consists in the fact that when the penetration reach the
limit l, then the surface offers no additional resistance.

Example 4.5. Let pν : R → R be the function given by

pν(r) =



0 if r < 0,

a+ e−b

b
r if 0 ≤ r ≤ b,

e−r + a if r > b,
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with a ≥ 0, b > 0. Then, using (57) we have

jν(r) =



0 if r < 0,

a+ e−b

2b
r2 if 0 ≤ r ≤ b,

ar − e−r +
(b+ 2)e−b − ab

2
if r > b.

Note that in contrast to the previous two examples, here the function pν is not
increasing and, therefore, the potential function jν is not a convex function. This
contact condition corresponds to an elastic-plastic behavior of the foundation, with
softening. The softening effect consists in the fact that, when the penetration reach
the limit b, then the reactive force decreases.

5. Numerical simulations. In the final section of this work, we present the results
of numerical simulations in the study of the frictional contact problem presented in
Section 4. Our aim is to provide a numerical validation of the convergence result
in Theorem 4.1. To this end, we consider a sequence of quasistatic two-dimensional
problems which based on Problem Pc

n where the parameter λn is inversely propor-
tional to the hardness of the foundation. As λn approaches zero, we expect the
sequence of solutions converge to the solution of the Signorini Problem Pc.

5.1. Simulation setup. The mesh corresponding to the physical setting we con-
sider is depicted in Figure 1. For the simulations we use the finite element method
with triangulation T of the domain Ω, satisfying the necessary assumptions. The
adopted triangulation T is regular (according to [5]) and shape-regular (according
to [2]). The spatial step for all simulations was chosen as h = 1/32. The basis
functions are well-known hat functions, i.e., piecewise linear polynomials ensuring
continuity over the entire domain Ω. This discretization allows us to define the
finite dimensional subspace V h ⊂ V and, furthermore, we introduce the discretized
set Kh = K ∩ V h.

We now consider the following discrete version of Problem Pc.

Problem Pch. Find uh such that

uh ∈ Kh,

∫
Ω

Fε(uh) · (ε(vh)− ε(uh)) dx+

∫
Γ3

Fb (∥vh
τ∥ − ∥uh

τ∥) da

≥
∫
Ω

f0 · (vh − uh) dx+

∫
Γ2

f2 · γ(vh − uh) da ∀vh ∈ Kh.

The discrete version of Problem Pc
n is as follows.

Problem Pch
n . Find uh

n such that

uh
n ∈ V h,

∫
Ω

Fε(uh
n) · (ε(vh)− ε(uh

n)) dx

+

∫
Γ3

Fb (∥vh
τ∥ − ∥uh

nτ∥) da+
1

λn

∫
Γ3

j0ν(u
h
nν ; v

h
ν − uh

nν) da

≥
∫
Ω

f0 · (vh − uh
n) dx+

∫
Γ2

f2 · γ(vh − uh
n) da ∀vh ∈ V h.
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Figure 1. Mesh representation.

The mesh is illustrated in Figure 1, depicting a body fixed on the left side (the
Dirichlet boundary condition) and placed on the foundation at the “lowest” part
where the contact boundary condition is defined. There is no gap between the body
and the foundation. The influence of external forces f2 is omitted. For the sake
of simplicity, we adopt a dimensionless unit system. The material properties are
characterized by the elasticity tensor with the components

(Fω)ij =
E κ

(1 + κ)(1− 2κ)
(ω11 + ω22) δij +

E

1 + κ
ωij

for all ω = (ωij) ∈ S2, i, j = 1, 2 with E = 12 · 103 and κ = 0.42. We assume
that the two-dimensional internal force field f0 is constant and equal to (−0.2 ·103,
−0.8 · 103). The friction bound is constant, Fb = 10. As a contact condition we
utilized Example 4.5 from the previous section with coefficients a = b = 0.1.

5.2. Simulation results. The results for selected values of λn are presented in
Figure 2. Above each figure, the approximate value of λn is given. It should be
noted that for readability, the values are expressed as the logarithm of the inversion
of λn, meaning higher values indicate λn itself approaching zero. In particular,
the notation on the last figure specifies that it is a simulation in which a set of
constraints K was used instead of any value of λn. Figure 2(A) shows the body after
applying force for almost zero foundation hardness, whereas Figure 2(B) illustrates
the simulation result for a foundation with low hardness, allowing deep penetration.
The second row displays the simulation result for a higher foundation hardness that
shows resistance to the body.

In Figure 2(E) the foundation is hard enough to prevents downward movement,
resembling the reference solution shown in Figure 2(F). To analyze the convergence
of solutions to the reference solution, a special attention should be paid to Figure 3,
depicting the difference between the solution with the specified foundation hardness
1
λn

(x-axis) and the reference solution.
The plot illustrates the displacement field difference compared to simulations

with a rigid foundation in terms of norm. It can be observed that as the value of λn

decreases, and consequently the stiffness of the foundation increases, the solutions
converge. Particular attention should be paid to what happens when λn takes values
around 10−3. Note that, in our case of particular stiffness coefficients of the body
as in the presented example, this is the point at which the integral over the contact
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(a) Almost no foundation. (b) Soft foundation.

(c) Moderately soft foundation. (d) Moderately hard foundation.

(e) Hard foundation. (f) Rigid foundation.

Figure 2. Simulation results for selected λn values.

boundary condition reaches a similar order of magnitude and begins to dominate
in minimized functional with further growth. This implies that the solution to the
series of Problems Pch

n begins to significantly depend not only on the stiffness of
the body itself but also on the resistance of the foundation. Hence, we can observe
such a significant change in the course of solutions, followed by stabilization in
convergence to the constrained solution.
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Figure 3. Convergence analysis showing the difference between
solutions of Problem Pch

n for various λn values and the reference
solution. Highlighted points correspond to plots in Fig. 2(A)-(E).

The simulations are performed using the conmech package [25]. The pack-
age is a simulation tool developed in Python, designed specifically for addressing
the complexities of contact mechanics problems across two-dimensional and three-
dimensional bodies. It leverages the Finite Element Method (FEM) to facilitate the
numerical resolution of static, quasistatic, and dynamic contact mechanics scenarios
that defy analytical solutions. This package is adept to simulating a large range
of physical phenomena including contact with various type of foundations, friction,
adhesion and wear, among others. Built to be almost entirely self-sufficient, con-
mech only requires basic Python libraries. Its modular design not only ensures that
it covers a wide array of contact mechanics applications but also allows for future
expansions to incorporate new physical models, making it an invaluable tool for
researchers and engineers in the field. The package is available under the GPL-3.0
license, promoting open-source collaboration and innovation.

To solve the sequence of unconstrained variational-hemivariational inequalities,
an optimization approach utilizing the Powell method is employed [16]. Conversely,
Problem Pch is addressed using optimization methods with constraints.

In conclusion, the presented simulations successfully validate the theoretical re-
sults for the frictional contact phenomenon. The systematic analysis of varying
base hardness provides insights into the behavior of the body under external forces.
Further exploration and refinement of the model can contribute to advancements
in understanding and predicting frictional contact scenarios.
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