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In the paper [1], a free boundary problem on a finite interval depending on time is formulated and solved for
a nonlinear diffusion-convection equation. The authors consider:

θt = θ2(Dθxx − θx ), θ = θ(x, t) t > 0, x ∈ [s0(t), s1(t)], (1)

θ(x, 0) = θ0, x ∈ [0, L], (2)

θ(s0(t), t) = α, t > 0, (3)

Dθx (s0(t), t) − θ(s0(t), t) = −ṡ0(t), t > 0, (4)

θ(s1(t), t) = β, t > 0, (5)

Dθx (s1(t), t) − θ(s1(t), t) = −ṡ1(t), t > 0, (6)

and

s(0) = 0 , s1(0) = L . (a)

In the present case, using dimensionless variables θ(x, t) denotes the concentration of the drug, which is
assumed to be in a percolated phase, that propagates in the arterial wall after it has been released by a drug-
eluting stent; D is the coefficient of diffusivity of the drug in the medium.

In order to solve the free boundary problem (1)–(6) and (a), the authors introduce in [1] the following
change of the independent variable:

θ(x, t) = ψ(z, t), z = z(x, t), (7)
∂z

∂x
= 1

θ(x, t)
,

∂z

∂t
= θ(x, t) − Dθx (x, t), (8)

A. C. Briozzo (B) · D. A. Tarzia
Depto. Matematica and CONICET, Universidad Austral, Paraguay 1950, Rosario, Argentina
E-mail: abriozzo@austral.edu.ar

Author's personal copy

http://orcid.org/0000-0001-8756-7891
http://crossmark.crossref.org/dialog/?doi=10.1007/s00707-019-02516-6&domain=pdf


A. C. Briozzo, D. A. Tarzia

and they obtain the free boundary problem given by

ψt = Dψzz − 2ψψz, z0(t) ≤ z ≤ z1(t), t > 0, (9)

ψ(z, 0) = ψ0 = θ0, (10)

z0(t) = b0 +
∫ s0(t)

0

dx ′

θ(x ′, t)
, z1(t) = b1 +

∫ s1(t)

0

dx ′

θ(x ′, t)
, (11)

ψ(z0(t), t) = α, t > 0, (12)

Dψz(z0(t), t) = −αṡ0(t) + α2, t > 0, (13)

ψ(z1(t), t) = β, t > 0, (14)

Dψ(z1(t), t) = −β ṡ1(t) + β2, t > 0, (15)

From the transformations (7) and (8), we can obtain (9)–(10), (12)–(15) but (11) is incorrect in [1] which
must be replaced by

z0(t) = A + α + 1

α
s0(t), z1(t) = A + α + 1

α
s0(t) +

∫ s1(t)

s0(t)

dx ′

θ(x ′, t)
, (11bis)

taking into account that the new variable z(x, t), which is defined for (8), is given by

z(x, t) = A + α + 1

α
s0(t) +

∫ x

s0(t)

dx ′

θ(x ′, t)
, (b)

where A is an arbitrary integration constant, whose expression has not been given in the paper. Moreover, we
have

z0(0) = A, z1(0) = A + L

θ0
, (c)

where condition (c) was not given in [1].
The inverse function that transforms the problem (9), (10), (11bis), (12)–(15) to the one given by (1)–(6)

and (a) is the following:

θ(x, t) = ψ(z, t) (d)

with

∂x∂z = ψ(z, t),
∂x

∂t
= Dψz(z, t) − ψ2(z, t), (e)

then

x(z, t) = − α

α + 1
+ α

α + 1
z0(t) +

∫ z

z0(t)
ψ(η, t)dη. ( f )

From the transformation (16) in [1], we obtain (9), (17), (19), (21), but (18) and (20) in [1] must be replaced
by

Dψz(F0(t)) = α2 − α2

α + 1
(2β + Ḟ0(t)), (18bis)

Dψz(F1(t)) = β2 − α2

β + 1
(2β + Ḟ1(t)), (20bis)

and (10) in [1] must be transformed into

φ(z, 0) = θ0 − β = φ0 − β. (10bis)
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Then, from the generalized Hopf-Cole transformation given by (23) in [1], we obtain that the inverse
transformation is the following:

ψ(z, t) = ϕ(z, t)

C(t) − 1
D

∫ z
F1(t)

ϕ(z′, t)dz′
(22bis)

instead of (22) in [1].
Under the above transformation, the Burgers equation (9) is mapped into the linear heat equation (25) in [1]

with the compatibility condition

Ċ(t) = −ϕz(F1(t), t) (26bis)

instead of (26). Therefore the free boundary problem (10bis), (17), (18bis), (19) (20bis), (21) must be trans-
formed to the one with the conditions (29) and

ϕ(z, 0) = (θ0 − β) exp

(
−θ0 − β

D

[
z −

(
A + L

θ0

)])
, (27bis)

ϕ(F0(t), t) = (α − β)

[
C(t) + 1

D

∫ F1(t)

F0(t)
ϕ(η, t)dη

]
, (28bis)

Dϕz(F0(t), t) =
[
C(t) + 1

D

∫ F1(t)

F0(t)
ϕ(η, t)dη

]
β(2α − β(α + 1)) − α2 Ḟ0(t)

α + 1
, (30bis)

Dϕz(F1(t), t) = C(t)
β2

β + 1

[
1 − β − Ḟ1(t)

]
(31bis)

instead of (27), (28), (30) and (31), respectively. The formulae (32) in [1] must be replaced by

C(t) = exp

[
β2

D(1 + β)

(
(β − 1)t + F1(t) − A − L

θ0

)]
, (32bis)

or

C(t) = exp

[
β2

D(1 + β)

(
−(β + 1)t + α + 1

α

∫ s1(t)

s0(t)

dη

θ(η, t)

)]
. (32tr is)

Moreover, the explicit solution given in Section 5 of [1] is not a solution because the initial condition is not
satisfied since it is not constant.

In conclusion:
The transformation (11) in [1]must be replaced by (11bis), and then, the domain of the differential equation

(9) is incorrect. Moreover, with the successive transformations we find new incorrect expressions in [1]. The
correct expressions are given by our formulae denoted by (.bis).

Then, the computations and conclusions given in the [1] are not valid.
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