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Abstract:
We look for periodic solutions to nonlinear second order system of equations motivated by the Central Motion
Problem. We study the repulsive case, the Coulomb problem of a charge being repelled by a source.
Using topological degree methods, we prove that either the problem has a classical solution, or else there exists
a family of solutions of perturbed problems that converges uniformly and weakly in H 1 to some limit function u.
Furthermore, under appropriate conditions we prove that u is a classical solution. We generalize this results for
nonlinearities with a repulsive type singularity.

Keywords: resonant problems; degree theory; periodic system
2000 AMS Subject Classification: 34B16, 34C25, 35D99, 347H11

1

I NTRODUCTION
Let us firstly recall the T -periodic Perturbed Central Motion Problem in RN :
{
u′′ ∓ |u|u3 = p(t)
t∈R
u(t + T ) = u(t)
t∈R

(1)

∫T
where u : R → RN . We shall assume that the perturbation p has null average, that is p := T1 0 p(t)dt = 0,
and that p is T −periodic, namely p(t + T ) = p(t).
The ∓ sign leads to two essentially different physical problems; we shall focus on the ‘−’ sign, which
corresponds to the repulsive case, when the nonlinearity is g = − |u|u3 . This is the case of the electrostatic
Coulomb Central Motion Problem with a charge being repelled by the source. The repulsive problem was
broadly studied in the 80’ by the Italian school by Solimini [9, 13], Ambrosetti [1] and Coti Zelati [6],
among others.
There exists a vast bibliography on this kind of dynamical systems.
Lazer and Solimini [9] have consid∫1
ered the scalar case N = 1, with g(u) → −∞ as u → 0, and 0 g(t)dt = −∞. Using a result proved by
Lazer in [8], it is shown that a necessary and sufficient condition for the existence of a weak solution when
g < 0 and p ∈ L1 ([0, T ]), is that p < 0.
In [13], Solimini studied the case g = ∇G, where the potential G has at zero a singularity of repulsive
type: for example, the electrostatic potential between two charges of the same sign. More precisely, it is
assumed that G ∈ C 1 (RN \{0}) satisfies lim|u|→0 G(u) = +∞ and g = ∇G is strictly repulsive at the
origin, namely:
⟩
⟨
u
< 0.
lim sup g(u),
|u|
u→0
Under the additional hypothesis
∃ δ > 0 such that, if

u
v
−
< δ, then ⟨g(u), v⟩ < 0
|u| |v|

(2)

the existence is shown of a constant η > 0 such that if ∥p∥∞ < η and p = 0, then the problem has no
1
classical solution. This includes the case of the repulsive central motion, where G(u) = |u|
.
In the same work, the existence of a solution for p ̸= 0 under weaker assumptions is proved. Also, it is
remarked that if ∥p∥∞ is large enough, then condition p = 0 does not imply that the problem is unsolvable.
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This is different from what happens in the case N = 1, in which u cannot turn around zero; thus, if the
repulsive condition g(u)u < 0 is assumed for all u ̸= 0, then the condition p ̸= 0 is necessary.
In a recent paper, Fonda and Toader [7] made an exhaustive analysis on radially symmetric Keplerianlike systems u′′ +h(t, |u|)u = 0, where h : R×(0, +∞) → R is T -periodic in t. Using a topological degree
approach, the existence of classical T -periodic solutions is studied. This work provides also an excellent
survey of the known results on the subject. It is focused in the attractive case, in which the main difficulty
consists in avoiding collisions. It is also remarked that, for the repulsive case, the difficulty relies in the case
p = 0.
In general the first works in this area worked with the well-known Habets-Sanchez Strong Force condition, which roughly speaking,means that the potential G behaves as |u|1γ near the origin, with γ ≥ 2; thus, it
is not satisfied by the potential we are interested in.
In [14], Zhang employed topological techniques, as we do in this work, in order to study the T -periodic
problem and his result says that if G(u) satisfies the previously mentioned Strong Force condition at the
singularity, the existence of periodic solutions can be obtained provided that the potential G(u) is smaller
than the first eigenvalue of the corresponding Dirichlet problem at infinity. The same kind of assumptions
(Strong Force) are made in a work from Coti Zelati [6] for the repulsive case.
The importance of our results is that they can be applied to nonlinearities that do not satisfy the Strong
Force Condition, as for example the Central Motion Problem.
In this work, we attacked the singularities by perturbating the problem with continuous approximations
of g. To prove the existence of these perturbed problems we use Theorem 1. The result is based on two
previous extensions of a well known Theorem by Nirenberg [11] in which g is asked to have uniform limits
at infinity different from 0. On the one hand, a result by Ortega and Ward [12], originally in the context of
partial differential equations, which allows g to vanish at infinity. On the other hand, a result by Amster and
De Nápoli [3], for a ϕ-laplacian operator, in which the asymptotic condition weakened.
A difficult task was to find uniform bounds to these sequences to ensure the existence of a limit function,
candidate to be a solution of the original problem. We accomplished this with Theorem 3. This result gave
us the existence of a limit function, and a candidate for a solution for the original problem. With stronger
conditions, we were able to prove in Theorem 4 that this candidate was in fact a generalized solution of the
problem.
Also as a part of this last theorem, we got a strong result for the periodic case: If the nonlinearity g was
a gradient (g = ∇G), with limu→ G(u) = +∞, which implies a stronger kind of repulsiveness, we proved
that the limit function was indeed a classical solution of the problem.
Most of the content of this work comes from the author’s PhD thesis and for more details the reader
should refer to [4].

2

T HE C ENTRAL M OTION P ROBLEM

Let us start making some simple comments on the already described Central Motion Problem (1). We
here state a motivation for this problem, the 2-body repulsive periodic problem:

y−x

x′′ − |x−y|
3


 ′′
x−y
y − |x−y|
3

x(t + T )



y(t + T )

= p1 (t)
= p2 (t)
= x(t)
= y(t)

t∈R
t∈R
t∈R
t∈R

(3)

with p1 , p2 ∈ C(R, RN ), and p1 = p2 = 0.
Here, u(t) = (x(t), y(t)) ∈ C(R, R2N ) and the nonlinearity reads
g(x, y) = −

1
(x − y, y − x) ,
|x − y|3

p(t) = (p1 (t), p2 (t)).

(4)
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This is easily transformed into a central motion problem by the change of variables

w = x−y



v=
x+y
P
=
p

1 + p2


Q = p1 − p2 .
Then, we have:
{

v ′′ = P (t)
w
w′′ − 2 |w|
3 = Q(t).

The first equation is easily integrable, and the second one is non other than a variation of problem (1).
Topological methods are frequently used to prove existence of solutions of nonlinear systems. Unfortunately,
degree theory would not be possible to apply directly without some restrictions, since there are no a-priori
bounds for the first equation, namely v ′′ = P (t) with periodic conditions. In fact, if v is a solution, v+const
is also a solution for every constant. Also, an interesting remark is that, besides the singularity of g at 0,
it’s asymptotic behavior makes it different from the Nirenberg case [11], as the nonlinearity goes to zero at
infinity.
The first problem that arises is that when |x−y| goes to zero, g goes to infinity. So we consider continuous
perturbations of the nonlinearity. Letting ε > 0, we take a continuous gε . Next, we try to avoid the fact
that gε is zero in the diagonal subspace {x = y} of dimension N . We do so by restraining ourselves to the
subspace:
V = {u ∈ Cper (R, R2N ) : x + y = 0},
with Cper (R, R2N ) := {v : R → R2N : v(t) = v(t + T ), ∀ t ∈ R} are the T −periodic continuous
functions.
Working only in this subspace we attack two problems at once: On one hand we avoid possible collisions.
On the other hand, viewing the problem as two different problems after changing variables, we would be
able to find a-priori bounds for v, in V . That is somehow the idea behind the degree approach we will use.
The perturbation gε is carefully defined later on in (11).
w
w
The second equation, w′′ − 2 |w|
3 = Q(t), lead us to problem (1) taking u = 23/2 . The first difficulty
arises on the fact that g is singular at 0; a reasonable way to overcome it consists in considering, for ε > 0,
u
the function gε (u) = − ε+|u|
3 and then studying the convergence of the solutions uε of the perturbed systems
{
u
u′′ − ε+|u|
= p(t)
t∈R
3
(5)
u(t + T ) = u(t)
t ∈ R.
The second difficulty relies on the fact that gε vanishes at infinity; however, in this case the existence of
at least one solution uε of (5) for each ε > 0 follows as an immediate consequence of the results obtained
for the nonsingular case, studied in [4], which we state here, in a simplified version:
Theorem 1 Let p ∈ C(R, RN ) be T -periodic such that p = 0, and let g ∈ C(RN , RN ) be bounded. Then
the nonlinear periodic problem has a solution, provided that (P1 ) and (P2 ) hold, with:
(P1 ) There exists a family F = {(Uj , wj )}j=1,...,K where {Uj }j=1,...,K is an open cover of S N −1 and
wj ∈ S N −1 , such that for some Rj > 0 and j = 1, . . . , K:
⟨g(ru), wj ⟩ < 0

∀r > Rj

∀u ∈ Uj .

(P2 ) There exists a constant R0 > 0 such that deg(Φr ) ̸= 0 for r ≥ R0 , where Φr : S N −1 → S N −1 is
g(rv)
given by Φr (v) := |g(rv)|
.
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Indeed, as

⟨
⟨gε (u), u⟩ = −

u
,u
ε + |u|3

⟩
=−

|u|2
< 0,
ε + |u|3

for u ̸= 0, it follows that the boundness condition and (P2 ) are trivially satisfied. Moreover, for every
w ∈ S N −1 define Uw = {u ∈ S N −1 : ⟨u, w⟩ > 0}. Then {Uw }w covers S N −1 , and clearly ⟨g(ru), w⟩ < 0
for u ∈ Uw and r > 0.
Continuing with the Central Motion Problem, the following computations provide some information
concerning the behavior of the family {uε }ε as ε → 0:
Multiplying in L2 the equation in (5) by uε , we have:
⟩
⟨
⟨ ′′ ⟩
uε
uε , uε −
, uε = ⟨p(t), uε ⟩ .
ε + |uε |3
Integrating by parts the first term on the left and rearranging the terms we get:
⟩
⟨
⟨ ′ ′⟩
uε
uε , uε = −
, uε − ⟨p(t), uε ⟩ .
ε + |uε |3
⟩
⟨
uε
,
u
Noting that − ε+|u
ε ≤ 0, we reach to:
3
ε|
∥u′ε ∥2L2 ≤ − ⟨p(t), uε ⟩ .
Here, note that ⟨p, uε ⟩ = 0, as p = 0, so last equation can be written:
∥u′ε ∥2L2 ≤ − ⟨p(t), uε − uε ⟩ .
Finally, taking absolute value we get the bound:
∥u′ε ∥2L2 ≤ ∥p∥L2 ∥uε ∥L2 .
Wirtinger inequality tells us that the following bound also holds:
∥uε − uε ∥L∞ ≤ C∥u′ε ∥L2 .
We then have the following important uniform bounds:
∥u′ε ∥L2 ≤ C,

∥uε − uε ∥L∞ ≤ C

(6)

where the constant C does not depend on ε. On the other hand, it is easy to prove that the family {uε }ε ⊂ RN
is also bounded. Indeed, integrating the main equation in (5) we obtain
∫
0

and we deduce that

∫
−
0

Now, taking norm in

T

T

uε
dt = 0,
ε + |uε |3

uε
dt =
ε + |uε |3

∫
0

T

uε − uε
dt.
ε + |uε |3

RN :
∫
|uε |
0

T

1
dt ≤ ∥uε − uε ∥L∞
ε + |uε |3

∫
0

T

1
dt.
ε + |uε |3

Thus, |uε | ≤ C for all ε > 0. Hence, for every sequence εn → 0 we may choose a solution un := uεn
and from the previous bounds there exists a subsequence (still denoted (un )n ) and a function u such that
un → u uniformly and weakly in H 1 . Moreover, the following proposition holds:
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Proposition 1 If u is obtained as before and u ̸= 0 over an open interval I, then u′′ −
classical sense.

u
|u|3

= p in I, in the

Our last problem concerns the study of the set of zeros of the limit function u. It can be seen that in the
central motion problem, if u ̸≡ 0 then the zero set is empty, i.e. u is a classical solution. This results will be
generalized in the next section.

3

A

GENERAL REPULSIVE NONLINEARITY

With problem (1) in mind, we state the more general problem for a function u : R → RN :
{

u′′ + g(u) = p(t)
u(t + T ) = u(t)

t∈R
t∈R

(7)

where p ∈ C(R, RN ) is T -periodic, p = 0, and g ∈ C(RN \{0}, RN ) has a repulsive type singularity at
u = 0. By this we mean:
Definition 1 The function g ∈ C(RN \{0}, RN ) is said to be repulsive at the origin if, for some κ > 0
⟨g(u), u⟩ < 0
If, furthermore

for 0 < |u| < κ.

⟨
⟩
u
lim sup g(u),
:= −c,
|u|
u→0

(8)

(9)

with c a positive constant, then g shall be called strictly repulsive at the origin.
We shall proceed in two steps. Firstly, given ε > 0 we introduce the approximated problem:
{

u′′ + gε (u) = p(t)
u(t + T ) = u(t)

t∈R
t ∈ R,

(10)

where gε is a continuous (nonsingular) perturbation of g, and obtain sufficient conditions for the existence
of a family of solutions {uε }ε .
We work mainly with approximations such that gε → g uniformly over compact subsets of RN \{0} as
ε → 0. We call these admissible.
Secondly, we study the convergence of particular sequences (uεn )n as εn → 0, and study some properties
of the limit function u. If u ̸≡ 0, then it shall be defined as a generalized solution of the problem:
1 (R, RN ) is said to be a generalized solution of (7) if u ̸≡ 0, and for
Definition 2 A function u ∈ Hper
some admissible choice of gε there exists a sequence εn → 0 and (uεn )n solutions of (10) for εn such that
uεn → u uniformly and weakly in H 1 .

We shall consider the following choice of of gε :

g(u)


(
) |u| ≥ ε
u
gε (u) =
ρε (|u|)g ε |u|
0 < |u| < ε


0
u = 0,

(11)

where ρε ∈ C([0, ε], [0, +∞)) is continuous and satisfies ρε (0) = 0, ρε (ε) = 1
u
In particular, for problem (1), taking ρε (s) = sε the expression simply reduces to gε (u) = − (max{|u|,ε})
3.
As we shall see (Proposition 4 below), under the assumption that G(u) → +∞ as u → 0, both generalized and collision solutions are in fact classical. Conversely, taking gε as in (11), it is clear that classical
solutions are also generalized solutions.
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4

T HE A PPROXIMATION S CHEME

We begging stating some propositions concerning the properties of those functions defined as the limit
of a sequence of perturbed problems. For a proof of them an more details refer to [4]. For convenience,
from now on we shall adopt the following notation: un := uεn , and gn := gεn .
Proposition 2 Let (un )n and u be defined as before, and assume that u ̸= 0 over an open interval I. Then
u satisfies u′′ + g(u) = p(t) ∀ t ∈ I in the classical sense.
Condition (9) is the same as in Solimini [13] for the case g = ∇G. It is observed that it does not
imply the Habets Sanchez strong force condition. In particular, for any value of γ > −1 the nonlinearity
g(u) = |u|−u
γ+2 is strictly repulsive, with c = +∞.
In such a situation, it can be proved that the boundary of the set of zeros of the limit function u is discrete;
more generally:
Proposition 3 Let (un )n and u be defined as before, and assume that g is strictly repulsive at the origin.
Then the boundary of the set defined by Z = {t ∈ [0, T ] : u(t) = 0} is finite, provided that ∥p∥L∞ < c,
with c ∈ (0, +∞] as in (9).
The following result improves Proposition 3 for the variational case studied in [13]. However, we do not
make use of the variational structure of the problem: more generally, it may be assumed that g = ∇G only
near the origin.
Proposition 4 Assume there exists a neighborhood U of the origin and a function G ∈ C 1 (U \{0}, R) such
that g = ∇G on U \{0}. Further, assume that
lim G(u) = +∞.

|u|→0

Then every generalized solution of (7) is classical.
It is worth noting that in this context the repulsive condition (8) implies that G(u) increases when u
moves on rays that point towards the origin. However, this specific condition was not necessary in the preceding result, which only uses the fact that G(0) = +∞, since it is not required for the proof of Proposition
2.
Proposition 4 can be regarded as an alternative, in the following way: for g satisfying the assumption,
if a sequence (un )n of solutions of (10) for ε = εn → 0 converges uniformly and weakly in H 1 to some
function u, then either u ≡ 0, or u is a classical solution of the problem.
It is worth seeing that both situations may occur. For instance, we may consider the following nonlinearity: g(u) = |u|uγ+2 , with γ ≥ 0. If p ≡ 0, then there are no generalized solutions, since they should be
classical, because of Proposition 2. In some sense, this is expectable since if gεn is given as in (11), then
uε ≡ 0 is the unique solution of the perturbed problem. On the other hand, for N = 2 we may consider
p(t) = −λ(cos(ωt), sin(ωt)) with ω = 2π
T , and the circular solution given by u(t) = r(cos(ωt), sin(ωt)),
1
where λ = rω 2 + rγ+1
. After a simple computation, we conclude that the problem has classical solutions
( 2 ) γ+1
γ+2
ω
.
for λ ≥ (γ + 2) (γ+1)

5

M AIN R ESULTS

We have now the tools to state our main results. Note that from now onwards, when we refer g to be
bounded away from the origin it means that g ∈ L∞ (RN \B1 (0)).
Theorem 2 Let g ∈ C(RN \{0}, RN ) and assume that (8) holds. Further, assume that g is bounded away
form the origin. Then either problem (7) has a classical solution, or else for every sequence (un )n of
solutions of (10) with εn → 0 and gn as in (11), there exists a subsequence that converges uniformly and
weakly in H 1 .
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We here give a scetch of the proof: If the problem has a classical solution, then there is nothing to prove.
Next, assume that (10) admits no classical solutions, and let un be a T -periodic solution of
u′′n + gn (un ) = p(t),
by multiplying by un − un and integrating, we reach to the following inequality:
∥u′n ∥2L2 ≤ ∥p∥L2 ∥un − un ∥L2 +
The main idea is to split the integral in two terms:
∫
∫
⟨gn (un ), un − un ⟩dt +
{|un |>κ}

∫

T

⟨gn (un ), un − un ⟩dt.

(12)

0

{|un |≤κ}

⟨gn (un ), un − un ⟩dt,

with κ given by the repulsiveness in (8).
For the first term, we use the definition of gn , an extension of g. For the second, we use the repulsiveness.
Gathering all together:
∥u′n ∥2L2 ≤ C1 ∥un − un ∥L2 + C2 |un |.
Finally, using Wirtinger’s inequality we obtain:
∥u′n ∥L2 ≤ C|un | 2 ,
1

1

∥un − un ∥L∞ ≤ C|un | 2 .

At this point we can state that (un )n is bounded.
In the previous proof, note that the bounds for ∥un ∥H 1 do not depend on the choice of ρε . This is the
reason our first main result, with ρ arbitrarily chosen, follows as an immediate consequence of the preceding
results:
Theorem 3 Let p ∈ C(R, RN ) be T -periodic such that p = 0, and let g ∈ C(RN \{0}, RN ) be repulsive
at the origin. Further, assume that g is bounded outside the origin, and that conditions (P1 ) and (P2 ) hold.
Then either (7) has a classical solution, or else for any choice of gε as in (11) there exists a sequence (un )n
of solutions of problem (10) with εn → 0 that converges uniformly and weakly in H 1 .
Proof.
Given 0 < εn → 0 then either gn ∈ C(RN , RN ) is bounded for each n. Theorem 1 guarantees the
existence of a sequence (un )n of classical solutions of problem (10). Finally, Theorem 2 is applied.

The last part of this section is devoted to the second main result, which assumes a different asymptotic
condition on g:
Theorem 4 Let p ∈ C(R, RN ) be T -periodic such that p = 0, and assume that g ∈ C(RN \{0}, RN ) is
repulsive at the origin and bounded outside the origin. Further, assume that condition (P1 ) holds, that
⟩
⟨
u
∞
∥p∥L + sup g(u),
<0
(13)
|u|
|u|=r̃
for some r̃ > 0 and that the following condition holds:
(P2′ ) There exists a constant R0 > 0 such that deg(g, BR (0), 0) ̸= (−1)N for R ≥ R0 ,
then either (7) has a classical solution, or a generalized solution u such that ∥u∥L∞ ≥ r̃.
Moreover, if g is strictly repulsive at the origin, then the boundary of the set of zeros of u in [0, T ] is
finite.
Finally, if g = ∇G with limu→0 G(u) = +∞, then (7) has a classical solution.

42
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Note that the degree from condition (P2′ ) is different as the one from (P2 ). The first is over a function
g : RN → RN with respect to a set (BR (0) ⊂ RN ) and a point (0 ∈ RN ) and the latter is over a function
Φ : S N −1 → S N −1 . For a detailed explanation of both definitions and their connection refer to Amster [2]
and [4, 5].
The idea of the proof is to adapt the main results form Mawhin’s Continuation Theory [10] on an appropriate set U ∈ C([0, T ], RN ). From Theorem 2, it suffices to show that for each ε ≤ r̃ problem (10) has a
solution uε such that ∥uε ∥L∞ > r̃. To this end, we may follow the general outline of the proof of Theorem
1, but now taking the domain U = {u ∈ C([0, T ], RN ) : r̃ < ∥u∥L∞ < R}. Finally it is follows that
deg(g, {r̃ < |u| < R}, 0) ̸= 0, and the conclusion of the Theorem follows.
Condition (P2′ ) in some sense, says that g is repulsive at ∞, and that it cannot rotate too fast. We have
already used the fact that repulsiveness at the origin implies that the Brouwer degree of gε over small balls
is (−1)N ; on the other hand, repulsiveness at ∞ implies that its degree over large balls is 1. Hence, if the
assumptions of Theorem 4 are satisfied and g is strictly repulsive at the origin, then there exist generalized
solutions for any p continuous and T -periodic such that p = 0, provided that N is odd.
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